CS 205 Sections 07 and 08.
Final — 5/10/04.
8 questions — 100 points — 180 minutes.

Answer all eight questions in a blue book. Start each question on a new page. Label the questions
clearly and prominently. Don't forget to fill in your name and the class on the cover page of each
blue book you use!

1. (10 points) Find truth-values for the propositional varialeg andr so that

(pe=q)—r

has a different truth-value from
—pVv-qVr

Answer:

pis false,qis false,r is false.
In this case(p < q) — r is false but-pV —qVr is true.

2. (15 points) Make the assumption:
Vx3yQ(x,Y)

and the assumption

VXVYWZ(Q(X,Y) AQ(Y,2) — Q(Y,Y))

Using these assumptions, give a formal proof in predicate logic for the conclusion

QYY)
Answer:

1 vx3ayQ(x,y) Premise
2 wxvyvz(Q(x,Y) AQ(Y,2) — Q(Y;Y)) Premise
3 yQ@ay) Ui, 1
4 Q(a,b) Premise for El, 3
5 JyQ(b,y) ul,1
6 Q(b,c) Premise for El, 5
7 Q(a,b) AQ(b,c) Conjunction, 4, 6
8 Q(a,b) AQ(b,c) — Q(b,b) Ul, 2 (three times)
9 Q(b,b) Modus Ponens 7, 8

10 FQY,Y) EG, 9

11 yQ(y,y) El, 5,10

12 JyQlyy) El, 3,11



3. (10 points) Assume th& C B andC C D. Prove thalA x C C B x D. Present your reasoning
in a precise, detailed mathematical argument that considers an arbitrary elerAenCof

Answer:

AxC={(a,c):ac AAnceC}. Consider(a,c) € AxC. Thenaec A. Since
A C B, a€ B. Meanwhile,c € C, and since&C C D, c € D. So by the definition of
Cartesian producta,c) € B x D. So by the definition ofZ, AxC C B xD.

4. (15 points) Consider a functioin: N x N — N defined as follows:
F(xY) = (x+Y)2+x

Prove thatf is one-to-one, in four parts.

(a) Start by stating what you must assume about two pairs of natural nuxpgrand
(X,y') and what you must prove about them to show th& one-to-one.
Answer:
You must assumé(x,y) = f(X,y'). You must provex,y) = (X,Y).
(b) We argue by cases, based on whethex@)y = X +V, (2) x+y < X +¥, or (3)
X+y> X +Y. First give a direct proof in case+y=x +VY.
Answer:
Assumex+y =X +y. We know f(x,y) = (x+y)?+x= f(X,y) = (X +
y)2+X. Sincex+y=x 4V, it follows thatx = X', and then thag =y'.
(c) Now, as background, show that

(x+y)? < f(xy) < (x+y)+1)?

Answer:

f(xy) = (x+y)* +x.
Sincex >0, f(x,y) > (x+y)2.
(X+Yy)+1)% = (X+y)?+2(x+Yy) + 1. Sincex > 0 andy > 0,x < 2(x+y)+1

sof(xy) < ((x+y)+1)%
(d) Next, give a proof in case+y < X' + Y using the background observation from (c).
(This proof can either be a direct proof or a proof by contradiction.)
Answer:
Assumex+y < X +y. Thenx+y+1<x +y. Sof(xy) < (X +y)? by
(c). But(X +y)2 < f(X,y) by (c). Sof(x,y) < f(X,y). This contradicts
the assumption thét(x,y) = f(X,Y').

(This is really all you need, because the casexfery > X' +Y is exactly the same as what

you have in (d), but with the places 0f y) and(X,y') swapped. Not an exam question: Are
you surprised to find a one-to-one function fréfix N to N? | don’t know. But the first time

| saw it, | was.)



5. (10 points) Consider the functioit N — N whered(n) is the sum of the digits in the decimal
expansion oh. For exampled(217) = 2+ 1+ 7 = 10. Use mathematical induction over the
natural numbers to prove(n) = n(mod 3 for all n > 0.

Hint. When you add one toin decimal notation, you add one to the last digihithat’s not
a 9, and change any subsequent 9s to 0s.

Answer:

For the base case,= 0 andd(n) = 0. So we immeidately get& O(mod 3).

For the inductive case, assurdén) = n(mod 3 and considen+ 1. Letk be
the number of 9s that ends with. Therd(n+ 1) =d(n) +1—9k. We have
d(n) = n(mod 3 by hypothesis. That meam§n) = n+3m. Sod(n)+1=
n+1+3m. Andd(n+1)=d(n)+1—9%=n+1+3m—9%k=n+1+3(m—3k).
Sod(n+1)=n+1(mod 3.

Since we knowd(n) = n(mod 3) holds forn =0, and we know that if it holds for
nit holds forn+ 1, we conclude by induction that it holds for ali> O.

6. (15 points) Consider the following program:

s=0

i:=0

while i <ndo
i=i+1
S:=s+m

end

Suppose that, m, sandi are all natural numbers. Is the following formula a correct invariant
for thewhile loop:
s=miAi<n

Justify your answer with a mathematical argument. If it is a loop invariant, show that it is a
loop invariant. If it is not, give a counterexample.

Answer:

This is not a correct loop invariant. When= n, the loop runs. Afterwards,
i =n+1. Soitis no longer the case that n, as the purported invariant requires.

7. (15 points) The next two problems assume an input vocabulasy{0,1}. They consider a
languagd. defined as follows:

L ={we Vx| each occurrence of 0 i is part of a sequence of exactly 3 0's in a rw

For example, strings ih includeA, 111, 000, 110001000, and 11100011000111. Strings
not inL include 101, 0010011 and 000000.



Draw adeterministidinite automaton that accepts the languhgiclude an explicit “rejec-
tion” state, so that each state has exactly one outgoing edge for each possible input symbol.

Remember to mark the start state and the final states.

Answer:

1,0

8. (10 points) Give a regular expression that corresponds to the language

Hint. First write a regular expression for strings that begin and end with blocks of 000,
where any successive blocks are separated by at least one 1. Then use this to write a regular
expression for strings that may contain 1s at the beginning and end, and may contain 000s in

blocks in the middle.
Answer:

1*(A|000(1+000) ) 1*



