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Lambda Calculus

A-terms are inductively defined.

A A-term i1s:

¢ a variable x
e (Ax. M) => where x is a variable and A is a A-term (abstraction)

e (MN) = where M and N are both A-terms (application)



A-terms

The context-free grammar for A-terms:

A-term — expr
expr — name | number | A name . expr | func arg

func — name | ( A name . expr ) | func arg

arg — name | number | ( A name . expr ) | ( func arg )

Example 1:

Ny.lyty
4 ~~

name (as parameter) expr (another A-term)




A-terms

The context-free grammar for A-terms:

A-term — expr
expr — name | number | A name . expr | func arg

func — name | ( A name . expr ) | func arg

arg — name | number | ( A name . expr ) | ( func arg )

Example 2:

func arg



Lambda Calculus

Associativity and Precedence

e Function application 1s left associative: (f g z) 1s ((f g) z)
e Function application has precedence over function abstraction.
“function body” extends as far to the right as possible:

(Ax.yz) is (Ax.(yz))
e Multiple arguments: (Axy.z) is (AX(Ay.z))




Free and Bound Variables

Abstraction (Ax. M) “binds” variable x 1n “body” M. You can
think of this as a declaration of variable x with scope M.

hy.yz)y —e®

\ occurrence

binding bound
occurrence occurrence



Review: Free and Bound Variables

Note:
A variable can occur free and bound 1n a A-term.

Example:

AXAYy. (kz Xyz)y

/N

y 1S free y 1s bound

“free” 1s relative to a A-sub-term.



Free and Bound Variables

Let M, N be A-terms and x 1s a variable. The set of free variable
of M, free(M), 1s defined inductively as follows:

o free(x) = {x}
o free(M N) = free(M) U free(N)
o free (Ax.M) = free(M) - free(x)



Function Application

Computation in lambda calculus 1s based on the concept or reduction.
Simplify an expression until it can no longer be simplified.

P—reduction:
(Ax.E)y — E[y/X]

1. Return function body E
2. Replace every bound occurrence of x in E with y



Function Application

Computation in lambda calculus 1s based on the concept or reduction.
Simplify an expression until it can no longer be simplified.

P—reduction:
(Ax.E)y —p E[y/X]

1. Return function body E
2. Replace every bound occurrence of x in E with y

Am,(m true) An.(n M N) —p An.(n M N) true

/ —g true M N
function body E = %aiba M N
—p AbM N
true = Aa. Ab. a

—>BM
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Function Application

Computation in lambda calculus 1s based on the concept or reduction.
Simplify an expression i1t can no longer be simplified.

o—reduction:

(Ax.E) —a Ay.E|y/Kx]ify & free(E)

Example 1: AaAb.a+b2x —p Ab.24bx

—p 2+X
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Function Application

Computation in lambda calculus 1s based on the concept or reduction.
Simplify an expression i1t can no longer be simplified.

o—reduction:

(Ax.E) —a Ay.E|y/Kx]ify & free(E)

Example 2: AaAb.a+bb?2 [eg, Ab.b+b 2]—» Incorrect

—g 242
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Function Application

Computation in lambda calculus 1s based on the concept or reduction.
Simplify an expression i1t can no longer be simplified.

o—reduction:

(Ax.E) —a Ay.E|y/Kx]ify & free(E)

Example 2: AaAb.a+bb2 —, AaAix.a+xb?2

—p5 AX.b+x 2
—p b+2
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Programming in Lambda Calculus

Remember: Computation in the lambda calculus 1s a sequence of
applications of reduction rules (mostly 3—reductions).

Logical constants and operations (incomplete list): |= gbbreviated as
true = Aa. Ab. a select-first
false =Aa. Ab. b select-second

if = Ap. Am. An.(p m n)

1f T34 if true 3 4
h = Ap.Am.An.(p mn) true 3 4
When T is true,
return 3 Ap.Am.An.(p mn) radb.a 3 4

—p3 Aa.Ab.a 3 4
—p 3
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Programming in Lambda Calculus

Remember: Computation in the lambda calculus 1s a sequence of

applications of reduction rules (mostly 3—reductions).

Logical constants and operations (incomplete list):

true = Aa. Ab. a
false =Aa. Ab. b

not = AX. (x false true)

1f X 1s true
return false

not true

—p false

AX. (x false true) true
—p true false true
= Aa.Ab.a false true

15

select-first

select-second

1f x 1s false
return true




Programming in Lambda Calculus

Remember: Computation in the lambda calculus 1s a sequence of
applications of reduction rules (mostly 3—reductions).

Logical constants and operations (incomplete list):

true = Aa. Ab. a select-first

false =Aa. Ab. b select-second

and = Ax. Ay. (x y false)

if X is true and true y if x is false and false y
return y —p truey false return false| —p falsey false
= Aa.Ab.a y false = Aa.Ab.b y false

—p3 Yy —p false
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Programming in Lambda Calculus

Remember: Computation in the lambda calculus 1s a sequence of
applications of reduction rules (mostly 3—reductions).

Logical constants and operations (incomplete list):

true = Aa. Ab. a select-first

false =Aa. Ab. b select-second

cond = Ap. Am. An.(p m n)
not = \x. (x false true)

and = Ax. Ay. (X y false)

or = homework
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Programming in Lambda Calculus

What about data structures?

Data structures:

pairs can be represented as:

IM.N] = Az. (ZzMN)
first = Ax. (X true)
first [ M.N] = Ax.(x true) Az.(z M N)
—p Az.(z M N) true

—p true M N
—s M

18

(car)



Programming in Lambda Calculus

What about data structures?

Data structures:

pairs can be represented as:

IM.N] = Az. (ZzMN)
second = Ax. (x false)

second [M.N]= Ax.(x false) Az.(z M N)
—p AZ.(z M N) fase
—p false M N
—5 N

19

(cdr)



Programming in Lambda Calculus

What about data structures?

Data structures:

pairs can be represented as:

[MN] = Az (zMN)

first = Ax. (X true) (car)
second = AX. (x false) (cdr)
build = AXxAy.Az. (zXxYy) (cons)
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Programming in Lambda Calculus

What about the encoding of arithmetic constants?

Church Numerals:
0=AMx. x
1 =Mx. (fX)

2 = Mfx. (f (X))

i{%xfx.( F(f(...(fx)...)) = Mx. (%)

The natural number n 1s represented as a function that applies a function f
n-times to x.

succ = Am. (Afx.(f (m £ x)))

add =2Amn. (AMX.((m f) (n £ x)))
mult =2Amn. (Afx.(m (n 1)) x))
isZero? = Am. (m false not false)
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Programming in Lambda Calculus

Example:
(mult 2 3)

((Amn.(Afx.((m (n 1)) x)

) 2 3)
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Programming in Lambda Calculus

Example:
(mult 2 3)

= ((Amn.(Afx.((m (n 1)) x))) 2 3)
—p, MoXo.((2[(3 f0)]) Xo)
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Programming in Lambda Calculus

Example:
(mult 2 3)

= ((Amn.(Afx.((m (n 1)) x))) 2 3)
—p, MoXo.((2[(3 f0)]) Xo)

= Mxo.(Q|OMfx.(£%) fy)]) xo)
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Programming in Lambda Calculus

Example:
(mult 2 3)

= ((Amn.( Mx.((m (n ) x))) 2 3)
—p, MoXo-((2 (3 fo) ) Xo)

= Mxo.(Q|OMfx.(£%) fy)]) xo)

—g MyXo.((2[(Ax.(f3x))] ) X0)
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Programming in Lambda Calculus

Example:
(mult 2 3) 2 = Mx. (f (fx))
= ((Amn.( Mx.((m (n f)) x) )) 2 3)

—p, MoXo-((2 (3 fo) ) Xo)

= Mxo.((2 OMfx.(£%) fy) ) Xo)
—p MyXo.((2 (x.(f3X)) ) Xo)
— MoxXo.( Q|(x1.(f3%1)) ) Xo)
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Programming in Lambda Calculus

Example:
(mult 2 3)
= ((dmn.( Mx.((m (n ) x))) 2 3)

—p, Moxo.((2 (3 f0) ) Xo)

fin 2 = Mx.(f (f X))

= AMpxo.((2 (Mx.(£x) £5) ) x¢)
—B kfoXO.((z (kX.(fO3X)) )M

—q MoXo.( (2 (Ax1.(1o*X1)) ) Xo)
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Programming in Lambda Calculus

Example:
(mult 2 3)
= ((Amn.(Afx.((m (n 1)) x))) 2 3)

—p, Moxo.((2 (3 f0) ) Xo)

= Myxo.(2 Mx(Px) ) ) xo) fin 2 = Mx.(f (%))

—B kfoXO.((z (kX.(fO3X)) )M

—q MoXo.( (2 |(Ax1.(f3 X1)) ) Xo)
—p Moxo.- (. (((Ox1.(fy” X)) ((Ax1.(f3 x1))) X) 1)) Xg) =
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Programming in Lambda Calculus

Example:
(mult 2 3)
= ((dmn.( Mx.((m (n f)) x) )) 2 3)

—p, MoXo-((2 (3 fo) ) Xo)

= Mxo.((2 OMfx.(£%) fy) ) Xo)
—p MyXo.((2 (x.(f3X)) ) Xo)
— MoXo.( (2 Ax1.(f3%1)) ) Xo)

—p Moxo.((x.( Ox1.(fy” x1)) (Ox1.(f3 x1) ) X) ) X¢) =
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Programming in Lambda Calculus

Example:
(mult 2 3)

= ((Amn.(Afx.((m (n 1)) x))) 2 3)
—p, MoXo.((2 (3 f0) ) Xo)

= Moxe (2 X(FX) £) ) o)

—p AfoxXo.((2 (Ax.(13X)) ) Xo)

—q MoXo.( (2 (Ax1.(fp3 x1)) ) Xo)

—p Moxo-(x.( (x,.(fy” x1)) (Ax1.(f3 x1) ) ) | ) %) =
—p Moxo.(AX. (Ax1.(1o% x1)) (fp* X)) ) Xo)
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Programming in Lambda Calculus

Example:
(mult 2 3)

= ((Amn.(Afx.((m (n 1)) x))) 2 3)
—p, MoXo.((2 (3 f0) ) Xo)

= AMyxo-((2 (MX.(£%) fy) ) Xo)

—p AfoxXo.((2 (Ax.(13X)) ) Xo)

—q Moxo.( (2 Ox1.(fg* x1))) %)

=B Moxo.(Ox.( Ox1.(f” x1)) (Ooxn(f3 x1) ) %) ) Xg) =
—p Moxo.((x. (Ax1.(f3 x1)) (f*X) ) ) %o)
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Programming in Lambda Calculus

Example:
(mult 2 3)

= ((Amn.(Afx.((m (n 1)) x))) 2 3)
—p, MoXo.((2 (3 f0) ) Xo)

= Afpxo.((2 (Afx.(£x) fy) ) x¢)

—p MoXo.((2 (Ax.(1°%)) ) Xo)

—q MoXo.( (2 (Ax1.(fe3 x1)) ) Xo)

—p Moxo.-((x.( (x1.(fy” x1)) (Ax1.(f3x1) ) X) 1)) Xg) =
—p Moxo.(Ax. (x1.(f x1)) (F? %) ) ) x0)

—p AMoXo. ((AX.(|To? (fo? X)) ) X0)
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Programming in Lambda Calculus

Example:
(mult 2 3)

= ((Amn.(Afx.((m (n 1)) x))) 2 3)
—p, MoXo.((2 (3 f0) ) Xo)

= Afpxo.((2 (Afx.(£x) fy) ) x¢)

—p MoXo.((2 (Ax.(1°%)) ) Xo)

—a MoXo.((2 (Ax1.(16°X1)) ) X0)

—p Moxo.-((x.( (x1.(fy” x1)) (Ax1.(f3x1) ) X) 1)) Xg) =
—p AfoXo.(AX. (Ax1.(fo* X1)) (1> X) ) ) Xo)

—p AfoXo. ((AX.(fo* (o3 X)) ) Xo)
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Programming in Lambda Calculus

Example:
(mult 2 3)
= ((dmn.( Mx.((m (n ) x))) 2 3)

—p, MoXo.((2 (3 f0) ) x¢)

= Afpxo.((2 (Afx.(£x) fy) ) x¢)
—p MoXo.((2 (Ax.(1°%)) ) Xo)
— MpXo.( (2 (Ax1.(f3X1)) ) Xp)
—p Moxo.(Ax.( (Ax1.(fy” x1)) ((Ax1.(f3 X1) ) X)) Xo) =
—p AfoXo.(AX. (Ax1.(fo* X1)) (1> X) ) ) Xo)

—p AMoxXo. ((AX.( 13 (o3 X) ) ) Xo)

f03 (fo3 Xo))

—p AfpXo.

o
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Programming in Lambda Calculus

Example:
(mult 2 3)
= ((dmn.( Mx.((m (n ) x))) 2 3)

—p, MoXo.((2 (3 f0) ) x¢)

= Afpxo.((2 (Afx.(£x) fy) ) x¢)

—p MoXo.((2 (Ax.(1°%)) ) Xo)

— MpXo.( (2 (Ax1.(f3X1)) ) Xp)

—p Moxo.-((x.( (x1.(fy” x1)) (Ax1.(f3x1) ) X) 1)) Xg) =
—p AfoXo.(AX. (Ax1.(fo* X1)) (1> X) ) ) Xo)

—p AMoXo. ((AX.( 13 (f3 X)) ) X0)

P kaXO-(fO3 (fo3 Xo))
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Programming in Lambda Calculus

Example:
(mult 2 3)
= ((dmn.( Mx.((m (n ) x))) 2 3)

—p, MoXo.((2 (3 f0) ) x¢)

= Afpxo.((2 (Afx.(£x) fy) ) x¢)

—p MoXo.((2 (Ax.(1°%)) ) Xo)

— MpXo.( (2 (Ax1.(f3X1)) ) Xp)

—p Moxo.-((x.( (x1.(fy” x1)) (Ax1.(f3x1) ) X) 1)) Xg) =
—p AfoXo.(AX. (Ax1.(fo* X1)) (1> X) ) ) Xo)

—p AMoXo. ((AX.( 13 (f3 X)) ) X0)

P kaXO-(fO3 (fo3 Xo))

—q Mx.(f°X) =6
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Recursion in Lambda Calculus

Does this make sense?

f=...1...

In lambda calculus, = 1s “abbreviated as”, but not an assignment.

37



Recursion in Lambda Calculus

Does this make sense?

f

N

In lambda calculus, = 1is “abbreviated as”, but not an assignment.

add = Amn. (1f (1sZero?n) m (add (m+1) (n-1)) )
!

Incorrect!

How about

ADD = AMf.(Amn.( if (1sZero’n) m (f (m+1) (n-1))) ) such that

ADD fmn = (1t (1sZero’n) m (f (m+1) (n-1))
4L f=ADDf
ADD fmn = (1f (isZero?7n) m ( ADD f (m+1) (n-1))

38



Function Fixed Points

The fixed point of a function g 1s the set of values fix(g) = {x | x = g(Xx)}.

Examples:
function g fix(g)
AX.6 {16}
Ax.(6 - X) {3}
AX.((X * X))+ (x-4)) {-2, 2}
AX.X entire domain of function f

Ax.(x+ 1) {1}

39



Function Fixed Points

Is there a A—term Y that “computes” a fixed point of any function F
YF =F(YF)

YES. Y 1s called the fixed point combinator.

Y = MO f(x X)) (Ax.f(x X)))

YF = ((M(OxA( x X)) Ox.A( x X )))) F)

40



Function Fixed Points

Is there a A—term Y that “computes” a fixed point of any function F
YF =F(YF)

YES. Y 1s called the fixed point combinator.

Y = MO f(x X)) (Ax.f(x X)))

YF = (MO x X)) O£ x X )))) F)

41



Function Fixed Points

Is there a A—term Y that “computes” a fixed point of any function F
YF =F(YF)

YES. Y 1s called the fixed point combinator.

Y = MO f(x X)) (Ax.f(x X)))

YF = ((M((Ax1( x X)) (Ax.H(x X )))) F)
= (AX.F(x x)) (Ax.F(x X))

42



Function Fixed Points

Is there a A—term Y that “computes” a fixed point of any function F
YF =F(YF)

YES. Y 1s called the fixed point combinator.

Y = MO f(x X)) (Ax.f(x X)))

YF = ((M((Ax1( x X)) (Ax.H(x X )))) F)
= (AX.F(x X)) (AX.F(X X))
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Function Fixed Points

Is there a A—term Y that “computes” a fixed point of any function F
YF =F(YF)

YES. Y 1s called the fixed point combinator.

Y = MO f(x X)) (Ax.f(x X)))

YF = ((M.((AxA( x X)) (AxA( x X )))) F)
= (AX.F(x X)) (AX.F(X X))
= F( (Ax.F(x X)) (AX.F(x x)))
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Function Fixed Points

Is there a A—term Y that “computes” a fixed point of any function F
YF =F(YF)

YES. Y 1s called the fixed point combinator.

Y = MO f(x X)) (Ax.f(x X)))

YF = ((M.((AxA( x X)) (AxA( x X )))) F)
= (AX.F(x X)) (AX.F(X X))
= F( (A x.F(x x)) (Ax.F(x x)))
= F(YF)
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Function Fixed Points

Is there a A—term Y that “computes” a fixed point of any function F
YF =F(YF)

YES. Y 1s called the fixed point combinator.

Y = MO f(x X)) (Ax.f(x X)))

YF = ((M.((AxA( x X)) (AxA( x X )))) F)
= (AX.F(x X)) (AX.F(X X))
= F( (A x.F(x x)) (Ax.F(x x)))
= F(YF)
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The Y - Combinator Example (Cont.)

e Informally, the Y-Combinator allows us to get as many copies
of the recursive procedure body as we need. The computation
“unrolls” recursive procedure calls one at a time

Y = M.((xf(x X)) (x.f(x X)))
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The Y - Combinator

Example:
add = AMf. (Amn. 1f (1sZero? n) then m else (f (succ m) (pred n)))

(YF)32)=
(M ((Ax.1(x x)) (Ax.1(xx)))) F)32) =

((F((Ax.F(xx)) (Ax.F(xx)))32)=

((Amn.if (1sZero? n) then m else
((Ax.F(x x)) (Ax.F(x x))) (succ m) (pred n))) 3 2) =

if (1sZero? 2) then 3 else
((Ax.F(x x)) (Ax.F(x x))) (succ 3) (pred 2)) =

((Ax.Fxx)) (Ax.F(xx)))41)=

(F(Ax.F(x x)) (Ax.F(x x)))) 4 1) =1f (1sZero? 1) then 4 else
(Ax.F(x x)) (Ax.F(x x))) (succ 4) (pred 1)) =

((Mx.F(xx)) (Ax.F(xx)))50) =

(F( Ax.F(x x)) (Ax.F(x x)))) 5 0) = 1f (1sZero? 0) then 5 else
((Ax.F(x x)) (Ax.F(x x))) (succ 5) (pred 0)) =5
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Lambda Calculus - Final Remarks

* We can express all computable functions in our A-calculus.

 All computable functions can be expressed by the following two
combinators, referred to as S and K.

- K=2Axyx
- S =2Axyz.xz(yz)

Combinatory logic 1s as powerful as Turing Machines.
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Next Lecture

Reading:

 Scott, Chapter 11.7 (4th Edition supplementary chapters)
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