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CHAPTER 3:
Bayesian Decision

Theory




Result of tossing a coin is € {Heads,Tails}
Random var X € {1,0}

Bernoulli: P {X=1} =p (1 - p)!-¥
Sample: X = {x'}V,_,
Estimation: p, = # {Heads}/#{Tosses} =} x'/ N
Prediction of next toss:

Heads if p,> ', Tails otherwise
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Credit scoring: Inputs are income and savings.
Output is low-risk vs high-risk
Input: x = [x,,x,]” ,Output: C € {0,1}

Prediction:
C=l1lif P(C=1|x,x,) > 05
choose i
C = 0 otherwise
or equivalently
C=1if P(C=1]|x,x,) >P(C=0]|x,x,)
choose )
C = 0 otherwise
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prior likelihood

posterior \ /
e ) ORI
px)

N

evidence
Prior: The knowledge we have as to the value of C before
looking at the observation x

P(C=0)+P(C=1)=1
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prior likelihood

posterior \ /
\»P(C Ix)= PC)p(x|C)
p({)

evidence

eLikelihood: the conditional probability that an event
belonging to C has associated observation value x
eEvidence: the marginal probability that an observation

x is seen regardless of C
p(x)= p(x|C=1)P(C=1)+ p(x|C=0)P(C=0)

e Learning © The MIT Press (V1.1)
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prior likelihood

posterior \ /
e ) ORI
px)

N

evidence
¢ Combining the prior with what the data tells us, we
can calculate the posterior probability P(Clx) after
having seen the observation x
* The posterior sum up to 1

p(C=0|x)+P(C=1|x)=1
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prior likelihood

posterior \ /
\»P(C Ix)= PC)p(x|C)
p({)

evidence
* Bayesian learning: from training data how to estimate
P(C) and P(xIC)
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prior llkellhood

posterior \
L p(C )= o)

evidence

PC=0)+PCC=1)=1
plx)=plx|C=1)PC=1)+p(x|C=0)P(C=0)
0

=1
p(C: |x)+P(C:1 |x):1

i Machine Learning © The MIT Press (V1.1)
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plx|C)P(C,)
plx)

_ Kp (x |Ci)P(Ci)
$plelc e,

* MAP: Maximal a Posteriori class: pick the class that
maximizes the posterior probability

P(C, |x)=

K
P(C,)=0and Y P(C,)=1
i=1

choose C, if P(C, |x)=max, P(C, |x)
Chiar = arg. max P(C; [x)

aydin 2004 Introduc o Machine Learning © The MIT Press (V1.1)
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P(C, |x):p(x [C)P(C))
’ plx) :

__» (x|C,)P(C,) J2omds

Zp(x |Ck)P(Ck)

=1

k
choose C, if P(C, |x)=max, P(C, |x)
Cyapr = arg. max P(C, [x) = P(x|C,)P(C);)

C,, =arg. max P(x|C))
* ML: Maximal Likelihood Class: Special case; assume all

class priors P(C)) are equal
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It may be the case that decisions are not equally good or
costly.

Actions: a;
Loss of a; when the state is C, : &,
Expected risk (Duda and Hart, 1973)

R(a, |x>=§4kp<ck x)

choose ¢, if R(a[ |x):min kR(ak |x)
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0ifi =k
1ifi #k

}\‘ik :{

R(a; |x)= Zx P(C, | x)
_ZP( k |x)

k#i

=1-P(C, |x)

For minimum risk, choose the most probable class

ecture Notes for E Alpaydin 2004 Introduction

to Machine Learning © The MIT Press (V1.1)

13

0
}\‘ik: A
1

choose C,

reject

e Notes for E Alpay

aydin 2004 Introduc

ifi=k
ifi=K+1, 0<Ai<l
otherwise

(O(‘K+1|x) ZXP( klx):
(ai|x) ZP( k|x)

k#i

(Ci |x)

if P(C, |x)>P(C, |x) Vk #iand P(C, |x)>1-A
otherwise

Learning © The MIT Press (V1.1)
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choose C, ifgl.(x)z max ,g, (x) gx)i=1,..,

~R(a, |x) B / \

g/bx)=1P(C, | x)
p(x|C[)P(Ci)

K decision regions R,...,Rx

R, = {x |gi(x): max kgk(x)}
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Dichotomizer (K=2) vs Polychotomizer (K>2)
g(x) = g1(x) — g,(x)
C,ifg(x)>0

choose i
C, otherwise

Log odds:
P(Cl |x)

log
P(Cz |x)
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Prob of state k given evidence x. P (S;|x)
Utility of a; when state is k- U,
Expected utility:

EU(a, | x)= ;UikP(Sk | x)

Choose @ if EU(e, | x)= max EU(aj |x)
J
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Expected utility using x only
EU(x) = max ZUikP(Sk | x)
Lk
Expected utility using x and new feature z
EU(x,z)= max ZUikP(Sk | x,z)
Yok
zis useful if EU (x,z) > EU (x)
18
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graphical models, probabilistic networks, belief networks

are hypotheses (random vars) and the prob corresponds
to our belief in the truth of the hypothesis

are direct direct influences between hypotheses
The is represented as a directed acyclic graph (DAG)
The are the conditional probs in the arcs
(Pearl, 1988, 2000; Jensen, 1996; Lauritzen, 1996)
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7 B

f\ Rain ; P(R)=0.4

N __.-/ Diagnostic inference:
Knowing that the grass is wet,
what is the probability that rain is

y the cause?

TN POV R=09

L Wet grass\} PE W: «;3?}:6 ) P(R \ W) = M

e ' P)

_ P(W |R)P(R)

P(W | R)P(R)+P(W |~ R)P(~ R)
~ 0.9x0.4
0.9%0.4+0.2x0.6

Notice: knowing the grass is wet =0.75
increases the probability of rain

from 0.4 t0 0.75

20
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P(5)=0.2 P(R)=0.4 Ifthe

/"‘_‘\ sprinkler is on, what is the
@ . Rain ; probability that the grass is wet?

P(WS) = P(WIR,S) P(R|S) +
P(W|~R.S) P(~R|S)

POVIRS)095  _ pop opo”
PV | R~5)-0.90 )
T POV [~R.5=0.90 (W-R.S) P(~R)

( WLtﬁlaw )\ P(W|~R~S)=0.10 =0.950.4+0.90.6=0.92

If the grass is wet, what is the probability
that the sprinkler is on? P(S|W)=0.35>0.2 P(S)
P(S|R,W)=0.21 Knowing that it has rained
decreases the probability that the sprinkler is on.
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P(C)=0.5
Causal inference:
P(WIC) = P(WIR,S) P(R,S|C) +
P(S| C)=0.1 PR | )=0.8 P(W|~R,S) P(~R,S|C) +
P(S|~C)=0.5 P(R|~C)=0.1 P(W|R,~S) P(R,~S|C) +

P(W]-R,~S) P(~R,~S|C)

Sprink]h < Rain\ and use the fact that

A P(R,S|C) = P(RIC) P(SIC)

P(W| R,5)=0.95 Diagnostic: P(CIW ) =2
P(W | R~S)=0.90

P(W|~R.5)=0.90
Wet qr@ (W | ~R~S)=0.10
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N PO)-0S
[ Cloudy |
" '
P(S| 0O)=0.1 7~
P(S|~C)=0.5

P(R| C)=0.8
™~ | "o
\\\P{R | ~C)=0.1
P N 7 TR
f Sprinkler ,:' |:__ Rain |

/ 3
e

P(W | RS=0.95\

P(W | R~S)=0.90

/ P(F| R)=0.1
e P(F | ~R)=0.7
P(W | ~R,S=0.90 gy

P(W|~R~85)=0.10— : #
, Wet grass <moF \-,

/

e —

P(F|C)=?

P(C,S,R,W,F)zP(C)P(S |;)P(R |C)P(W |S,R)P(F|R)
P(Xl,...Xd): HP(Xi | parents (Xl.))

i=1
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P(CSRW.F)=P(C)P(S|C) P (RIC) P (WIR,S) P (FIR)

P(CF)=35 Y S P(CSRWF)
P(FIO)=P(CF)/ P(C) Not efficient!

Belief propagation (Pearl, 1988)

Junction trees (Lauritzen and Spiegelhalter, 1988)
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P(C)

Bayes’ rule inverts the arc:

px| C)

px)

PC |x):l?(x |C)P(C)
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px,| ©)
— g, ia —
A N T
| X, ( Xy / \ '\‘:.I’ /
\_____/ \“u_____;/ \m____./
Given C, x; are independent:
P(|C) = p(x | C) p(x,|C) .. p(xC)
26
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