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Abstract— An exciting recent development is the definition of
sampling-based motion planners which guarantee asymptotic
optimality. Nevertheless, roadmaps with this property may
grow too large and lead to longer query resolution times. If
optimality requirements are relaxed, existing asymptotically
near-optimal solutions produce sparser graphs by removing
redundant edges. Even these alternatives, however, include all
sampled configurations as nodes in the roadmap. This work
proposes a method, which can reject redundant samples but
does provide asymptotic coverage and connectivity guarantees,
while keeping local path costs low. Not adding every sample can
significantly reduce the size of the final roadmap. An additional
advantage is that it is possible to define a reasonable stopping
criterion for the approach inspired by previous methods. To
achieve these objectives, the proposed method maintains a
dense graph that is used for evaluating the performance of the
roadmap with regards to local path costs. Experimental results
show that the method indeed provides small roadmaps, allowing
for shorter query resolution times. Furthermore, smoothing the
final paths results in an even more advantageous comparison
against alternatives with regards to path quality.

I. I NTRODUCTION
Sampling-based planning is a practical approach to solving
complex and high-dimensional motion planning problems.
Roadmap methods, such as the PRM [1], build up knowledge
about the configuration space (C -space) by sampling and
connecting configurations when possible. Traditionally, the
focus has been on finding feasible solutions quickly and
many methods returned paths with cost arbitrarily larger
than optimal [2]. Smoothing can improve solutions and algorithms exist that produce roadmaps with paths deformable
to optimal ones by reasoning about homotopic classes [3],
[4]. Hybridization graphs combine multiple solutions into a
higher quality one that uses the best portions of each input
path [5]. These techniques, however, can be expensive for
the online resolution of a query.
Alternatively, it is possible to invest more time and provide
solutions which converge to optimal as more samples are
added, i.e., providing asymptotic optimality guarantees [6].
Roadmaps with this property are desirable for their low
solution cost but it is not clear when to stop sampling. This
can result in large roadmaps, which imply significant costs
during construction, storage, transmission and online query
resolution. The k-PRM∗ algorithm [7] minimizes roadmap
density while still providing asymptotic optimality. Even so,
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Fig. 1. A small, sparse roadmap covering the maze environment, which
corresponds to an SE(2) challenge. Complex areas of the space are covered
by a denser part of the roadmap so that low cost local paths are maintained.

the size of roadmaps produced by k-PRM∗ can be high,
resulting in slow online query resolution times.
The authors have shown in previous work that a viable
alternative is to compute roadmaps with asymptotically nearoptimal guarantees [8], [9]. Graph spanners provide a framework for removing redundant edges from a roadmap while
still maintaining paths arbitrarily close to optimum. This idea
was applied in an incremental manner within the k-PRM∗
framework to produce the Incremental Roadmap Spanner
(IRS) algorithm [9]. IRS results in sparser roadmaps than
k-PRM∗ at the cost of a small degradation in path quality.
The path quality degradation is quite smaller in practice than
the theoretical guarantees of the method and is almost nonexistent if smoothing is applied. Nevertheless, IRS maintains
the same number of nodes as k-PRM∗ .
The roadmap method in this work does not add every
C -space sample as a node but does provide asymptotic
coverage and connectivity. It is also experimentally that it
returns low path costs. As edges can be redundant for a nearoptimal planner, nodes can also be redundant for coverage
and connectivity. Moreover, nodes tend to impose a significant space overhead as they need to store the configuration
they correspond to. Even in an asymptotically near-optimal
roadmap, introducing new nodes forces the addition of more
edges, which further increases the roadmap size.

An advantage of IRS2 is that it gives rise to a stopping
criterion. Similar to the Visibility roadmap [10], a sample
that does not satisfy desirable path cost properties is a
failed iteration. The number of consecutive failures is a
probabilistic measure of how close the roadmap is to a
solution that provides the desirable properties. In particu1
lar, M consecutive failures imply that there is a 1 − M
1
probability of covering the C -space and a M probability of
improving the solution the following iteration. Consequently,
it is possible to devise a stopping criterion given the desired
number of consecutive failures, which is not straightforward
for approaches that include all the samples in the roadmap.
Beyond the roadmap to be returned, IRS2 also maintains
a dense graph. Every sample is added to the dense graph
and edges are created connecting all of the neighbors within
a δ-ball that it can connect to with a collision-free path,
where δ is an input parameter specifying the maximum
distance that nodes can be connected. This sample is added
to the sparse roadmap if it provides coverage, connectivity
or improvement in path cost. Coverage and connectivity are
evaluated in a manner similar to the Visibility roadmap [10].
A sample improves the path cost of the local roadmap if
there is no path in the existing roadmap that is shorter than
t times a path through the candidate configuration.
Experiments on SE(2) and SE(3) motion planning
benchmarks show that the average path costs in these environments approaches the costs of paths in k-PRM∗ . The
resulting roadmap is significantly smaller both in terms of
number of edges and nodes compared to roadmaps returned
by k-PRM∗ and IRS that provide similar path quality. This
allows fast online query resolution. The computational cost
of constructing the roadmap is also evaluated.
II. F OUNDATIONS
The C -space abstraction casts a robot’s position and
orientation as a point in a d-dimensional space. This paper
considers the C -spaces of planar and rigid body configurations (SE(2) and SE(3)), but IRS2 is applicable to any
C -spaces with available metric and sampling functions.
Definition 1 (The Path Planning Problem): Given the set
of free configurations Cfree ⊂ C , initial and goal points
qinit , qgoal ∈ Cfree , find a continuous curve σ ∈ Σ = {ρ|ρ :
[0, 1] → Cfree }, σ(0) = qinit and σ(1) = qgoal .
A. Variations of Roadmaps and Their Properties
PRM can solve the above problem by sampling configurations in Cfree and connecting them with local planners [1].
During each iteration, the algorithm samples a point in Cfree
and adds it as a node to a roadmap. It then finds the neighbors
within a δ-ball and tries to connect the sample to each
neighbor. If the corresponding path exists in Cfree , an edge
between the two nodes is added. The roadmap eventually
reflects the connectivity of Cfree and can be used to answer
queries. The online phase requires adding qinit and qgoal to the
roadmap in a similar way during the roadmap construction.
Then, a discrete graph search is performed to find a path on
the roadmap between two query nodes qinit and qgoal .

Many variations exist for sampling and connecting configurations [10], [11], [12], [13], [14], [15]. Some alternatives
focus on returning small, connected roadmaps that provide
coverage [10], [15], [16]. Visibility-based Roadmaps reject
nodes if they are not needed for coverage or connectivity
[10]. Finer-grained measures of a sample’s contribution for
coverage and path quality have also been proposed [17], [18].
The Useful Cycles idea tests unnecessary edges connectivitywise for their “usefulness” in terms of path quality [19]. The
Useful Cycles was combined with the Reachability Roadmap
Method to construct graphs that cover 2D and 3D C -spaces
and provide high clearance paths [20].
There are methods that aim towards containing paths in
all homotopic classes [3]. Nevertheless, they build dense
roadmaps and may require an expensive online smoothing
operation to transform the path to an optimal one. An alternative for improving path quality is to merge solutions returned
by multiple calls to sampling-based planners [5]. Optimal
paths can be constructed for specific queries [21] but resulting path costs depend on the density of the roadmap. Graph
search algorithms, such as A*, offer optimality guarantees up
to the discretization resolution but their computational complexity grows exponentially with the dimensionality of the
C -space [22]. A recent optimization approach for computing
optimal trajectories utilizes importance sampling [23].
Roadmaps cannot be used when there is no solution
to the two-point boundary value problem, but tree-based
kinodynamic planners can deal with such problems [24],
[25]. Furthermore, tree-based planners already return a sparse
graph. Nevertheless, they do not provide the preprocessing
properties of roadmaps for multiple queries. Tree-based
planners can also benefit from an approximate roadmap that
estimates distances between states and considers C -space
obstacles [26], [27]. Anytime RRT [28] has been proposed
as an approach to incrementally improve path quality.
B. Graph Spanners
The current work is related to graph spanners [29]:
Definition 2 (Graph Spanner): A subgraph (V, E 0 ⊂ E)
of a weighted graph (V, E) is a t-spanner if ∀(v1 , v2 ) ∈ V ,
the shortest path between them in (V, E 0 ) is no longer than
t times the shortest path in (V, E).
Parameter t is known as the stretch factor of the spanner. A
number of algorithms use the implicit weights of a Euclidean
metric space to speed up the process but operate on complete
Euclidean graphs [30], [31]. Thus, they can’t be used in C spaces with obstacles because obstacles remove edges of the
complete graph. A simple method that does not require a
complete graph accepts only edges that provide shortcuts and
achieves good space complexity by reducing the number of
edges from a O(|V |2 ) to O|V |) [32]. The quadratic number
of shortest path queries puts the overall time complexity,
however, into O(|V |3 log |V |). Much work has been done
to find algorithms that reduce this. Most perform clustering
in a preprocessing step and one method achieves linear
complexity to the number of edges [33].

This idea was utilized in previous work by the authors to
construct spanners of k-PRM∗ [8]. This was extended so as
to define an incremental process for constructing a spanner,
a method referred as Incremental Roadmap Spanner (IRS)
[9]. Relative to most graph spanners which are formulated
to operate on an existing graph, IRS2 can incrementally
construct an additive roadmap spanner in a continuous space.
IRS2 returns smaller roadmaps than IRS and allows the
definition of a stopping criterion.
III. I MPROVED A SYMPTOTIC N EAR -O PTIMAL P LANNING
This section describes how to construct small roadmaps
with the desirable properties of coverage and connectivity,
while returning good quality paths.
A. Roadmap Spanners
The standard formulation of graph spanners does not allow
for disconnecting nodes from the graph unless t = ∞. This
is problematic when constructing spanners for continuous
spaces, because it would require infinitely many edges.
Consider the space of collision-free configurations Cfree .
An implicit graph (V, E) can be defined by taking all the
elements of Cfree as nodes and all the collision free paths
between them as edges. Then, a roadmap is a subgraph
(V 0 ⊂ V, E 0 ⊂ E) of this implicit, dense graph with the
following properties:
• All nodes in the dense graph are adjacent, connected by
an edge, to a node that is also in the roadmap (coverage).
• The graph has one connected component for each component of the configuration space (connectivity).
The first property allows arbitrary query points to connect
to the roadmap. The second guarantees that a path exists on
the roadmap between any start and goal if a path between
these nodes exists in the C -space. Using this formulation, a
roadmap spanner can be defined as an implicit representation
of an actual, infinite spanner over Cfree . The implicit nodes
0
of the spanner Vimp
= V −V 0 must be able to connect to the
0
0
explicit nodes V by means of the implicit edges Eimp
= E∩
0
(Vimp ×V ). Furthermore, a roadmap spanner must guarantee
that all shortest paths in the dense graph (V, E) are no longer
than t times the corresponding shortest paths in the implicit
0
0
graph (V 0 ∪ Vimp
= V, E 0 ∪ Eimp
) representing Cfree .
Finding such a roadmap spanner with t = 1 corresponds
to the standard Piano Mover’s Problem, which is known to
be P-SPACE hard in the general case. Sampling-based algorithms can solve such problems practically by relaxing the
requirements of completeness to probabilistic completeness
and optimality to asymptotic optimality. When t > 1, this
must be further reduced to asymptotic near-optimality.
B. Description of IRS2
The general idea is to maintain a dense graph that better
approximates the actual Cfree as new samples are added. This
graph is used to ensure that the sparse graph, which is the
roadmap to be returned, contains enough nodes and edges to
provide low local path costs.

a) IRS2: Algorithm 1 builds a dense graph (V, E) in
the same way that PRM builds a roadmap. At every iteration,
a point v is sampled from Cfree (line 5). For each sample
already in V within δ distance, an attempt is made to connect
them using a local planner (line 6). This sample and any
successful connections are always added to the dense graph
(lines 7-8). The rest of the algorithm uses this dense graph to
build the sparse roadmap (V 0 , E 0 ). First, edges that lead from
the candidate sparse node v 0 to nodes already in the roadmap
u0 are gathered (line 12). Note that, because (V 0 , E 0 ) is
a subgraph of (V, E), no additional nearest-neighbor or
collision work must be done. Information about the local
C -space is used to determine if the sample should be added
(line 13). If it is useful, the sample is added to V 0 (line ??)
along with any useful edges (line 14). Any neighbor of the
sample that is not already in the roadmap is also consider
for addition (line 15).
Algorithm 1 I NCREMENTAL ROADMAP S PANNER 2(t, δ, M )
1: V, E, V 0 , E 0 ← ∅
2: Q ← E MPTY Q UEUE
3: m ← 0
4: repeat
5:
v ← S AMPLE(Cf ree )
6:
Nv ← C OLLISION F REE N EIGHBORS(V, v, δ)
7:
V ← V ∪ {v}
8:
E ← E ∪ {(v, u) : u ∈ Nv }
9:
E NQUE(Q, v)
10:
while not E MPTY(Q) do
11:
v 0 ← D EQUEUE(Q)
12:
Ev0 ← {(v 0 , u0 ) : u0 ∈ Nv ∩ V 0 }
13:
if U SEFUL N ODE ?(V 0 , E 0 , t, Ev0 , v 0 ) then
14:
A DD U SEFUL E DGES(V 0 , E 0 , Ev0 , t)
15:
E NQUEUE(Q, Nv − V 0 )
16:
if v ∈ V 0 then
17:
m←0
18:
else
19:
m←m+1
20: until m = M
21: return (V 0 , E 0 )
b) U SEFUL N ODE : Algorithm 2 determines if it is necessary to add a sample to achieve coverage or maintain low
path costs. Line 1 checks if the sample has any neighbors
already in the roadmap. If it does not, it is a guard and
must be added (line 2). Alternatively, the algorithm checks
if the node is useful for path quality. The sample is needed
if it connects two existing sparse nodes with a t times better
path. To make this test, line 5 loops through the Cartesian
product of all edges from the candidate sample v 0 to sparse
nodes. For each pair of roadmap neighbors u01 and u02 , the
approach computes the least cost path from u01 to u02 through
the sparse graph (line 6). If this path is greater that t times
the cost of going from u01 to u02 through v 0 , then v 0 is useful
and is added (line 9) together with the edges from v 0 to u01
and u02 (line 10).

Algorithm 2 U SEFUL N ODE ?(V 0 , E 0 , t, Ev0 , v 0 )
1: if Ev0 = ∅ then
2:
V 0 ← V 0 ∪ {v 0 }
3:
return true
4: else
5:
for all (v 0 , u01 ), (v 0 , u02 ) ∈ Ev0 × Ev0 do
6:
c ←S HORTEST PATH(V 0 , E 0 , u01 , u02 )
7:
c∗ ← d(v 0 , u01 ) + d(v 0 , u02 )
8:
if c > t · c∗ then
9:
V 0 ← V 0 ∪ {v 0 }
10:
E 0 ← E 0 ∪ {(v 0 , u01 ), (v 0 , u02 )}
11:
return true
12: return false

Fig. 2. An edge is not added if a path from its source to its target that
less than t times the edge cost.

c) A DD U SEFUL E DGES : Algorithm 3 is similar to the
edge filter used in the Useful Cycles approach [19]. An edge
is not added if there is already a path from its source to its
target with a cost less than t times the edge cost (Figure 2).
The naive approach (lines 2-4) carries a large computational cost because of the graph search call. The actual cost
of this path is not required, however. Only whether the path
is longer than a certain amount. Thus, an optimization is
to use a length-limited A∗ search, which does not expand
nodes outside of the ellipse with foci v and u and major
diameter d(v, u). If a node outside this ellipse needs to be
expanded, then the search can be stopped early and the edge
(v, u) can be added to the roadmap. Another optimization
is to maintain an incremental connected components data
structure. If querying this data structure reveals that v and u
are in different components, the edge can be added without
graph search.
Algorithm 3 A DD U SEFUL E DGES(V 0 , E 0 , Ev0 , t)
1: for all (v, u) ∈ Ev0 do
2:
c ←S HORTEST PATH(V 0 , E 0 , v, u)
3:
c∗ ← d(v, u)
4:
if c > t · c∗ then
5:
E 0 ← E 0 ∪ {(v, u)}
d) S TOPPING C RITERION : A traditional stopping criterion may be used, such as reaching time or space limits or
when a solution that is sufficient for a specific task has been
found. IRS2 allows a more meaningful stopping criterion
because of the concept of a failed sample. A failed sample

Fig. 3.
Environments used in the SE(3) experiments with example
configurations for the robot (left: bug trap, right: cubicles). The environment
shown in Figure 1 was used for the SE(2) exeperiments.

is one that is not added to the roadmap and so does not
improve solution quality or coverage. As the ratio of failed
to successful nodes rises, the expected success of future
samples is reduced. If samples are selected uniformly from
the configuration space then this property holds globally, as
with Visibility roadmaps [10]. In Algorithm 1, lines 3, 17,
and 19 keep track of the number of consecutive failures m.
If m exceeds a user defined value, M , then the algorithm is
terminated.
C. Low Local Path Costs
While the global path cost properties of roadmaps produced by IRS2 are difficult to reason about, the node filter
described by Algorithm 2 will not reject nodes required
to provide low local path costs. Similarly, the edge filter
described in Algorithm 3 will not reject edges required for
this property. The parameter δ defines the radius around
which this property holds.
D. Differences from IRS
There are three differences between IRS and IRS2. The
main improvement of IRS2 over IRS is that not all samples
are added to the roadmap. A procedure is used in the
algorithm that evaluates the need to add samples in relation
to coverage, connectivity and path quality.
Furthermore, a stopping criterion was not specified in
the description of IRS. Here, it is explicitly related to
the number of consecutive samples that are not considered
useful. This is a natural method for determining how likely
is the event that additional computation will improve the
roadmap.
Finally, a fixed radius δ ball is used in IRS2 to determine
the number of neighbors with which to connect. This parameter represents the amount of solution degradation incurred
by allowing samples to be dropped. In IRS the minimum
radius required for asymptotic optimality is calculated for
each sample. Providing guaranteed bounds on this additional
degradation is the subject of future work.

IV. E XPERIMENTS

●

B. Path Cost and Space Requirements
Roadmap size was measured in terms of the amount of
memory used. Each node requires several bytes for each
configuration and book-keeping data related to edge information. Each edge requires only a few bytes for its cost and
indices to the nodes it connects. IRS2 produces very small
roadmaps while maintaining path costs comparable to the
much larger roadmaps of the other algorithms (Figure 4).
The results would be more dramatic if the space needed for
each edge was not as low since the number of edges produced
by k-PRM∗ is considerably higher.
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D. Performance of the Stopping Criterion
The algorithms in these experiments were allowed to run
for 10 minutes. If, instead, the more meaningful stopping
criterion available to IRS2 was used, Figures 6 and 7 show
what the mean solution cost and roadmap size would be.
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A. Setup
Three algorithms were tested in the experiments: k-PRM∗ ,
IRS (stretch factors: t = 1.5, 2.0, 3.0), and IRS2 (t =
1.5, 2.0, 3.0 and δ = 0.1 or 0.2 times the environment’s
extent). All runs used the Open Motion Planning Library
(OMPL) [34] on 2GHz processors with 4GB of memory.
Three environments from the OMPL library were chosen
(Figures 1 and 3). For each setup, 10 roadmaps were
constructed (10 minutes construction time) and 100 random
query pairs were generated. Costs for each query are measured across the roadmaps and normalized relative to the
smallest cost found in any experiment.
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Fig. 4. In all environments IRS2 solved all query pairs and was smaller in
size compared to the alternatives. k-PRM∗ and IRS found roadmaps with
slightly lower cost solutions at the expense of many megabytes of memory.

C. Path Cost and Construction Time
Although the extra graph search operations that IRS2
must perform to filter nodes and edges have a significant
overhead in asymptotic time complexity, experimental results
suggest that it converges at a similar rate as k-PRM∗ and
IRS (Figure 5).

For applications where more time is available, the path
cost can be improved by a short-cutting smoothing algorithm. Table I shows the mean improvement to solution path
costs and smoothing time in the maze environment. More
complex environments will require more time for smoothing
so smoothing would be undesirable.
V. D ISCUSSION
An algorithm, IRS2, has been presented that produces
very small roadmaps, which answer motion planning queries
that converge to solution costs close to those of algorithms with path cost guarantees. Future experiments will
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t

δ
1.5
2
3

cost
0.1
0.2
92% 90%
88% 87%
83% 83%

time
0.1
0.29
0.28
0.20

(s)
0.2
0.24
0.22
0.16

TABLE I
S MOOTHING COST SAVINGS AND TIME

be attempted in higher dimensional C -spaces, to include
articulated systems with many degrees of freedom. The experiments presented in the work use the distance between the
Euclidean projections of configurations as the cost function.
A more general cost function would work as long as it forms
a metric space in the C -space.
There are two limitations with the current work. There is
not a proof of asymptotic near-optimality for the proposed
algorithm even though experimentally the method returns
good quality paths. Furthermore, the number of nodes that
IRS2 may add to the roadmap is infinite. It is interesting
to investigate methods that generate roadmaps, which have
asymptotic near-optimality guarantees, but also guarantee a
finite number of nodes.
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