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ABSTRACTGiven a string S[1 · · ·n], the su�x sele
tion problem is to�nd the kth lexi
ographi
ally smallest amongst the n su�xes
S[i · · ·n], for i = 1, . . . , n. In parti
ular, the fundamentalquestion is if sele
tion 
an be performed more e�
iently thansorting all the su�xes.If one 
onsidered n numbers, they 
an be sorted using
Θ(n log n) 
omparisons and the 
lassi
al result from 70's isthat sele
tion 
an be done using O(n) 
omparisons. Thussele
tion is provably more e�
ient than sorting, for n num-bers.Su�x sorting 
an be done using Θ(n log n) 
omparisons,but does su�x sele
tion need su�x sorting? We settle thisfundamental problem by presenting an optimal, determinis-ti
 algorithm for su�x sele
tion using O(n) 
omparisons.
Categories and Subject DescriptorsF.2.2 [Analysis of Algorithms and Problem Complex-ity℄: Nonnumeri
al Algorithms and Problems
General TermsAlgorithms, Theory
KeywordsOrder statisti
s, sele
tion, strings, su�xes
1. INTRODUCTIONWe 
onsider the 
omparison model where we 
ount onlythe 
omparisons performed by an algorithm.1 A 
olle
tionof n numbers 
an be sorted using Θ(n log n) 
omparisons.On the other hand, the famous �ve-author result [1℄ fromearly 70's shows that the problem of sele
tion � 
hoosingthe number of rank k, that is, the kth smallest number �1Beyond the 
omparisons, all algorithms we 
onsider in thispaper take time linear in the total number of 
omparisonsin the RAM model.
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an be solved using O(n) 
omparisons in the worst 
ase.Thus, sele
tion 
an be done without sorting and is provablysimpler than sorting in the 
omparison model. As a result,sele
tion algorithms are quite useful in getting qui
k statis-ti
s about a 
olle
tion of numbers: �nd extremes namely thesmallest and the largest; �nd the median, that is, the num-ber of rank ⌊n/2⌋, whi
h is a more robust estimator thanthe average; �lter the outliers by say, identifying the itemsde�ning the tenth and ninetieth per
entiles, and retainingonly the numbers that fall within this range; et
.We study the sorting vs sele
tion question for strings. Say
S = S[1 · · ·n] is a string. The su�x sorting problem is tosort the su�xes S[i · · ·n], i = 1, . . . , n, in the lexi
ographi
order. In the 
omparison model, we 
ount the number of
omparisons between the individual elements S[i] vs S[j] ofthe string that are performed by the algorithm for any i, j. Ifwe treated ea
h su�x as an �item� and applied the standardsorting algorithm, su�x sorting will take Θ(n2 log n) stringelement 
omparisons be
ause �
omparing� any two items willtake Θ(n) string element 
omparisons in the worst 
ase. In-stead, after sorting the individual elements S[1], . . . , S[n] us-ing O(n log n) 
omparisons, we 
an redu
e the problem toone over a string drawn from an alphabet of size at most n.Then, we 
an build what is known as the su�x tree [10, 9℄ ofthe string whi
h takes O(n) time [2℄. The su�x tree dire
tlygives the sorted order of the su�xes. Thus su�x sorting
an be performed using O(n log n) 
omparisons; sin
e theoutput of su�x sorting 
an be used to sort the individualelements S[1], . . . , S[n], this is also the lower bound. Thereare a number of other methods to sort su�xes in Θ(n log n)
omparisons, e.g., as in [8℄. Su�x sorting has many appli
a-tions in pattern mat
hing, 
ompression, bioinformati
s andinformation retrieval.Curiously, we do not know the 
omplexity of the asso
i-ated su�x sele
tion problem where the goal is to output the
kth lexi
ographi
ally smallest (equivalently, largest) su�xof S. Su�x sele
tion is useful in analyzing the order statis-ti
s of su�xes in a string su
h as the extremes, medians andoutliers, with potential appli
ations in bioinformati
s andinformation retrieval. A qui
k method for �nding say thesu�xes of rank i(n/10) for ea
h integer i, 0 ≤ i ≤ 10, maybe used to partition the spa
e of su�xes for understandingthe string better, load balan
ing and parallelization for trulymassive strings su
h as DNA strings. Trivially, su�x sele
-tion 
an be solved by sorting all the su�xes as des
ribedabove using Θ(n log n) 
omparisons, but do we need to sortin order to sele
t? This is a fundamental question, some-thing to be dis
ussed in textbooks.



To the best of our knowledge we are the �rst to addressthe problem of su�x sele
tion. We present an optimal, de-terministi
 su�x sele
tion algorithm that uses O(n) 
ompar-isons.Often extending the 
omplexity known for a 
olle
tionof numbers to the 
olle
tion of su�xes of a string is notstraightforward. For example, sorting n integers in the range
[1, n] 
an be solved in O(n) time by bu
ket sorting; sortingthe su�xes of a string S drawn from su
h an integer alphabet
[1, n] in O(n) time on the other hand was an open problemsin
e 70's until it was settled in '96 [2℄. If we only 
onsid-ered strings drawn from an integer alphabet [1, n], then thissu�x tree algorithm [2℄ will also solve the su�x sele
tionproblem in O(n) time. However, our fo
us is on the 
om-parison model where the elements of the string are a

essibleby 
omparisons only, as in standard sorting and order statis-ti
s problems.Our algorithm for su�x sele
tion uses the 
omparison-based �ve-author algorithm for sele
tion [1℄. It works bymaintaining pre�xes of a set of a
tive su�xes at any mo-ment, uses the �ve-author sele
tion algorithm to narrow thea
tive set and re
urses by extending the pre�xes of the suf-�xes that remain. Pre�xes in the a
tive set unfortunatelyinterse
t ea
h other and naive algorithms will end up 
om-paring ea
h element in the string far too many times. Weuse periodi
ity properties of the substrings to jump over pre-viously seen pie
es of substrings and still use only O(n) 
om-parisons to solve the su�x sele
tion problem. We also designand use various integer manipulation algorithms in the RAMmodel to make sure that in addition to the O(n) 
ompar-isons, we use only O(n) time 
omputation.
2. OVERVIEW OF OUR ALGORITHMSWe let si denote the ith su�x of the input string S, ie.,
si = S[i] · · ·S[n].Consider the following approa
h to the su�x sele
tionproblem.The 
omputation pro
eeds in phases. Ea
h phase t is 
har-a
terized by a pre�x σt of the kth smallest su�x of S whi
his our target su�x, representing our 
urrent knowledge ofthe wanted su�x. Ea
h phase t has a set of a
tive su�xesof S 
ontaining all the su�xes with σt as a pre�x, that isall the su�xes that 
ould still be the k-th smallest su�x.Further, ea
h phase has the number lt of the su�xes of Sless than any of the a
tive su�xes in phase t. All the othersu�xes are ina
tive. Our knowledge about the solution isaugmented during the phase transitions. We start with thezeroth phase where σ0 is void and any su�x is potentiallyour target; therefore, all su�xes are a
tive. During the �rstphase transition we just apply the sele
tion algorithm in [1℄and �nd the k-th smallest element α0 of S. The su�xesstarting with α0 are the a
tive su�xes of the �rst phase,
σ1 
ontains just α0, and all the other su�xes be
ome ina
-tive. Now 
onsider the transition from any phase t to phase
t + 1. We fo
us on the (multi)set 
ontaining the (t + 1)-thelement of any a
tive su�x and sele
t from there the (k−lt)-th smallest element αt+1. All the a
tive su�xes with αt+1as their (t + 1)-th element are the a
tive su�xes of phase
t + 1 and we augment σt with αt+1 to obtain σt+1. Clearly
αt+1 is the (t + 1)-th element of the k-th smallest su�x of
S and therefore our knowledge about the wanted su�x, i.e.
σt+1, keeps growing. The 
omputation ends when a phasetransition leaves us with only one a
tive su�x.

This solution needs Θ(n2) 
omparisons in the worst 
ase.However, we will follow this phase-based approa
h, but bemore sophisti
ated about dealing with the 
ollisions of a
-tive su�xes and using the work previously done on ina
tivesu�xes, to get improved bounds.
How to Exploit Collisions of Active Suffixes.For any phase t, the extent of a su�x si is the longest
ommon pre�x with σt. We say that two su�xes si, sj 
ollidewhen their extents are either adja
ent (i.e. the last elementof the extent of si is adja
ent to the �rst element of theextent of sj or vi
e versa) or overlapping.Now let us 
onsider the following modi�ed solution to thesu�x sele
tion problem.If no a
tive su�xes 
ollide, the 
omputation pro
eeds justlike in the previous solution. Let t′ be the �rst phase inwhi
h two a
tive su�xes 
ollide. Sin
e in any phase t < t′the extents of the a
tive su�xes have been expanded by oneelement at a time, the extents of any two a
tive su�xes that
ollide in phase t′ are adja
ent rather than overlapping. Forany a
tive su�x si, the extent of si is followed by a 
ertainnumber ri ≥ 0 of extents of other a
tive su�xes and theseextents are adja
ent (not overlapping). The subsequen
e ofextents asso
iated with si is its prospe
tive extent. Sin
e theextent of an a
tive element is σt′ , the prospe
tive extent of
si is the periodi
 sequen
e (σt′)

ri . Any two a
tive su�xes siand sj with prospe
tive extents (σt′)
ri and (σt′)

rj respe
-tively with ri < rj 
an be 
ompared using only O (1) element
omparisons, provided that we know the lengths of the ex-tents of all ina
tive su�xes. With the help of this property,we apply the algorithm in [1℄ dire
tly to the a
tive su�xes(instead of sele
ting the (k− lt′)-th smallest element amongthe (t′ + 1)-th elements of the a
tive su�xes, as we did inthe previous solution). This produ
es a subset of a
tive suf-�xes A′ 
ontaining the k-th smallest su�x su
h that if twoa
tive su�xes are in A′ then they have the same prospe
tiveextent and they also mat
h at the elements right after theirprospe
tive extents (inverse of this 
laim does not ne
essar-ily hold). With this, the phase transition is 
on
luded: A′ isthe set of a
tive su�xes of phase (t′+1) and σt′+1 = (σt′)
re′for some integer r and some element e′. It is easy to see thatat most one a
tive su�x per 
ollision 
an still be a
tive inphase t′ + 1 and the extents of the a
tive su�xes of phase

t′ + 1 do not overlap even though they 
an be adja
ent and
ollide. The subsequent phase transitions pro
eed in thesame way. By exploiting the 
ollisions between a
tive suf-�xes, this modi�ed solution to the su�x sele
tion problem
an be shown to use O(n log n) 
omparisons. Still, this doesnot improve upon the 
omplexity of su�x sorting for solvingthe su�x sele
tion problem.
Reusing Work Done for Inactive Suffixes.The two solutions presented thus far do not fully exploitthe available information about ina
tive su�xes, i.e. theirextents. The �rst solution does not even use the sizes of theextents of ina
tive su�xes while the se
ond solution exploitsthis information only when the extents of ina
tive su�xesare used to 
ompare two a
tive su�xes. Ultimately, the is-sue to study is how to 
reate the extent of an a
tive su�x
si in phase t + 1 during the transition from phase t. In themodi�ed solution above, we add all the extents of the a
tivesu�xes that follow si and 
ollide with it, and the element e′next to the right end of the extent of the last su�x in the




ollision. This implies that the element e′ 
an be a

essedagain ω(1) times in the subsequent phase transitions (e.g. si
an later be
ome ina
tive, e′ 
an then be a

essed again andadded to the extent of another a
tive su�x si′ , si′ 
an thenbe
ome ina
tive in turn, e′ 
an later be a

essed and addedagain and so forth). The 
hallenge now is to avoid thesemultiple a

esses. We say that a su�x is maximal if its ex-tent is not 
ontained in the extent of another su�x. Insteadof adding only e′ to the extent of si, our idea is to add thewhole extent of the maximal ina
tive su�x 
ontaining e′.As we will see, it is now di�
ult to blend together theideas of exploiting 
ollisions as well as reusing the work donefor the ina
tive su�xes. One of the main obsta
les in us-ing both ideas simultaneously is that the 
ollisions of a
tivesu�xes be
ome less tra
table be
ause their extents as nowde�ned may overlap in potentially arbitrary ways. The bulkof our te
hni
al 
ontribution is in dealing with these obsta-
les to get a su�x sele
tion algorithm that uses only O(n)
omparisons.In what follows, we will �rst dis
uss the simple 
ase of�nding the largest (or smallest) su�x of S. Then we presentour solution for the general su�x sele
tion problem.
3. EXTREME SUFFIXESWe present an algorithm for sele
ting the lexi
ographi
allylargest su�x of sequen
e S[1 · · ·n] using O(n) 
omparisons;sele
ting the smallest is similar.
3.1 The AlgorithmThe algorithm works in phases: the maximum su�x isgradually dis
overed through the phases.
3.1.1 Definitions and NotationsAny phase t is 
hara
terized by a pre�x of the maximumsu�x. This pre�x, denoted by µt, represents the portion ofthe maximum su�x known at phase t. The extent of a su�x
si, denoted by ei, is the longest 
ommon pre�x between siand µt; if they do not have a 
ommon pre�x, ei is degenerateand is just S[i]. In any phase t, a su�x belongs to either theset At of a
tive su�xes or the set It of ina
tive su�xes. Asu�x si is maximal if there does not exist a su�x sj su
hthat j < i and |ei| ≤ |ej |. We denote the set of maximalsu�xes by Mt.
3.1.2 InitializationWe s
an S and �nd the maximum element α0. Now A1
ontains all su�xes si su
h that S[i] = eα0, I1 
ontains theremaining su�xes and µ1 = α0. The extent ei of any su�x
si is 
omposed only of S[i] and, if si ∈ I1, ei is degenerate.
3.1.3 Phase InvariantsThe following invariants hold for phase t.(i) µt is a pre�x of the maximum su�x of S.(ii) At 
ontains si i� ei = µt.(iii) If t > 1, for any si ∈ It and sj ∈ At, we have that

|ei| < |ej |.(iv) The extents of the maximal su�xes 
onstitute a non-overlapping 
overing of S, that is ei1ei2 . . . eir = S,where {sih
|1 ≤ h ≤ r} = Mt and ih′ < ih′′ , for any

1 ≤ h′ < h′′ ≤ r.

3.1.4 Phase TransitionLet us assume that the invariants hold after phase t; wenow des
ribe phase t+1. Consider the non-overlapping 
ov-ering of S indu
ed by the extents of the maximal su�xes.This 
an be seen as a sequen
e of extents divided into sub-sequen
es A1I1A2I2 . . . AlIl of extents (A1 and Il may beempty) where for any ei ∈ Ah and ej ∈ Ih we have that
si ∈ At and sj ∈ It, respe
tively. Intuitively, subsequen
es
A1, . . . , Al represent the 
ollisions of a
tive su�xes we wroteabout in � 2 and that we need to exploit. By the invariantsmaintained, we know that any a
tive su�x is also maximal,and therefore part of the 
overing. For any si ∈ At, let us
onsider the subsequen
e Ah su
h that ei ∈ Ah (that is, the
ollision that involves si). The prospe
tive extent pi of siis de�ned as the su�x starting with ei of the subsequen
e
Aheh, where eh is the �rst extent in Ih if it exists. The phasetransition pro
eeds as follows. Assume |At| > 1, otherwise,we are done.1. We �nd the prospe
tive extent pi of ea
h si ∈ At.2. We �nd the lexi
ographi
ally largest extent βt and theset Pt of su�xes whi
h have that prospe
tive extent.We setAt+1 = Pt, It+1 = It∪(At−Pt) and µt+1 = βt.3. For any si ∈ At, ei is the longest 
ommon pre�x with

βt.
3.1.5 Correctness and ComplexityWe now sket
h the 
orre
tness and 
omplexity of the al-gorithm.Lemma 1. Ea
h phase transition maintains the invari-ants.Lemma 2. For any phase t, the transition from phase tto t + 1 requires O (|At|) 
omparisons in the worst 
ase.Proof Sket
h. Step 1 requires a simple s
an of set At.Sin
e prospe
tive extents are de�ned only for a
tive suf-�xes, the pro
ess in Step 2 involves |At| subsequen
es. We
an show that (this is a key in the proof) pi = (ei)

riehi
=

(µt)
riehi

. The set {ri|si ∈ At} 
an be trivially found andstored using O (|At|) 
omparisons and time. For any si, sj ∈
At, pi and pj 
an be 
ompared using O (1) element 
ompar-isons, given that both ehi

and ehj
are pre�x of µt be
ause

pi = (µt)
riehi

, pj = (µt)
rj ehj

and ri, rj , |ehi
| and ˛

˛ehj

˛

˛ 
anbe retrieved in O (1) time. Therefore, Step 2 takes O (|At|)
omparisons in the worst 
ase. Step 3 uses O (|At|) 
ompar-isons too for nearly the same reasons. �Theorem 1. The maximum su�x of a sequen
e S 
an befound using O (n) 
omparisons in the worst 
ase.Proof Sket
h. The 
orre
tness of the algorithm followsdire
tly from Lemma 1. The 
omplexity of the algorithmis the sum of two quantities: the 
omplexity of the initial-ization whi
h is 
learly O (n), and the aggregate 
omplex-ity of say p phase transitions in all, whi
h by Lemma 2, is
O

“

P

1≤t≤p
|At|

”. We will estimate the number of maxi-mal su�xes of a generi
 phase t that 
ease to be maximalafter the transition to phase t + 1 is 
ompleted. Considerthe non-overlapping 
overing of S indu
ed by the extents ofthe maximal su�xes. That 
overing 
an be logi
ally divided



into subsequen
es A1I1A2I2 . . . AlIl of extents where for any
ei ∈ Ah and ej ∈ Ih we have si ∈ At and ej ∈ It, resp. (A1and Il 
an be possibly empty but let us assume for simpli
itythat they are not.) Consider a subsequen
e AhIh and let ahbe the number of extents in Ah. We 
an infer that maximalsu�xes with extents in AhIh that will not be maximal aftertransition are any sj ∈ Mt su
h that ej ∈ Ah (ex
ept thesu�x with the leftmost extent of Ah), and sj′ ∈ Mt su
hthat ej′ ∈ Ih and ej′ is the leftmost extent in Ih. Hen
e,
ah of the maximal su�xes with extents in AhIh will notbe maximal anymore after the transition. Summing up, wehave a total of P

1≤h≤l
ah = |At| maximal su�xes of phase

t that will 
ease to be so in phase t + 1 (or |At| − 1, if Il isempty). When a su�x 
eases to be maximal, it will never bemaximal again. So the O (|At|) 
ost of the transition fromphase t 
an be �
harged� to the ≥ |At| − 1 maximal su�xesof phase t that will not be maximal anymore. So, the totalnumber of 
omparisons in the phase transitions is O (n). �

4. GENERAL SELECTIONIn this se
tion we present an algorithm for sele
ting the
kth lexi
ographi
ally smallest su�x of S[1 · · ·n] using O(n)
omparisons.
4.1 The AlgorithmAs for the spe
ial 
ase of the largest su�x, the algorithmfor sele
ting kth smallest su�x works in phases.
4.1.1 Definitions and NotationsAs in previous se
tion, any phase t of the general sele
tionalgorithm is 
hara
terized by a pre�x of the su�x of rank
k. This pre�x, denoted by σt, represents the portion of thetarget su�x known at phase t. The extent of a su�x si,denoted by ei, is either the longest 
ommon pre�x between
si and σt or just S[i] in the degenerate 
ase when they do nothave a 
ommon pre�x. In any phase t, a su�x is either inthe set At (it is a
tive) or in It (it is ina
tive). We denotewith zt the number of su�xes less than any of the a
tivesu�xes.We need a few new de�nitions now. The forward su�x ofa su�x si, denoted by fi, is the leftmost su�x sj among theones in the set {sj′ ∈ It | i < j′ ≤ i + |ei|} maximizing thequantity j + |ej | − 1 (i.e. sj is the leftmost su�x startingwithin the extent of si or right after it whose extent goesthe farthest from the right end of ei). Hen
e, only ina
tivesu�xes 
an have forward su�xes. The set of the entrantsu�xes of any su�x si ∈ At, whi
h we denote with E (i), is
{sj ∈ It | i < j + |ej | − 1 ≤ i + |ei| − 1 and i < j} (i.e. theina
tive su�xes whose extents interse
t ei without being
ompletely 
ontained in it). Finally, we introdu
e an over-lapping 
y
le. Let w be a sequen
e and u be a pre�x of
w. Let d be an integer d su
h that 0 ≤ d ≤ |u|. Let D =
〈d1, . . . dr〉 be a sequen
e of r integers su
h that 1 ≤ di ≤ |w|.An overlapping 
y
le with period w and tail u, denoted with
[w, u] (D, d), is the sequen
e wwd1

wd2
. . . wdr−1

wdr ud su
hthat wdj
is the dj-th su�x of w and ud is the d-th su�x of

u (if d = 0 the 
y
le has no tail).
4.1.2 InitializationWe apply linear time sele
tion algorithm [1℄ to S and �ndthe element α of rank k. Then A1 has ea
h su�x si su
hthat S[i] = α, the remaining su�xes are in I1 and σ1 = α.The extent ei of any su�x si is S[i] and, if si is ina
tive, ei

is degenerate. The forward su�x fi of any si ∈ A1 ∪ I1 is
si+1. For any si ∈ A1, we set E (i) = ∅. Finally, we set z1to be the number of elements of S less than α. Later, wewill see in that we need other 
omputations as part of theinitialization too.
4.1.3 Phase InvariantsThe following invariants hold for phase t.(I) σt is a pre�x of the su�x of rank k of S.(II) At 
ontains si i� ei = σt; zt is the number of su�xes

si ∈ It su
h that si < sj , for any sj ∈ At.(III) If t > 1, for any si ∈ It and sj ∈ At, we have that
|ei| < |ej |.(IV) For any two 
onse
utive a
tive su�xes si, sj ∈ At (i.e.for any i′ su
h that i < i′ < j, si′ ∈ It), we havethat j ≥ i + ⌈|ei| /2⌉ (i.e. the extents of si and sj 
anoverlap by less than a half of their lengths only)(V) If t > 1, there exist(a) a sequen
e of integers 〈d1, . . . dr〉 su
h that 1 ≤

di ≤ ⌊|σt−1| /2⌋ and(b) a forward su�x fi ∈ It−1 of si ∈ At−1 and aninteger dsu
h that σt = [σt−1, sj ] (〈d1, . . . dr〉, d) (that is, σt isan overlapping 
y
le with period σt−1 and tail sj butthe overlapping of the �iterations� is limited).(VI) The forward su�x fi of any si ∈ At ∪ It is known,i.e., the starting position of fi is expli
itly stored andretrievable in O (1) time). The set of entrant su�xes
E (i) of any si ∈ At is known and its members areretrievable in total O (|E (i)|) time.

4.1.4 Phase Transition: High Level StepsSay the invariants hold for phase t. In this se
tion we showa high level des
ription of how to maintain the invariantswhile going to phase t+1 and while expanding our knowledgeof the su�x of rank k (by invariants (I) and (V)). Later wewill des
ribe in detail how the 
ru
ial steps of the high leveldes
ription are implemented.We need some de�nitions. S 
an be logi
ally divided intosubsequen
es O1I1O2I2 . . . OqIq of elements with the follow-ing properties: (a) for any element c ∈ Op there exists asu�x si ∈ At su
h that c ∈ ei; (b) for any element c′ ∈ Ipand for any su�x sj su
h that c′ ∈ ej we have that sj ∈ It.Subsequen
es O1, . . . , Ol are 
ollisions of a
tive su�xes. Weneed to exploit them to a
hieve an optimal solution.The overlapping prospe
tive extent oi of an a
tive su�x
si is de�ned as follows. Let Op be the subsequen
e 
ontain-ing the extent of si. Let sip be the rightmost a
tive su�xstarting within Op. Let Jp be the pre�x of subsequen
e Ip
ontaining only elements belonging to the extent of the for-ward su�x fip of sip (Jp may be void). Then, oi is the su�xof subsequen
e OpJp starting from the leftmost element of
si, i.e., the 
ommon subsequen
e between si and OpJp).The total order de�ned for the overlapping prospe
tiveextents is a slight variation of the lexi
ographi
al order, theover�ow lexi
ographi
al order or, brie�y, over�ow order. Forany oi′ , the over�ow element of oi′ is S[i′ + |oi′ |]. Note that



the over�ow element of oi′ is not part of oi′ . Comparing oiand oj is de�ned as follows: if oi is not a pre�x of oj and
oj is not a pre�x of oi, then oi and oj are 
ompared lexi
o-graphi
ally; if oi is a pre�x of oj and |oi| < |oj |, then theover�ow element of oi and S[j+|oi|] are 
ompared (the sym-metri
al 
ase is analogous); if oi and oj mat
h 
ompletely,then their over�ow elements are 
ompared. Two overlap-ping prospe
tive extents oi and oj are over�ow-equal if theymat
h and their and their over�ow elements are equal. Theover�ow equality and the over�ow order are denoted by ,and ⊳, respe
tively.Let us present some basi
 properties of the overlappingprospe
tive extents, without proofs.For any OpIp and for any si ∈ Ai starting within Op, oiof si is an overlapping 
y
le with period σt and the extent of
fip as tail, where sip is the rightmost a
tive su�x startingwithin Op (as we anti
ipated in � 2, the extents of the a
tivesu�xes in a 
ollision may overlap unpredi
tably). For anytwo su�xes si, sj ∈ At, if oi is a pre�x of oj and |oi| < |oj |then the longest 
ommon pre�x between si and sj has lengthequal to |oi|. In other words, the (|oi| + 1)-th elements of
si and sj are di�erent. For any 
ollision Op and for any
si, sj ∈ At starting within Op, we have that oi 6, oj .The phase transition pro
eeds as follows.1. If |At| = 1, the su�x of rank k is the only a
tiveone left and the algorithm 
an terminate. Otherwise,we �nd the overlapping prospe
tive extent oi of ea
h

si ∈ At.2. We �nd the set Ot 
ontaining the overlapping prospe
-tive extent oir of rank k−zt (w.r.t. the over�ow lexi
o-graphi
al order) and all the other oj su
h that oir , oj(see � 4.2).Let the set of winners Wt be {si ∈ At | oi ∈ Ot}. Letthe set of losers Lt be {si ∈ At | oi 6∈ Ot}. Let bt bethe number of overlapping prospe
tive extents oj′ su
hthat oj′ ⊳ oir .3. We set At+1 = Wt, It+1 = It ∪ Lt, zt+1 = zt + bt andwe set σt+1 = oj , for any oj ∈ Ot (they are all equal).For any si ∈ Wt, we set ei = oi.4. For any si ∈ Lt, we set its extent ei to be the longest
ommon pre�x with any oj ∈ Ot (see � 4.2).5. For any si ∈ Wt, we update E (i) (see � 4.3).6. For any si ∈ Lt, we update the forward su�x of anyentrant su�x sj ∈ E (i) (see � 4.3).7. For any si ∈ Wt or ∈ Lt, we update its forward su�x
fi (see � 4.4).Lemma 3. Ea
h phase transition of the su�x sele
tionalgorithm maintains the invariants.

4.2 Details: Overlapping Prospective ExtentsExploiting the stru
ture in the problem, after suitableprepro
essing, we show how to 
ompare two overlappingprospe
tive extents using O(1) 
omparisons and show howto implement steps 2 and 4 of the phase transition. Moredetails 
an be found in � A of the Appendix.

4.2.1 PreprocessingAny overlapping prospe
tive extent oi of phase t 
an beseen as a sequen
e of partially overlapping o

urren
es of
σt ended with a partially overlapping pre�x of σt (the tail).The main part of ot, formed by the overlapping o

urren
esof σt, is a su�x of a 
ollision of a
tive su�xes Op. Op is anoverlapping 
y
le with period σt and no tail. In parti
ular,by invariant (IV), for any Op there exists a sequen
e of in-tegers Gp =

˙

g1, g2, . . . , grp

¸ su
h that Op = [σt, 〈 〉] (Gp, 0),where rp + 1 is the number of a
tive su�xes starting within
Op and 1 ≤ gi ≤ ⌊|σt| /2⌋. Hen
e, if for any 
ollision Opwe know the sequen
e of integers Gp �representing� it, thenin order to 
ompare two overlapping prospe
tive extents oiand oj belonging to the 
ollisions Opi

and Opj
, respe
tively,we 
an use su�xes of Gpi

and Gpj
instead of dealing withsu�xes of oi and oj . More pre
isely, let us assume that oiand oj 
orrespond to the xi-th and xj-th integers in Gpi

and
Gpj

, respe
tively. Then, instead of �nding the longest 
om-mon pre�x of oi and oj dire
tly by 
omparing their elements,we 
an 
ompare the (xi + 1)-th and (xj + 1)-th pre�xes of
Gpi

and Gpj
, respe
tively (we start from the (xi + 1)-thand (xj + 1)-th pre�xes be
ause the two integers Gpi

[xi]and Gpj
[xj ] are 
al
ulated to des
ribe the overlapping pat-tern of the whole 
ollisions Opi

and Opj
and not of the twoparti
ular su�xes 
orresponding to oi and oj).To exploit this idea we 
ould pro
eed in the following way:�rst, we 
ould 
on
atenate the Gp's into a single sequen
e

G = G1 〈1〉G2 〈1〉 . . . 〈1〉Gq of |At| integers (the i-th inter-leaved sequen
e 〈1〉 
orresponds to the leftmost a
tive su�xstarting within Oi); se
ond, we 
ould sort the su�xes of G;third, we 
ould pro
ess the sorted array of su�xes of G sothat longest 
ommon pre�x queries on the su�xes of G 
anbe answered in O (1) time. The prepro
essing for phase thas to require O (|At|) time for the �nal algorithm to belinear. Unfortunately, the integers in G are su�x indexes of
σt while |G| = |At| and tends to 1 over time. Therefore, thesize of the alphabet of G is not linear in the 
ardinality of
G and the sorting of the su�xes of G would require ω(|At|)time.The solution is to 
hange the range of the integers in Gfrom [1 . . . |S|] to [1 . . . |At|]. We use a table T of |S| entrieswhere ea
h entry is a pair 〈timestamp, value〉. During initial-ization, we set up T so that T [i] = 〈0, 0〉 for any 1 ≤ i ≤ |S|.In phase t, after G is 
reated, for ea
h j ∈ [1 . . . |S|]: let
〈t′, v〉 be the pair in T [G[j]]; if t′ = t, we set G[j] = v; oth-erwise (i.e. t′ < t and the entry is old as it has been set ina previous phase t′) we set G[j] = j and T [G[j]] = 〈t, j〉. Itis important to note that after the range redu
tion, for anytwo su�xes gi, gj of G, although the relative lexi
ographi
alorder of gi and gj may not have been preserved, their longest
ommon pre�x has the same length it had before. After therange redu
tion we 
an 
arry out the prepro
essing with alinear time su�x sorting algorithm for linear alphabets [7,6, 4℄) and the third step with prior work [5, 3℄. Therefore:Lemma 4. For any phase t, the prepro
essing of the ex-tent information requires O (|At|) 
omparisons and time lin-ear in O (|At|).
4.2.2 Comparing Overlapping Prospective ExtentsThe 
omparison between any two overlapping prospe
-tive extents ox and oy pro
eeds as follows. The rightmostaligned su�xes of ox and oy are the rightmost su�xes start-ing within ox and oy whose extents are aligned. Thanks to



the prepro
essing, we 
an easily �nd the rightmost alignedsu�xes sx′′ and sy′′ of ox and oy in O (1) 
omparisons andtime. (a) both sx′′ and sy′′ are not the rightmost a
tivesu�xes of ox and oy , respe
tively; (b) only one between sx′′and sx′′ is the rightmost a
tive su�xes of its overlappingprospe
tive extent; (
) both sx′′ and sy′′ are the rightmosta
tive su�xes of ox and oy . Given the periodi
ity proper-ties of ox and oy, all the three 
ases are quite easily solved
omparing just two aligned positions of the extents of twosu�xes next two sx′′ and sy′′ (see � A.2 of the Appendix).Lemma 5. For any phase t, after the prepro
essing, anytwo overlapping prospe
tive extents 
an be 
ompared using
O (1) element 
omparisons.
4.2.3 Summing UpAfter the prepro
essing, the set Ot in step 2 of the phasetransition 
an be found by applying the sele
tion algorithmin [1℄ 
omparing any two oi, oj 's as des
ribed above. This
omparison fun
tion 
an also �nd the length of their longest
ommon pre�x. Therefore,Lemma 6. For any phase t, steps 2 and 4 of the phasetransition from t to t + 1 
an be 
omputed using O (|At|)
omparisons and time.
4.3 Details: Entrant SuffixesConsider Step 5. We know that for any 
ollision Opand for any si, sj ∈ At starting within Op, we have that
oi 6, oj . Hen
e, we know that any two oi, oj ∈ Ot mustbelong to two di�erent 
ollisions Opi

and Opj
, respe
tively.Moreover, we know that the new ina
tive su�xes 
reatedduring the phase transition from t to t + 1 are the onesin At − {si ∈ At | oi ∈ Ot}. Clearly, for any si su
h that

oi ∈ Ot, the only newly ina
tive su�xes in It+1 ∩ It that
an possibly enter in E (i) are the ones starting within Opiwhere Opi
is the 
ollision si is part of and hen
e we justneed to examine them to verify if they have be
ome entrantsu�xes of si. Therefore:Lemma 7. For any phase t, Step 5 of the phase transitionuses O (|At|) 
omparisons and time.Consider Step 6. The a
tual 
omputation of step 6 issimple. For any si ∈ Lt and for any sj ∈ E (i), say the
urrent forward su�x of sj is sjf

: if i+|ei|−1 > jf +
˛

˛ejf

˛

˛−1then si is the new forward su�x of sj and we update fj . Toanalyze this algorithm, the key is what we show (withoutproof here) that for any su�x sj ∈ It there exists at mostone si ∈ At su
h that sj ∈ E (i). Hen
e, we 
an 
on
ludethat any su�x sj′ , on
e it be
omes ina
tive, 
an have itsforward su�x updated only on
e during the entire exe
utionof the su�x sele
tion algorithm. Therefore:Lemma 8. Over the entire exe
ution of the su�x sele
-tion algorithm, Step 6 uses O (|S|) 
omparisons and time.
4.4 Details: Updating Forward SuffixesWe brie�y des
ribe two data stru
tures and use them toimplement step 7.
4.4.1 Structure IOur stru
ture is de�ned on pairs of small integers 〈p, v〉
omposed of a position p and a value v, ea
h of log ℓc bits,

where c is a 
onstant (we will 
onstrain ℓ later). Pairs form
b lines L0, L1, . . . , Lb, for a 
onstant b ≤ c. For any i, line Liis a sequen
e of |S| /ℓi pairs. Any line Li is logi
ally dividedinto groups Gi

1, G
i
2, G

i
3, . . . ea
h one 
ontaining ℓ 
onse
utivepairs of small integers. There is a hierar
hy among the lines.The lowest one in the hierar
hy is L0, the longest one. Anygroup Gi

j ∈ Li is asso
iated with a subsequen
e of 
ontigu-ous groups in Li−1. More spe
i�
ally, for any i > 0, Gi
j of

Li is asso
iated with the sequen
e of ℓ 
ontiguous groups
Gi−1

(j−1)ℓ+1
Gi−1

(j−1)ℓ+2
. . . Gi−1

jℓ of Li−1. Given this asso
iationbetween adja
ent levels, it is easy to see the stru
ture as aforest of 
omplete ℓ-ary trees where any group is one node,the ℓ groups in the immediately lower line asso
iated withthe group are its 
hildren and all the roots of the trees re-side in the highest line. For any group G ∈ Li, we denotewith par (G) its parent group and with 
hh (G) its h-th 
hil-dren, i.e., Gi−1
(j−1)ℓ+h

, if G is the j-th group of Li. Clearlythe starting positions of par (G) and any 
hh (G) in theirrespe
tive lines Li+1 and Li−1 
an be 
al
ulated in O (1)time (we 
hoose ℓ as a power of 2). For any group G ∈ Liwe denote with Lo (G) the subsequen
e of L0 
omposed bythe groups that are des
endants of G and we denote with
l0,i the size of it, that is the number of pairs in Lo (G) (itis the same for any group in the i-th line). So we have that
l0,i = ℓi+1, for i ≥ 0, and let us assume by 
onvention that
l0,−1 = 0 (to spare a spe
ial 
ase in the invariants and ta-bles de�nitions). We refer to the values of the pairs in L0as the originals be
ause, as we will see, any value vj of apair in a line Li, i > 1, is a 
opy of a value in L0. If A isa multiset (and hen
e multiple maxima may 
oexist in A)then we set arg maxy A to be the smallest y 
orrespondingto a maximum. We have the following invariants.(A) For any G ∈ L0, for the j-th pair 〈pj , vj〉 of G we havethat pj = j.(B) For any i > 0 and for any G ∈ Li, for the j-th pair

〈pj , vj〉 of G we have that:
• vj is equal to vx of the x-th pair 〈px, vx〉 of 
hj (G)su
h that x = arg max

y

n

(y − 1)l0,i−2 + py + vy −

1
˛

˛

˛
〈py, vy〉 is the y-th pair of 
hj (G)

o

.

• pj is equal to the position in Lo (
hj (G)) of the
vj 's original (the position is relative to the subse-quen
e Lo (
hj (G)), not the whole L0).We also use b lookup tables F0, F1, . . . , Fb. Table Fi 
orre-sponds to line Li and represents the lookup implementationof the fun
tion φi : N

2ℓ −→ N, i ≥ 0, su
h that, for anysequen
e of ℓ pairs of small integers 〈〈p1, v1〉 , . . . , 〈pℓ, vℓ〉〉,
φi (〈〈p1, v1〉 , . . . , 〈pℓ, vℓ〉〉) = arg max

1≤j≤ℓ

n

(j − 1)l0,i−1 + pj +

vj − 1
˛

˛

˛
〈pj , vj〉 s.t. vj 6= 0

o

.We use these stru
tures to support the following query:Definition 1. Given an interval [q . . . q′], 1 ≤ q ≤ q′ ≤
|S|, su
h that q′ − q + 1 ≤ ℓb+1, we want to �nd the pair
〈px, vx〉 ∈ L0 su
h that x = arg max

y

n

y + vy − 1
˛

˛

˛
q ≤ y ≤

q′, where 〈py, vy〉 is the y-th pair of L0

o

.This query is answered as follows. We �nd the lowest line
Li su
h that l0,i ≥ q′ − q + 1. We �nd the (at most) two




onse
utive groups G, G′ ∈ Li su
h that the 
on
atenationof Lo (G) and Lo (G′) 
ompletely 
ontains the subsequen
e
L0[q . . . q′]. Let us suppose that there are in fa
t two of them(the other 
ase is analogous) and let q′′ be the integer su
hthat L0[q . . . q′′−1] ⊆ Lo (G) and L0[q

′′ . . . q′] ⊆ Lo (G′). We�nd the smallest h of G′ su
h that L0[q
′′ . . . q′] is 
ontainedin the 
on
atenation of Lo (
h1 (G′)) , . . . , Lo (
hh (G′)). Let

q′′′ be the index (in L0) of the leftmost pair in Lo (
hh (G′)).We solve the query for the interval [q′′′ . . . q′] re
ursively.Let 〈pz, vz〉 ∈ L0 be the pair satisfying the sub-query. Weextra
t from G′ the subsequen
e G′[1 . . . h − 1]. By 
arefulmemory layout of the lines (see � B.1 of the Appendix),this result will already be a full-sized integer j that 
an beused to index Fi. Using Fi[j], we �nd the pair 〈py, vy〉 ∈
L0 satisfying the query for the interval [q′′ . . . q′′′ − 1]. Werepeat for L0[q . . . q′′−1] what we have done for L0[q

′′ . . . q′]thereby �nding the pairs 〈pz′ , vz′〉 , 〈py′ , vy′〉 ∈ L0 satisfyingthe (at most) two 
orresponding sub-queries. We return
arg maxj∈{z′,y′,y,z} {j + vj − 1}.We omit the details of how this stru
ture 
an be main-tained under updates to L0, how the lookup table for Fi's isbuilt, and how the lines are laid out in memory for the de-sired a

ess. We 
hoose ℓ properly so that using the powerof bit operations on small integers in the RAM model (inparti
ular, shift left or right by one position), we 
an im-plement these operations e�
iently. As sket
hed here, wea
tually need shift by an arbitrary number of positions, buta slightly more sophisti
ated version 
an do with only leftor right shift by one position in unit time. Some details 
anbe found in � B.1 of the Appendix.Lemma 9. Stru
ture I 
an be built using O (|S|) time and
omparisons and updated, queried in O (1) time.
4.4.2 Structure IISuppose that |S| is a power of 2. The stru
ture is a 
om-plete binary tree T with |S| leaves. For any node u of T ,the base tree of u is the 
omplete subtree of T rooted in uand 
ontaining all the leaves of T that are des
endants of u.The i-th leaf li is asso
iated with the i-th su�x si of S and
ontains an integer value vi. Any internal node u of T 
on-tains a pair 〈p, v〉: v is equal to the largest value 
ontained inthe leaves of the base tree Tu of u; p is a pointer to the left-most leaf of Tu having its integer value equal to v. For anyquery interval [x . . . y], 1 ≤ x ≤ y ≤ |S|, the leftmost leaf liwith the largest value vi among the leaves in {lj |x ≤ j ≤ y}
an be found as follows. The tree-
over for the sequen
e ofleaves lxlx+1 . . . ly is a set {T1, T2, . . . , Tr} of subtrees of Tsu
h that (a) any Tp is a base tree; (b) any two Tp, Tp′ aredisjoint; (
) lxlx+1 . . . ly = l(T1)l(T2) . . . l(Tr), where l(Tp)is the sequen
e of leaves of Tp.1. We �nd a tree-
over M for lxlx+1 . . . ly as follows. Let

u = lx and M = ∅.(a) If u is the right 
hild of par (u) (the parent of u),let lj be the rightmost leaf of the base tree of u.We set M = M∪{u}, u = lj+1 (i.e. the leaf nextto lj) and we pro
eed with step 1d.(b) Otherwise, let lj be the rightmost leaf of the basetree of par (u). If j > y (that is lj is out of thequery interval), let lj′ be the rightmost leaf of thebase tree of u. We set M = M∪ {u}, u = lj′+1and we pro
eed with step 1d.

(
) Otherwise, we set u = par (u) and we start againwith step 1a.(d) If all the leaves in lxlx+1 . . . ly are 
overed (i.e. if
ly has been a

essed during the previous steps)then we pro
eed with step 2. Otherwise, we startagain with step 1a.2. We �nd the leftmost tree among the ones in M whoseroot has a pair 〈p, v〉 with the largest v (sin
e they aredisjoint base trees, their order derives from the one ofthe leaves). We return the leaf pointed to by p.Note that the tree-
over M found in step 1 is minimal,that is for any other tree-
over M′ for lxlx+1 . . . ly, we havethat |M| < |M′|. It easy to see that a minimal tree 
over
annot 
ontain more than 2 log |S| subtrees. Therefore, we
an show:Lemma 10. Stru
ture II used 
an be built in O (|S|) time,updated in O (log |S|) time and queried in O

`

log2 |S|
´ time.

4.4.3 Summing UpStep 7 is easy for si ∈ Wt. For any su�x si ∈ At inthis step, oi ∈ Ot and si's new extent is ot. Let si′ bethe rightmost a
tive su�x starting within ot, we set fi tobe the forward su�x of fi′ and we are done. Consider any
si ∈ Lt. In addition to the initialization dis
ussed in othersteps thus far, we prepro
ess for Stru
ture I with followingrule: if the j-th su�x sj of S is in I1, the value vj of the j-thpair in L0 and all its 
opies in the higher lines is set to |ej |;otherwise if sj ∈ A1, vj is set to −∞ (note that the a
tivesu�xes 
annot be forward su�xes). We now have two kindsof phases: the early and late phases su
h that σt ≤ α log2 |S|and σt > α log2 |S|.Early phases. For any si ∈ Lt, we 
hange the value vi of the

i-th pair in L0 from −∞ to ei (si was a
tive in phase tand will be ina
tive in t + 1) and we update Stru
tureI. Then, for any si ∈ Lt, we query Stru
ture I withthe interval [i + 1 . . . i + |ei|] and obtain the (possiblynew) forward su�x of si.Interlude. The interlude is the phase transition from a phase
t′ to a phase t′′ su
h that σt′ ≤ α log2 |S| σt′′ >
α log2 |S|. We pro
eed as before but after setting for-ward su�xes for si ∈ Wt, we build Stru
ture II. The
i-th leaf li is asso
iated with the i-th su�x si of S and
ontains an integer value vi set as follows: if si ∈ At′′then vi = −∞; otherwise, if si ∈ It′′ then vi =
i + |ei| − 1. Then while dealing with si ∈ Lt, we usethe newly built Stru
ture II.Late phases. For any si ∈ Lt, we 
hange the value vi of the
i-th leaf of T from −∞ to ei and update Stru
tureII. Then, for any si ∈ Lt, we query Stru
ture II withthe interval [i + 1 . . . i + |ei|] and obtain the (possiblynew) forward su�x of si.In the early phases, we exe
ute one update and one queryof Stru
ture I for any su�x in S

t<t′ Lt, where t′ is thelast early phase and ˛

˛

S

t<t′ Lt

˛

˛ = O (|S|). In the inter-lude and the late phase period we build Stru
ture II anddo one update and one query for any su�x in S

t≥t′
Lt.We know that for any late phase t, σt > α log2 |S|. Be-
ause of invariants (IV) and (II), we know that ˛

˛

˛

S

t≥t′
Lt

˛

˛

˛
=

O (|S| / |σt′ |) = O
`

|S| / log2 |S|
´. Hen
e,



Lemma 11. During the entire exe
ution of the su�x se-le
tion algorithm, the total time and 
omparisons needed toperform Step 7 in the phase transitions is O (|S|).
4.5 Correctness and ComplexityCombining all the pie
es gives us the main result:Theorem 2. The lexi
ographi
ally k-th smallest su�x ofa sequen
e S[1 · · ·n] 
an be deterministi
ally found using
O (|S|) 
omparisons and time in the worst 
ase.
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APPENDIX

A. DEALING WITH THE OVERLAPPING
PROSPECTIVE EXTENTS

A.1 The PreprocessingWe have four main steps.

1. By the de�nition of overlapping prospe
tive extent, ev-ery subsequen
e Op is an overlapping 
y
le with pe-riod σt and no tail. In parti
ular, by invariant (IV),for any Op there exists a sequen
e of integers Gp =
˙

g1, g2, . . . , grp

¸ su
h that Op = [σt, 〈 〉] (Gp, 0), where
rp + 1 is the number of a
tive su�xes starting within
Op and 1 ≤ gi ≤ ⌊|σt| /2⌋. We 
ompute the sequen
eof integers Gp for any Op.2. We build the following three stru
tures.(a) Let G′

p be 〈1〉Gp (i.e. the 
on
atenation of thesequen
e 
ontaining only 1 with Gp). We 
on-
atenate all the G′
p's into a single sequen
e G =

G′
1G

′
2 . . . G′

q of |At| integers. The i-th interleavedsequen
e 〈1〉 
orresponds to the leftmost a
tive suf-�x starting within Oi.(b) We 
ompute (and store as a table) the fun
tion
τ : {1, . . . , |At|} −→ {1, . . . , |S|} su
h that sτ(i) isthe su�x whose extent 
orrespond to the integer
G[i].(
) We 
ompute (and store as a table) the fun
tion
λ : {1, . . . , |At|} −→ {1, . . . , |At|} su
h that λ(i) isthe position in G of the rightmost integer in G′

p,where G′
p is the original sequen
e G[i] 
ame from(see de�nition of G in 2a),3. We need to 
hange the range of the integers in G from

[1 . . . |S|] to [1 . . . |At|]. We use a table T of |S| entrieswhere ea
h entry is a pair 〈timestamp, value〉. Let ussuppose that during the initialization of the algorithmwe also set up T so that T [i] = 〈0, 0〉 for any 1 ≤ i ≤ |S|.The redu
tion 
onsists of the following simple pro
ess.For ea
h j ∈ [1 . . . |S|]: let 〈t′, v〉 be the pair in T [G[j]];if t′ = t, we set G[j] = v; otherwise (i.e. t′ < t and theentry is old as it has been set in a previous phase t′)we set G[j] = j and T [G[j]] = 〈t, j〉.4. After the step 3 we have that ea
h one of the |At| en-tries of G belongs to {1, . . . , |At|}. In this step we �rstsort the su�xes of G using a linear time su�x sortingalgorithm for linear alphabets (e.g. [7, 6, 4℄). Then, wepro
ess the su�x array of G so that longest 
ommonpre�x queries on the su�xes of G 
an be answered in
O (1) time (e.g. using [5℄ and [3℄).

A.2 Comparing Two Overlapping Prospective
Extents EfficientlyLet us re
all that by the de�nition of overlapping prospe
-tive extent, any overlapping prospe
tive extent ox is 
om-posed by a number of extents of a
tive su�xes and the ex-tent of a forward su�x. The rightmost aligned su�xes ofany two overlapping prospe
tive extents ox and oy are therightmost su�xes starting within ox and oy whose extentsare aligned.The 
omparison between ox and oy pro
eeds with twosteps.1. In this step we �nd the rightmost aligned su�xes sx′′and sy′′ of ox and oy . Let sx′ ∈ At be the su�x whoseextent ex′ is the se
ond one (from the left end) of ox andlet ix′ be the index of sx′ in a left-to-right enumerationof At (i.e. sx′ is the ix′ -th a
tive su�x starting fromthe left end of S). Let us assume similar de�nitions for

oy . We pro
eed with three substeps.



(a) Using the stru
tures from the prepro
essing, we�nd the length of the longest 
ommon pre�x be-tween Gix′
(the ix′-th su�x of G) and Giy′

. Let itbe l.(b) If ix′ + l − 1 > λ(ix′) or iy′ + l − 1 > λ(iy′), thenlet l = min (λ(ix′) − ix′ + 1, λ(iy′) − iy′ + 1).(
) Let x′′ = τ (ix′ + l − 1) and y′′ = τ (iy′ + l − 1).2. We are �nally able to de
ide the relative order of oxand oy . We have to distinguish three 
ases.(a) Let us assume that both sx′′ and sy′′ are not therightmost a
tive su�xes of ox and oy . Let sx′′′and sy′′′ be the a
tive su�xes next to sx′′ and sy′′ ,respe
tively. Finally, let us assume that x′′′ > y′′′(the other 
ase is symmetri
). Let us 
onsider su�x
sxy , where xy = x′′ + y′′′ − y′′ (that is the su�xstarting within ox that is aligned to sy′′′ of ox).Sin
e sx′′′ is the a
tive su�x next to sx′′ , we havethat sxy ∈ It and hen
e ˛

˛exy

˛

˛ < |ey′′′ |. Therefore,the relative order of ox and oy 
an be de
ided inthe following ways:i. if exy is degenerate, by 
omparing the elements
S[xy ] and S[y′′′ +

˛

˛exy

˛

˛];ii. if exy is not degenerate, by 
omparing S[xy +
˛

˛exy

˛

˛] and S[y′′′ +
˛

˛exy

˛

˛].(b) Let us assume that only sx′′ is the rightmost a
-tive su�xes of its overlapping prospe
tive extent
ox. Let sx′′′ be the forward su�x fx′′ of sx′′ . Let
sy′′′ be the a
tive su�xes next to sy′′ in oy . Bythe assumption on sx′′ , we know that sx′′′ ∈ Itand hen
e |ex′′′ | < |ey′′′ |. Therefore, the relativeorder of ox and oy 
an be de
ided in the followingways:i. if ex′′′ is degenerate, by 
omparing the elements

S[x′′′] and S[y′′′ + |ex′′′ |];ii. if ex′′′ is not degenerate, by 
omparing S[x′′′ +
|ex′′′ |] and S[y′′′ + |ex′′′ |].(
) Let us assume that both sx′′ and sy′′ are the right-most a
tive su�xes of ox and oy . Let sx′′′ and sy′′′be the forward su�xes fx′′ and fy′′ of sx′′ and sy′′ ,respe
tively. We have the following 
ases.i. If at least one of the extents of sx′′′ and sy′′′is degenerate, the relative order of ox and oy isde
ided by 
omparing the elements S[x + |ox|]and S[y + |ox|] (in this 
ase ox and oy have thesame length).ii. Otherwise, let us assume that |ox| ≥ |oy|. Let
syx be the su�x within oy that is aligned to
sx′′′ (that is yx = y′′′ + x′′′ − x). The relativeorder of ox and oy is de
ided by 
omparing theelements S[syx + |eyx |] and S[sx′′′ + |eyx |].

B. UPDATING THE FORWARD SUFFIXES
OF WINNERS AND LOSERS

B.1 Additional Details about Structure I

B.1.1 The Memory LayoutWe assume the availability of the shift as a basi
, unit 
ostoperator (that is, an integer 
an be multiplied and divided

by 2i in 
onstant time). This assumption is not stri
tly ne
-essary sin
e we 
an des
ribe a slightly more 
omplex stru
-ture that makes use of multipli
ations and divisions by 2only. The memory layout of the lines exploits the availabil-ity of the shift operator. In the 
omparison model/RAM,besides the 
ompletely abstra
t input elements, it is pos-sible to employ integer values that 
an be stored in singlelo
ations of memory and that 
an be dire
tly used with theallowed arithmeti
 operators. These full-size integers arepresumed to have at least log |S| bits. We do not store ea
hsmall integer as a full-size integer. Instead we store ea
hgroup G as a single full-size integer (as a we will see later,our 
hoi
e for ℓ guarantee that 2ℓ log ℓc < log |S|). Hen
e,any line Li is 
ompletely 
ontained in |S|

ℓi·ℓ log ℓc lo
ations ofmemory (|S| /ℓi is the number of pair of small integers in
Li). It is easy to see that any 
ontiguous subsequen
e of Liwith ℓ′ ≤ ℓ pairs of small integers 
an be 
opied from Liusing O (1) shifts.
B.1.2 Building the Lookup TablesThe b lookup tables are built in the following way. Us-ing the shift operator, any sequen
e 〈〈p1, v1〉 , . . . , 〈pℓ, vℓ〉〉 ofpairs of small integers 
an be easily 
ompa
ted into one full-size integer j in O (ℓ) time. Fi[j] will 
ontain the integer re-sulting from the 
omputation of φi (〈〈p1, v1〉 , . . . , 〈pℓ, vℓ〉〉).Sin
e our target time 
omplexity is linear in |S|, we have to
hoose ℓ so that the following 
onstraint is respe
ted:

Cφ(ℓ) · 22ℓ log ℓc

= O (|S|) ,where Cφ(ℓ) is the worst 
ase 
omplexity of applying any φito a sequen
e of ℓ pairs (the total number of entries of Fi is
22ℓ log ℓc , given that a sequen
e 
ontains ℓ pairs of integers of
log ℓc bits ea
h). Sin
e Cφ(ℓ) is 
learly Θ (ℓ), we 
an easily
hoose ℓ so that the following 
onditions hold:(i) ℓ = 2z for some integer z,(ii) ℓ = Θ

“

p

log |S|
”.

B.1.3 Queries and UpdatesThe queries in De�nition 1 
an be answered in seven steps:1. We �nd the lowest line Li su
h that l0,i ≥ q′ − q + 1.2. We �nd the (at most) two 
onse
utive groups G, G′ ∈
Li su
h that the 
on
atenation of Lo (G) and Lo (G′)
ompletely 
ontains the subsequen
e L0[q . . . q′]. Let ussuppose that there are in fa
t two of them (the other
ase is analogous) and let q′′ be the integer su
h that
L0[q . . . q′′ − 1] ⊆ Lo (G) and L0[q

′′ . . . q′] ⊆ Lo (G′).3. Then, we �nd the smallest integer h of G′ su
h that
L0[q

′′ . . . q′] is 
ompletely 
ontained in the 
on
atena-tion of Lo (
h1 (G′)) , Lo (
h2 (G′)) , . . . , Lo (
hh (G′)).Let q′′′ be the index (in L0) of the leftmost pair in
Lo (
hh (G′)).4. We solve the query for the interval [q′′′ . . . q′] re
ur-sively. Let 〈pz, vz〉 ∈ L0 be the pair satisfying the sub-query.5. Using the shift operator, we extra
t from G′ the sub-sequen
e G′[1 . . . h − 1]. By the memory layout of thelines, the result is already in in form of a full-size in-teger j that 
an be used to index Fi. Using Fi[j], weimmediately �nd the pair 〈py, vy〉 ∈ L0 satisfying thequery for the interval [q′′ . . . q′′′ − 1].



6. We repeat for L0[q . . . q′′ − 1] what we have done for
L0[q

′′ . . . q′] in steps 3, 4 and 5, thereby �nding thepairs 〈pz′ , vz′〉 , 〈py′ , vy′〉 ∈ L0 satisfying the (at most)two 
orresponding sub-queries.7. We return arg maxj∈{z′,y′,y,z} {j + vj − 1}.Finally, maintaining the invariants of the stru
ture whenevera value in L0 is updated is quite straightforward. Let ussuppose that the value v of a pair of the j-th group G ∈ L0is 
hanged. We pro
eed as follows.1. We apply φ0 to G (that is, by the memory layout for thelines, we index F0 with the integer in the j-th lo
ationof L0) and we �nd (a referen
e to) a pair 〈pi, vi〉 ∈ G.2. Let G be the j-th 
hild of par (G), if the pair referen
edby the position pj stored in the pair 〈pj , vj〉 ∈ par (G)is not 〈pi, vi〉 ∈ G, we update 〈pj , vj〉 a

ordingly.3. We apply re
ursively the �rst two steps to par (G) ∈ L1(obviously, using φ1 and F1 instead of φ0 and F0).


