
CS206 Final Examination Due at NOON on December 15, 2020

INSTRUCTIONS:

• Write the following sentence on the top of your exam. On my honor, I have
neither received nor given any unauthorized assistance on this examination.

• You are encouraged to consult the textbook and your class notes. You are also
encouraged to reach out to Prof. Allender (via e-mail). That is likely to be much
more productive than trying to search for help on-line.

• Submit your completed exam by NOON on Tuesday, December 15 (in the same
way that you submit your homework assignments).

• Show your work and provide some explanations; you get little or no credit for an
unexplained answer.

• If a question asks for a numerical answer, it is fine to express the answer using
well-known functions (such as factorials or binomial coefficients or multinomial
coefficients); no extra credit will be given for expressing your answer as a fraction
or as a percentage, etc.

• The value of each question appears in parentheses. There are 150 points in total.

1. (1 point) Write “On my honor, I have neither received nor given any unauthorized assistance
on this examination.”

2. (13 points) Consider being dealt a hand of 13 cards at random from a standard deck of 52
cards. What is the probability that exactly four of the cards in your hand are spades? What
is the probability of having exactly four spades, given that you have at least one spade?

3. (11 points) Suppose that 10 percent of the people getting tested for COVID-19 actually have
the virus. Suppose also that there is a test, such that 99 percent of the people with COVID-19
test positive, and 2 percent of the people who do not have COVID-19 also test positive. (These
are the false positives.) Joe gets tested for COVID-19 and his test comes back positive. Use
Bayes’ Theorem to compute the probability that Joe has COVID-19. [Of course, Joe either
has the virus, or he doesn’t. Thus it’s more precise to ask you to compute the probability that
a randomly-selected person who tests positive for the virus actually has the virus. Interpret
the question in this way.]

4. (13 points) Consider the experiment of picking three cards at random from a standard deck
of 52 cards. Let Ai be the the event that the i-th card is red (for 1 ≤ i ≤ 3).

(a) What is the probability that all three cards are red?

(b) What is Prob(A1)? What is Prob(A2)? What is Prob(A3)?

(c) Are A1 and A2 independent? (Explain your answer.)

5. (7 points) Continuing with the experiment of picking three cards at random: Consider a
sequence of independent trials of this experiment, and let U be the number of trials that
occur until the experiment results in three red cards being selected (during the same trial).
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(a) Say if the frequency function of U is (A) binomial, (B) negative binomial, (C) geometric,
or (D) none of the above.

(b) What is E(U)?

(c) What is V (U)?

6. (15 points) Now consider an experiment consisting of independent rolls of a fair die. Let W
record the number of times that 3 occurs in the first 360 rolls. Let X record the first time
that 3 appears, and let Y record the fourth time that 3 occurs.

(a) For each of W, X, and Y , say if the frequency function of that random variable is (A)
binomial, (B) negative binomial, (C) geometric, or (D) none of the above.

(b) What is E(W )? What is V (W )?

(c) What is E(X)? What is V (X)?

(d) What is E(Y )? What is V (Y )?

7. (10 points) Use Tchebycheff’s inequality to find a lower bound on the probability that, if you
roll a fair die 360 times, the number of times that 3 occurs is between 46 and 74 times.

8. (10 points) Use the Chernoff bound to find a lower bound on the probability that, if you roll
a fair die 360 times, the number of times that 3 occurs is less than 75.

9. (10 points) Consider the sequence defined as follows:

• a0 = 5; a1 = 7.

• For n ≥ 2, an = 2an−1 − an−2.

Present the generating function F for this sequence, in the form F (x) = p(x)/q(x) for certain
polynomials p and q, and also in the form F (x) =

∑
n anxn for coefficients an where you give

a simple expression for an.

10. (20 points) Consider a random walk on the integers. That is, let there be a player A who
wins $1 each time a random coin comes up HEAD, and loses $1 each time it comes up TAIL.
(Initially, A has $0.) Assume that the coin tosses are independent, and that each time HEAD
occurs with probability p, with 1

2
< p < 1. Consider the following random variables:

• W1 is the number of steps until A has $1 for the first time.

• W2 is the number of steps until A has $2 for the first time.

• W3 is the number of steps until A has $3 for the first time.

• X2 = W2 −W1.

• X3 = W3 −W2.

Recall from the notes that, under these conditions, Prob(
⋃

i{W3 = i}) = 1, and thus we
may restrict the sample space to consist of finite sequences of coin tosses. For the following
questions, assume that the sample space consists of this countably infinite set.

(a) Which three of these random variables are mutually independent?

(b) For each pair of random variables that are not independent, show that they are not
independent.
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(c) Give the expected value of each of these random variables.

(d) Was it important for your answers that 1
2

< p < 1? What happens if p = 1?

11. (10 points) Consider a map where there are two refineries A and B. There are pipelines
leading from each of A and B to the port facility P . There are also two “hubs” HA and
HB and there are pipelines leading from A to HA and from B to HB. Finally, there are
30 “distribution centers”, and there are pipelines from each of HA and HB to each of these
distribution centers. The refineries want to cooperate, to maintain the pipelines, by sending
devices known as “pigs” through the pipelines. Is it possible to have the pig start at HA and
end up at HB, so that each pipeline is traversed exactly once, while only moving the pig from
one pipeline to another at shared nodes? What if there were only 29 distribution centers? If
the pig doesn’t have to start at HA and end at HB, but can start or end at some other node,
is there a solution now?

12. (5 points) What is the coefficient of x9y15 in (3x + y)24?

13. (5 points) How many monomials appear in the expansion of (3x + y)24?

14. (5 points) Consider the word FIDDLEFADDLE. How many different strings can be formed
by permuting the letters in that word?

15. (15 points) Three people get onto an elevator in the basement of a building with six floors
{1, 2, 3, 4, 5, 6} (not counting the basement). Each person chooses a floor ∈ {1, 2, 3, 4, 5, 6};
assume that their choices are independent and that each floor is equally likely. Let N be
the number of distinct floors that are selected. Find E(N). For extra credit (10 points), find
V (N).
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