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Abstract
The su�x tree of a string is the fundamental data

structure of string processing. Recent focus on mas-
sive data sets has sparked interest in overcoming the
memory bottlenecks of known algorithms for building
su�x trees.

Our main contribution is a new algorithm for su�x
tree construction in which we choreograph almost all
disk accesses to be via the sort and scan primitives.
This algorithm achieves optimal results in a variety of
sequential and parallel computational models. Two of
our results are:

� In the traditional external memory model, in which
only the number of disk accesses is counted, we achieve
an optimal algorithm, both for single and multiple disk
cases. This is the �rst optimal algorithm known for
either model.

� Traditional disk page access counting does not dif-
ferentiate between random page accesses and block
transfers involving several consecutive pages. This dif-
ference is routinely exploited by expert programmers
to get fast algorithms on real machines. We adopt
a simple accounting scheme and show that our algo-
rithm achieves the same optimal tradeo� for block ver-
sus random page accesses as the one we establish for
sorting.

1 Introduction
Many rapidly growing stores of data, both scienti�c

and commercial, are being accumulated in data ware-
houses and digital libraries. These data are typically
far too large to reside in main memory; they reside on
\external memory" such as disks, or in some cases on
tapes. There is a general consensus that these data
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are an asset, and we must therefore �nd ways to e�-
ciently archive, analyze and extract value from these
data. Fundamental new algorithmic issues arise when
we look at data which resides on disks, because the
memory is a potential bottleneck, that is, the per-
formance of algorithms can be dramatically a�ected
by their pattern of disk accesses. For some problems,
the issue of carefully structuring memory access pat-
terns to overcome the memory bottleneck has been
addressed and is well-understood [16], but for string
processing, many issues have not been settled [4].

The string processing tasks which are among the
most prevalent in systems for massive data set ma-
nipulation include compression, indexing and informa-
tion retrieval. Each of these tasks relies on string pro-
cessing primitives, many of which are most e�ciently
solved by constructing the su�x tree data structure
on the underlying strings. While the su�x tree data
structure plays the pivotal rôle in many other appli-
cations [10], we are concerned with the case where the
string|and the su�x tree|do not �t into the main
memory. In this paper, we give algorithms for su�x
tree construction that are optimal in di�erent ways of
counting the memory accesses and modeling the mem-
ory bottleneck (in sequential and parallel models). In
what follows, we describe memory access accounting
schemes in detail before presenting our technical re-
sults.

1.1 Memory Issues and Models

In standard algorithmic design, the assumption is
that all memory accesses cost unit time. This does
not account for di�erences in the memory hierarchy.
In order to capture such di�erences, consider a Disk
Access Machine (DAM), in particular, the one intro-
duced by Vitter and Shriver [17]. A DAM1 consists
of a processing unit, an internal memory of size M
and a large external memory which is partitioned into
transfer units, called disk pages , each containing B
items; note that M < N and 1 � B �M=2. We must

1This model has also been called the Two-level memory

model [17], and some variants include the hierarchical memory

model [1, 3], the block transfer model [1], etc.



now decide how to analyze algorithms, that is, what
operations to count.

Counting Disk Accesses. Disk accesses are be-
lieved to be the dominating factor in the running time
of many algorithms because of the relative speed of the
disk versus the main memory access time [13]. Accu-
rate disk models are complex [14, 17, 16, 15], and it
is virtually impossible to exploit all the �ne points of
disk characteristics systematically, either in practice
or for algorithmic design. A simpli�cation on a DAM
is to count the total number of disk accesses (I/Os)
performed by the various operations. This accounting
scheme does not accurately predict the running time
of algorithms on real machines. However, it is a work-
able approximation for algorithm design, and it has
gained tremendous popularity [16].

Counting Random I/Os. Since accessing a page
from the disk in most cases decreases the cost of
accessing the page succeeding it, \block" I/Os are
less expensive per page than \random," that is, non-
adjacent, I/Os. This dictum is well believed, and it
is routinely exploited by expert programmers in prac-
tice to get better performance. There is no well es-
tablished way to account for this di�erence between
the random and block I/Os except to introduce new
parameters into the accounting and the analysis (such
as the average latency to access the �rst page and the
incremental bandwidth etc.) which complicates the
understanding of inherent tradeo�s, and makes the
design of algorithms cumbersome.

We adopt the following simple accounting scheme
here to di�erentiate random and block I/Os. Let c
be a constant and de�ne a Block to be a sequence of
cM adjacent memory locations in main memory or on
disk, that is, cM=B pages. A Block Transfer is any
I/O which involves moving all the pages of a block
between main memory and disk. Any page I/O which
is not part of a block transfer is said to be a random
I/O transfer. We augment the analysis of our DAM
algorithms so that for any algorithm, we separately
count the total (block and random) number of page
I/Os as well as the number of random page I/Os (we
do not explicitly count the block I/Os) and present
both page counts as the complexity of the algorithm.
See Section 2 for a justi�cation of this scheme.

1.2 Our Results

Given a string S 2 �N , the su�x tree TS of S is the
compacted trie of all the su�xes of SY�, Y� 62 �. In the
comparison model, where j�j is unbounded, the su�x
tree can be built in O(N logN) time [18, 12]. Since the

su�x tree represents all su�xes of a string in sorted
order, this is optimal for the comparison model.2 On
the DAM, the number of total I/Os needed for sorting
is 
(N=B logM=B N=M) [2], and this also holds for
su�x tree construction. For new bounds on the ran-
dom vs total I/O tradeo� for sorting, see Section 2.

Our main contribution is an approach to su�x
tree construction in which we choreograph all exter-
nal memory accesses using, essentially, only sorts and
scans as primitives. By using optimal sorting routines
and adapting the scan operations appropriately, we
can apply our approach uniformly to several sequen-
tial, parallel and memory models, and thus obtain the
�rst known optimal algorithms therein. We get the
following speci�c results.

First we consider the traditional scheme of count-
ing total page I/Os. We obtain an optimal
algorithm for su�x tree construction that uses
O(N=B (logM=B N=M)) I/Os. The previously known
algorithms, which involved PRAM simulations, were
suboptimal by a polylogarithmic factor. Further,
our algorithm was designed so that even in the ran-
dom/total accounting scheme, we achieve asymptoti-
cally the same tradeo� between random and total I/Os
as sorting (see Section 2), which is optimal. This main
algorithm can be extended in many ways. The Par-
allel DAM (PDAM) is a generalization of the DAM
model to multiple parallel disks in which the external
memory comprises D independent disks and each I/O
involves transfer of a page from each disk simultane-
ously [17]. We obtain the following optimal result:

Theorem 1.1 Given a string S of length N , the
su�x tree of S can be built on the PDAM in
O(N=(DB) (logM=B N=M)) I/Os and linear space.

Previous string processing results on the PDAM have
all been suboptimal [4]. Details of our PDAM result
are deferred to the full paper.

Trivially, we get the �rst known I/O-optimal suf-
�x array [11] and SB-tree [9] construction algorithms.
Furthermore, many string problems have su�x tree
construction as their I/O bottleneck [10]. All these
now have e�cient implementations on the (P)DAM.
Also, we obtain improved results on parallel machines
(details in the full paper):

Theorem 1.2 Given a string S of length N , the su�x
tree of S can be built on the EREW PRAM model in
O(log4N) time, O(N logN) work and linear space.

2An O(N) algorithm exists for binary alphabets [18, 12] and
for integer alphabets [7].



Theorem 1.3 Given a string S of length N dis-
tributed evenly among p processors of a BSP machine,
the su�x tree of S can be built in O(N logN

p ) inter-

nal computation time and O( log
3 N log p
log h ) communica-

tion rounds using h-relations where h = �(N=p).

1.3 Technical Overview

There are two known approaches to su�x tree con-
struction: the classical one-su�x-at-a-time approach,
and the recent divide-and-conquer approach. In try-
ing to give an I/O e�cient algorithm with the classi-
cal approach, one could imagine extending the su�x
tree in batches. However, such an approach would re-
quire looking up strings in data structures on partially
built su�x trees. While it is possible that this could
be done in an I/O e�cient manner, these I/Os would
certainly be random, rather than block, leading to a
slower algorithm.

We take the divide-and-conquer approach. The
technical challenge is to merge so-called odd and even
trees, To and Te, respectively, using only sorts and
scans. We do so by showing new structure in these
trees. While the structure of su�x trees has been im-
portant for designing e�cient algorithms in the past,
we show that the partial su�x trees To and Te them-
selves have substantial structure, such as zipper teeth,
which can be exploited algorithmically.

Outline The paper is organized as follows. In Sec-
tion 2, we discuss the issues involved in block versus
random I/O. In Section 3 we present notation and
tools. In Section 4 we present the main part of the
algorithm for the DAM.

2 Block versus Random I/O
Disk access delays depend on seek time, rotational

latency and transfer time. Accessing disk pages in
blocks amortizes the latency involved in moving the
head on a disk. In a typical seek on a modern disk,
the arm moving time approximately equals the rota-
tional time. Thus, for example, writing a single page,
then, after some computation, writing the next page
on a disk would incur a hefty penalty associated with
rotational latency. Furthermore, if the computation
takes place in a multi-user environment, the arm may
move between disk I/Os, further complicating mat-
ters. Thus, we consider simple models of block disk
I/O in which all the contiguous disk pages must be
read or written as an atomic event.

Let C be the size of a block to be read or writ-
ten, and let B be, as before, the size of a page in the
DAM. A page is random if it is not accessed within

a block of C=B pages, and block otherwise. Let b(N)
be the number of block I/Os performed by an algo-
rithm on an input of size N , and r(N) the number
of random I/Os. Then the total number of I/Os is
t(N) = r(N)+ b(N)C=B, and we can characterize the
I/O pro�le of an algorithm by the pair (t(N); r(N)).
Di�erent choices of C naturally give di�erent pro�les,
and of course, specifying B and C is di�erent from
simply enlarging the page size.

So the question is, how do we choose C? We would
like to make C signi�cantly bigger than B, to amor-
tize latency over block accesses. Ideally, the average
access time for an item on disk should be around the
same as item in memory. First, notice that disk band-
width is large enough to make this feasible, and that
bandwidth is improving at least as quickly as mem-
ory access times. Also, seek time on disk is decreasing
much slower than other system parameters. For ex-
ample, disk seek time is decreasing by about 10% per
year, while memory access time is decreasing by about
70% per year [13]. Therefore, the number of items
which must be accessed on disk in order to amortize
the cost is increasing exponentially, with a doubling
time of roughly 18 months [6]. Similarly, the size of
main memory is also doubling approximately every 18
months. Consequently, it is natural to set our block
size to be C = cM , for a constant c. On real sys-
tems, these doubling times will never match, but the
two growth rates are similar enough so that qualita-
tively, we can say that our model of block accesses
captures the behavior of disks over a substantial win-
dow of time.

This choice has a further advantage. In any model,
introducing a new parameter { latency, block size, etc.
{ is undesirable for understanding issues in algorith-
mic design. Taking C = cM means that we can simu-
late any algorithm with any choice of c with any other
choice of c0 with a constant increase in the total I/Os
and with no increase in the number of random I/Os,
our accounting method is parameter-free. Although
this accounting scheme does not capture all the as-
pects of block vs random I/Os, it lower bounds the
bene�t accrued from block access in general, by only
considering the extremal case when the main memory
is nearly \
ooded" with each block I/O access.

Sorting. Given this new accounting scheme, we re-
consider the I/O pro�le of sorting. Simple 2-waymerg-
ing induces no random I/Os, but gives O(NB log2

N
M )

total I/Os. If we performed M=B-way merging, we
would get O(NB logM=B

N
M ) total I/Os, all of which

would be random. The natural question arises as



to whether we can achieve the same number of to-
tal I/Os as the multi-way mergesort without such a
heavy penalty in random I/Os. The following shows
that this is not possible, that there is no smooth trade-
o� between total and random I/Os, and thus that our
only real choices are 2-way or M=B-way merging.

Lemma 2.1 Any DAM algorithm for sorting N
numbers using o(NB logM=B

N
M ) random I/Os needs


(NB log2
N
M ) total I/Os.

Proof (Sketch): Consider a decision tree where
every node is either a random-node having fan-out�
M
B

�
, corresponding to a random I/O, or a block-

node having fan-out
�
M
C

�
, corresponding to a block

I/O. Consider now the class of sorting algorithms ex-
ecuting r random and b block I/Os. They can be
represented as decision trees where any path has r
random- and b block-nodes, and they consists of at
least N !=(M !)N=M leaves, where this is the number of
classes of permutations such that any permutation in
an equivalence class can be generated from any other
by a scan. Following an argument similar to that
in [2], we obtain rB log2 (M=B) + Cb log2 (M=C) �
N log2 (N=M). Since C = cM , it follows that b �
(N=M) log2 (N=M) � r(B=M) log2 (M=B). Now, if r
is o((N=B) logM=B (N=M)), then the relation above
becomes b = 
((N=M) log2 (N=M)), which is exactly
the bound of 2-way mergesort.

3 Preliminaries
Structure of Su�x Trees. Let S[N +1] = Y� be a
special end-of-string marker. We will represent su�x
trees as follows. Leaf li represents su�x S[i; N ]. Each
internal node v has associated the length L(v) which is
the sum of the edge lengths on the path from the root
to v. The string at v, denoted �(v), is S[i; i+L(v)�1]
where li is any leaf below v. The children of node v
are stored in a list sorted by the �rst characters on
the edges from v. The parent of v is denoted by p(v).
The following well-known lemma gives su�x trees a
nice structure.

Lemma 3.1 ([18]) Let a be a character and � be an
arbitrary substring of S. If there is a node v in TS
such that �(v) = a�, then there is a node w in TS
such that �(w) = �.

Consequently, we can de�ne, for every node v in a
su�x tree, the su�x link sl(v) = w, where v and w
are de�ned as in Lemma 3.1. Notice that sl(�) links
form a tree rooted at the root of TS . The depth of any
node v in this sl(�) tree is then just L(v).

Let lcp(�; �) be the length of the longest common
pre�x of two strings � and �. Let lca(v; w) be the
least common ancestor of any two nodes v and w in a
tree. The property of su�x trees often exploited algo-
rithmically is the following relationship between lcp in
S and lca in TS : 8v; w 2 TS; lcp(�(v); �(w)) =
j�(lca(v; w))j:

3.1 General Tools for Computations on
the DAM

In this subsection we review some known results [5]
and propose simple, new tools that are used subse-
quently as basic blocks in our algorithm. We will be
reducing the I/O complexity of various problems to
the I/O complexity of sorting, with its tradeo� of ran-
dom versus total I/Os, so for shorthand, throughout
the rest of the paper, we will say that any algorithm
with the same I/O complexity and tradeo� as sorting
N items has sorting I/O complexity.

1. Given a tree T of size N , we can answer a batch of
K � N lca-queries in sorting I/O complexity [5].
Equivalently, let A be an array of numbers and
de�ne rmqA(i; j) = mini�k�jfA[k]g as the range
minimum query from i to j in A. We can answer
K range minima queries in sorting I/O complex-
ity.

2. Given a tree T of size N , we can construct its
Euler Tour ET(T ) and determine the depth of each
of its nodes in sorting I/O complexity [5].

3. Given a string S[1; N ] stored contiguously on
disk, we can retrieve K arbitrary characters from
it in sorting I/O complexity.

4. Given a tree T = (V;E) of size N and a set of
marked nodes M � V , let D : V ! M [ f0g be
any function such that D(v) = w if w is a marked
descendant of v, and D(v) = 0 if v has no marked
descendant. Then, we can compute D(�) in sort-
ing I/O complexity by �rst computing ET(T ) and
then properly scanning it. In particular, for each
node, we can �nd one of its descendant leaves in
sorting I/O complexity.

Theorem 3.2 If N if the size of the tree, array or list
to be manipulated and K is O(N), then all the prob-
lems listed above can be solved in sorting I/O complex-
ity.

3.2 Subroutines

We conclude with a few subroutines which use some
of the tools above.



Skeleton Trees: Let T be an N node compacted
trie built on a string set � and let �0 � �. Call T�0

the skeleton tree of T with respect to �0.

Theorem 3.3 Given a set � of N strings and its
compacted trie T , the skeleton tree T�0 can be con-
structed on any subset of strings �0 � � in sorting
I/O complexity.

Merging Uncompacted Tries: Merging two un-
compacted tries in linear time is trivial in internal
memory by a coupled visit which advances in both
tries as long as the corresponding characters match,
and otherwise outputs the \lexicographically smaller"
subtree. On the DAM, such a visit is implemented
by computing �rst the Euler Tour of the two tries
and then simply scanning them. The bottleneck is
to compute the Euler Tours, which has sorting I/O
complexity (Theorem 3.2).

Theorem 3.4 Two uncompacted tries with a total of
N nodes can be merged in sorting I/O complexity.

Computing Su�x Links: In a su�x tree, we are
guaranteed that a su�x link pointer is de�ned for ev-
ery node [12]. These links can be e�ciently computed
as follows.

Theorem 3.5 Given a su�x tree with a total of N
nodes, its su�x links can be computed in sorting I/O
complexity. L(v) can be computed for each node v in
the same I/O complexity.

Proof: For every internal node v, pick two descen-
dant leaves li and lj such that lca(li; lj) = v. Let
w = lca(li+1; lj+1). Since lcp(S[i; N ]; S[j;N ]) =
1+lcp(S[i+1; N ]; S[j+1; N ]), then sl(v) = w. Now,
the computation of each su�x link is independent of
the others, so we can form a batch of O(N) lca-
queries. Recall also that the depth of any node v in
the sl(�) tree is just L(v), so we �nish by computing
the depth of every node. Each of these steps can be
implemented to take sorting I/O complexity (Theo-
rem 3.2).

3.3 Algorithm Outline

Our algorithm uses the odd/even divide-and-
conquer approach [8, 7], which consists of three steps:
building the odd tree, building the even tree, and merg-
ing the two trees. Since the �rst two steps are rela-
tively straightforward, even on the DAM, we will skip
the details of building these trees in this abstract and
devote the rest of the paper to merging the two trees.

It is this last step which departs substantially from
the merging algorithms in [8, 7]. We will need to show
how to exploit the structure of odd and even trees to
batch character queries in order to establish our result.

Building the odd tree: Consider the set of all the
su�xes of S starting in odd positions, Odd = fS[2i+
1; N + 1] j 0 � i � N=2g, and let the odd tree To be
the compacted trie built on Odd. We build this tree
recursively, and conclude:

Lemma 3.6 If C(N) is the I/O-complexity taken
by our algorithm to build the su�x tree of a string
S[1; N ], then To can be built in C(N=2) plus the I/O
complexity of sorting N numbers.

Building the even tree: The even tree Te is simply
the compacted trie built on all su�xes of S beginning
at the even positions. We can build this tree directly
from the odd tree and show that:

Lemma 3.7 Given a string S[1; N ] and its odd tree
To, the even tree Te can be constructed in sorting I/O
complexity.

Merging: We must now merge To and Te, in order
to get TS . We show how to do this in sorting I/O
complexity in the following section, thus concluding
the algorithm.

4 Merging the Odd and Even trees
While two distinct algorithms exist for merging odd

and even trees [8, 7], both require that arbitrary char-
acters of the underlying string be available through-
out the merging. These character lookups have no lo-
cality of reference, and thus elicit many random disk
accesses. In this section, we propose a new way to
merge odd and even trees based only on sorting and
scanning, thus achieving our optimal bounds for total
and random I/Os. We will �rst restate the problem
of Odd/Even tree merging, thereby eliminating some
extraneous considerations, before tackling the core of
the problem.

4.1 Merge Nodes

For simplicity, we will identify each node v with
its string �(v) and say that node v in one tree equals
node w in the other tree if �(v) = �(w). De�ne a
merge node of To, resp. Te, to be any node v whose
occurrence in TS has both odd and even descendants.
Notice that if v is a merge node, then all of its an-
cestors are also merge nodes. Identifying the merge
nodes turns out to be equivalent to merging the two
trees To and Te.



Lemma 4.1 Given a string S[1; N ], its odd tree To
and its the even tree Te such that every merge node in
each tree is 
agged, TS can be constructed in sorting
I/O complexity.

Proof: First, construct ET(To) and ET(Te) and re-
trieve all the �rst characters labeling the tree edges in
sorting I/O complexity (Theorem 3.2). Then, merge
ET(To) and ET(Te) by a coupled visit guided by the

agged merge nodes. Speci�cally, consider the left-
most child vo of the root of To and the leftmost child ve
of the root of Te. If both these nodes are merge nodes,
then recursively merge the sub-Euler tour of ET(Te)
from the �rst to last occurrence of ve with the sub-
Euler tour of ET(To) from the �rst to last occurrence
of vo and output the result. If neither is a merge node,
there are two further sub-cases. If the edges leading to
vo and ve, the nodes we are currently processing, have
distinct �rst labeling character, then output the sub-
Euler tour of whichever subtree comes lexicograph-
ically �rst. Otherwise they share the �rst labeling
character and we \partially" merge these edges by cre-
ating a new node w, with unspeci�ed L() value, with
two children vo and ve. This changes the Euler tour
by a constant number of new edges, in particular, the
ones connecting w with ve and vo, but the sub-Euler
tours descending from vo and ve remain unchanged.

Finally, consider the case in which only one node
between vo and ve is a merge (
agged) node. Here
too, we distinguish two sub-cases. If the edges leading
to vo and ve have distinct �rst labeling character, then
output the sub-Euler tour of whichever subtree comes
lexicographically �rst. Otherwise enter in a loop, be-
cause we are guaranteed that on the edge leading to vo
some nodes of Te must be inserted. The �rst of these,
of course, is ve and the others form a path. Keep-
ing this in mind, we install on this edge all the 
agged
nodes in Te descending from ve by a simple scan of the
sub-Euler Tour descending from ve. When we reach
the last 
agged node, we exit from the loop and re-
sume merging with the case above where the current
ve and vo are not merge nodes.

The whole procedure has sorting I/O complexity.
The only checked characters are the �rst ones labeling
the edges of To and Te, which were initially retrieved
in sorting I/O complexity. The depth of the newly in-
stalled nodes (e.g. node w above) is �nally determined
by applying Theorem 3.5.

Hence, we are left with the problem of �nding merge
nodes in To and Te. We consider further simpli�ca-
tions below.

4.2 Anchor Nodes and Side Trees

Anchor nodes and side trees were introduced in [8].
An anchor pair is a pair of nodes vo; ve in To and
Te, respectively, such that �(vo) = �(ve); each such
vo and ve is an anchor. All anchor nodes and their
ancestors are merge nodes. Finding anchor nodes was
part of the randomized PRAM algorithm in [8], but
that algorithm does not meet our purposes. Below,
we show how to exploit the structure of odd and even
trees to �nd anchor nodes in the DAM model I/O-
e�ciently.

In particular, to �nd anchor nodes, we will use suf-
�x links. Recall that su�x links sl(�) de�ne a tree
which can be computed in sorting I/O complexity
(Lemma 3.5). Unfortunately, neither To nor Te is a
su�x tree, and so they are not guaranteed to have
well-de�ned su�x links. If we apply the procedure
from Lemma 3.1 to To and Te jointly, the \su�x links"
of nodes in the odd tree point to nodes in the even tree,
and vice versa. These links form two trees, one rooted
at the root of the odd tree and the other rooted at the
root of the even tree. We call these trees Lo and Le,
respectively.

Each edge in Lo and Le can be labeled with a single
character as follows. If sl(v) = w and �(v) = a�(w),
for a 2 �, label the edge (v; w) with character a. Then
all the children of a node in either Lo or Le are labeled
with di�erent characters. The following lemma relates
Lo and Le with anchor pairs and is the basis of our
algorithm.

Lemma 4.2 If vo; ve is an anchor pair in To and Te,
then one occurs in each of Lo and Le. Furthermore,
the path from the appropriate root to each of vo and
ve is labeled with the reversal of �(vo) (= �(ve)):

Proof: Every time an sl(�) link is traversed, the par-
ity of the length of the string at that node changes.
Since �(vo) = �(ve), they cannot be in the same tree.
Additionally, a simple inductive proof shows that the
characters labeling the path from the root, of either
Lo or Le, to vo are the reversal of �(vo), and similarly
for ve.

We conclude that if we treat Lo and Le as (un-
compacted) tries, and we merge them, then the nodes
which are merged are anchor node pairs. Conse-
quently, we merge these two uncompacted tries via
Theorem 3.4 and conclude:

Lemma 4.3 Given a string S[1; N ], its odd tree To
and its even tree Te, the set of anchor-node pairs can
be determined in sorting I/O complexity.



While all the ancestors of anchor nodes are merge
nodes, some of the descendants may also be merge
nodes. Below, we characterize this set of merge nodes
and explain how to e�ciently �nd them on the DAM,
thus completing our algorithm.

Let a side tree be a maximal component of nodes
such that no node in a side tree has an anchor de-
scendant. Let ao; ae be an anchor pair, and let so; se
be two side trees with root ro and re, respectively,
such that ro's (resp. re's) parent is ao (resp. ae), and
such that the two edges (ae; re) and (ao; ro) share (at
least) the �rst labeling character. We call such a pair
of subtrees so and se a side tree pair. Once we have
computed all anchor nodes, we can easily �nd all side
tree pairs in To and Te by retrieving all the pairs of
side trees such that: (i) they hang o� an anchor pair,
and (ii) the edges (ao; ro) and (ae; re) share the �rst
labeling character. Thus, we have:

Lemma 4.4 Once all anchor pairs have been 
agged,
all side tree pairs can be found in sorting I/O com-
plexity.

Proof: Build ET (To) and ET (Te) (Theorem 3.2)
and scan them, provided that anchor pairs have been

agged and the �rst character labeling each edge in
To and Te have been retrieved (Theorem 3.2).

While side tree pairs do not contain anchor nodes,
they still may contain merge nodes. However, merge
nodes in side tree pairs have the nice structure that
they form a path [8]. Since all ancestors of a merge
node are merge nodes, we can think of merging side
trees as closing a zipper. The nodes of the merge path
interdigitate like the teeth of a zipper, except that the
nodes need not alternate in lockstep like the teeth of
a zipper. Finding the merge nodes in so and se now
simply consist of �nding the teeth of the side trees
since the other merge nodes are their ancestors.

4.3 Finding the Zipper Teeth

Rather than �nding the teeth directly, we will �rst
�nd a leaf below the teeth of each side tree. We call
such leaves pull nodes. In e�ect, we will use a pair of
pull nodes to close the zipper between side tree pairs.
In this subsection, we will show that it su�ces to �nd
pull nodes, because we can easily derive the teeth from
them. This algorithm will be a variant on the Un-
merging step of [7], however, the added structure and
properties of pull nodes will allow us to perform this
step e�ciently on a DAM.

Suppose then that we have computed all pull nodes,
that is, for each side tree pair, we have a pair of
leaves, one below the odd teeth and one below the

even teeth. By Theorem 3.2, we can mark all nodes
which have pull descendants as \merge" nodes, and
use Lemma 4.1 to merge To and Te into some tree
T 0. Notice that we are misapplying Lemma 4.1, since
this lemma is only guaranteed to work with correctly
marked merge nodes. However, if we apply this proce-
dure to our trees, we will merge correctly as far down
as the anchor nodes and below that, we will only be
doing zipper merges. So while T 0 is not TS , at least it
is a tree.

After having misapplied Lemma 4.1, we will mis-
apply Lemma 3.1 to compute \su�x links" with one
small di�erence. For any node v, rather than picking
an arbitrary pair of leaves descending from v, as called
for by Lemma 3.1, we pick one odd leaf and one even
leaf. Let L�(v) be the depth of v in the \su�x link"
tree computed by this method, and let L(v) be the
length of the node in its original tree, that is, L(v) is
j�(v)j in the odd tree, if v is an odd node, and in the
even tree otherwise. Notice that any ancestor of a pull
node will always have odd and even leaf descendants,
and we can �nd such a pair in sorting I/O complexity
(Theorem 3.2). No other node could be a merge node,
and need not be considered in our computation. Even
though we misapplied the two Lemmas above we can
still identify the merge nodes in the side trees by a
simple scan, since for any node u in T 0, u is a merge
node i� L(u) = L�(u) (proof omitted).

Lemma 4.5 Given the pull nodes for every side tree
pair, we can compute merge nodes in sorting I/O com-
plexity.

4.4 Finding the Zipper Pulls

We are left with the problem of detecting the pull
nodes for each side tree pair. We will present this algo-
rithm in three steps: �rst, we will give a linear time in-
ternal memory algorithm, and then an I/O-ine�cient
algorithm for computing pull nodes. Finally, we will
give an I/O-e�cient algorithm for �nding pull nodes
which takes sorting I/O complexity, thus completing
the presentation.

An internal memory algorithm: In internal
memory, the task of �nding pull nodes is easy. Sup-
pose we have a side tree pair so; se hanging o� of an
anchor pair ao and ae. Let eo = (ao; ro) be the edge in-
cident on so and ee = (ae; re) be the similarly de�ned
edge between ae and se. Let jeoj = j�(ro)j � j�(ao)j
and similarly de�ne jeej. Suppose jeoj > jeej, and treat
the other case similarly. Introduce a new unary node
u in eo and set L(u) = L(re). Now, if re is a merge
node, the pair u; re forms an anchor pair. Node u has



one child, but re has more than one. We can deter-
mine if there is a side tree pair below u; re as done
before: check if the �rst character on the edge (u; ro)
matches the �rst character on one of the edges below
re. If so, we have a new side tree pair, and can con-
tinue as before. Otherwise, we pick any leaf below u
and any leaf below re as the pull pair.

If re is not a merge node, then the side tree pair
so; se contains no merge nodes, and any pair of leaves,
one from so and the other from se, will work as pull
nodes. Therefore, it can't hurt to continue the algo-
rithm as if re were a merge node, since in this case,
anything we do is right.

This gives a linear time algorithm for �nding pull
nodes in internal memory, but is quite bad on a DAM.
The reason is that when we introduce a unary node
into an edge, we have to retrieve the next character
along that edge. This will generate a page fault, in
the worst case, giving us an I/O bound of O(N), all
of which could be random.

An ine�cient DAM algorithm: The idea is to
introduce in both trees unary nodes for all possible
L-lengths which occur in either tree so and se. If
we retrieve the �rst characters on all the new edges,
then we have a simpli�ed problem whose size is now
O((jsej+ jsoj)

2).

Indeed, we are interested in merging two (com-
pacted) tries where we have no edges to split due to
the introduction of unary nodes, and we only need to
look at the �rst character on each edge in order to
determine if the edges should be merged. Therefore,
we have reduced the problem of merging compacted
tries into one of merging uncompacted tries, which we
can do by Theorem 3.4. So the question is, how many
unary nodes do we need to introduce, and therefore
how many characters do we need to retrieve?

All we know is that we will end up merging a single
path po in so with a single path pe in se. We certainly
need to introduce a node into po for each node in pe,
and vice versa. However, we don't know po or pe,
so we need to break every edge in so at every possible
relevant length. Similarly, we need to break every edge
in se. In particular, we will break every edge at all L-
lengths of any node in both se or so. So an edge of so
will also be split according to L-lengths of nodes in so
itself, and symmetrically for se. There are O(jsej) L-
lengths of nodes in se and O(jsoj) L-lengths of nodes
in so, and so every edge in either se or so can be
split by O(jsej + jsoj) unary nodes in the worst case.
Hence, the overall size of the two side trees will be
O((jsej+ jsoj)

2) after the introduction of unary nodes.

We can therefore implement the ine�cient merging
algorithm described above in the I/O complexity of
sorting O((jsej + jsoj)

2) items per side tree pair, and
in the I/O complexity of sorting �(N2) items overall.

An e�cient DAM algorithm: We will apply the
quadratic I/O algorithm on small subtrees to �nd ap-
proximate pull nodes. Then we will simulate the in-
ternal memory algorithm to reduce the problem size,
after which we will repeat the procedure on the smaller
trees. Each iteration will take sorting I/O complexity,
and we will show that the loop terminates in O(1)
rounds, after which we will have our pull node pair
descending from the paths pe and po containing the
merge nodes.

We initially set ŝe = se and ŝo = so. During each
iteration of the loop (described below), the trees ŝe
and ŝo will shrink but will maintain the invariant that
they will always contain the pull nodes we are search-
ing for.

Each iteration of the loop consists of the follow-

ing. Take every
p
jŝoj

th
leaf in ŝo and every

p
jŝej

th

leaf in ŝe, and form the skeleton tries ŝ0o and ŝ0e from
these leaves (Theorem 3.3). Run the quadratic DAM
algorithm on these trees, and produce a pair of \pull"
nodes lo and le. However, these need not be true pull
nodes of ŝo and ŝe, respectively, since they were found
by merging sampled trees, rather than the trees them-
selves. However, they are useful for �nding true pull
nodes as follows. Mimic the internal memory algo-
rithm by performing a retracing step, in which the
paths p̂e and p̂o leading to le and lo are traced in ŝe and
ŝo. Merge these two paths by retrieving the needed
splitting characters in a batch of size O(jŝej+ jŝoj) un-
til we reach the end condition, that is, we �nd a node,
say w.l.o.g. ue 2 p̂e, that splits an edge in p̂o and
whose outgoing edge in p̂e has �rst labeling character
di�erent from the corresponding one lying on p̂o. We
then insert a unary node uo at this edge on p̂o, with
L(uo) = L(ue), and treat uo and ue as \anchors."
These anchors may have only one descending side tree
pair, and hence we detect it by checking if there is a
pair of edges outgoing from the anchors which start
with the same character. If so, we set ŝo and ŝe equal
to that pair, and we recurse on this pair. Otherwise,
le and lo is a pull pair.

The correctness of the algorithm follows from the
correctness of the internal memory algorithm, since
the retracing step does exactly the same side tree ma-
nipulations that we are doing in the internal memory
algorithm. The running time follows from the fact,
which we will show below, that after the �rst iteration



the new size of either ŝo or ŝe is the square-root of its
original value.

Lemma 4.6 After each iteration of the loop, the new
size of either ŝo or ŝe is the square-root of its original
value.

Proof: Given the \sampled" pull nodes le 2 ŝ0e and
lo 2 ŝ0o, the algorithm traces in the full side trees ŝe
and ŝo, the paths p̂e and p̂o leading to le and lo. It
then merges these two paths until the end condition is
reached, that is, a node, say w.l.o.g. ue 2 p̂e, is found
that splits an edge in p̂o but the next character, say
co, on this edge does not match the one labeling the
edge in p̂e outgoing from ue, say ce, if any. There are
three cases and in all of them either we �nd the pull
nodes, or we signi�cantly shrink one of the side trees,
either ŝo or ŝe, by the required amount:

� Case ue is a leaf. Here ce does not exist. Then
ue is actually a pull node. The other pull node in
so can be taken as any of the leaves descending
from the edge split by ue.

� Case ue occurs also in the skeleton tree ŝ0e. Since
we met the end condition at ue when retracing
p̂e, we can immediately conclude that we also
stopped at ue when merging the two skeleton
trees ŝ0e and ŝ0o. Consequently no edge in ŝ0e out-
going from ue is labeled by co. Therefore, let us
denote by e0 and e00 the two adjacent edges in
ŝ0e outgoing from ue such that their �rst labeling
characters c0; c00 satisfy the relation c0 < co < c00

(possibly one of them is missing). The algorithm
selects as new side tree, the subtree descending
from the edge of ue labeled with co. If this edge
does not exist, the algorithm correctly selects as a
pull node any leaf descending from ue (and easily
derives the other pull node). Otherwise, if this
edge does exist then the size of the selected sub-
tree will be O(

p
jŝej). Indeed, its set of leaves

will be contained in the set of leaves of ŝe which
lie between the rightmost leaf descending from e0

and the leftmost leaf descending from e00. There
are O(

p
jŝej) such leaves.

� Case ue does not occur in the skeleton tree ŝ0e.
Hence ue lies on an edge, say ed, of the skeleton
tree ŝ0e (which actually represent a sub-path of
ŝe). Let us denote by L the set of

p
jŝej leaves in

ŝe which lie to the right (resp. left) of the right-
most (resp. leftmost) leaf descending from the
edge ed if ce < co (resp. if ce > co). The algo-
rithm will select one new side tree as the subtree

in ŝe that descends from the edge of ue labeled
with co. This subtree will be either empty, and
thus the selected pull nodes are correct, or will be
formed by leaves contained in L, and thus it will
have size O(

p
jŝej).

Then, in the recursive step, we sample the leaves of
the new ŝo and ŝe more densely, and thus get at most
3 recursive levels to complete the computation. We
can therefore conclude that:

Lemma 4.7 All the pull nodes in Te and To can be
determined in sorting I/O complexity.

Proof: At each iteration of the loop, we retrieve a
number of characters linear in the size of the side tree
pair, that is a batch of size O(jŝej + jŝoj) = O(jsej +
jsoj). Retracing and merging the current side trees
ŝe and ŝo has the I/O complexity of sorting O(jŝej +
jŝoj) = O(jsej + jsoj) items. The loop is executed at
most 3 times so that the I/O-cost for �nding the pull
nodes in se and so is the sorting I/O for O(jsej+ jsoj)
items. The global algorithm operates simultaneously
on all the side tree pairs, thus its I/O-cost is the one
stated in the lemma because the total size of all side
trees is actually O(N).

We are therefore ready to conclude with our main re-
sult:

Theorem 4.8 Given an arbitrary string S[1; N ], the
su�x tree TS of S can be constructed in sorting I/O
complexity and linear space.

Proof: Let C(N) be the number of I/Os taken by
our algorithm to �nd TS . We review the algorithm:
(1) Find the odd tree To and the even tree Te, by
Lemmas 3.6 and 3.7; (2) Find the anchor pairs, by
Lemma 4.3, and decompose To and Te into side tree
pairs, by Lemma 4.4; (3) For each side tree pair, �nd
a pair of pull nodes, by Lemma 4.7; (4) From the
pull nodes, compute the merge nodes, by Lemma 4.5;
(5) Merge To and Te into TS , using the merge nodes,
by Lemma 4.1.

The �rst step takes C(n=2) plus sorting I/O com-
plexity, and the rest has sorting I/O complexity, thus
establishing the theorem.



5 Conclusion
We have shown how to reduce, more or less, su�x

tree construction to sorting and scanning, thus show-
ing that the random|total page I/O pro�le of su�x
tree construction matches that of sorting. There are a
number of issues associated with memory bottlenecks,
both in general and for string processing, which re-
main to be investigated.

For example, sorting has an uninteresting tradeo�
between random and total page accesses. Are there
other natural problems with more interesting trade-
o�s, for example, where a few random page accesses
yields a substantial savings in total page accesses? Are
there parameter-free formalizations of random ver-
sus block I/O e�ect which provide greater descriptive
power for comparing algorithms?

In this paper, we have worked with a standard as-
sumption in this area, namely, that we can specify
which pages will be evicted from the main memory
at each step. It would be worthwhile to consider a
model in which some �xed caching scheme manages
page evictions. Many issues need to be formalized,
since in the current cost model of counting page I/Os,
one could in
uence the caching algorithm unfairly to
evict desired pages at no additional cost.
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