Brief review of linear algebra, plus some additional facts

T
I.R"=4{ x= : x; real
Tn
2. A linear combination of vectors x;---,x; in R"™ is a vector of the form x =

c1X1 + - - + cxxy, where ¢y, ..., i are scalars.

3. A set of vectors {xy, ..., x)} is linearly dependent if some nonzero linear combination

of them yields the zero vector; otherwise it is linearly independent.

4. A subset V C R” is a subspace of R" if x,y € V — ex+dy € V, ie., if Vis
closed under linear combination.

5. A set of vectors {x1,...,Xx} in a subspace V is a basis for V if each x € V can

be expressed uniquely as a linear combination of x1,...x;. The dimension of V, denoted
dim(V), is the number of vectors in a basis for V.

Result: A set of vectors in R" is a basis for R™ iff there are n of them in all and they are
linearly independent.

6. span(xi,...,xs) is the set of all linear combinations of x, ..., Xz.
a1 - QAln

7. R = A= : : a; ; real
am,1 Am.n

8. For Ae R™"...
column space(A) = span(columns of A).
row space(A) = span(rows of A).
range(A) = {y € R™ | y = Ax for some x € R"}.
null(4) = {x €e R" | Ax =0}.
rank(A) = dim(column space(A)) (= dim(row space (A) )
9. The transpose of A € R™" is a matrix A7 € R™™ whose 1, j'® entry is aj ;-

10. A € R™" is nonsingular if there exists a matrix A=! € R™" such that AA=! =1,
where I is the n x n identity matrix. If A~! exists, it is also the case that A=1A = I.

11. Result: (AB)T = BTAT; (AB)™! = B7'A~! (assuming A and B are nonsingu-
lar).

12. The inner product (or dot product, or scalar product) of two vectors x,y € R™ is:

(xy) = Zfb’zyz (= XTY)-
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13. Two vectors x,y € R™ are orthogonal if (x,y) = 0.

14. {x1,...,xx} is an orthogonal set of vectors if (x;,x;) = 0 for ¢ # j.
15. {x1,...,Xx} is an orthonormal set if
1, i=j

Result: An orthonormal set of vectors is linearly independent. In fact, if {x1,...,xx} is an
orthornormal set and x = ¢1x1 + -+ - + ¢xXg, then ¢; = (x,%;), i =1,..., k.

16. An orthogonal matrix is a real matrix whose transpose is its inverse. Example:

{ cos s1n9] (rotation through angle 6 in R?)

—sinf cosf

Results:

(i) The product of orthogonal matrices is orthogonal.
Proof: Let 1, Q2 be orthogonal. Then

(Q1Q2)T(Q1Q2) = Q7 QT Q1Q2 = Q3 1Q2 = Q1 Q> = I.

(ii) A real matrix is orthogonal iff its columns (rows) comprise an orthonormal set of
vectors.

Proof: Note that matrix multiplication can be defined in terms of inner products as
follows: (AB);; = (row i of A, column j of B). Thus @ is orthogonal <= QTQ =
I <= (QTQ)i; =6;; —= (rowiof QT, column j of Q) =3, ; <= (¢V,q")) =4,
where ¢ is the j*" column of Q.

17. Determinant. Recursive definition:

a1 ifn=1
> (1) ay ;- det A'(1, ) ifn > 1,

j=1

detAan -

where A’(7, j) is the n — 1 by n — 1 matrix gotten by deleting row i, column j from A.

Results:

(i) Any row or column can be used for cofactor expansion (not just row 1, as in above
definition).

(ii) Addition of a multiple of a row (column) of A to another row (column) of A has
no effect on det A.



(iii) Interchanging two rows (columns) of A changes the sign of det A.

(iv) det(AB) = det A - det B.

(v) The determinant of a lower (upper) triangular matrix is the product of the entries
on its main diagonal.

Example: Pencil and paper computation of det A using cofactor expansions:

g ; _11 (2) L =10 1 -1

det =—det| 3 -2 0 :—det{ B ]——1
0 3 -2 0 9 3 -2
0 -1 2 1

Computer algorithm for computing det A for a general matrix: Apply Gaussian elimina-

tion to A, reducing it to an upper triangular matrix U. Then set
det A= (—1)" w11 Unn,

where m is the number of row interchanges performed.

18. A, xn»x = b has a unique solution x € R"™...

<= A is nonsingular, i.e., A~! exists

< det(A) #0

<= Ax = 0 has only the trivial solution x = 0

<= the columns (rows) of A are linearly independent
<= rank(A) =n.

19. An eigenvector of A,, « ,, is a vector v # 0 which is transformed by A into a multiple
of itself, i.e., Av = Av. The scalar )\ is an eigenvalue of A.

20. Characteristic polynomial of A,, « ,:

(*) F(\) = det(A — A).

Results:
i) f(\) is an n*® degree polynomial in A whose roots are the eigenvalues of A:
g

(**) JA)=A=A) (A= An).

(ii) det(A) = I}, Ai; trace(A) = Z?:l Qi = Z?:l Ai-

(These can be shown by equating the A\Y and A! coefficients in representations (*) and (**)

for f()).)

(iii) If f(A) has no multiple roots, A has n linearly independent eigenvectors, one per
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eigenvalue.
(iv) If A,, « , is symmetric, its eigenvalues are real and it has n_orthonormal eigenvectors.

Examples

1 1 0
1.A=10 2 1 — det(AM —A)=A—-1)(A—=2)(A—=3)
0 0 3
1 1 1
)\1—1,V1= 0 3 )\222,V2= 1 3 )\323,V3= 2
0 2
1 0 1
24=12 21 — det( A — A) = (A —=2)(A\> =X +1)
-1 0 0
_1 By
1 V3 2
)\1—2,V1— 1 ; )\2:——}—£z7v2: _l_|_£2 ;
9 2 2 2
0 1
1, V3
1 \/g 2 2
)\325—7% V3 = —%—i—@i
1
0 1
3. A= — det(A — A) = \?
0 0
1 .
A1 =X =0, vy (O) ; only one eigenvector.
3 -1 0
4. A=|-1 2 -1 — det( M —A)=A—-4)(A=-3)(A—1)
0o -1 3
YRRV Ny VPR B T SV O
=4, V] = —= — ) =9, Vo = — ; =1,vVvzy3=—F7
1 1 7 1 2 2 NG - 3 3 NG )
(v) Suppose A, x » has n linearly independent eigenvectors vy, ..., v, with corresponding
eigenvalues A1, ..., \,. Define matrices S, A as follows:

A1
S=[vy,...,vp]; A



Then A = S71AS, A= SAS™1.
Proof:

AS = Alvy,. ..., vy =[Avy, .. Avy] = MV, .o AV
A1
=[Vi,...,Vy] = SA.
An

Note: If A is symmetric and {v;} are an orthonormal set, then S is an orthogonal matrix
- call it @ - and the above becomes A = QTAQ, A = QAQT.

21. Gerschgorin’s circle theorem. Let A, « , have complex (or real) entries. To each
row of A, associate a disk

Di={AeC| A —au| < lay}
JFi

in the complex plane. Then:

(i) A an eigenvalue of A = X € D, for some i.

(ii) If U; D; separates into disjoint sets, the number of eigenvalues in each set equals the
number of disks in that set.

Example
—-10 -3 2
A= 1 2 -1
—1 3 5

Proof of (i): Suppose A is an eigenvalue of A,, x ,. Then
Ax = Mx, for some x # 0.

Equivalently,

n
E Qg 5T :)\l'i, Zzl,,n
J=1

Choose k such that || = max; |z;|. We will show that A € Dy. The k*® of the above
equations can be written

()\ - ak7k>£l?k = Zakdl'j.
#k

.
A= ark] <D lar; = =D lakl-
Tk

J#k i#k

Thus



22. spectral radius of A:

p(A) = max |A;(A)]-

Result:

n

p(A) < max > il

j=1
This follows from part (i) of Gerschgorin.

23. Results:
(i) The eigenvalues of A™! are the reciprocals of those of A. (Av =Av = A7 lv=\"1v))
(ii) If A is an eigenvalue of A, then ¥ is an eigenvalue of A*. (Av = \&v = Afv = \Fv))
(iii) Let p(z) = co + c1& + - - - + cxx® be a polynomial in z. For a matrix argument A,
define p(A) = col + c1 A+ --- + cp A* (also a matrix). Assuming ) is an eigenvalue of A,
then p(A) is an eigenvalue of p(A). (Av = Av = p(A)v =p(A)v.)
(iv) Q orthogonal = QT AQ has the same eigenvalues as A.

24. A matrix A € R™" is positive definite if xT Ax > 0 for all nonzero vectors x € R™.

Result: A symmetric matrix is positive definite if and only if its eigenvalues are positive.
Proof: Write A = QAQ”, Q orthogonal. Then x” Ax = yTAy, y = Qx. Thus x7 Ax > 0
forallx #0 <= yTAy >0forally #0 <= X\(A4) >0,i=1,...,n.

25. wvector norm: a function || - || from R™ to nonnegative scalars satisfying the
following axioms:

(i) [[x]| > 0'if x # 0, [[0] = 0.

(ii) |lox]|| = | - ||Ix||, « a scalar.

(iid) [lx+ yll < =] + lIyll-

Examples: ||x|; =Y i, |=i]
Ixll2 = /320 27

1%/ = max; |z

26. Results:
(i) If Qnxn is orthogonal, then ||@x||2 = ||x]|2.
(i) 1o y)] < xllz - ylls  (Schwarz inequality)

27. matrix norm: a function, || - ||, from R™"™ to nonnegative scalars satisfying the
following axioms:

() 1 4]| > 0if A0, 0] =0.

(ii) [[@A|l = |a| - ||Al|, « a scalar.

(i) |4+ BJ| < 4] + | B].

Examples: ||A|l1 = maxxo HIIIL::T\H;;

called natural matrix norms; they satisfy three other important properties:

analogous definitions for ||A||2, ||A||c. Such norms are
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(iv) [[AB| < || Al - [|B]|.

(v) [[Ax|[ < [[A[] - []x]].

(iv) [Lnxnll = 1.
An example of a matrix norm that is not a natural matrix norm is the Frobenius norm:
[AllF = \/221 > oi—1a;; (= y/trace(AT A) via 20, part(ii). ) Note that [[I,xn| = n;

thus property (iv) does not hold.

28. Result:
[All2 = 1/ p(AT A)

Proof. By definition,

A
HAHQ — max H XH2‘
x#0  [|x||2
Observe that
(1) |Ax|% = (Ax)T Ax = xT AT Ax = (x, AT Ax)

and that AT A is symmetric [(AT A)T = AT(AT)T = AT A]. Thus there exist orthonormal
{vi,..., v} and real {p1, ..., un} such that AT Av; = p;vy, i = 1,...,n, where (v;,v;) = 6 ;.
Taking x = v; in (1) gives

1AVil|5 = (vi, pivi) = pa-

The eigenvalues of AT A are therefore non-negative. We assume they are ordered as follows:

Any vector x can be written
n

X = E C;V;

=1

for some set of ¢;’s. Using (1), this representation gives

n n n n
1413 = O eivi, ATAY “ejvy) = O evi, > cipyvy)
i=1 j=1 i=1 j=1
n n n
=22 ccmi(Visvy) = )_cius
i=1 j=1 i=1
Similarly,
n n n n n
%[5 = (> civi, ¢jv;) = chzcj(vwvj) = cf
i=1 Jj=1 i=1 j=1 i=1



Thus

|Axle _ [SL, e
EER Y

[ Ax||2

lIxIl2

sponds to x = a multiple of vy. Thus by (2):

(2)

It is now evident that maxyg occurs for ¢; # 0, co = -+ = ¢, = 0, which corre-

[Alls = Vir = 1/ p(ATA).

Note that if A is symmetric, p(ATA) = p(A?) = [p(A)]? (the eigenvalues of A? are the
squares of those of A). Thus

|All2 = p(A)  for a symmetric A.

29. Result:

n
[A]loe = max > lail
j=1

Proof. By definition,

[ Ax]|o
A = max ——.

Now

n n n n
(Ax)i| = 1D aijas] <7 laigl e < D laigl | 2]l < max > lai gl | 1l oo-
=1 =1 =1 o

Thus

1%/l oo

A n
) Do (3o
7 =
Now choose k so that max; Z;L:1 la; j| = 2?21 lak,;| and define a vector z as follows:

—1, a5 < 0
Tj = ‘
+1, ai; > 0.

For this x, it can easily be verified that the left and right hand sides of (*) are equal. This
establishes the desired result.



30. Result: If P,,xm and @Q,xn are orthogonal and A € R"™", then [|[PAQ|2 = || 4|2,
IPAQ|lF = [|Allp-
Proof |[PAQ|3 = p((PAQ)TPAQ) = p(QTATPTPAQ) = p(QTATAQ) = p(ATA) =
|A||3. (see 23, part (iv) )
Similarly, |PAQ||% = trace((PAQ)T(PAQ)) = trace(QT AT AQ) = trace(AT A) = ||A||%
using 23, (iv) again and 20, (ii).

31. Result: Condition number bound
Suppose Ax = b and (A + 0A)(x + dx) = b + db. Then

[[0x|| K(A) (HMH H5bH> : [0A]

< + provided k(A)—— < 1
Il = 1 - seaylegl \ Al ib] Al
lox| (H | H5bH> : [0A]
— < k(A) | T~ + provided k(A)—7+ < 1
EIRSANTI SR

Proof: We have

(A+6A)x+ (A+3A)6x =b + b
(A+6A)6x = —6A x + 6b
(I+A'6A)6x = —A"'6A x+ A~ '5b.

Thus
1ox|| (1= [[ATHI6A]l) < (I + A716A) ox|| < AT 6A]| 1] + [IA~H]] |6b]|.

Therefore, provided ||[A7Y| [|[6A] < 1:

LA TOAN Il + [[AH] llbl]

16x]| <

1 —[[A=H[{loAl
lox| o #(4) (MH 4 _l1obll )
Il = 1 — a4y REENNAL Al ]

The desired result follows from ||b|| < || A]| ||/l
Special case: if 4 = 0, then

x [6b]|
NOXI < o4y 1O21,
1]l bl



