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ABSTRACT

This paper presents a new framework for shape modeling and
analysis. A shape instance is described by a curvature-based
shape descriptor. A Profile Hidden Markov Model (PHMM)
is then built on such descriptors to represent a class of simi-
lar shapes. PHMMs are a particular type of Hidden Markov
Models (HMMs) with special states and architecture that can
tolerate considerable shape contour perturbations, including
rigid and non-rigid deformations, occlusions, and missing parts.
The sparseness of the PHMM structure also provides effi-
cient inference and learning algorithms for shape modeling
and analysis. Our experimental results on corpus callosum
images show the effectiveness and robustness of this new frame-
work.

Index Terms— Image shape analysis, hidden Markov mod-
els

1. INTRODUCTION

Shape analysis is an important process for many medical imag-
ing applications. For example, it is often a topic of wide
interests if there is strong correlation between the shape of
some biological structures (e.g., corpus callosum) and age,
sex, handedness, or the presence of diseases [1, 2, 3]. Also, a
good shape model can be helpful to image segmentation be-
cause medical images are often noisy while the desired struc-
tures usually have a regular shape [4]. Many shape modeling
techniques have been developed with different concerns and
respective advantages [5, 6].

Contour-based shape analysis methods mainly exploit shape
boundary information, which in many applications is both ef-
fective and efficient. Shape contour can be further discretized
into a set of landmark points. Statistical shape models based
on landmarks (e.g., active shape models [7]) have been suc-
cessfully used in many domains. However the performance
of most of these landmark-based models relies on the accu-
rate landmark correspondence across a population of shape
instances, which is not easy to acquire, especially when the
data set is large and unlabeled. In addition, when there are oc-
clusions or missing parts on the shape contours, a one-to-one
landmark correspondence between a pair of shape instances
may not exist.
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If we describe a shape contour by a sequence of shape at-
tributes (e.g., curvature, radius, orientation, etc.) computed at
the contour points, Hidden Markov Models (HMMs) are an
ideal probabilistic sequence modeling method for shape rep-
resentation [8, 9]. HMMs provide not only robust inference
algorithms but also a probabilistic framework for training and
building the model [10].

In this paper, we propose a new framework for shape anal-
ysis. Our new model is a combination of the curvature de-
scriptor and Profile Hidden Markov Models (PHMMs). PH-
MMs are strongly linear, left-right HMMs. Thus, they can
model a shape more specifically than general ergodic HMMs.
This special architecture contains insert and delete states, in
addition to the regular match states, resulting in robustness
to considerable shape contour perturbations, including rigid
and non-rigid deformations, occlusions and missing contour
parts. The adopted framework also leads to a computationally
efficient set of algorithms for shape analysis and modeling.

2. SHAPE DESCRIPTION

Adopting the terminology of [5], we use shape description
to denote the numerical feature vector extracted from a given
shape instance using a certain method, and shape representa-
tion the non-numerical, high-level representation of the shape
(e.g., a graphical model) which preserves the important char-
acteristics of the shape. We introduce the shape description
part of our model in this section and the shape representation
in the next section.

2.1. Feature Extraction

In this work we employ the curvature descriptor. Assuming
the shape contour has been extracted into an ordered list of
points, the shape can then be described by the sequence of
the curvatures computed at the contour points. To compute
the curvature accurately, one may need to upsample the point
set. A Gaussian filter may be applied to the point coordinates
before computing the curvatures to reduce the noise impact.
Given three consecutive points P;_;, P; and P,y on the con-
tour, we define @ = P;_1 P; and b= P; P, y1, then the bending
angle at P; which represents the local curvature is

—

0; = sign(@ x b) arccos(L
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2.2. Feature Selection

After computing the curvature sequence, one can downsam-
ple a dense curvature sequence to reduce the model complex-
ity. A good strategy to downsample the sequence is to keep all
the local extremes in the sequence (because the high curvature
parts of the shape contour are usually more informative, i.e.,
they are the salient features), and then choose equally spaced
points in between. The spatially equal-distance sampling is
also important to the reconstruction of the shape contour from
the curvature descriptor.

2.3. Shape Reconstruction

One can reconstruct the shape contour from a curvature de-
scriptor. According to the definition of the bending angle
from Eq. (1),

Xi+1 — Xi = g: Ra = R(Xz - Xi*l) (2)

where R is the rotation matrix [cos 0;, — sin 6;; sin 6;, cos 6;].
Then we have a linear system

Rxn — (R+Dx1+x2=0
Rx;_1— (R—l—])xl + xi+1 =0,
Rxn-1— (R+Dxn+x1=0

i=2..,n—1 (3

Given a set of boundary conditions, e.g., x; = [z1,y1]T
Xy = |x2,92]T , one can solve the system using the least
squares method. Note that the constants 1, y1, T2, y2 actu-
ally decide the translation, rotation and scaling of the recon-
structed shape contour. This shows some attractive properties
of the curvature descriptor. It is invariant to object translation.
The curvature computed at each contour point is rotationally
invariant, so the descriptor is also invariant to object rotation
if the starting point is given. Otherwise, the object rotation
implies a change in the starting point, which can be handled
by the PHMM-based representation method. The curvature
descriptor is not strictly invariant to object scaling since a
change in the contour length usually leads to a change in the
curvature sequence length. One possible solution is to nor-
malize all the shape contours to the same length or, equiva-
lently, sample the contours to a fixed number of points. How-
ever, when there are missing parts on the contour, the length
of the contour may not be proportional to the actual object
scale. Fortunately, PHMMs can address the scaling problem,
as well as the occlusions and missing contour parts.

>

3. SHAPE REPRESENTATION

A curvature descriptor can capture the characteristic of a given
shape instance. However, two similar shape of the same class
can still have quite different curvature descriptors. To model
a class of shapes, one needs a higher-level model to take into
consider all the variations within the class.

3.1. Profile hidden Markov models - Elements

PHMMs are a particular type of HMMs well suited for de-
scribing general sequence profiles and multiple alignments.
PHMMSs have been successfully used in bioinformatics and
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molecular biology for modeling of DNA and protein sequences
[11, 12].

As shown in Fig. 1, a PHMM is a left-right HMM with
three different types of states:

]

Match states M, - - -, M,, are regular states of a left-right
HMM with certain emission models e, (O;);

Insert states Iy, - - -, I, are used to model the portions of the
observation sequences that do not correspond to any match
states in the model (e.g., stretched parts in the observations).
They have emission distributions ey, (O;);

Delete states Dy, ---, D,, are used to handle the portions of
the model that do not appear in the observation sequences
(e.g., occluded or missing parts in the observations). These
situations can also be handled by forward jump transitions
between non-neighboring match states. However, to allow
for arbitrary deletions the match states need to be completely
forward connected. Introducing delete states is an alterna-
tive way to get from any match state to any later one with
fewer transitions. These states are silent states, which do not
emit any observations. Another two silent states B(egin) and
E(nd) are introduced for modeling both ends of a sequence.

Fig. 1. Profile Hidden Markov Model.

3.2. Profile hidden Markov models - Algorithms

Even though PHMMs have different types of states from tra-
ditional HMMs, they inherit most of the HMM algorithms [10]
with simple adaptations.

Forward-backward algorithm: the forward variable of the
PHMM is defined as the probability of the partial observa-
tion sequence Oy, - - -, O; and state x at time j, i.e.,F.(j) =

P(Ou,...,04,S; = z|©). It can be computed inductively:
a,(j) = [Py, (G — Danrg_yn; + Fr,_ (G — Dar,_ym,

+Fp,_, (] - 1)aD71—1Mi,]€Mi, (OJ)

Fr,(j) = [Fu; (G — Damgr, + Fr, (5 — Va1,
+Fb, (.] - 1)0“D'i,1'i,}eli (OJ)
Fp, (]) = Fu,, (j)a’]\/[i—lDi + Fr,_, (j)al'i,—lDi

+FD7‘,—1(j)aD1—1D7: (€]

where a., denotes the transition probability from state x to y. The
forward variable can be used to computer the likelihood of a se-
quence given the model parameters:

PO®) =) Fu(t) ®)

where ¢ is the length of the observation.
The backward variable is defined as the probability of the par-
tial observation sequence Oj+1, - - -, O given state x at time j, i.e.,



B.(j) = P(Ojt1,...,0¢|S; = x,0). It can be computed in the
same manner as the forward variable, but in the opposite direction.

Combining the forward and backward variables, one can com-
pute the probability of being in state x at time j, given the observa-
tion sequence O:

> Fel(3)Ba(4)

which can be used to measure the certainty of a specific matching.
Viterbi algorithm has similar recurrence equations to the forward
algorithm, but with the sum operation replaced by maximization.
This algorithm can be used to find the single best state sequence
given the observation and the model parameters.

Note that the transitions of PHMMs are very sparse, i.c., there
are only three transitions (to and from) each state. Hence, the com-
putational complexity of both algorithms is only O(nt) time (in con-
trast to O(n>t) of ergodic HMMs) and O(nt) space for a model of n
states and an observation sequence of length ¢. This may lead to sig-
nificant computational savings when dealing with complex shapes.

P(S; = 2]0,0) = (6)

3.3. Shape model construction
When aligned sequences are available, a PHMM can be easily learned
from the transition and emission counts. However, training a PHMM
from multiple initially unaligned sequences is a difficult problem,
usually tackled with local optimizers [12]. A viable strategy is to
start building a PHMM from only one sequence, align the other se-
quences to the initial model, and finally refine the model parameters
with all the aligned sequences. In this case, the starting sequence
should be that of a representative shape, i.e., no dramatic deforma-
tions, occlusions or missing parts, and the initial transition and emis-
sion probabilities can be chosen based on expert knowledge of the
object.

More precisely, given a curvature sequence, 61, - - -, 6, n match
states in the PHMM are assigned Gaussian emission models

ewm,; (05) = N(Oy;0i,0:) @)

o; is manually selected according to our knowledge of the defor-
mation capability of the specific part of the shape and can be later
adapted. The insert states also have Gaussian emission distributions

er;(0;) = N(0;;0,0) ®

The zero mean suggests that the insert states are simply an exten-
sion of the current contour, which is useful for modeling the scaling
effects and stretched shape parts. The o is chosen to control the
rigidity of such extensions.

The transitions involving match states usually dominate those
between insert and delete states, signifying importance of match
states for modeling the shape. Once the initial model is built, the
training sequences are aligned to it, and the model parameters are
fitted to the data.

4. EXPERIMENTS

We applied the new shape modeling framework to a set of corpus
callosum shapes with several different tasks to show its effectiveness
and robustness. The data set contains 65 corpus callosum images
collected from some previous work [1, 3, 4]. Fig. 2 shows a real
corpus callosum image and four extracted contour images from the
data set, and the mean shape we trained from the whole data set
according to Sec. 3.3 and reconstructed according to Sec. 2.3.
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Fig. 2. Shape database.

4.1. Shape matching
Shape matching is a first step of many shape analysis applications.
In this section we assume that the curvature sequences have been
obtained and, if necessary, downsampled according to Sec. 2. The
input to the shape matching algorithm is two curvature sequences
O' and O?, and the output is the point correspondence.

First we compute the PHMM model © of sequences O' using
the method described in Sec. 3.3. We then use this model to find the
alignment of the second sequence O? to the model as

5* = argmgxP(OQ, 5|0) O)

Here S denotes the sequence of states under model © and it depicts
an optimal correspondence between the two sequences. This for-
mulation requires that the initial correspondence between the two
shapes be known, i.e., both sequences start from the same part of
the objects, then the problem can be solved by the Viterbi algorithm
straightforwardly.

However this is rarely the case due to the rotation, and one often
needs to compute the initial correspondence first, i.e.,

j* =argmax P(0;03,,,--,0703,---,05_,1©)  (10)
J

The brutal force approach needs O(nt?) time to evaluate the likeli-
hood of all the  sequences starting from O%, - - -, OF respectively,
using the Forward algorithm.

One approximate but efficient way of accomplishing this, as well
as aligning the two shapes, is to modify the emission and transition
models involving the model states Ip and I,,, which then act like
two “don’t-care” states, with broad distributions of contour features.
The Viterbi search is then run on the sequence (O?, 0?), a twice
concatenated original sequence. In this manner we can reduce the
complexity of matching two shapes to O(2nt) in most cases.

To test our algorithm, we performed matching experiments on
the corpus callosum data set. One of the most difficult example is
shown in Fig. 3. The upper image is the shape used to build the
model (O'), where the numbers below the red points are the match
state id’s. The middle image is treated as the observations (O2),
where the numbers below the blue points indicate which match state
this observation is matched to according to our algorithm. We also
show some of the observation id’s (after the alignment) around the
matching labels for reference purposes. Note that the original start-
ing point of the observation sequence was not the same as the model
starting point. Besides the starting points, the lengths of the two se-
quences are also different. These situations pose both the rotation
and scaling problems, which are successfully solved by our algo-
rithm. The splenium (to the right in the figure) of the observation
sequence is larger than that of the model sequence, so there are inser-
tions between some of the points (e.g., both 24 and 25 were matched
twice, etc.). We also noticed some other insertions in the middle part
because the total length of the observation is larger. On the other
hand, the genu of the observation sequence (to the left in the figure)
is remarkably smaller than that of the model, where we observed
deletions (e.g., 64 jumped to 67, and 71 jumped to 75, etc.). Note
that the matching only takes seconds on a normal PC, even with the
brutal force alignment algorithm.



In the lower graph of Fig. 3, we show the matching certainty for
each observation computed according to Eq. (6). One can interpret it
as a measurement of how good a specific match is, individually. For
example, our algorithm accurately matches Ogs to Mess. However,
the local deformation on shape O around Oss causes it to be sig-
nificantly different from the model shape M around Mpes. The low
matching certainty score P(Sss = Megs|O, ©) points to this dis-
crepancy. Similarly, other points of low matching score correspond
to changes in local shape O away from the original shape M. This
information can be particularly useful for detection of abnormalities.
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Fig. 3. Shape matching

4.2. Shape Similarity Measure
In this section, we show some results of measuring similarity be-
tween shapes, which is important to classification and recognition
problems. When the similarity scores between each pair of shapes
are calculated, the classification/recognition is simply a problem of
choosing classifiers and strategies.
We define the similarity score between two shapes as
P(0',0%) = > P(0'|©)P(0*|©)P(©)
[}
~ P(0'e7)P(0?|e1)P(O7) +
P(0'|©3)P(0%035)P(03) 11

where ©F = arg maxe P(0]0") = arg maxe P(0O"|©) for uni-
formative model priors.

We tested our algorithm on the same data set with the image
query task. Fig. 4 shows the results of three different image queries
in rows. In each of the three rows, the first image is the query im-
age. We then show the three most similar and three most dissimilar
images from the whole data set found by our algorithm (similarities
decrease from left to right in each row).

5. DISCUSSIONS

In this paper we proposed a new 2D shape modeling framework
based on curvature descriptors and profile hidden Markov models.
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Fig. 4. Shape similarity measure

There are several advantages of this model. The structure and sparse-
ness of PHMMs allows for a set of computationally efficient al-
gorithms to handle the rotations and achieve automatic alignment,
hence there is no need to manually label the training data, and differ-
ent training sequences can even have different length. It is also ro-
bust to other rigid and non-rigid deformations, occlusions and miss-
ing contour parts. Future work will focus on other applications, such
as, object recognition, abnormality detection and recovery, as well
as using the proposed model as a shape prior to image segmentation.
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