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Abstract
The humanfigure exhibits complex and rich dynamic

behavior that is both nonlinearand time-varying. How-
ever, most work on tracking and analysisof figure mo-
tion hasemployed eithergenericor highly specifichand-
tailoreddynamicmodelssuperficiallycoupledwith hidden
Markov models(HMMs) of motion regimes. Recently,
an alternative classof learneddynamicmodelsknown as
switchinglinear dynamicsystems(SLDSs)hasbeencast
in the framework of dynamicBayesiannetworks (DBNs)
and applied to analysisand tracking of the humanfig-
ure. In this paperwe further studythe impactof learned
SLDS modelson analysisandtrackingof humanmotion
andcontrastthemto themorecommonHMM models.We
develop a novel approximatestructuredvariationalinfer-
encealgorithmfor SLDS,a globally convergentDBN in-
ferencescheme,andcompareit with standardSLDS in-
ferencetechniques.Experimentalresultson learningand
analysisof figure dynamicsfrom video dataindicatethe
significantpotentialof theSLDSapproach.

1 Intr oduction
The humanfigure exhibits complex and rich dynamic

behavior. Dynamicsareessentialto theanalysisof human
motion (e.g. gesturerecognition)as well as to the syn-
thesisof realisticfigure motion in computergraphics. In
visual trackingapplications,dynamicscanprovide a pow-
erful cue in the presenceof occlusionsandmeasurement
noise.

Althoughtheuseof kinematicmodelsin figuretracking
is now commonplace,dynamicmodelshave receivedrela-
tively little attention.Thekinematicsof thefigurespecify
its degreesof freedom(e.g. joint anglesand torsopose)
anddefinea statespace.A dynamicmodelimposesaddi-
tionalstructureonthestatespaceby specifyingwhichstate
trajectoriesarepossible(or probable)andbyspecifyingthe
speedatwhich a trajectoryevolves.

One promising approachis to learn dynamic models
from a training corpus of observed state spacetrajec-
tories. In caseswhere sufficient training data is avail-
able, the learningapproachpromisesflexibility andgen-
erality. Many different modeling frameworks are possi-
ble. Previous work by a numberof authorshave applied
HiddenMarkov Models(HMMs) to motionclassification.

In more recentwork, switching linear dynamic system
(SLDS)modelshave beenappliedto humanmotionmod-
eling [6, 13, 15]. In SLDS models,the Markov process
controlsanunderlyinglineardynamicsystem,ratherthan
afixedGaussianmeasurementmodel.

By mappingdiscretehiddenstatesto piecewise linear
measurementmodels,theSLDSframework haspotentially
greaterdescriptivepowerthananHMM. Offsettingthisad-
vantageis the fact that inferencein SLDS is considerably
more complex than inferencein HMM’ s, which in turn
complicatesSLDSlearning.

In this paperwe describethe resultsof an empirical
comparisonbetweenSLDSandHMM modelsontwocom-
montasks:classificationandone-stepaheadpredictionof
motion sequences.We derive threedifferentapproximate
inferenceschemesfor SLDS:Viterbi [16], variational,and
GPB2[2]. We comparetheperformanceof theseschemes
to thatof conventionalHMM models.

We demonstratethat even on fairly simplemotion se-
quences,the SLDS modelclassconsistentlyoutperforms
standardHMMs onclassificationandcontinuousstateesti-
mationtasks.ThesepreliminaryresultssuggestthatSLDS
modelsare a promising tool for figure motion analysis.
In additionto our experimentalresults,thederivationswe
provide for the threeSLDS inferenceschemesshouldbe
usefulto otherresearcherswhoareinterestedin thesemod-
els.Moreover, ourvariationalinferencealgorithmis novel.

2 Switching Linear Dynamic SystemModel
A switchinglineardynamicsystem(SLDS) modelde-

scribesthedynamicsof acomplex, nonlinearphysicalpro-
cessby switchingamonga setof linear dynamicmodels
over time. Thesystemcanbedescribedusingthe follow-
ing setof state-spaceequations:��������� 	�
������������������������
����������������� � ���!�#"$�%� and��&'� ��&(
��&)�
for thephysicalsystem,and*,+ 
��������.- �����/� �)0������1 ���%� and*,+ 
���&��/� 23&
for the switchingmodel. The meaningof the variablesis
asfollows: �3�547698 denotesthehiddenstateof theLDS,



and ��� is thestatenoiseprocess.Similarly, ���:4;6=< is the
observed measurementand "9� is the measurementnoise.
Parameters	 and � arethe typical LDS parameters:the
statetransitionmatrix andtheobservationmatrix, respec-
tively. We assumedthat theLDS modelsa Gauss-Markov
process.Hence,thenoiseprocessesareindependentlydis-
tributedGaussian:���>
���?�A@ BC
ED��GFH
���?�I����JLKMD��&(
���&N�A@ BC
��3&(
���O���GFP&.
������O�"9��@ BC
ED��IQP��R
Theswitchingmodelis assumedto beadiscretefirst order
Markov process. Statevariablesof this model are writ-
ten as ��� . They belongto the set of S discretesymbolsTNU &���R�R�R�� UNV�W �)X , where

U)Y
is theunit vectorof dimensionS

with anon-zeroelementin the Z -th position.Theswitching
modelis definedwith the statetransitionmatrix 1 whose
elementsare 1 
 Z �[\�]� *,+ 
� ����� � U Y - � � � U�^ � , andan
initial statedistribution 2 & .

Couplingbetweenthe LDS andthe switchingprocess
stemsfrom thedependency of theLDS parameters	 andF on theswitchingprocessstate��� . Namely,	�
� � � U Y �_�`	 YFH
�� � � U Y �_�aF Y
In otherwords,switchingstate ��� determineswhich of S
possibleplantmodelsis usedat time J .

The complex statespacerepresentationis equivalently
depictedby the DBN dependency graphin Figure1. The
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Figure1: Bayesiannetwork representation(dependency graph)
of the SLDS. b denoteinstancesof the discretevalued action
statesswitchingthephysicalsystemmodelswith continuousval-
uedstatesc andobservations d .
dependency graphimpliesthatthejoint distribution

*
over

thevariablesof theSLDScanbewrittenas* 
Ee_f:�%g$f_��h!fi�_� *,+ 
��&N��j f W ���k�� *,+ 
����- ��� W ���*,+ 
E��&l- ��&N��j f W ���k�� *,+ 
��3��- �3� W ���G�����j f W ���k�& *,+ 
E����- ������� (1)

wheree f �%g f , and h f denotethesequences(of length m )
of observationsandhiddenstatevariables. For instance,e_fn� T ��&���R�R�R��I��f W �)X . FromtheGauss-Markov assump-
tion on theLDS andtheMarkov switchingmodelassump-
tion,wecanexpandEquation1 into theparameterizedjoint

pdf of the SLDS of durationT. In practice,we will work
with its Hamiltonian,a positive function o 
��p� suchthat* 
E�p�:� qsr>t�u Wwv uyx)z�z{n| qsr>t�u Wpv uy}lz�z . See[16] for details.

Learningin complex DBNs can be formulatedas the
problem of ML learning in generalBayesiannetworks.
Hence,ageneralizedEM algorithm[14] canbeusedto find
optimal valuesof DBN parameters

T 	��G� �GFH�IQ~� 1 �O2�&�X .
The expectation(E) stepof EM is the task of inference.
Inference,which is addressedin the next section,is the
mostdifficult stepin SLDS learning. Giventhe sufficient
statisticsfrom the inferencephase,the parameterupdate
equationsin the maximization(M) stepare obtainedby
minimizing the expectedHamiltonian ��o 
�g f �Oh����Ie f �I�
of Equation1 with respectto theLDS andMC parameters.
Derivationscanbefoundin [16].

3 Inferencein SLDS
The goal of inferencein complex DBNs is to estimate

the posteriorprobability of the hiddenstatesof the sys-
tem ( � � and � � ) given someknown sequenceof observa-
tions e f and the known modelparameters.Specifically,
we needto find the sufficient statisticsof the posterior* 
gLf:��h!f9- e_fi� . Given the form of

*
it is easyto show

thatthesearethefirst andthesecondorderstatistics:mean
andcovarianceamonghiddenstates�3���O�3� W �N�%���G�%��� W � .

If there were no switching dynamics, the inference
would be straightforward – we could infer g$f from e_f
usingLDS inference(RTS smoothing[1]). However, the
presenceof switching dynamicsembeddedin matrix 1
makesexact inferencemorecomplicated.To seethat,as-
sumethat the initial distribution of �3& at JH��D is Gaus-
sian, at J���� the pdf of the physical systemstate ���
becomesa mixture of S Gaussianpdfs sincewe needto
marginalize over S possiblebut unknown plant models.
At time J we will have a mixture of S � Gaussians,which
is clearly intractablefor evenmoderatesequencelengths.
It is thereforenecessaryto exploreapproximateinference
techniquesthatwill resultin a tractablelearningmethod.

An approximateViterbi inferencealgorithm was pre-
sentedin [16] andevaluatedexperimentally. We briefly re-
view it in Section3.1.We thendescribetwo additionalap-
proximationtechniques:variationalinference(Section3.2)
andgeneralizedPseudoBayesianinference(Section3.3).
3.1 ApproximateViterbi Inference

The task of Viterbi approximationapproachis to find
themostlikely sequenceof switchingstates��� for a given
observationsequencee_f . If thebestsequenceof switching
statesis denotedh9�f we canthenapproximatethedesired
posterior

* 
g$f_��h!f9- e_f�� as1* 
�g$f:�Oh!fL- e_f��L� * 
�g$f9- h!fL�Oe_f��!��
�h!f;��h �f �>� (2)

i.e. the switching sequenceposterior
* 
�h!fL- e_f�� was ap-

proximatedby its mode. It is well known how to apply
1 ���y���p��� for ����� andzerootherwise.

2



Viterbi inferenceto discretestatehidden Markov mod-
els [17] and continuousstateGauss-Markov models[1].
Herewe review an algorithmfor approximateViterbi in-
ferencein SLDSspresentedin [16].

We would like to computethe switchingsequenceh9�f
suchthat h �f �����G�_�H�����.� * 
�h!f9- e_fi� . Define first the
following probability up to time J of the switching state
sequencebeingin stateZ at time J giventhemeasurement
sequencee � :� �s  Y �n�¡�����¢E£(¤ * 
�h�� W ���%���i� UNY �Oe¥��� (3)

If this quantity is known at time m the probability of the
mostlikely switchingsequenceh=�f is simply

* 
�h9�f - e f �:¦�H��� Y � f W �%  Y . In fact, a recursive procedurecan be used
to obtainthe desiredquantity. To seethat express

� �s  Y in
termsof

�
’s at J���� . It follows that� �s  Y � �H���� ¢E£(¤ * 
�h�� W ���G���i� U)Y �Oe¥���� �H���^�§ � ��¨ � W �%  Y   ^ � � W �%  ^.© (4)

wherewe denote
� ��¨ � W ��  Y   ^ as the “transition probability”

from state[ attime J)�ª� to stateZ attime J . Also, S �� Ww« 
 Z � is
the“best” switchingsequenceupto time Jl�;� whenSLDS
is in stateZ at time J���� : S �� Ww« 
 Z �_�`���G�¥�H��� V ¢E£�¬ � � W ��  Y .

Hence,the switchingsequenceposteriorat time J can
berecursevly computedfrom thesameat time J_�� . The
two scalingcomponentsin

� ��¨ � W �%  Y   ^ arethelikelihoodas-
sociatedwith thetransition ZL® [ from J to J¥�� , andthe
probabilityof discreteSLDSswitchingfrom [ to Z .

To find the likelihoodtermnotethat concurrentlywith
the recursionof Equation4, for eachpair of consecutive
switching state Z �[ at times J��IJ �¯� one can obtain the
following statisticsusingthe Kalmanfilter [1]: °� ��¨ �s  Y , the
“best” filtered LDS stateestimateat J whenthe switch is
in stateZ at time J anda sequenceof J measurements,e¥� ,
hasbeenprocessed;°� ��¨ � W �%  Y   ^ and °� ��¨ �s  Y   ^ , theone-steppre-
dictedLDS stateandthe “best” filtered stateestimatesat
time J , respectively, giventhattheswitchis in stateZ attimeJ andin state[ at time Ji�±� andonly Ji��� measurements
areknown. Similardefinitionsareusedfor filteredandpre-
dictedstatevarianceestimates,² ��¨ �s  Y and ² ��¨ � W �%  Y   ^ respec-
tively. See[16] for details. The likelihoodterm canthen
be easilycomputedas the probability of innovation ���L�� °� ��¨ � W ��  Y   ^ of [ ®AZ transition, ���>- ³ ¢�k!´?µ�  ³ ¢�£(¤Ok ^   V\¶¢�£�¬ u ^ z @B¸·�� �%¹ � °� ��¨ � W �%  Y   ^ �%� ² ��¨ � W ��  Y   ^ � 0 �±QPº .

Obviously, for every current switching state Z there
are S possibleprevious switching stateswhere the sys-
tem could have originatedfrom. To minimize the over-
all cost at every time step J and for every switching
state Z one “best” previous state [ is selected: » � W �%  Y ����I�_�¡¼¾½ ^ § � ��¨ � W ��  Y   ^ � � W �%  ^ © . Theindex of thisstateis kept
in thestatetransitionrecord» � W �%  Y . Consequently, wenow

obtaina setof S bestfiltered LDS statesandvariancesat
time J : °� ��¨ �s  Y � °� ��¨ �s  Y   } ¢E£(¤?¿ µ and ² ��¨ �s  Y � ² ��¨ �s  Y   } ¢E£(¤s¿ µ .

Onceall m observations e_f W � have beenfusedto de-
codethe“best” switchingstatesequenceoneusestheindex
of the bestfinal state, Z �f W � �À���G�_�¡¼y½ Y � f W ��  Y , andthen
tracesbackthroughthestatetransitionrecord » � W �%  Y , set-
ting Z �� � » �s  Y�¶¢ÂÁ(¤ . Theswitchingmodel’s sufficient statis-

tics arenow simply � � � �Ã� U YÂ¶¢ and Ä � � � 0� W �NÅ � U Y�¶¢ U 0Y�¶¢E£(¤ .
Given the “best” switching statesequencethe sufficient
LDS statisticscanbe easily obtainedusingRauch-Tung-
Streiber(RTS) smoothing[1]. TheViterbi inferencealgo-
rithm for complex DBNs cannow besummarizedas

Initialize LDS state estimates °� &)¨ W �%  Y and ² &)¨ W �%  Y ;
Initialize

� &�  Y ;
for J_�C�PÆ m ���

for Z �Ç�PÆ S
for [~�C�,Æ S

Predict and filter LDS state estimates°� ��¨ �s  Y   ^ and ² ��¨ �s  Y   ^ ;
Find [ ®ÈZ “transition probability“

� ��¨ � W �%  Y   ^ ;
end
Find best transition » � W �%  Y into state Z ;
Update sequence probabilities

� �s  Y
and LDS state estimates °� ��¨ �s  Y and ² ��¨ �s  Y ;

end
end
Find “best” final switching state Z �f W � ;
Backtrack to find “best” switching state sequence Z �� ;
Find DBN’s sufficient statistics;

3.2 ApproximateVariational Inference
A generalstructuredvariationalinferencetechniquefor

Bayesiannetworksis describedin [10]. Thebasicideais to
constructa parameterizeddistribution F which is in some
sensecloseto thedesiredconditionaldistribution

*
, but is

easierto compute.Onecanthenemploy F asanapproxi-
mationof

*
,* 
�g$fL��h!fL- e_fi�:�nFH
g$f:�Oh!fL- e_f��>R

Namely, for a givensetof observations e f , a distributionFH
g f ��h f - Ép�Ie f � with anadditionalsetof variational pa-
rameters É is definedsuch that Kullback–Leiblerdiver-
gencebetween FÊ
�g$f_�Oh!f$- Éw�Oe_fi� and

* 
gLfL��h!f$- e_fi� is
minimizedwith respectto É :É � � ���G�¥�~¼¾½ËÍÌ �(� ÎlÏ � FÊ
�g$f_�Oh!f$- Éw�Oe_fi�9ÐÑyÒ � * 
�g$fL��h!f$- e_fi�FH
�g$f:��h!f9- Éw�Oe_fi� R (5)

The dependency structure of F is chosen such that
it closely resemblesthe dependency structure of the
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Figure2: Factorizationof theoriginalSLDS.Factorization
reducesthe fully coupledmodel into a seeminglydecou-
pledpair of a HMM ( F ³ ) anda LDS ( F x ).
original distribution

*
. However, unlike

*
the de-

pendency structure of F is designed to allow com-
putationally efficient inference. In our case we de-
fine F by decouplingthe switching and LDS portions
of SLDS as shown in Figure 2. The two subgraphs
of the original network are a Hidden Markov Model
(HMM) F V with variational parameters

T)Ó & ��R�R�R�� Ó f W � X
anda time-varying LDS FPÔ with variationalparametersT °� & � °	 & ��R�R�R>� °	 f W � � °F & ��R�R�R�� °F f W � X . Thus the Hamilto-
nian of the the approximatingdependency graphis sim-
ply the sum of the Hamiltoniansfor the two decoupled
subgraphs,thereby allowing for independentinference:FH
g$f_��h!f9- Ép�Ie_f��#�ÕF Ô 
g$f$- Éw�Oe_fi�OF V 
�h!f9- Él� . This is
also reflectedin the sufficient statisticsof the posterior
definedby the approximatingnetwork, e.g. � � � � � 0 � � ���� � � � � 0 � � � � � .

The optimal valuesof the variationalparametersÉ are
obtainedby setting the derivative of the KL-divergence
w.r.t. É to zero. We can thenarrive at the following op-
timal variationalparameters:

°F W �f W � � V�W �Ì Y k�& F W �Y � ����
 Z �I�
°F W �� � V�W �Ì Y k�& F W �Y � � � 
 Z �I�!� VlW �Ì Y k�& 	 0Y F W �Y 	 Y � � ����� 
 Z �O�¥�°	50����� °F W ������ °	��������ÖD¡×ØJ$× m �±�°F W �& � V�W �Ì Y k�& F W �&�  Y � ��&(
 Z �O��� V�W �Ì Y k�& 	50Y F W �Y 	 Y � ����
 Z �I�i� °	50� °F W �� °	,�
°	5�Ù� °F,� VlW �Ì Y k�& F W �Y 	 Y � ����
 Z �I�

°� & � °F & V�W �Ì Y k�& F W �&�  Y � &�  Y � � & 
 Z �O� (6)

Ñ¾Ò � Ó &.
 Z �A� � �ÚHÛ 
���&��Ü��&�  Y � 0 °F W �&�  Y 
��3&��Ü��&�  Y �>ÝH� �Ú Ñ¾Ò �Þ- °F,&�  Y -ÑyÒ � Ó ��
 Z �A� � �Ú Û 
������Ü	 Y �3� W �>� 0 °F W �Y 
������Ü	 Y �3� W �>� Ý� �Ú Ñ¾Ò �Þ- °F,�s  Y -ß�àJLKMD (7)

To obtain the expectation terms � ����� �*,+ 
�����- Ó &.��R�R�R�� Ó f W �>� we use the inferencein the HMM
with output “probabilities”

Ó � , as describedin “Funda-
mentalsof SpeechRecognition” by Rabinerand Juang,
PrenticeHall, 1993.Similarly, to obtain � �3�?�=�âáÊã ����- e_f!ä
we performLDS inferencein the decoupledtime-varying
LDS via RTS smoothing. Since °	 � � °F � in the decoupled
LDS FÃÔ dependson � � � � from the decoupledHMMF V and

Ó � dependson � � � �w� � � � � � 0 �w� � � � � � W � 0 � from
the decoupledLDS, Equations6 and 7 together with
the inferencesolutionsin the decoupledmodelsform a
set of fixed-pointequations. Solution of this fixed-point
set yields a tractable approximationto the intractable
inferenceof theoriginal fully coupledSLDS.

The variational inferencealgorithm for fully coupled
SLDSscannow besummarizedas:

error = å ;
Initialize � ����� ;
while (error K maxError)

T
Find °F � � °	 � � °� & from � � � � using Equations 6;
Estimate � � � �w� � � � � � 0 � and � � � � � W � 0 � from � �

using time-varying LDS inference;
Find

Ó � from � ���O�w� � ���?�3� 0 � and � �3�?��� W � 0 �
using Equations 7;

Estimate � ����� from
Ó � using HMM inference.

Update approximation error (KL divergence);X
Theinterpretationof recursionsfor variationalparame-

ters °F � and °	 � in Equations6 is not trivial. As anexample,
variationalinferencein asimplethreestateSLDSwascon-
sidered.TheSLDSparameterswerechosento be:	�& �çæ �èR éD �âê FP&Þ�`F��=�`F « �ëæ R D.ì ��R Ú�í��R Ú�í Ú.í ê	,��� æ �î�PR éD R ï ê �â�ñð �òD±ó Qô� í D.D�D	 « � æ � R¾��PRöõ �PR ï ê 1 �ø÷ù DlR ú�ì D DR D Ú R ú.úèDD R D��è�;ûü2 & � ð �òDîDØó
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TheSLDSwassimulatedover140timestepsto producea
sequenceof switchingstates,continuousstatesandmea-
surements.Variational inferencewas then usedto infer
distributionsof switchingandcontinuousstatesfrom the
simulatedmeasurements.Figure3.3depictsstateestimates
andvariationalparametersfor thesecondandlast(8) iter-
ationof variationalinference.

Initial uncertainswitchingstatedistribution � �N�L�aáÊã ��ä
leadsto low variationalstatenoisevariance °F (whosede-
terminantis indicatedby - FÃý\- in Figure3.3)andlow vari-
ational statetransitionmatrix ( whosedeterminantis in-
dicatedby - 	 ý - in Figure3.3). Throughfurther iterations
the variational inferencealgorithm convergesto the true
switchingstatesequence.

3.3 Approximate Generalized Pseudo Bayesian
Inference

The GeneralizedPsuedoBayesian[2, 11] (GPB) ap-
proximationschemeis basedon the generalideaof “col-
lapsing”,i.e. representingamixtureof þ � Gaussianswith
a mixture of þôÿ Gaussians,where

+ × J (see[13] for a
detailedreview). While thereareseveralvariationson this
idea,our focusis theGPB2algorithm,which maintainsa
mixture of þ « Gaussiansover time andcanbe reformu-
latedto includesmoothingaswell asfiltering2.
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Figure3: Iterations2 and8 of variationalinference.Thegraphs
depict (top-down): continuousstateestimates

��� c�� , switching
stateestimates

��� b�� , HMM variationalparameter�
	��� , determi-
nantsof LDS variationalparameters� ����� and � ����� , andthetrue
(dotted)andestimatedmeasurements

��� d�� .
2Othersimilar pseudoBayesianalgorithmsof [2], GBP1andIMM,

donot haveanobvioussmoothingreformulation.

GPB2is closelyrelatedto theViterbi approximationof
Section3.1. It differs in that insteadof picking the most
likely previous switchingstate[ at every time step J and
switching state Z , we collapsethe M Gaussians(one for
eachpossiblevalueof [ ) down into a singleGaussian.

Considerthe filtered and predictedmeans °� ��¨ �s  Y   ^ and°� ��¨ � W ��  Y   ^ , andtheirassociatedcovariances,whichwerede-
fined in Section3.1. Assume,in addition, that for each
switchingstateZ andpairsof states
 Z �[\� thefollowing dis-
tributionsaredefinedat eachtimestep:*,+ 
���_� Z - e¥���*,+ 
����¥� Z �G��� W �=�Ø[w- e¥�O�>R
It is easyto show (see[13]) thata regularKalmanfiltering
updatecanbe usedto fuse the new measurement��� and
obtain S « new SLDS statesat J for each S statesat timeJ��±� , in a similar fashionto theonein Section3.1.

Unlike theViterbi approximationwhich picksonebest
switchingtransitionfor eachstateZ at time J , GPB2“aver-
ages”over S possibletransitionsfrom Ji�±� . Namely, it is
easyto seethat*,+ 
� � � Z �%� � W � �Ø[w- e � �_@*,+ 
E� � - °� �s  Y   ^ � 1 
 Z �[\� *,+ 
�� � W � �±[p- e � W � ��R
From there it follows immediately that the current dis-
tribution over the switching statesis

*,+ 
� � � Z - e � ���{ ^ *,+ 
� � � Z �G� � W � �â[p- e � � andthateachpreviousstate[ now hasthefollowing posterior*,+ 
�� � W � �#[w- � � � Z �Ie � �L� *,+ 
����_� Z �G��� W �=�#[w- e¥�O�*,+ 
����_� Z - e¥�?� R
This posterioris importantbecauseit allows oneto “col-
lapse”or “average”the S transitionsinto eachstateZ into
oneaveragestate,e.g.°� ��¨ �s  Y � Ì ^ °� ��¨ �s  Y   ^ *,+ 
�� � W � �Ø[w- � � � Z �Ie � ��R
Analogousexpressionscanbe obtainedfor the variances² ��¨ �s  Y and ² �s  � W ��¨ �s  Y .

Smoothingin GPB2 is unfortunatelya more involved
processthat includesseveral additional approximations.
Details of this can be found in [13]. We note at this
point that, effectively, an assumptionis madethat decou-
ples the MC model from the LDS when smoothingthe
MC states.SmoothedMC statesareobtaineddirectly from*,+ 
�� � - e � � estimates,namely

*,+ 
� � � Z - � ����� ���w�Oe f �$�*,+ 
����=� Z - �������,���w�Oe¥��� . Additionally, it is assumedthat°� �����>¨ f3  Y   � � °� ������¨ f3  � . Armedwith thetwo assumptionsa
setof smoothingequationsfor eachtransition 
 Z ���l� fromJ!�n� to J canbeobtainedthatobey anRTS smoother, fol-
lowedby collapsingsimilar to thefiltering step.

TheGPB2algorithmcannow besummarizedasthefol-
lowing pseudocode
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Initialize LDS state estimates °� &N¨ W ��  Y and ² &N¨ W ��  Y ;
Initialize

*,+ 
�� & � Z -��±�N�_�M2_
 Z � ;
for J_�ô�PÆ m ���

for Z �C�,Æ S
for [ª�C�PÆ S

Predict and filter LDS state estimates°� ��¨ �s  Y   ^ , ² ��¨ �s  Y   ^ ;
Find switching state distributions*,+ 
� � � Z - e � � , *,+ 
� � W � �±[w- � � � Z �Oe � � ;
Collapse °� ��¨ �s  Y   ^ , ² ��¨ �s  Y   ^ to °� ��¨ �s  Y , ² ��¨ �s  Y ;

end
Collapse °� ��¨ �s  Y and ² ��¨ �s  Y to °� ��¨ � and ² ��¨ � ;

end
end
Do GPB2 smoothing; Find sufficient statistics;

Theinferenceprocessof GPB2is clearlymoreinvolved
thanthoseof theViterbi or thevariationalapproximation.
Unlike Viterbi, GPB2providessoft estimatesof switching
statesateachtime J . LikeViterbi GPB2is a localapproxi-
mationschemeandassuchdoesnotguaranteeglobalopti-
mality inherentin thevariationalapproximation.However,
somerecentwork (see[4]) onthis typeof localapproxima-
tion in generalDBNshasemergedthatprovidesconditions
for it to begloballyoptimal.

4 Previous Work
SLDSmodelsandtheirequivalentshavebeenstudiedin

statistics,time-seriesmodeling,and target trackingsince
early 1970’s. See[16, 13] for a review. Ghahramani[7]
introduceda DBN-framework for learning and approxi-
mateinferencein oneclassof SLDS models. His under-
lying modeldiffersfrom oursin assumingthepresenceofS independent,white noise-drivenLDSs whosemeasure-
mentsareselectedby the Markov switchingprocess.An
alternative input-switchingLDS model was proposedby
Pavlovic et al. [15] andutilized for mousemotion classi-
fication. A switchingmodelframework for particlefilters
is describedin [9] andappliedto dynamicslearningin [3].
Manifold learning[8] is anotherapproachto constraining
thesetof allowabletrajectorieswithin a high dimensional
statespace.An HMM-basedapproachis describedin [5].

5 Experimental Results
Therearetwo importantempiricalquestionsthatshould

beaddressedfor theclassof SLDSmodels:

� Which approximationinferenceschemein SLDSre-
sultsin thebestlearningperformance?

� How doesthe performanceof learnedSLDS models
compareto that of HMM modelson taskssuch as
classification,tracking,andsynthesis?

In thissectionwereportsomeearlyprogressin addressing
thesequestions.

We applied an HMM and three SLDS frameworks
which differed in the approximateinference technique
(Viterbi, GPB2,andvariational)to theanalysisof two cat-
egories of fronto-parallelmotion: walking and jogging.
Fronto-parallelmotionsexhibit interestingdynamicsand
arefreefrom thedifficultiesof 3-D reconstruction.Exper-
imentscanbeconductedeasilyusingasinglevideosource,
while self-occlusionsandclutteredbackgroundsmake the
trackingproblemnon-trivial.

We learnedHMM andSLDSmodelsfrom our dataset,
andevaluatedtheir classificationperformance.Classifica-
tion is an importanttaskin its own right, andit is partic-
ularly usefulin comparingSLDSandHMM models.The
LDS componentof the SLDS modelprovidesmoreflexi-
bility in fitting the underlyingmeasurements,in compari-
sonto HMMs. Classificationaccuracy is oneway to mea-
surethevalueof this additionalmodelingpower.

We adoptedthe 2-D ScaledPrismaticModel proposed
by Morris andRehg[12] to describethekinematicsof the
figure anddefinethe statespacefor learning. The kine-
maticmodellies in theimageplane,with eachlink having
onedegreeof freedom(DOF) in rotationandanotherDOF
in length. A chainof SPM transformscanmodelthe im-
agedisplacementand foreshorteningeffectsproducedby
3-D rigid links. The appearanceof eachlink in the im-
ageis describedby a templateof pixelswhich is manually
initializedanddeformedby thelink’sDOF’s.

In our experimentswe have analyzedthemotionof the
legs, torso, and head,and ignoring the arms. Our kine-
matic modelhadeight DOF’s, correspondingto rotations
at theknees,hip, andneck. Our datasetconsistsof 18 se-
quencesof six individualsjogging(two examplesof three
people)andwalking at a moderatepace(two examplesof
six people.)Eachsequencewasapproximately50 frames
duration.WecreatedtheSPMmeasurementsin eachframe
by hand,soasto guaranteefidelity to theobservedmotion.
5.1 Learning

The first task we addressedwas learning an SLDS
model for walking andrunning. Eachof the two motion
typeswereeachmodeledasmulti–state3 HMM andSLDS
modelsandthencombinedinto a singlecomplex jog-walk
model.In addition,eachSLDSmotionmodelwasassumed
to beof eitherthefirst or thesecondorder. Hence,a total
of threemodels(HMM, first orderSLDS,andsecondorder
SLDS)wereconsideredfor eachswitchingstateorder.

HMM modelswere initially assumedto be fully con-
nected. Their parameterswere then learnedusing the
standardEM learning, initialized by k-meansclustering
(see[17] for details.) HMM modelswere in turn used
to initial switchingstatesegmentationsfor morecomplex
SLDS models. For SLDS models,the measurementma-
trix in all caseswasassumedto be identity, �ñ��� . The
SLDS parametersof the model ( 	��GF¡�GQª�I� & � 1 �I2 & ) were

3Weexploredmodelswith one,two, andfour states.
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thenreestimatedusing the EM-learningframework. The
E-step(inference)in SLDSlearningwasaccomplishedus-
ing thethreeapproximatedmethodsoutlinedin Section3:
Viterbi, GPB2,andvariationalinference.

Resultsof SLDS learningusingeitherof the threeap-
proximateinferencemethodsdid not producesignificantly
differentmodels. This can be explainedby the fact that
initial segmentationsusingtheHMM andtheinitial SLDS
parameterswereall very closeto a locally optimal solu-
tion andall threeinferenceschemesindeedconvergedto
thesameor similar posteriors.Therefore,only themodels
learnedusingtheViterbi inferenceschemewereemployed
in theanalysesof thenext two sections.

5.2 Classification
We consideredclassificationof unknown motion se-

quencesas the first step in testing the impact of differ-
ent dynamicmodels. Unknown motion sequenceswere
consideredto be the onesof complex motion, i.e., motion
consistingof alternationsof “jog” and “walk.”4 Identifi-
cationof differentmotion“regimes”wasconductedusing
theHMM inferenceunderthelearnedHMM modelandthe
approximateViterbi, GPB2,andvariationalinferenceun-
der theSLDSmodel. Estimatesof “best” switchingstates� � � � indicatedwhich of thetwo modelscanbeconsidered
to bedriving thecorrespondingmotionsegment.

FiguresFigure4 throughFigure 7 show classification
resultsfor a complex motion sequenceof jog and walk
motionusingdifferentorderHMM andSLDSmodelsand
differentSLDSinferenceschemes.For instance,Figure4
depicts true switching statesequence(sequenceof jog-
walk motions)in thetopgraph,followedbyHMM, Viterbi,
GPB2,andvariationalstateestimatesusingoneswitching
statepermotiontypemodels,first orderSLDSmodel.Fig-
ure7 shows thesamesetof estimatesthis time usingfour
switchingstatemodels,secondorderSLDSmodel.

Theaccuracy of classificationincreasesastheorderof
the switchingstatesand the SLDS modelorder increase.
More interesting,however, is thattheHMM modelconsis-
tently yields lower segmentationaccuracy thenthe SLDS
model using any inferencescheme. This is of courseto
be expectedbecausethe HMM model doesnot impose
continuity acrosstime in the plant statespace( � ), which
doesindeedexist in a naturalfigure motion (joint angles
evolve continuouslyin time.) Analysisof differentSLDS
inferenceschemesindicatesthat Viterbi and variational
schemesdo seemto yield appealingclassifications.How-
ever, GPB2 doesnot considerablylack behindthe men-
tionedschemesandsometimeseven outperformsthe first
two. Moreover, GPB2 clearly provides “soft” statees-
timates,while the Viterbi schemedoesnot. Variational
inferencetendsto producesomewhat soft decisions,but

4Testsequenceswereconstructedby concatenatingin randomorder
randomlyselectedandnoisecorruptedtraining sequences.Transitions
betweensequencesweresmoothedusingB-splinesmoothing.

is more often similar to Viterbi. In terms of computa-
tionalcomplexity, Viterbi doesseemto betheclearwinner
amongtheSLDSschemes.

6 Conclusions
We have exploredthe impactof learnedSLDSmodels

onanalysisof figuremotion.WehavecomparedtheSLDS
modelsusing threedifferent inferenceschemes(Viterbi,
GPB2,andvariational)to the morecommonHMM mod-
els. Oneof theconsideredinferencescheme,approximate
variationalapproximation,is novel in theSLDSdomain.

Our comprehensive classification experiments have
demonstratedpromisingresultsin the useof SLDS mod-
els for modelingof thehumanfiguremotion. We demon-
stratedaccuratediscriminationbetweenwalking andjog-
gingmotions.WeshowedthatSLDSmodelsprovidemore
robustclassificationperformancethanthemorecommonly
usedHMM models. The fact that thesemodelscan be
learnedfrom datamaybeanimportantadvantagein figure
tracking,whereaccuratephysics-baseddynamicalmodels
maybeprohibitively complex.

Wearecurrentlyconductingadditionalexperimentsthat
will shedmore light on the predictive qualitiesof SLDS
models.This evaluationis crucialstepin studyingtheuse
of learnedmodelsin applicationssuchasfigure tracking.
We also plan to build SLDS modelsfor wide variety of
motionsandperformersandevaluatetheir performance.
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Figure4: Classificationusingoneswitchingstatemodels,
secondorderSLDS.
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Figure5: Classificationusingfour switchingstatemodels,
first orderSLDS.
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Figure6: Classificationusingtwo switchingstatemodels,
secondorderSLDS.
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Figure7: Classificationusingfour switchingstatemodels,
secondorderSLDS.
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