
CS 510 Homework - due October 11, 2011

I. Consider the linear algebraic system

A =


−1 1 2

1 2 −1
−2 −2 2



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
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 7

2
0


 .

(i) Using Gaussian elimination with partial pivoting, obtain a PA = LU decomposition of
the coefficient matrix.
(ii) Use the results of (i) to solve the given system. (Feel free to use Matlab function ’lu’
to check your answers to (i) and (ii) - type ’help lu’ for information on how to use.)
(iii) Use the results of (i) to invert the coefficient matrix. (You can check your answer via
Matlab function ’inv’.)

II. Obtain a Cholesky (L̃L̃T ) decomposition of




4 −2
−2 2 −1

−1 2 2
2 5


 .

(You can check your answer via Matlab function ’chol’.)

III. Let A(1) = A and A(k), k = 2, ..., n, the result of applying Gaussian elimination up
through column k− 1 of a nonsingular n×n matrix A (thus A(n) = U). From a numerical
stability standpoint, the objective of pivoting is to avoid excessive growth in

ρ(A) =
maxi,j,k |A(k)

i,j |
maxi,j |A(1)

i,j |
.

(i) Show that if partial pivoting is used, then

maxi,j |A(k+1)
i,j |

maxi,j |A(k)
i,j |

≤ 2.

Note that this gives a bound ρ(A) ≤ 2n−1 for partial pivoting over all nonsingular matrices
A.
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(ii) Let Mn denote the n × n matrix with entries mij defined by

mij =




1, i = j or j = n,

−1, i > j,

0, otherwise.

Determine ρ(M5) assuming partial pivoting is used. What is ρ(Mn)? Note: For matrices
A arising in real world applications, it is exceedingly rare for ρ(A) to exceed 10 for partial
pivoting, making it the default pivoting scheme of choice.

(iii) For A = M4 as defined in (ii), obtain a PAQ = LU factorization using complete
pivoting. What is ρ(M4) for this pivoting scheme?

(iv) Use the decomposition of (iii) to solve M4 x = (2, 3, 0, 2)T .

IV. As a prelude to this question, note that matrix multiplication can be viewed in terms
of submatrices. For example, if Am×n and Bn×p are partitioned as follows:

A =
[

A11 A12

A21 A22

]
, B =

[
B11 B12

B21 B22

]
,

where, for i = 1, 2 and j = 1, 2, Aij is mi × nj and Bij is ni × pj , then

AB =
[

A11B11 + A12B21 A11B12 + A12B22

A21B11 + A22B21 A21B12 + A22B22

]
.

(i) Assume A is a nonsingular n × n matrix whose triangular factors LU = A are known,
and that we wish to compute the analogous factors L,U of an (n + 1) × (n + 1) matrix of
the form

B =
(

A α

βT γ

)

where α and β are n–vectors, and γ is a scalar. Describe how L and U can be used for
this purpose. How many additional operations are needed? [Hint: Write L, U in the form

L =
(

L 0
λT 1

)
, U =

(
U µ

0T ν

)
.]

(ii) Let Ak denote the k-th principal submatrix of an n × n matrix A, i.e.,

Ak =




a11 . . . a1k
...

...
ak1 . . . akk


 .
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One way to compute the LU factorization of A would be to start with that of A1 and
compute, in succession, those of A2, ... ,An via the procedure in part (i). How many
operations are needed to compute L and U in this way?

V. Show that the 1-norm of a matrix An×n is given by

‖A‖1 = max1≤j≤n

n∑
i=1

|ai,j|.

For what vector x 6= 0 is ‖Ax‖1 = ‖A‖1‖x‖1?

VI. For the matrix A in problem I:
(i) Find ‖A‖1, ‖A−1‖1 and κ1(A).
(ii) Suppose x̂ is an approximate solution to Ax = b where ‖b‖1 = 1. Given that ‖Ax̂−b‖1 ≤
.01, bound the absolute and relative error in x̂ ( ‖x̂ − x‖1 and ‖x̂ − x‖1/‖x‖1).

VII. For the matrix A in problem I, find righthand side vectors b and b + δb such that
equality is achieved in the condition number bound as applied to Ax = b and A(x + δx) =
b + δb:

‖δx‖1

‖x‖1
= κ1(A)

‖δb‖1

‖b‖1
.

VIII. Suppose A is nonsingular and consider the pair of linear systems:

Ax = b, (A + δA)(x + δx) = b.

Show that
‖δx‖

‖x + δx‖ ≤ κ(A)
‖δA‖
‖A‖ .

Thus κ(A) measures the sensitivity of the solution to Ax = b with respect to changes in
A as well as in b.

IX. (i) Suppose A is a nonsingular matrix and u, v are vectors (in which case uT v is a
scalar and uvT is a matrix). Assuming vT A−1u 6= 1, verify that

(A − uvT )−1 = A−1 + cA−1uvT A−1

where
c =

1
1 − vT A−1u

.
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(ii) Assume that for a linear system with An×n as coefficient matrix, it takes α(n) oper-
ations to decompose A into its LU factors and β(n) operations to perform the triangular
solves. How many operations will it take to solve

(A − uvT )n×nx = b

using the above formula? No need to invert any matrices!

(iii) Suppose we’ve computed a solution of Ax = b via Gaussian elimination with partial
pivoting, using ’decomp’ and’solve’ routines taking 1

3n3, n2 operations, respectively. We
then learn that a single element, Ak,l, say, has been incorrectly specified. Explain how the
above formual can be used to effieiently compute the solution of ’correct’ system. How
many operations are required?

X. (i) Show that
κ(A) = max

‖x‖=1
‖Ax‖ / min

‖x‖=1
‖Ax‖.

(ii) Let Qn×n be an orthogonal matrix:
(a) Show that ‖Q‖2 = 1.
(b) What is κ2(Q)?
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