(CShH13: Midterm Solutions

1. (a) A correct answer is 3" = Q(nV™). However, a better answer would be 3" = w(nv™). There are
many ways to arrive at this. For example, we can write nV™ as 318 (V") = gvmlogsn, Then,
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where the last equality holds because n is asymptotically strictly larger than /nlogsn (i.e. n =
w(y/nlogs n); Verify this!).
(b) The goal here was clarity of presentation. For example, let us describe the sorting problem (taken
from CLR):

Input: A sequence of n numbers (a1, ...,an).

/

') of the input sequence such that o} < a) <

Output: A permutation (reordering) (af,...,a
e < a; .
Complexity: An algorithm like HEAPSORT takes O(nlogn) time and O(n) space to sort.

(¢c) We can replace each edge weight by its log. Since all the edge weights are > 1, all the logs are
positive. Therefore, we can run our usual DIJKSTRA algorithm on the modified graph to find the
path of smallest weight from source s to each of the other vertices. (Note: This is an example of
a reduction.)

2. (a) Let the running time of the sorting algorithm be T'(IN). The recurrence is
T(N)=VNT(VN)+ O(N)

There are several ways to solve this recurrence. Lets divide each term in the recurrence by N.
Then we get
T(N) _ T(/N)
N VN
T@2m) _TEe™?)

S = o7 +0(1)

Substitute N = 2™,

Rename T'(2™)/2™ as S(m).
S(m) =S(m/2)+0O(1)

This is the recurrence for binary search. So we know that S(m) = O(logm). Backsubstituting,
T(2™m)
2m

= O(logm) = @ = O(loglog N) = T(N) = O(N loglog N)

(b) Let f(N) denote the number of comparisons to merge /N sorted arrary of size v/N. In Part
(a) we have already seen that when f(N) = O(N), the complexity of our sort becomes T'(N) =
O(Nloglog N). But since this is a comparison based sort, we have a lower bound on T'(N),
ie. T(N) = Q(Nlog N). Therefore, f(N) = w(N). Let us try a larger function, say f(N) =
Q(N log N). Then, redoing the recurrence as in part (a), we get

T(N) T(VN)
N T v + Q(log N)
S(m) = S(m/2)+Q(m)

S(m) = kinsz (ZT) =Q <m1§ <%>> = Q(m)
i=1

i=1

which implies that T'(IV) = Q(N log N), thus confirming our guess that a good lower bound for f
is f(N) =Q(NlogN).



3.

5.

We can store a copy of the tree T, say T’ with some changes. Each node will have a pointer to its
parent. This can be done in linear time, because when we visit a node u in the tree during preprocessing,
we can initialize all the parent pointers in its child nodes to u. Also, the children can be stored in
order of rank in an array in the parent’s node in 7’. Thus, both types of queries, Parent(u) and
Ranked — Child(k,u) can be answered in constant time.

. We are given as input a string S[1..N]. Let us define the output string as A[1..N], i.e. Afi] = j if and

only if j is the length of the longest string X; such that S[i..N] begins with X; X*. We will need an
intermediate array C[1..N — 1] indexed by the potential centers of X X%, i.e. C[i] = j if and only if
7 is the length of the longest string Xj such that XX ,f is centered at i. For the example given, the
three arrays are S = {(a,b,a,b,b,a),C = (0,0,0,2,0), A = (0,0,2,1,0,0). The algorithm will proceed
in two steps:

Step 1: Calculate values of C. We need to perform N — 1 binary searches, i.e. one binary search
for each center i. Here is how we do the binary search for (say) the ith center. Compare the
Karp-Rabin fingerprints of the strings ”around” ¢ (initially of length 1) and see whether they
match. If they do, check the strings around i of double the length. Keep doing so until you fail
(there is no X of that length such that X X is centered around ). Then decrease the length to
between this length and the previous length and repeat. In such a way, in O(log N) time, we can
find the length of the longest X such that X X is centered at i.

Step 2: Calculate values of A. We will start from the end of the array C' and start filling the end
of the array A, whose elements are initially set to 0. For each center 7, do the following: Initialize
j=Cli]. Till j >0,do Ali —j+ 1] =j and j = j — 1. You can verify the fact that each entry in
A is written atmost once. Therefore, the time complexity of step 2 is O(N).

The time complexity of the algorithm is dominated by step 1, therefore it takes O(NN log N) time.

(a) Given an interval I = [i, j], let us define f(x) as

fl@) = (AlK] - 2)”

k=i

From Calculus, we know that since the function f is minimum at z%, f/(«%) = 0. Thus,

1 AlK]

2 2A] — o) = 0= af = TS

k=i
It takes ©(|I|) = O(j — i) time to compute z7.

(b) Let m(i,1) denote the minimum sum of z}s over [ nonoverlapping intervals I when the array
is A[i..N]. Thus, our objective is to find m(1,L). The function m has the following recursive

definition:
(i 1) = N ifl=1
min;<;<N—i+1 {a:[*m} +m(j+1,1— 1)} otherwise

This enables us to use Dynamic Programming to solve our problem. We need to store all possible
values of m(i,1). Therefore, the space required is O(NL). The time complexity of the algorithm is
O(N3L), since calculating each m(i, L) potentially requires O(N?) time due to the time overhead
to calculate xri’ P (We could save on time by a factor of N by using additional O(N) space to

store the some sums of the arrays so that the zj; s can be calculated in constant time.)



