CS 510 Computer Problem: Computation of the roots of a polynomial
due 10/4/11

Your objective is to compute the roots (real and complex) of the polynomial
p(x) = 92° 4 62° — 292 + 3823 — 4622 + 322 — 8

to within absolute error < 10719, if possible. Use of Matlab is strongly encouraged. For each
successful Newton iteration, print out the corresponding Newton iterates zj and f(xy) values.

Provide an interpretation of your computational results, including observed convergence rates and
inferences about the multiplicities of the roots. Do you feel you attained the desired accuracy in
your computed roots? Note: You should turn in a copy of your program, though the important
thing here is the computational results it gives and your analysis of those results.

Notes: Since p(z) has even degree it must have an even number of real roots, perhaps not all
distinct — this can be inferred from the fact that complex roots of a real polynomial must occur
in complex conjugate pairs T 4+ ¢y. Complex roots can also be computed via Newton’s method,
starting from a complex initial iterate. If you write your program in Matlab, avoid using ’i’ as a
program variable (so it retains its default value \/—1), and input complex initial guesses in the
form, for example, 2 + 37 - Matlab will take care of the rest.

Here is the best way to evaluate a polynomial and its derivative...

Nested multiplication for evaluating p(z) = a12™ + - -+ + a,x + an41 and its derivative at = = z

Write p(x) in “nested” form:
p(z) = (ant1 + z(an + x(an-1+ -+ z(az +zay)---))).

Evaluating at * = 2 starting from the innermost pair of parentheses, we obtain the following
algorithm:
b1 — aj
fork=2:n+1
by «— ai + zbg_1
Then by, 41 = p(2).

This algorithm (known also as synthetic division or Horner’s rule) requires n multiplications and
n additions compared with 2n — 1 multiplications and n additions for “direct” evaluation of p(z).

Schematic description of algorithm for evaluating p(z):

ZJ a az - an—1 Qan Gnp+1
zby 2bp—_o  zbp_1 zby,
z] by by o by bn  |bnt1 = p(2)



Now suppose p/(z) is also desired. Then use the by’s from above to form
q) =bz" L+ b1z + by
One may verify that g(x) and by are the quotient and remainder when p(x) is divided by x — z, i.e.,
p(z) = (x — 2)q(x) + bns1.

Differentiating this representation for p(x) and evaluating at x = z, we see that p'(z) = ¢(z). Thus
p/(z) can be gotten by applying the nested multiplication algorithm to ¢(x). Moreover, from the
standpoint of the schema, the b;’s are laid out in just the right way for doing this.

Schematic description of algorithm for evaluating p(2). p'(2):

z] ar ay - Gpo an Any1
zby 2bp—9 2bp—1 zby,
zl b by - by bn [bn+1 = p(2)
zC1 ZCp—9 ZCp—1
C1 Cy Cn—1 LCn = p/(z)

The following algorithm evaluates p(z) and p/(z) simultaneously, without creating any new arrays:

b—ay
c—b
fork=2:n
b+ ap+ zb
c—b+zc
b« apy1+ 2b
Then b = p(z) and ¢ = p/(z2).



