
CS529 Computational Geometry Jan. 14, 2018

A Collection of Problems

The following problems were mentioned in class or relate to topics covered there. A (*) indicates a more challenging
question. Check this document from time to time, as it will change and grow.

1. Given 0 ≤ θ1 < . . . < θn < 2π (these are the arguments of n distinct points ON the circumference of the unit
circle centered at the origin in R2, (presented in radial order), carefully describe an O(n) algorithm to find
a bisecting diameter. This is a diameter with the property that both its (OPEN) halfspaces have the same
number of points.

2. As above, but now the points are NOT given in sorted order.

(a) Carefully describe your most efficient algorithm and give its complexity.

(b) (*) What is the complexity of the bisecting diameter problem? If you cannot get matching upper and
lower bounds, state the tighest bounds you can.

3. (*) Show that a linear decision tree needs Ω(n logn) steps to decide if a set of n points on the unit circle has
a unique bisecting diameter (HINT: for n = 2k+ 1 odd this would means there is a unique input θi defining a
bisecting diameter.)

4. QUICKHULL(S = {P1, . . . , Pn})

• A← Pi with min-x (max-y)

• B ← Pi with max-x (max-y)

• U ← {Q ∈ S : ∆ABQ > 0}

• UPPER(A,B,U)

• LOWER(B,A, S\U\A\B)

UPPER outputs hull vertices from B to the predecessor of A, and LOWER, the hull vertices from A to the
predecessor of B, both in counterclockwise order as in CH1. We only describe UPPER. It assumes that S has
no three points on a line. The first line of UPPER would need to be modified to handle the general case correctly.

UPPER(A,B,U)

• IF U = φ, THEN output B and RETURN

• ELSE IF |U | = 1, THEN output B,C (the pt in U) and RETURN

• ELSE

– C = (Cx, Cy)← Q ∈ U : d2(Q,AB) = MAX

– RIGHT ← {Q ∈ U : ∆CBQ > 0}

– LEFT ← {Q ∈ U : ∆ACQ > 0}

– UPPER(C,B,RIGHT )

– UPPER(A,C,LEFT )

(a) Take x1, . . . , xn as n numbers chosen uniformly at random from [−1, 1], and define Pi = (xi,
√

1− x2
i ),

i = 1, . . . , n. What is the expected complexity of Quickhull on these points?
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(b) Take x1, . . . , xn and y1, . . . , yn as 2n numbers chosen uniformly at random from [0, 1] and define Pi =
(xi, yi). What is the expected complexity of Quickhull on these points?

(c) Given an integer n > 0, carefully define a set of n points in R2 on which Quickhull has maximal complexity.
Repeat for minimum.

5. For A,B ∈ R2 A ≥∗ B (we say A “dominates” B) if both A’s x and y coordinates are at least as large as B’s.
A point Pi ∈ S = {P1, . . . , Pn} “is a maximum∗” if no other point in S dominates it.

(a) Devise an efficient algorithm (O(n1.9) or better) to compute the set of maxima∗ of n given points in the
plane. What is its complexity?

(b) Is your algorithm optimal?

(c) Discuss the problem of deciding whether a query point Q is a maximum∗ in S ∪Q: (i) First assume that
the inputs are S and Q; (ii) Next assume you had already found the maxima∗ of S as in (a) and created
a useful data structures for answering the query.

(d) (*) Can you extend to three dimensions (domination is in all coordinates)?

6. Given a set S of n points in R2 give an algorithm to construct a simple polygon with these points as vertices
(do NOT use the alg. given in class for this task, taking points in radial order from a point known to be a
vertex of CONV(S). What is the cost of your algorithm? (*) What is a nontrivial lower bound for this task?
EXPLAIN.

7. Given P1, . . . , P2n, distinct points in R2, let S be the first n points and T , the last n. Suppose we already have
CONV (S) and CONV (T ), both as circularly linked lists.

(a) Describe an O(n) algorithm to find CONV (S ∪ T ) assuming that S and T are on opposite sides of a line
ℓ.

(b) Discuss the possibilities for improving the running time if you have both hulls in a data structure of your
choice.

(c) Without assuming linear separability of S and T , how would you merge the two hulls?

8. Given S = {P1, . . . , Pn} in R2 and a query point Q, we want to decide if Q ∈ CONV (S). If NO, there is a line
in R2 with Q on one side and CONV (S) on the other

(a) Carefully describe an O(n log n) algorithm for this task. [When we study linear programming, we will
learn an O(n) algorithm for this!]

(b) Suppose we have computed CH1(S), represented as a circularly linked list Pi1 ← · · ·Pik , 3 ≤ k ≤ n.
Carefully describe an algorithm that, given Q ∈ R2, can decide if Q ∈ CONV (S). What is its complexity?

(c) Discuss the possibilities for representing CH1(S) in a data structure with which the query can be decided
in O(log n), and then the issues involved in using it in an incremental construction of the convex hull of
S.

9. In the “ultimate” planar hull algorithm, A and B are points of min and max x-coordinate, respectively, S is a
set of n points in the vertical strip defined by A and B, and on or above the line through A and B, and µ is
the median of x-coordinates in S. There is a unique edge (the “bridge edge”) crossing the vertical line x = µ.
We pair the points in S and write σ for the median of the n/2 slopes of the lines joining paired points. Finally
C ∈ S denotes the “support point” for the tangent line L that has slope σ, no point of S above it, and at least
one point of S ON the line L..

• Prove that if C is to the LEFT of x = µ and if P = (Px, Py) and Q = (Qx, Qy) are paired and (Py −
Qy)/(Px −Qx) > σ then the point P or Q with SMALLER x-coordinate cannot be a Bridge vertex, and
may be eliminated.
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• Prove the above statement, but replacing LEFT with RIGHT, > with <, and SMALLER with BIGGER.

10. A variant of Quickhull chooses C as follows (see also Kirkpatrick and Seidel; U denotes points above AB and
U ′ = U ∪ A ∪B).

• µ← the median x-coordinate of points in U

• LEFT ← points in U with x-coordinates ≤ µ; RIGHT is the rest of U

• arbitrarily match points in LEFT to points in RIGHT

• λ← median [slope( ~LiRi)], the median of the slopes of the lines joining matched pairs

• C ← support point in U for the upper tangent line of slope λ

(a) Show that if Ri is to the left of C and slope( ~LiRi) < λ then Ri is not in CONV (U ′) (similarly if Li is

to the right of C and slope( ~LiRi) > λ then Li is not in the hull). Therefore such points may be removed
from the subproblems [A,C] (points above AC) and [C,B].

(b) Show that if C is in CONV (U ′) and the points described above are deleted, neither of the subproblems
[A,C] and [C,B] will have more than 3|U |/4 points. Is C ∈ CONV (U ′) necessarily?

11. Give a simple, efficient algorithm to decide, given two sets of reals S = {a1, . . . , an} and T = {b1, . . . , bm},
whether S ∩ T = φ (note: m and n may differ). (*) Give a nontrivial lower bound and, if possible, an optimal
algorithm.

12. (maybe (*)) Give an efficient algorithm to find the pair among n given points in R2 which are furthest apart
(w.r.t. the usual distance). Explain it and analyze its complexity (the brute force algorithm is not efficient).

13. let H1 denote the vertices of CH(S), S a set of n given points in the plane. They are points of (onion-peel)
depth one. Define S2 = S\H1, points of depth at least 2. If Si 6= φ, i > 1, define Hi as the vertices of CH(Si)
and Si+1 = Si\Hi. Points of Hi have peel depth i, and those in Si+1 have depth at least i+1. Give an efficient
algorithm to compute the peel depth of all points in S. (*) Read and explain Chazelle’s Θ(n logn) algorithm
for this task.

14. Given S = {a1, . . . , a2n}, 2n distinct inputs ∈ R, the task is to find the set A ⊂ S of size n containing the
smallest, third smallest, . . ., (2n − 1)st smallest. Thus we find the elements of odd rank (and of course the
rest). What is the information theory lower bound on the complexity of this task? Now give a better lower
bound using connected components, and then an optimal algorithm.

15. (*) The sample distribution function for A = (a1, . . . , an) ∈ Rn is

F (t) =
|{ai : ai ≤ t}|

n
, t ∈ R.

If F is the distribution of A = (a1, . . . , an) and G the distribution of B = (b1, . . . , bm) give an optimal algorithm
to decide if F (t) ≤ G(t), for all t ∈ R, and prove its optimality.

16. Do problems 11,12 at the end of Chap. 2 of the text (I can xerox if needed).

17. Do Problem 2.14 at the end of Chap 2 of the text.

18. Let T (Qn) be a triangulation of the simple polygon Qn (which has n sides). The dual graph of T has a vertex
for each of the n − 2 triangles ∆ ∈ T and an edge between vertices corresponding to triangles that share a
diagonal. Is it true that if Qn is monotone, then the dual graph is a chain; i.e., all vertices are of degree at
most two?

19. Problem 3.11 from page 61 of the Dutch book.
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20. A rectilinear polygon is simple and has all its sides horizontal or vertical. Show that for any n > 3, ⌊n/4⌋
guards may be necessary to guard a rectilinear n−gon.

21. Let Qn be a simple n−gon and suppose you are given a set of k non-crossing diagonals that partition its interior
into the union of convex quadrilaterals with disjoint interiors.

(a) Can n be odd?

(b) What is k? How many quadrilaterals will there be?

(c) How many guards are sufficient to guard Qn? Does this violate the art gallery theorem?

22. Give an algorithm to find a diagonal of Qn - a simple n−gon - that splits it into subpolygons of size at most
3n/4. Can you do this in O(n log n)?

23. Problem 3.13 of the Dutch book.

24. Give an example of n segments - and an ordering of them - that will make the trapezoidalization algorithm use
time Θ(n2). What will be the size of the data structure Dn that the algorithm constructs?

25. Problems 6.5 and 6.8 of the text.

26. Problem 6.16 from page 146 in the Dutch book.

27. Given points P1 = (1/2, 1/2), P2 = (1, 0) and P3 = (2, 2), we will use the duality that maps P = (x, y) to the
line TP = {(u, v) : v = xu+ y and the line ℓ with equation y = mx+ b maps to the point T ℓ = (−m, b).

(a) Carefully describe the dual of the triangle ∆P1P2P3.

(b) Repeat, now using the polar transformation for duality.

(c) Describe the (usual) dual of n points P1, . . . , Pn in convex position in R2. Repeat if n = 3k and the set
is is general position with k convex “layers”.

28. Consider the duality that maps a point P = (x, y) to the line ℓ = TP having equation v = 2xu − y and the
line L with equation y = mx + b to the point Q = TL = (m/2,−b). This dual is the “polar” with respect to
the parabola y = x2.

(a) To see what this means verify that: (i) a point P = (x, x2) that is ON the parabola y = x2 dualizes to the
line v = 2xu− x2 that is tangent to the parabola v = u2 at the point P ; (ii) a point P = (x, x2 ± b) that
is ABOVE/BELOW the parabola y = x2 by vertical distance b > 0 dualizes to the line v = 2xu − x2 − b
that is parallel to the tangent to the parabola v = u2 at the point P but BELOW/ABOVE that tangent
by vertical distance b > 0.

(b) Repeat a) in the above problem using this duality.

29. Show that the duality mappings from problems 27 and 28 (i) preserves incidence; (ii) preserves the above/below
relation between a point and a line; (iii) preserves the vertical distance between a point (line) and a line (point).

30. Give an efficient algorithm to match (partition into n/2 distinct pairs) n = 2k points in general position in the
plane in such a way that segments joining matched points do not cross.

31. As above, but now k points are red and k are blue. Use the ham-sandwich theorem to show that you can
match reds to blues so that the segments joining matched points do not cross (first assume k is a power of 2).
Describe an efficient algorithm for this task and give its complexity.

32. L = {ℓ1, . . . , ℓn} is a set of n lines in the plane in general position. Give an efficient algorithm to determine
the set of levels of A(L) that a given line ℓ (not necessarily in L) meets. What is its complexity?

33. Given i, j ∈ {1, . . . , n} and L as above, you want to decide if ℓi ∈ λj ; that is if the ith line of L meets the jth

level of A(L).
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(a) First show that if ℓi has the kth smallest slope, the answer is YES if j is between k and n− k + 1.

(b) Now give an efficient algorithm in case the property in (a), above, does not hold.

(c) (*) Try to give a nontrivial lower bound for this task.

34. Let S = {P1, . . . , Pn} be n points in general position in the plane and assume no two have the same x-
coordinate. A k−segment is a pair PiPj with the property that k points of S are above the line joining this
pair. Let k < n/2. Here is an algorithm (it is walking along λk+1 in the dual) to enumerate all k−segments
and (k− 1)−segments: Sweep a vertical line from the right until you meet the (k+1)st point and let ℓ0 be the
vertical through this point (call it Q0 ∈ S). Rotate ℓ0 counterclockwise about Q0 until it meets the first new
point of S (call it Q1 and let ℓ1 denote the line through Q0Q1). If Q1 was left of ℓ0, then Q0Q1 is a k−segment;
otherwise it is a (k − 1)−segment. Continue rotating ℓ1 counterclockwise, NOW ABOUT Q1, until it meets
the first point, say Q2 ∈ S, and this gives line ℓ2. At step i we rotate ℓi counterclockwise about Qi ∈ S until
meeting the first new point Qi+1 ∈ S, and ℓi+1 contains QiQi+1. If Qi+1 was left of ℓi, QiQi+1 is a k−segment,
and otherwise a (k− 1)−segment. The rotation stops when the rotating line (now rotating about QN , say) has
moved through an angle of π and is once again vertical.

(a) Show that successive pairs QiQi+1 in the sequence Q0, . . . , QN give ALL the k and k − 1 segments (by
general position you cant have two k−segments with the same slope).

(b) Let ℓ be a vertical line with m points to its right, k+1 ≤ m < n− k. Define f(θ) as the number of points
of S which are above the rotating line (now at angle θ with the positive x-axis) and which are also to the
right of ℓ. For ℓ0, θ = π/2 and f(θ) = k; for ℓN , θ = 3π/2 and f(θ) = 0. Show that during the course of
the rotation algorithm f can only decrease, and only does so when QiQi+1 is a k−segment crossing ℓ.

35. [Ham-Sandwich cut: general case]: We are given n = 2k + 1 red lines (r1, . . . , rn) and m = 2j + 1 blue lines
(b1, . . . , bm), all m + n in general position in the plane (all slopes distinct, no three lines incident in a point).
The goal is to find a ham-sandwich cut; i.e., a pair rs, bt whose intersection P ∗ = rs ∩ bt has k red lines and j
blue lines above it). There are an odd number of such points by the ham-sandwich theorem.

(a) The vertical query decides for a given vertical line x = t whether or not P ∗ is on the left. Show how to
answer this query in O(m+ n) time.

(b) The non-vertical query decides for a given line L = {(x, y) : y = mx + b} whether or not P ∗ is obove L.
Suppose w.l.o.g. that m ≤ n. Compute Pi = L ∩ bi = (ui, vi). Use binary search [and the vertical query
above] to find (in O(m)) a “strip” x = uj , x = uj+1 that contains P ∗. Argue that now you can decide
the query in O(m) time by computing the median y-coordinate of the intersections of blue lines with the
vertical line x = uj, i = 1, . . . ,m). [This will complete an the O(m logm) alg. for the query].

(c) Briefly, but carefully, describe how to put these pieces together for the ham-sandwich algorithm, and
explain its running time.

SOME EXTRA PROBLEMS (More to come)

I. P1, . . . , Pn denotes the n distinct vertices of a simple polygon - in order as we traverse the boundary of the
polygon - with the interior always to the left. Write Pi = (xi, yi).

• Describe a simple algorithm to decide if the polygon is x-monotone. What is its running time? Is it optimal.
If not, try to give an optimal one.

• Repeat the above replacing “x-monotone” by “monotone in the direction of the line with equation y = mx+b”.

• Finally, repeat the above replacing “x-monotone” by “monotone in SOME direction”.
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