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Abstract— In Compressed Sensing [9], we consider
a signal A € R™ that is compressible with respect
to some dictionary of ;'s, that is, its information
is concentrated in k coefficients (A, ;). The goal
is to reconstruct such signals using only a few
measurements (A, v;), for carefully chosen v;’s which
depend on {v;}.

Known results[9], [3], [21] prove that there exists
asingle O(k log n) x n measurement matrix such that
any compressible signal can be reconstructed from
these measurements, with error at most O(1) times
the worst case error for the class of such signals.
Compressed sensing has generated tremendous ex-
citement both because of the sophisticated underlying
mathematics including Linear Algebra [9], Geome-
try [21] and Uncertainty Principle [3], and because
of its potential applications to signal processing,
communication theory and compression.

In this paper, we focus on algorithmic aspects of
compressed sensing and present new problems and
results. For example, we

1) Present a simple, deterministic explicit con-
struction of poly(k,logn) linear measurements
that suffice for compressed sensing.

2) Introduce functional compressed sensing, that
is, extend compressed sensing of a signal to that
of functions of the signal, for various functions.

3) Extend compressed sensing to a distributed,
continuous model of computing.

All the results above are obtained by simple combi-
natorial or number-theoretic ideas.

I. INTRODUCTION TO COMPRESSED SENSING

Dictionary. The dictionary ¥ denotes an orthonor-
mal basis for R", i.e. ¥ is a set of n real-valued
vectors 1); each of dimension » and v; L ¢;. The
standard basis is the traditional coordinate system
for n dimensions, namely, for i = 1,... ,n, the

Throughout, poly () denotes amultinomial in its arguments.

vector ; = [Q/JLJ] where Q,ZJ,L'J' = 1iff i = j. By
applying an appropriate rotation to any basis and
signal, our discussion henceforth can be restricted
to the standard basis ¥ only.

Signal Transformation. A signal vector A in R”
istransformed by this dictionary into avector of co-
efficients (A) formed by inner products between
A and vectors from U. That is, 0;(A) = (A, ;)
and A = ). 6;(A)y; by the orthonormality of W.
We refer to 6; where A is implicitly clear. From
now on, we reorder the vectors in the dictionary so
|01‘ > |‘92‘ 2.2 |9n|-

Sparse Representation. In the area of sparse ap-
proximation theory [8], one seeks representations
of A that are sparse, i.e., use few coefficients.
Formaly, R = ) . x 0;v;, for some set K of
coefficients, |K| = k < n. Clearly, R(A) cannot
exactly equal the signal A for al signals. The error
istypically takenas |[R—A|3 = >, (R;—A;)?. By
the classical Parseval’s equdlity, thisis equivalently
|0(A)—0(R)||3. The optimal k representation of A

under W, R, therefore takes k coefficients with
the largest |6;]'s. The error thenis [|[A — Rk (I3 =

> i py1 07, This is the error in representing the
signal A in acompressed form using k coefficients
from W.

Compressible Signals. In any application, one has
a “class’ of input signals, hence, one chooses an
appropriate dictionary so that most of the sig-
nals are “compressible” using that dictionary, and
represents the signal using the adequate number
(k < n) of coefficients (01,...,0x). There are
different notions of a signal being compressible
in a dictionary, most typicaly, the p-Compressible
case. Specificaly the coefficients have a power-
law decay: for some p € (0,1), and for al i,



|0;] = O(i~*/7). Consequently,

1A = RE 13 < " O((i7/7)?) < Gk =2,
+

for some constant C),. A simplification of these
models is the k-support case, where the signal has

at most &£ non-zero coefficients, so R’gpt =A.

Compressed Sensing. Recently, Donoho posed a
fundamental question [9]: Since most of the infor-
mation in the signa is contained in only a few
coefficients and the rest of the signal is not needed
for the applications, can one directly determine (ac-
quire) only the relevant coefficients without reading
(measuring) each of the coefficients? In a series of
papers over the past few years, the following result
has emerged.

Theorem 1. [9], [3], [21] There exists a non-
adaptive set V' of O(klog(n/k)) vectors in R
which can be constructed once and for all from
the standard basis. Then, for fixed p € (0,1)
and any p-compressible signal A in the standard
basis, given only measurements (A, v;), v; € V,
a representation R can be determined in time
polynomial in n such that |A —RJ|3 = O(k1=2/P),

Since the worst case error for a p-compressible
signal is C,k'~2/7, the representation above is
optimal, up to constant factors for the class of all p-
compressible signals, for afixed p. The result above
shows existence of V' by proving that a random set
of V vectors will satisfy the theorem with nonzero
probability. The number of measurements is only
log(n/k) more than the trivia lower bound of
k measurements one needs even in the k-support
specia case.

This result has generated much interest, and a
sequence of papers have improved different aspects
of the result [9], [25], [3], [21], [6], [14]; found
interesting applications including MR imaging [23]
wireless communication [21] and generated imple-
mentations [17]; found mathematical applications
to coding and information theory [2]; and extended
the results to noisy and distributed settings [17].

In this paper, we study algorithmic aspects, pre-
senting algorithmic problems as well as solving
some, in Compresses Sensing and its variants.

[l. EXPLICIT CONSTRUCTION OF
MEASUREMENTS

Let 7', the transformation matrix denote the
non-adaptive measurement set of vectors V, that
is, T'[i,j] = wv;[j]. Existing results show that if
T satisfies certain conditions, then the theorem 1
holds; additionally they show that 7' chosen from
an appropriate random distribution suffices. The
necessary conditions are quite involved, such as
computing the eigenvalues of every O(klogn)
square submatrix of 7' [9], and testing that each
such submatrix is an isometry, behaving like an
orthonormal system [3]. No explicit construction is
known to produce T's with these necessary prop-
erties. Instead, algorithms for Compressed Sensing
choose a random 7" directly, and hence are Monte
Carlo agorithms, with some probability of failure.
One can produce Las Vegas algorithms if one could
take a random 7' and test whether it satisfies the
necessary conditions. However, this is expensive,
taking time at least Q(nklosm),

The intuitive way to think about these problems
is to consider combinatorial group testing prob-
lems. Wehaveaset U = [n] of itemsand aset D of
distinguished items, | D| < k. We identify the items
in D by performing group tests on subsets S; C U
whose output is 1 or 0, revealing whether that
subset contains one or more distinguished items,
that is |S; N D| > 1. There exist a fixed collection
of O((klogn)?) tests which identify each of the
distinguished items precisely.

There is a strong connection between this prob-
lem and Compressed Sensing. We can treat 6;'s
as items and the largest (in magnitude) & as the
members of D. Each test set .S; can be written asits
characteristic vector xg, of n dimensions. A diffi-
culty arisesin interpreting the outcome of (A, xs.).
The discussion so far has been entirely combi-
natorial, but the outcome of this linear-algebraic
operation of inner product must be interpreted as
a binary outcome to apply standard combinatorial
group testing methods.

The only previously known algorithm to explic-
itly construct the measurements is in [6]. In this
section, we give an aternative explicit construction
using number-theoretic properties. Our results, like
those of [3], [9], [6], are stated with respect to the



error due to the worst case over al signas in the
class, which we denote |CE |3 = O(k'~2/7). For
any signa that is p-compressible with fixed p and
C,, it follows that [RF, — Allz < [[CE[l2. We
focus only on p < %; the results can be extended
to 0 <p <1 easly.

We make use of the Hamming code matrix H.,,
which is the [1+log, n] matrix whose ith column
is 1 followed by the binary representation of i. We
combine matrices together to get larger matrices by
(a) concatenating the rows of N to M and get a
matrix denoted M (J N, or (b) a Tensor product-
like operation we denote ®, defined as follows:
Given matrices V' and W of dimension v x n and
w x n respectively, define the matrix (V @ W) of
dimension vw xn as (V& W)iyq1,; = Vi jWi ;-

Transform Definition. Our solution is to construct
a group testing procedure of small number of
groups. Let

k<p1<p2<..<pm

be the sequence of consecutive primes larger than
k and with the largest index = = O(klog;, N). For
each p;, form groups

0 mod p;,... ,p; — 1 mod p;,

called p;-groups. Each j € [1, n] belongs to one p;-
group for each 7. We call this the prime grouping
of size k and denote it P(k), and denote its size by
|P(k)|. By the Prime Number Theorem, it follows
that |P(k)| is poly(k,logn). The required primes
can be enumerated efficiently and deterministically.
Prime grouping was first proposed in [19] for
data stream computing, and has since been ex-
tended [12].

We define our transform matrix as follows. Let
k. befunction of k, , log n to be defined later, and
kg = |P(ka)|. Write T; asthe matrix formed by the
concatenation of xg, for al S; in P(k,). Similarly,
write T, as characteristic matrix of P(kg). Our
transform matrix 7' is (71 @ H)|J Tx. ||

Reconstruction Algorithm. For each set of [1 +
logn| measurements due to S; ® H, we recover
To. . Trogn] = ((xs, ® H)A, and decode an
identifier j; as

I .
— 2071 (Jp| — min{|zy |, |zo — 2s]})

; max{|xpl, |[zo — zp|} — min{|xy|, |xo — 2|}

This generates a set of coefficients J =
{j1,72 - .. }. We then use the measurements due to
T> to estimate each coefficient in .J: for each j € J,
weset §; = xr, A for JAR; = {5}. The properties
of R ensure that there will be at least one such R;,
and if there is more than one, then we can pick one
arbitrarily. Our output is the set of k pairs (4, 6;)
with the k largest values of |6;]. |

Theorem 2. Let p < 1/2. Our construction above
gives a set of poly(k,logn, 1/¢) measurements for
a compressible signal A in time polynomial in
the set size and returns a R for A of at most &
coefficients 6 in time polynomial in the number of
measurements such that

16-6]3 = IR~ A3 < R

opt 7A||% +5|\C§pt||§

Proof. Let K denote the set of the k, largest
coefficients.

The claim is, each coefficient in K will be
isolated in at least one of the p;-groups in P(k,),
away from the others in K. This is true because
any such coefficient 6 can collide with a different
member ¢’ of K inat most log;, n p;-groups with
different j's. Otherwise, the difference |§ —d'| < n
would be divisible by log;, n + 1 different primes
> k,, which is a contradiction.

Consider j < k.. We know that there is some set
S; € P sothat KNS; ={j}. Consider the vector
of measurements involving this set, = = (xs, ®
H)A. It is simple to see that the identity j will
be recovered provided ; is the majority item in this
set, i.e, [0 > > s, [0i] [5]. This can be at

most > oy 160i] < ki VP for a suitable constant

c. Hence, provided |0;| > ki e .
We now show that Vj € J : [0, — 0] <

ﬁﬂc’gmng. Each S; € P(k,) generates at most
one j € J. Since kg = |P(k,)|, and we use
P(kg) for estimation, we can guarantee for each
j € J there is a least one S; € Pk3) such
that J N .S; = {j}. We can choose the estimate of
6; as any measurement of #; that avoids al other
members of J. Consider the error in the estimation
of 0. We have |0, — 0;] < Y, 10, and 1 ¢ J

implies either | < k,, and 0j2. < ek P o> ey



Hence,
10, —0;1 < D 16+ > 16
I<kao,lgJ 1>kq
< (kg — V)ELYP 4 cfl=1/p
< ck’i_l/p.

By our choice of k, and ¢, we need to insure
that ck2 /7 < szlC klla. Then, cka /% <

—E_ck'/27VP that is, k, < C(ke ?)Y/(120) for

swtable constant C'.
It is now a technica detail to show that given
6(A) = {6:(A)} suchthat (0;—0)* < £/ Chi 13
if 07 > =+ C§ k4|3, picking the k largest coeffi-
cients from 0(A) gives an error ||Ropt A3 +
e[| CE,¢|I3 k-term representation of A [6]. [

We have not fully optimized the various polyno-
mial factors, but still, the polynomia we will ob-
tain after optimizing will be worse than k logn/k,
which is the existential bound.

Problem 1. Is there an explicit construction of
a measurement matrix of smaller size, with an
efficient reconstruction algorithm?

Even for the k-support case, the best known
explicit construction is of size k%log®n [6], or
kn¢ [16] which is dtill off from the klogn/k
existential bound.

Problem 2. (Subsignal compression) Say we are
given a signal A for preprocessing. Thereafter,
each query is a range ¢, j|, and the desired result
is the best k-term representation for A[i, j] for a
suitable subdictionary of size j — 1+ 1. What isthe
best tradeoff between the preprocessing time and
space versus the query time one can achieve?

The problem above is in the style of a data
structure problem. Naturally one can precompute
the correct answer for al ranges and the query
becomes trivial; on the other extreme, one can do
no preprocessing and solve the problem as needed
when the query arrives taking time O(j — i). The
interesting tradeoffs will be between these two
extremes.

Problem 3. (Universal Decoding) Using random
linear measurements for compressed sensing has
certain universal decoding property: the signal can

be measured in one basis and reconstructed in a
different basis, if the two bases were mutually inco-
herent. Is there a combinatorial characterization of
the other basis in which the reconstruction works
for the measurementsin this paper based on prime
groups?

One of the alluring aspects of compressed sens-
ing is its universal decoding ability. The problem
above is an attempt at quantifying to what extent
the measurements based on prime groups are useful
for universal decoding.

[11. DISTRIBUTED, CONTINUOUS COMPRESSED
SENSING

Our motivation is a network of distributed sen-
sors each of which measures a portion of the
underlying signal. The system as a whole has to
continuously track the signal, such asin monitoring
applications.

We formalize the problem as follows. There are
¢ clients ci,...,cp. At any time ¢, each client
has the signal A,(t) obtained from a series of
updates up until time ¢. They al communicate with
a central server S. S needs to be able to maintain
enough information at any time ¢ to approximate
A(t) = >, Ai(t) (in applications, one may need
the average of the signals to be maintained [20],
but that problem is equivalent to the sum prob-
lem). The problem is to minimize the number of
bits communicated altogether, over the course of
updates, at each time ¢.

This problem may be thought of as being related
to a classical result in communication theory [24].
The Slepian-Wolf theorem shows a bound on the
bits needed for two distributed sources to com-
municate their correlated data without loss to a
central server. Here, we focus on lossy transmission
since we seek k coefficient representation of the
A(t) only. Moreover, we seek bounds for any given
instance of the signals for each ¢, not in asymptatics
for probabilistic inputs.

If each client sents each of its updates to S every
time instant, then S can easily update the group-
ing solution from above with only poly(¢,logn)
memory; at any time ¢, the method can accurately
retrieve the ¢ coefficient approximation to the signal
A(t) intimepoly (¢, log n). But the communication



will be O(t¢) bits. Our goal isto improve upon this
“naive” solution.

In what follows, we present a simple, efficient,
distributed, continuous solution. This solution uses
the p; groups described earlier, and will be in the
style of Compressed Sensing, that is, the entire
method will be deterministic, with a fixed set of
measurements monitored by each of the sources.
There is a growing body of work in database
research on continuously monitoring various func-
tions on distributed signals (see survey [4]), but
they tend to be probabilistic (i.e., succeeding only
with some probability and need common random
seeds across the clients), and work typically when
the values they track are monotonic. In our case,
as A;(t) changes, its coeficients change not neces-
sarily in a monotonic way. The methods surveyed
in [4] such as maintaining Lo sketches, quantiles
and other functions do not give the & coefficient
approximation we seek here.

Our approach is as follows. Each client ¢; main-
tains its prime groups, Then, client ¢; maintains
M) = (T @ H)UT2)A:)[](2), from the
previous section, over time t. We make two claims.

o It suffices to mantan |[((T7 ®
H)UT2)A)[j]|'s accurate upto
i&ﬁﬂc’gmng for the agoritm in  the
previous section, for some suitable constant
fraction J.

o There is an agorithm to maintain |((77 ®
H)JT2)A)[jlI's accurate upto 4+~ using
O(1) bits each of O(=:ALIOZXLIE=DI)
communications per client. ’

The first is the extension of the proof from the
previous section. Now we will provide the algo-
rithm for the second claim, which is quite smple.
Each client keeps a budget ~/¢ and any time ¢
that |\;[7](¢)| differs from |\;[j](¢)] by ~/¢, it
updates the server with its current \;[j](¢), in a
suitable encoding. It is easy to see that then A[j] =
>-:Ailjl is maintained within accuracy ++. The
nontrivial part is to analyze the communication of
this scheme. It depends on how the \;[j]'s change
over time. A trivial upper bound is stated above,
but tighter bounds can be stated in terms of the
distribution of the \;[j]'s. The bound above is
intuitive since ), [\;[j](t) — Ailj](t — 1) is the

total absolute change A;[j] in each site over time.
Note that A;[j] denotes the change in the counts we
maintain, and not in the signa or its coefficients.
Thislets us conclude (we use upper bound || C’gpt |2
in the algorithm):

Theorem 3. Let p < 1/2. Thereis a fixed set of
poly(k,logn,1/e) counts to maintain at all times
for each site 1,... ,¢, independent of each other,
such that for any signal A (¢) that is p-compressible

for all ¢, with at most O(%) sized
communication altogether, at any time ¢, in time
poly(k,logn,1/¢), one can obtain a R for A of
at most & coefficients 6 such that

10013 = R~ A3 < |RE

opt

k
— A3 +e] Cenell3.

A few other distributed continuous algorithms
are also natural including trying to maintain the
top k coefficients directly, or using the central site
to more carefully monitor what budgets clients use,
etc. It will be worthwhile to study these methods
experimentally as is typically done in references
in [4].

Problem 4. (Functional Slepian-Wolf) The basic
Sepian-Wolf bound deals with two correlated
sources A;(t) and A,(t) transmitting to a cen-
tral server in close to information-bound without
knowledge of each others input. Derive a similar
result when the goal is not to communicate the two
signals fully, but only approximate the & coefficient
representation for the sum of two signals, A4 (t) +
As(t).

The problem above is a combination of com-
munication theory and network coding with that
of sparse approximation. In particular, there are
heuristics such as using modelling and prediction
to decrease the number of bits communicated.
The problem above is to consider the fundamental
bounds.

Problem 5. Design a deterministic method such as
the one above for distributed continuous mainte-
nance for estimating how many coefficients are in
a given range of values.

The problem above can be solved using what is
known as inverse sampling [7], combined with the
method we have described above for maintaining



counts upto additive error approximations. How-
ever, such a method gives a result that will work
probabilistically, and require common random bits
across clients. The main focus in the problem above
is to develop results in the style of compressed
sensing by using a deterministic, fixed set of counts
or measurements.

IV. FUNCTIONAL COMPRESSED SENSING

We generalize compressed sensing. Given a
function f, determine the set V' of linear mea
surements such that for any signa A € R™, given
(A,v;), v; € V only, f(A) can be computed. We
call this functional compressed sensing. In standard
compressed sensing, f() is the top & coefficients
O(A) in some basis ¥, and serves to compress
A lossily. In general, other functions may be of
interest.

There are two versions: f is defined on the signal
A inone and in the other on the transformed coeffi-
cients 6. While these two versions of the functions
are mathematically equivalent (using the forward
and inverse transforms), the functional compressed
sensing problem may differ in complexity for the
two versions since the measurements are of the
signal A.

We pose a specific problem and discuss the
variations and the complexities.

Problem 6. (Compressed Sensing for the Median
Energy) In version I, fﬁA) is to find an 7 such
that 5, ; A[i]? > LA and Yo, Al <
220 nversion|l, f(A) istofind an i such that
. 0[] . L 0[]
ZiSjH[Z]Q > % and Zigjfle[l]Q < %

The median is an order statistic; extension to
quantilesis standard. Theidea of asking for median
energy in version |1 is somewhat artificial since the
ordering of the coefficients could be arbitrary; it
may be more natural in version | where the dimen-
sions may have awell defined ordering such astime
in time series data. On the other hand, for other
functions, such as estimating top & coefficients,
analog of version Il may be more natural since
the transform, rather than the signal, is likely to
be sparse. Version | can be converted to version 11
and vice versa if we have the time and space to
perform the (inverse) transform. In some instances

of compressed sensing, one can measure from the
signal and reconstruct in a different basis that is
unknown during the measurement [17], which is
similar to solving version 1.

We focus on version I. A natural algorithm is
to design a procedure using random projections to
estimate A[i]?, use the same procedure hierarchi-
cally with signals obtained by collapsing dyadic
intervals, and then do a binary search to find the
median. This gives:

Theorem 4. Given a signal A, there is a set of

measurements of size poly(1/¢,logn) from which

we can determine j with high probability such that
1—e)Ali]? . 1 Ali]?

Z'( e; [° ZingW <y, ( +z-:)2 [d*

The result above however does not give a com-
pressed sensing style result where the same set of
measurement vectors work for all (compressible)
signals, which we leave open. If we are allowed to
take measurements on A2, one can follow the same
procedure as above using prime groups at each
of the dyadic intervals, but now need a different
procedure to estimate A[i]? for any given 4, based
on the counts for the prime groups, which is
presented in [12]. That gives,

Theorem 5. There is an explicit set of vectors V'

of size poly(1/e,logn). Given the measurements

for any A? with V, we can determine j such that
Ze)AJi]? . 1 CAi]?

) (1 E; [4] < Eing[Z]Z < ( +6)22:4, U

2

It will be of interest to remove the condition
that A2 be measured, and improve the bounds in
the poly term. For example, if one considers p-
compressible signals for very small p, one can
perhaps use fewer prime groups.

There have been very few results, if any, on
functional compressed sensing. Here are example
problems to consider:

Problem 7. Solve version | above for f(A) =
|Allo, that is, f(A) is the number of nonzero
entries in A. Does there exist a small set of mea-
surements assuming the signal is p-compressible?

Problem 8. Solve version | above for f(A) where
f measures some notion of information content of
A, such as the kth order (empirical) entropy of the
signal. Doesthere exist a small set of measurements
assuming the signal is p-compressible?



V. CONCLUDING REMARKS

There are a lot of fundamental bounds to re-
solve in Compressed Sensing (for example, with
arbitrary, not necessarily orthonormal basis, dic-
tionaries). In this paper, we have presented new
directions: functional compressed sensing, and dis-
tributed continuous compressed sensing. We have
also presented explicit constructions for com-
pressed sensing. All the methods used prime
groups, which may be a technique of independent
interest.

Recently, compressed sensing type results have
emerged for low rank matrix approximation, by
sampling rows and columns [10] or by taking
random projections [22]. Further extensions and
improvements will be of great interest. Also, ex-
ensions to nonuniform sparse approximation prob-
lems will be of interest [18].

Finally, one may look for nonlinear measure-
ments of the signal for compressed sensing. There
are well-known methods based on measuring poly-
nomial sum’s of the signal components [19], [11]
for smple data stream problems. It is worth ex-
ploring if (a) applications in signa processing will
support such measurements, and (b) application
of such measurements will get better results than
linear measurements.
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