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ABSTRACT

Given a string S[1---n|, the suffiz selection problem is to
find the kth lexicographically smallest amongst the n suffixes
S[i---n], for i = 1,...,n. In particular, the fundamental
question is if selection can be performed more efficiently than
sorting all the suffixes.

If one considered n numbers, they can be sorted using
O(nlogn) comparisons and the classical result from 70’s is
that selection can be done using O(n) comparisons. Thus
selection is provably more efficient than sorting, for n num-
bers.

Suffix sorting can be done using ©(nlogn) comparisons,
but does suffix selection need suffix sorting? We settle this
fundamental problem by presenting an optimal, determinis-
tic algorithm for suffix selection using O(n) comparisons.

Categories and Subject Descriptors

F.2.2 [Analysis of Algorithms and Problem Complex-
ity]: Nonnumerical Algorithms and Problems

General Terms
Algorithms, Theory

Keywords

Order statistics, selection, strings, suffixes

1. INTRODUCTION

We consider the comparison model where we count only
the comparisons performed by an algorithm.' A collection
of n numbers can be sorted using ©(nlogn) comparisons.
On the other hand, the famous five-author result [1] from
early 70’s shows that the problem of selection choosing
the number of rank k, that is, the kth smallest number —

!Beyond the comparisons, all algorithms we consider in this
paper take time linear in the total number of comparisons
in the RAM model.
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can be solved using O(n) comparisons in the worst case.
Thus, selection can be done without sorting and is provably
simpler than sorting in the comparison model. As a result,
selection algorithms are quite useful in getting quick statis-
tics about a collection of numbers: find extremes namely the
smallest and the largest; find the median, that is, the num-
ber of rank |n/2], which is a more robust estimator than
the average; filter the outliers by say, identifying the items
defining the tenth and ninetieth percentiles, and retaining
only the numbers that fall within this range; etc.

We study the sorting vs selection question for strings. Say
S = S[1---n] is a string. The suffiz sorting problem is to
sort the suffixes S[i---n|, i = 1,...,n, in the lezicographic
order. In the comparison model, we count the number of
comparisons between the individual elements S[¢] vs S[j] of
the string that are performed by the algorithm for any 4, j. If
we treated each suffix as an “item” and applied the standard
sorting algorithm, suffix sorting will take ©(n?logn) string
element comparisons because “comparing” any two items will
take ©(n) string element comparisons in the worst case. In-
stead, after sorting the individual elements S[1], ..., S[n] us-
ing O(nlogn) comparisons, we can reduce the problem to
one over a string drawn from an alphabet of size at most n.
Then, we can build what is known as the suffiz tree [10, 9] of
the string which takes O(n) time [2]. The suffix tree directly
gives the sorted order of the suffixes. Thus suffix sorting
can be performed using O(nlogn) comparisons; since the
output of suffix sorting can be used to sort the individual
elements S[1],...,S[n], this is also the lower bound. There
are a number of other methods to sort suffixes in ©(nlogn)
comparisons, e.g., as in [8]. Suffix sorting has many applica-
tions in pattern matching, compression, bioinformatics and
information retrieval.

Curiously, we do not know the complexity of the associ-
ated suffiz selection problem where the goal is to output the
kth lexicographically smallest (equivalently, largest) suffix
of S. Suffix selection is useful in analyzing the order statis-
tics of suffixes in a string such as the extremes, medians and
outliers, with potential applications in bioinformatics and
information retrieval. A quick method for finding say the
suffixes of rank i(n/10) for each integer ¢, 0 < ¢ < 10, may
be used to partition the space of suffixes for understanding
the string better, load balancing and parallelization for truly
massive strings such as DNA strings. Trivially, suffix selec-
tion can be solved by sorting all the suffixes as described
above using ©(nlogn) comparisons, but do we need to sort
in order to select? This is a fundamental question, some-
thing to be discussed in textbooks.



To the best of our knowledge we are the first to address
the problem of suffix selection. We present an optimal, de-
terministic suffic selection algorithm that uses O(n) compar-
1S0MS.

Often extending the complexity known for a collection
of numbers to the collection of suffixes of a string is not
straightforward. For example, sorting n integers in the range
[1,n] can be solved in O(n) time by bucket sorting; sorting
the suffixes of a string .S drawn from such an integer alphabet
[1,n] in O(n) time on the other hand was an open problem
since 70’s until it was settled in ’96 [2]. If we only consid-
ered strings drawn from an integer alphabet [1, n], then this
suffix tree algorithm [2] will also solve the suffix selection
problem in O(n) time. However, our focus is on the com-
parison model where the elements of the string are accessible
by comparisons only, as in standard sorting and order statis-
tics problems.

Our algorithm for suffix selection uses the comparison-
based five-author algorithm for selection [1]. It works by
maintaining prefixes of a set of active suffixes at any mo-
ment, uses the five-author selection algorithm to narrow the
active set and recurses by extending the prefixes of the suf-
fixes that remain. Prefixes in the active set unfortunately
intersect each other and naive algorithms will end up com-
paring each element in the string far too many times. We
use periodicity properties of the substrings to jump over pre-
viously seen pieces of substrings and still use only O(n) com-
parisons to solve the suffix selection problem. We also design
and use various integer manipulation algorithms in the RAM
model to make sure that in addition to the O(n) compar-
isons, we use only O(n) time computation.

2. OVERVIEW OF OUR ALGORITHMS

We let s; denote the ith suffix of the input string S, ie.,
s; = S[i] - - - S[n].

Consider the following approach to the suffix selection
problem.

The computation proceeds in phases. Each phase ¢ is char-
acterized by a prefix o, of the kth smallest suffix of S which
is our target suffix, representing our current knowledge of
the wanted suffix. Each phase ¢ has a set of active suffixes
of S containing all the suffixes with o; as a prefix, that is
all the suffixes that could still be the k-th smallest suffix.
Further, each phase has the number [; of the suffixes of S
less than any of the active suffixes in phase ¢. All the other
suffixes are inactive. Our knowledge about the solution is
augmented during the phase transitions. We start with the
zeroth phase where ¢ is void and any suffix is potentially
our target; therefore, all suffixes are active. During the first
phase transition we just apply the selection algorithm in [1]
and find the k-th smallest element ag of S. The suffixes
starting with oo are the active suffixes of the first phase,
o1 contains just ap, and all the other suffixes become inac-
tive. Now comnsider the transition from any phase ¢ to phase
t 4+ 1. We focus on the (multi)set containing the (¢ 4 1)-th
element of any active suffix and select from there the (k—1I;)-
th smallest element a;41. All the active suffixes with ai41
as their (¢ 4+ 1)-th element are the active suffixes of phase
t + 1 and we augment o¢ with a;4+1 to obtain o.y1. Clearly
a1 is the (¢ 4+ 1)-th element of the k-th smallest suffix of
S and therefore our knowledge about the wanted suffix, i.e.
ot+1, keeps growing. The computation ends when a phase
transition leaves us with only one active suffix.

This solution needs ©(n?) comparisons in the worst case.
However, we will follow this phase-based approach, but be
more sophisticated about dealing with the collisions of ac-
tive suffizes and using the work previously done on inactive
suffizes, to get improved bounds.

How to Exploit Collisions of Active Suffixes.

For any phase ¢, the extent of a suffix s; is the longest
common prefix with o;. We say that two suffixes s;, s; collide
when their extents are either adjacent (i.e. the last element
of the extent of s; is adjacent to the first element of the
extent of s; or vice versa) or overlapping.

Now let us consider the following modified solution to the
suffix selection problem.

If no active suffixes collide, the computation proceeds just
like in the previous solution. Let ¢’ be the first phase in
which two active suffixes collide. Since in any phase t < ¢’
the extents of the active suffixes have been expanded by one
element at a time, the extents of any two active suffixes that
collide in phase t’ are adjacent rather than overlapping. For
any active suffix s;, the extent of s; is followed by a certain
number 7; > 0 of extents of other active suffixes and these
extents are adjacent (not overlapping). The subsequence of
extents associated with s; is its prospective ertent. Since the
extent of an active element is o/, the prospective extent of
s; 1s the periodic sequence (o4/)™. Any two active suffixes s;
and s; with prospective extents (oy/)" and (o4/)" respec-
tively with r; < r; can be compared using only O (1) element
comparisons, provided that we know the lengths of the ex-
tents of all inactive suffixes. With the help of this property,
we apply the algorithm in [1] directly to the active suffixes
(instead of selecting the (k —[;/)-th smallest element among
the (¢ 4+ 1)-th elements of the active suffixes, as we did in
the previous solution). This produces a subset of active suf-
fixes A’ containing the k-th smallest suffix such that if two
active suffixes are in A’ then they have the same prospective
extent and they also match at the elements right after their
prospective extents (inverse of this claim does not necessar-
ily hold). With this, the phase transition is concluded: A’ is
the set of active suffixes of phase (t'+1) and oy = (o) €’
for some integer r and some element ¢’. It is easy to see that
at most one active suffix per collision can still be active in
phase t' + 1 and the extents of the active suffixes of phase
t’ + 1 do not overlap even though they can be adjacent and
collide. The subsequent phase transitions proceed in the
same way. By exploiting the collisions between active suf-
fixes, this modified solution to the suffix selection problem
can be shown to use O(nlogn) comparisons. Still, this does
not improve upon the complexity of suffix sorting for solving
the suffix selection problem.

Reusing Work Done for Inactive Suffixes.

The two solutions presented thus far do not fully exploit
the available information about inactive suffixes, i.e. their
extents. The first solution does not even use the sizes of the
extents of inactive suffixes while the second solution exploits
this information only when the extents of inactive suffixes
are used to compare two active suffixes. Ultimately, the is-
sue to study is how to create the extent of an active suffix
si in phase t + 1 during the transition from phase t. In the
modified solution above, we add all the extents of the active
suffixes that follow s; and collide with it, and the element e’
next to the right end of the extent of the last suffix in the



collision. This implies that the element ¢’ can be accessed
again w(1) times in the subsequent phase transitions (e.g. s;
can later become inactive, €’ can then be accessed again and
added to the extent of another active suffix s;/, s;; can then
become inactive in turn, e’ can later be accessed and added
again and so forth). The challenge now is to avoid these
multiple accesses. We say that a suffix is mazimal if its ex-
tent is not contained in the extent of another suffix. Instead
of adding only ¢’ to the extent of s;, our idea is to add the
whole extent of the mazimal inactive suffiz containing ¢’

As we will see, it is now difficult to blend together the
ideas of exploiting collisions as well as reusing the work done
for the inactive suffixes. One of the main obstacles in us-
ing both ideas simultaneously is that the collisions of active
suffixes become less tractable because their extents as now
defined may overlap in potentially arbitrary ways. The bulk
of our technical contribution is in dealing with these obsta-
cles to get a suffix selection algorithm that uses only O(n)
comparisons.

In what follows, we will first discuss the simple case of
finding the largest (or smallest) suffix of S. Then we present
our solution for the general suffix selection problem.

3. EXTREME SUFFIXES

We present an algorithm for selecting the lexicographically
largest suffix of sequence S[1---n] using O(n) comparisons;
selecting the smallest is similar.

3.1 The Algorithm

The algorithm works in phases: the maximum suffix is
gradually discovered through the phases.

3.1.1 Definitions and Notations

Any phase ¢ is characterized by a prefiz of the maximum
suffix. This prefix, denoted by u:, represents the portion of
the maximum suffix known at phase t. The extent of a suffix
si, denoted by e;, is the longest common prefix between s;
and p; if they do not have a common prefix, e; is degenerate
and is just S[i]. In any phase ¢, a suffix belongs to either the
set A; of active suffizes or the set Z; of inactive suffizes. A
suffix s; is mazimal if there does not exist a suffix s; such
that j < ¢ and |e;| < |ej|. We denote the set of maximal
suffixes by M;.

3.1.2 Initialization

We scan S and find the maximum element ag. Now 4
contains all suffixes s; such that S[i] = eao, Z1 contains the
remaining suffixes and p1 = ap. The extent e; of any suffix
s; is composed only of S[i] and, if s; € 71, e; is degenerate.

3.1.3 Phase Invariants

The following invariants hold for phase t.
(i) pe is a prefix of the maximum suffix of S.
(ii) A contains s; iff e; = .

(iii) If t > 1, for any s; € Z; and s; € A:, we have that
les] <ejl.

(iv) The extents of the maximal suffixes constitute a non-
overlapping covering of S, that is e; €4, ...€5,. = 5,
where {s;, |1 <h <r} = M, and iy < iy, for any
1<K <h' <r.

3.1.4 Phase Transition

Let us assume that the invariants hold after phase ¢; we
now describe phase t+ 1. Consider the non-overlapping cov-
ering of S induced by the extents of the maximal suffixes.
This can be seen as a sequence of extents divided into sub-
sequences A1l A2ls ... Al of extents (A1 and I; may be
empty) where for any e; € A, and e; € I, we have that
s; € Ar and s; € Ty, respectively. Intuitively, subsequences
A1,..., A; represent the collisions of active suffizes we wrote
about in § 2 and that we need to exploit. By the invariants
maintained, we know that any active suffix is also maximal,
and therefore part of the covering. For any s; € A¢, let us
consider the subsequence Aj, such that e; € A, (that is, the
collision that involves s;). The prospective extent p; of s;
is defined as the suffix starting with e; of the subsequence
Apepn, where ey, is the first extent in [}, if it exists. The phase
transition proceeds as follows. Assume |A¢| > 1, otherwise,
we are done.

1. We find the prospective extent p; of each s; € A;.

2. We find the lexicographically largest extent (3; and the
set P, of suffixes which have that prospective extent.
‘We set .At+1 = Pt, It+1 = ItU(.At—'Pt) and Mt+1 = Bt-

3. For any s; € A;, e; is the longest common prefix with

Bt

3.1.5 Correctness and Complexity

We now sketch the correctness and complexity of the al-
gorithm.

LeEMMA 1. Each phase transition maintains the invari-
ants.

LEMMA 2. For any phase t, the transition from phase t
to t + 1 requires O (|.A¢|) comparisons in the worst case.

PRrROOF SKETCH. Step 1 requires a simple scan of set A:.
Since prospective extents are defined only for active suf-
fixes, the process in Step 2 involves |.A:| subsequences. We
can show that (this is a key in the proof) p; = (e;)""en, =
()" en;. The set {r;|s; € A;} can be trivially found and
stored using O (|.A¢|) comparisons and time. For any s;,s; €
Ai, p; and p; can be compared using O (1) element compar-
isons, given that both e, and €n; are prefix of p: because
pi = (w)"en,, pj = () en, and ry, 75, |en,| and |en, | can
be retrieved in O (1) time. Therefore, Step 2 takes O (|.A¢|)
comparisons in the worst case. Step 3 uses O (|.A¢|) compar-
isons too for nearly the same reasons.

THEOREM 1. The mazimum suffir of a sequence S can be
found using O (n) comparisons in the worst case.

ProoF SKETCH. The correctness of the algorithm follows
directly from Lemma 1. The complexity of the algorithm
is the sum of two quantities: the complexity of the initial-
ization which is clearly O (n), and the aggregate complex-
ity of say p phase transitions in all, which by Lemma 2, is

O (Zl<t<p |At|). We will estimate the number of maxi-

mal suffixes of a generic phase ¢ that cease to be maximal
after the transition to phase ¢ 4+ 1 is completed. Consider
the non-overlapping covering of S induced by the extents of
the maximal suffixes. That covering can be logically divided



into subsequences A111 A2l ... Al of extents where for any
e; € Ay and e; € Ij, we have s; € A; and e; € Iy, resp. (A
and I; can be possibly empty but let us assume for simplicity
that they are not.) Consider a subsequence Ayl and let ay,
be the number of extents in A;,. We can infer that maximal
suffixes with extents in A/, that will not be maximal after
transition are any s; € M; such that e; € A, (except the
suffix with the leftmost extent of A), and s; € My such
that e;; € I and ej; is the leftmost extent in I;. Hence,
ap of the maximal suffixes with extents in Apl, will not
be maximal anymore after the transition. Summing up, we
have a total of Y, ., .; an = |A¢| maximal suffixes of phase
t that will cease to be so in phase t + 1 (or |As| — 1, if I is
empty). When a suffix ceases to be maximal, it will never be
maximal again. So the O (]4;|) cost of the transition from
phase ¢ can be “charged” to the > |4;| — 1 maximal suffixes
of phase ¢ that will not be maximal anymore. So, the total
number of comparisons in the phase transitions is O (n). O

4. GENERAL SELECTION

In this section we present an algorithm for selecting the
kth lexicographically smallest suffix of S[1---n] using O(n)
comparisons.

4.1 The Algorithm

As for the special case of the largest suffix, the algorithm
for selecting kth smallest suffix works in phases.

4.1.1 Definitions and Notations

As in previous section, any phase ¢ of the general selection
algorithm is characterized by a prefiz of the suffix of rank
k. This prefix, denoted by o, represents the portion of the
target suffix known at phase t. The ezxtent of a suffix s;,
denoted by e;, is either the longest common prefix between
s; and o¢ or just S[i] in the degenerate case when they do not
have a common prefix. In any phase ¢, a suffix is either in
the set A; (it is active) or in Z; (it is inactive). We denote
with z; the number of suffixes less than any of the active
suffixes.

We need a few new definitions now. The forward suffiz of
a suffix s;, denoted by f;, is the leftmost suffix s; among the
ones in the set {s;; € Iy | i < j' < i+ |es|} maximizing the
quantity j + |e;| — 1 (i.e. s; is the leftmost suffix starting
within the extent of s; or right after it whose extent goes
the farthest from the right end of e;). Hence, only inactive
suffixes can have forward suffixes. The set of the entrant
suffizes of any suffix s; € A¢, which we denote with & (4), is
{s;jeTs|i<j+lej]—1<i+]|ei|—1andi<j} (i.e. the
inactive suffixes whose extents intersect e; without being
completely contained in it). Finally, we introduce an owver-
lapping cycle. Let w be a sequence and u be a prefix of
w. Let d be an integer d such that 0 < d < |u|]. Let D =
(d1, .. .d,) be a sequence of r integers such that 1 < d; < |w|.
An overlapping cycle with period w and tail u, denoted with
[w,u] (D,d), is the sequence wwq, Wq, - .. Wd, _, W4, Uqg Such
that Wd; is the d;-th suffix of w and ug is the d-th suffix of
u (if d = 0 the cycle has no tail).

4.1.2 Initialization

We apply linear time selection algorithm [1] to S and find
the element o of rank k. Then A; has each suffix s; such
that S[i] = o, the remaining suffixes are in Z; and o1 = a.
The extent e; of any suffix s; is S[i] and, if s; is inactive, ¢;

is degenerate. The forward suffix f; of any s; € A1 UZ; is
sit1. For any s; € A1, we set € (i) = (. Finally, we set 21
to be the number of elements of S less than «. Later, we
will see in that we need other computations as part of the
initialization too.

4.1.3 Phase Invariants

The following invariants hold for phase t.

(I) oy is a prefix of the suffix of rank k of S.

(IT) A; contains s; iff e; = o¢; 2¢ is the number of suffixes
si € Iy such that s; < s;, for any s; € A;.

(III) If t > 1, for any s; € Z; and s; € A¢, we have that
les| <ejl.

(IV) For any two consecutive active suffixes s;,s; € A (i.e.
for any i’ such that i < i’ < j, sy € Z;), we have
that j >+ [|es| /2] (i-e. the extents of s; and s; can
overlap by less than a half of their lengths only)

(V) If t > 1, there exist

(a) a sequence of integers (di, ..
di S \_|0't_1|/2j and

(b) a forward suffix f; € Z;—1 of s; € Ai—1 and an
integer d

.dy) such that 1 <

such that o; = [0¢—1,s;] ((d1,...dr),d) (that is, o is
an overlapping cycle with period o;—1 and tail s; but
the overlapping of the “iterations” is limited).

(VI) The forward suffix f; of any s; € A; UZ; is known,
i.e., the starting position of f; is explicitly stored and
retrievable in O (1) time). The set of entrant suffixes
E (i) of any s; € A; is known and its members are
retrievable in total O (|€ (4)|) time.

4.1.4 Phase Transition: High Level Steps

Say the invariants hold for phase ¢. In this section we show
a high level description of how to maintain the invariants
while going to phase t+1 and while expanding our knowledge
of the suffix of rank & (by invariants (I) and (V)). Later we
will describe in detail how the crucial steps of the high level
description are implemented.

We need some definitions. S can be logically divided into
subsequences 01110215 ... Og4l4 of elements with the follow-
ing properties: (a) for any element ¢ € O, there exists a
suffix s; € A; such that ¢ € e;; (b) for any element ¢’ € I,
and for any suffix s; such that ¢’ € e; we have that s; € Z;.
Subsequences O1, ..., O; are collisions of active suffizes. We
need to exploit them to achieve an optimal solution.

The overlapping prospective extent o; of an active suffix
s; is defined as follows. Let O, be the subsequence contain-
ing the extent of s;. Let S be the rightmost active suffix
starting within O,. Let J, be the prefix of subsequence I,
containing only elements belonging to the extent of the for-
ward suffix f;, of s;, (J, may be void). Then, o; is the suffix
of subsequence O, J, starting from the leftmost element of
si, 1.e., the common subsequence between s; and Oy J).

The total order defined for the overlapping prospective
extents is a slight variation of the lexicographical order, the
overflow lexicographical order or, briefly, overflow order. For
any oy, the overflow element of oy is S[i’ +|o;/|]. Note that



the overflow element of o,/ is not part of o,. Comparing o;
and o; is defined as follows: if o; is not a prefix of o; and
0; is not a prefix of 0;, then o0; and o; are compared lexico-
graphically; if o; is a prefix of o; and |o;| < |o;|, then the
overflow element of 0; and S[j+|o;|] are compared (the sym-
metrical case is analogous); if 0; and o; match completely,
then their overflow elements are compared. Two overlap-
ping prospective extents o; and o; are overflow-equal if they
match and their and their overflow elements are equal. The
overflow equality and the overflow order are denoted by £
and <, respectively.

Let us present some basic properties of the overlapping
prospective extents, without proofs.

For any O,I, and for any s; € A; starting within O, o;
of s; is an overlapping cycle with period o1 and the extent of
fi, as tail, where s;, is the rightmost active suffix starting
within O, (as we anticipated in § 2, the extents of the active
suffixes in a collision may overlap unpredictably). For any
two suffixes s;,s; € Ay, if 0; is a prefix of o; and |o;| < |o;|
then the longest common prefic between s; and s; has length
equal to |o;|. In other words, the (|o;| + 1)-th elements of
s; and s; are different. For any collision O, and for any
Siy 85 € Ay starting within Op, we have that o; % 0j.

The phase transition proceeds as follows.

1. If |A¢] = 1, the suffix of rank k is the only active
one left and the algorithm can terminate. Otherwise,
we find the overlapping prospective extent o; of each
si € As.

2. We find the set O; containing the overlapping prospec-
tive extent o;, of rank k—z; (w.r.t. the overflow lexico-
graphical order) and all the other o; such that o;. £ o;
(see § 4.2).

Let the set of winners Wy be {s; € A¢ | 0; € Ot}. Let
the set of losers L, be {s; € Ay | 0; € O¢}. Let by be
the number of overlapping prospective extents o;, such
that oj < 0;,.

3. We set, At+1 =W, Tiy1 =1 Uﬁt, Zt+1 = 2t + b and
we set ory1 = 0j, for any o; € O, (they are all equal).
For any s; € W, we set e; = 0;.

4. For any s; € L, we set its extent e; to be the longest
common prefix with any o; € O; (see § 4.2).

5. For any s; € W, we update € (i) (see § 4.3).

6. For any s; € L+, we update the forward suffix of any
entrant suffix s; € £ (7) (see § 4.3).

7. For any s; € Wy or € L, we update its forward suffix
fi (see § 4.4).

LEMMA 3. Each phase transition of the suffiz selection
algorithm maintains the invariants.

4.2 Detaills: Overlapping Prospective Extents

Exploiting the structure in the problem, after suitable
preprocessing, we show how to compare two overlapping
prospective extents using O(1) comparisons and show how
to implement steps 2 and 4 of the phase transition. More
details can be found in § A of the Appendix.

4.2.1 Preprocessing

Any overlapping prospective extent o; of phase t can be
seen as a sequence of partially overlapping occurrences of
o+ ended with a partially overlapping prefix of o¢ (the tail).
The main part of o;, formed by the overlapping occurrences
of oy, is a suffix of a collision of active suffixes O,. O, is an
overlapping cycle with period o, and no tail. In particular,
by invariant (IV), for any O, there exists a sequence of in-
tegers Gp = (91,92, ..., gr, ) such that O, = [0+, ( )] (G, 0),
where 7, 4+ 1 is the number of active suffixes starting within
Op and 1 < g; < ||o¢|/2]. Hence, if for any collision O,
we know the sequence of integers G, “representing” it, then
in order to compare two overlapping prospective extents o;
and o; belonging to the collisions Op, and O,,, respectively,
we can use suffixes of G, and Gp,; instead of dealing with
suffixes of 0; and o;. More precisely, let us assume that o;
and o; correspond to the x;-th and x;-th integers in G, and
Gp,, respectively. Then, instead of finding the longest com-
mon prefix of 0; and o; directly by comparing their elements,
we can compare the (z; + 1)-th and (z; + 1)-th prefixes of
Gp, and Gp,, respectively (we start from the (z; + 1)-th
and (z; + 1)-th prefixes because the two integers Gy, [z;]
and Gy, [z;] are calculated to describe the overlapping pat-
tern of the whole collisions Op,; and Op; and not of the two
particular suffixes corresponding to o; and o;).

To exploit this idea we could proceed in the following way:
first, we could concatenate the GG),’s into a single sequence
G =G1(1)G2(1)...{1) G4 of | As| integers (the i-th inter-
leaved sequence (1) corresponds to the leftmost active suffix
starting within O;); second, we could sort the suffixes of G;
third, we could process the sorted array of suffixes of G so
that longest common prefix queries on the suffixes of G can
be answered in O (1) time. The preprocessing for phase t
has to require O (|A¢|) time for the final algorithm to be
linear. Unfortunately, the integers in G are suffix indexes of
oy while |G| = | A¢| and tends to 1 over time. Therefore, the
size of the alphabet of GG is not linear in the cardinality of
G and the sorting of the suffixes of G would require w(|.A¢|)
time.

The solution is to change the range of the integers in G
from [1...]S|] to [1...]A¢]]. We use a table T of |S| entries
where each entry is a pair (timestamp, value). During initial-
ization, we set up T so that T'[i] = (0,0) for any 1 < i < |S].
In phase ¢, after G is created, for each j € [1...|S|]: let
(t',v) be the pair in T[G[j]]; if t' = t, we set G[j] = v; oth-
erwise (i.e. ¢ < t and the entry is old as it has been set in
a previous phase t') we set G[j] = j and T [G[j]] = (¢, ). It
is important to note that after the range reduction, for any
two suffixes g;, g; of G, although the relative lexicographical
order of g; and g; may not have been preserved, their longest
common prefiz has the same length it had before. After the
range reduction we can carry out the preprocessing with a
linear time suffix sorting algorithm for linear alphabets [7,
6, 4]) and the third step with prior work [5, 3]. Therefore:

LEMMA 4. For any phase t, the preprocessing of the ex-
tent information requires O (| A¢|) comparisons and time lin-

ear in O (| A¢).

4.2.2 Comparing Overlapping Prospective Extents

The comparison between any two overlapping prospec-
tive extents o, and oy proceeds as follows. The rightmost
aligned suffizes of o, and oy are the rightmost suffixes start-
ing within o, and o, whose extents are aligned. Thanks to



the preprocessing, we can easily find the rightmost aligned
suffixes s, and s, of o, and oy in O (1) comparisons and
time. (a) both s;» and s,~ are not the rightmost active
suffixes of o, and oy, respectively; (b) only one between s,/
and s, is the rightmost active suffixes of its overlapping
prospective extent; (c) both s~ and s,~ are the rightmost
active suffixes of o, and o,. Given the periodicity proper-
ties of 0, and oy, all the three cases are quite easily solved
comparing just two aligned positions of the extents of two
suffixes next two s,» and s, (see § A.2 of the Appendix).

LEMMA 5. For any phase t, after the preprocessing, any
two overlapping prospective extents can be compared using
O (1) element comparisons.

4.2.3 Summing Up

After the preprocessing, the set O; in step 2 of the phase
transition can be found by applying the selection algorithm
in [1] comparing any two 0;,0;’s as described above. This
comparison function can also find the length of their longest
common prefix. Therefore,

LEMMA 6. For any phase t, steps 2 and 4 of the phase
transition from t to t + 1 can be computed using O (].A¢])
comparisons and time.

4.3 Details: Entrant Suffixes

Consider Step 5. We know that for any collision O,
and for any s;,s; € A; starting within O,, we have that
0i # 0;. Hence, we know that any two 0;,0; € O; must
belong to two different collisions O, and O,,, respectively.
Moreover, we know that the new inactive suffixes created
during the phase transition from ¢ to ¢ + 1 are the ones
in Ay — {s; € As | 0; € O;}. Clearly, for any s; such that
0i € Oy, the only newly inactive suffixes in Z;y1 N Z; that
can possibly enter in £ (i) are the ones starting within Op,
where O,, is the collision s; is part of and hence we just
need to examine them to verify if they have become entrant
suffixes of s;. Therefore:

LEMMA 7. For any phase t, Step 5 of the phase transition
uses O (|A¢]) comparisons and time.

Consider Step 6. The actual computation of step 6 is
simple. For any s; € £L; and for any s; € £ (i), say the
current forward suffix of s; is s;,: if i+]e| —1 > jr+|e;, |1
then s; is the new forward suffix of s; and we update f;. To
analyze this algorithm, the key is what we show (without
proof here) that for any suffix s; € Z; there exists at most
one s; € Ay such that s; € € (i). Hence, we can conclude
that any suffix s;/, once it becomes inactive, can have its
forward suffix updated only once during the entire execution
of the suffix selection algorithm. Therefore:

LEMMA 8. Ouwer the entire ezecution of the suffiz selec-
tion algorithm, Step 6 uses O (|S|) comparisons and time.

4.4 Details: Updating Forward Suffixes

We briefly describe two data structures and use them to
implement step 7.
4.4.1 Structure |

Our structure is defined on pairs of small integers (p,v)
composed of a position p and a value v, each of log £° bits,

where ¢ is a constant (we will constrain ¢ later). Pairs form

b lines Lo, L1, ..., Ly, for a constant b < c. For any 1, line L;
is a sequence of | S| /¢* pairs. Any line L; is logically divided
into groups G1, G5, G5, . .. each one containing £ consecutive

pairs of small integers. There is a hierarchy among the lines.
The lowest one in the hierarchy is Lo, the longest one. Any
group G; € L; is associated with a subsequence of contigu-
ous groups in L;_;. More specifically, for any ¢ > 0, G;- of
L; is associated with the sequence of ¢ contiguous groups
Gé;j1)z+1Gé;j1)z+2 . G;zl of L;—1. Given this association
between adjacent levels, it is easy to see the structure as a
forest of complete f-ary trees where any group is one node,
the £ groups in the immediately lower line associated with
the group are its children and all the roots of the trees re-
side in the highest line. For any group G € L;, we denote
with par (QG) its parent group and with chy (G) its h-th chil-
dren, ie., G{;!),,,, if G is the j-th group of L;. Clearly
the starting positions of par(G) and any chy (G) in their
respective lines L;y1 and L;—1 can be calculated in O (1)
time (we choose £ as a power of 2). For any group G € L;
we denote with L, (@) the subsequence of Lo composed by
the groups that are descendants of G and we denote with
lo,i the size of it, that is the number of pairs in L, (G) (it
is the same for any group in the i-th line). So we have that
lo,; = ¢! for i > 0, and let us assume by convention that
lo,—1 = 0 (to spare a special case in the invariants and ta-
bles definitions). We refer to the values of the pairs in Lo
as the originals because, as we will see, any value v; of a
pair in a line L;, ¢ > 1, is a copy of a value in Lo. If A is
a multiset (and hence multiple maxima may coexist in A)
then we set argmaxy A to be the smallest y corresponding
to a mazimum. We have the following invariants.

(A) For any G € Lo, for the j-th pair (p;,v;) of G we have
that p; = _]

(B) For any ¢ > 0 and for any G € L;, for the j-th pair
(pj,v;j) of G we have that:

e v; is equal to vy of the x-th pair (ps, vz) of ch; (G)

such that z = arg max {(y — Dlo,i—2 + py + vy —
Y

1| (py,vy)is the y-th pair of ch; (G) }

e p; is equal to the position in L, (chj (G)) of the
v;’s original (the position is relative to the subse-
quence L, (ch; (G)), not the whole Lo).

We also use b lookup tables Fp, Fi,..., Fy. Table F; corre-
sponds to line L; and represents the lookup implementation
of the function ¢; : N* — N, 4 > 0, such that, for any
sequence of ¢ pairs of small integers ((p1,v1),..., (pe, ve)),

éi (((p1,v1) .., (pe, ve))) = arg max {(j = Dloi—1 +p; +
1<j<¢
v; — 1| (pj,v5) st v; # 0}~
We use these structures to support the following query:

DEFINITION 1. Given an interval [q...q'], 1 < ¢ <q <
|S|, such that ¢ —q+ 1 < %' we want to find the pair

(pz,vz) € Lo such that v = argmax{y—!—vy -1 ’ g<y<
y
q', where (py,vy) is the y-th pair of Lo}.

This query is answered as follows. We find the lowest line
L; such that lop; > ¢ — ¢+ 1. We find the (at most) two



consecutive groups G, G’ € L; such that the concatenation
of Lo (G) and L, (G’) completely contains the subsequence
Lo[q...q']. Let us suppose that there are in fact two of them
(the other case is analogous) and let ¢” be the integer such
that Lo[g...q" —1] C L, (G) and Lo[q" ...q'] C Lo (G'). We
find the smallest h of G’ such that Lo[g” ...q'] is contained
in the concatenation of L, (chi (G')), ..., Lo (chn (G')). Let
q"" be the index (in Lo) of the leftmost pair in L, (chy, (G')).
We solve the query for the interval [¢...q'] recursively.
Let (p.,v.) € Lo be the pair satisfying the sub-query. We
extract from G’ the subsequence G'[1...h — 1]. By careful
memory layout of the lines (see § B.1 of the Appendix),
this result will already be a full-sized integer j that can be
used to index F;. Using F;[j], we find the pair (p,,v,) €
Ly satisfying the query for the interval [¢"...¢"" —1]. We
repeat for Lo[q...q" — 1] what we have done for Lo[q” ...q]
thereby finding the pairs (p./,v./), (py/,vy) € Lo satisfying
the (at most) two corresponding sub-queries. We return
argmax;c (.’ y' y,2} 1J + Vi — 1}-

We omit the details of how this structure can be main-
tained under updates to Lo, how the lookup table for F;’s is
built, and how the lines are laid out in memory for the de-
sired access. We choose ¢ properly so that using the power
of bit operations on small integers in the RAM model (in
particular, shift left or right by one position), we can im-
plement these operations efficiently. As sketched here, we
actually need shift by an arbitrary number of positions, but
a slightly more sophisticated version can do with only left
or right shift by one position in unit time. Some details can
be found in § B.1 of the Appendix.

LEMMA 9. Structure I can be built using O (|S|) time and
comparisons and updated, queried in O (1) time.

4.4.2 Structure

Suppose that |S| is a power of 2. The structure is a com-
plete binary tree .7 with |S| leaves. For any node u of .7,
the base tree of u is the complete subtree of Z rooted in u
and containing all the leaves of .7 that are descendants of u.
The i-th leaf [; is associated with the i-th suffix s; of S and
contains an integer value v;. Any internal node u of .7 con-
tains a pair (p,v): v is equal to the largest value contained in
the leaves of the base tree 7, of u; p is a pointer to the left-
most leaf of 7, having its integer value equal to v. For any
query interval [z...y], 1 <z <y < |5, the leftmost leaf I;
with the largest value v; among the leaves in {l;|z < j <y}
can be found as follows. The tree-cover for the sequence of
leaves lzly+1...ly is aset {T1, Pa,..., 7} of subtrees of 7
such that (a) any .7, is a base tree; (b) any two 9, , are
disjoint; (¢) lalzg1...ly = (N)F) ... (F), where ()

is the sequence of leaves of .7,.

1. We find a tree-cover M for l;l;41 ...l as follows. Let
u =1y and M = 0.

(a) If u is the right child of par(u) (the parent of u),
let I; be the rightmost leaf of the base tree of w.
We set M = MU{u}, u =111 (i.e. the leaf next
to ;) and we proceed with step 1d.

(b) Otherwise, let I; be the rightmost leaf of the base
tree of par(u). If j > y (that is l; is out of the
query interval), let [;; be the rightmost leaf of the
base tree of u. We set M = MU {u}, u =144
and we proceed with step 1d.

(c) Otherwise, we set u = par (u) and we start again
with step 1la.

(d) If all the leaves in lzly11 .. .1, are covered (i.e. if
l, has been accessed during the previous steps)
then we proceed with step 2. Otherwise, we start
again with step la.

2. We find the leftmost tree among the ones in M whose
root has a pair (p,v) with the largest v (since they are
disjoint base trees, their order derives from the one of
the leaves). We return the leaf pointed to by p.

Note that the tree-cover M found in step 1 is minimal,
that is for any other tree-cover M’ for lzl,41 ... ly, we have
that |[M]| < |M’|. It easy to see that a minimal tree cover
cannot contain more than 2log|S| subtrees. Therefore, we
can show:

LeMmmA 10. Structure IT used can be built in O (|S|) time,
updated in O (log|S|) time and queried in O (log® |S|) time.

4.4.3 Summing Up

Step 7 is easy for s; € W;. For any suffix s; € A; in
this step, o; € O; and s;’s new extent is o;. Let s;; be
the rightmost active suffix starting within o:, we set f; to
be the forward suffix of f;; and we are done. Consider any
s; € L. In addition to the initialization discussed in other
steps thus far, we preprocess for Structure I with following
rule: if the j-th suffix s; of S'is in 71, the value v; of the j-th
pair in Lo and all its copies in the higher lines is set to |e;];
otherwise if s; € A1, v; is set to —oo (note that the active
suffixes cannot be forward suffixes). We now have two kinds
of phases: the early and late phases such that oy < alog? |S]
and o; > alog?|S|.

Early phases. For any s; € L, we change the value v; of the
i-th pair in Lo from —oo to e; (s; was active in phase ¢
and will be inactive in ¢ + 1) and we update Structure
I. Then, for any s; € L;, we query Structure I with
the interval [i + 1...47 4 |e;|] and obtain the (possibly
new) forward suffix of s;.

Interlude. The interlude is the phase transition from a phase
t' to a phase t” such that op < alog?|S| ow >
alog? |S|. We proceed as before but after setting for-
ward suffixes for s; € W, we build Structure II. The
i-th leaf [; is associated with the i-th suffix s; of S and
contains an integer value v; set as follows: if s; € A
then v; = —oo; otherwise, if s; € Z;» then v; =
i+ |ei] — 1. Then while dealing with s; € L, we use
the newly built Structure II.

Late phases. For any s; € L;, we change the value v; of the
i-th leaf of T" from —oo to e; and update Structure
II. Then, for any s, € L+, we query Structure IT with
the interval [i + 1...47 4 |e;|] and obtain the (possibly
new) forward suffix of s;.

In the early phases, we execute one update and one query
of Structure T for any suffix in |J, ., L:, where ¢’ is the

last early phase and |Ut<t, L’t| = O(]S]). In the inter-
lude and the late phase period we build Structure IT and
do one update and one query for any suffix in Ut>t, L.

We know that for any late phase t, o, > alog?|S|. Be-
cause of invariants (IV) and (II), we know that ’Ut>t, L

O(|S|/|op]) =0 (|S| /log? |S|) Hence,




LEMMA 11. During the entire execution of the suffiz se-
lection algorithm, the total time and comparisons needed to
perform Step 7 in the phase transitions is O (|S]).

4.5 Correctness and Complexity

Combining all the pieces gives us the main result:

THEOREM 2. The lexicographically k-th smallest suffiz of
a sequence S[1---n] can be deterministically found using
O (]S]) comparisons and time in the worst case.
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APPENDIX
A. DEALING WITH THE OVERLAPPING
PROSPECTIVE EXTENTS

A.1 The Preprocessing

We have four main steps.

1. By the definition of overlapping prospective extent, ev-
ery subsequence O, is an overlapping cycle with pe-
riod o and no tail. In particular, by invariant (TV),
for any O, there exists a sequence of integers G, =
(91,92, -, 9rp) such that Op = [o¢,( )] (Gp,0), where
rp + 1 is the number of active suffixes starting within
Op and 1 < g; < ||ot|/2]. We compute the sequence
of integers G, for any O,,.

2. We build the following three structures.

(a) Let Gj, be (1) G, (i.e. the concatenation of the
sequence containing only 1 with G,). We con-
catenate all the Gj,’s into a single sequence G =
G1Gy ... Gy of | Ay integers. The i-th interleaved
sequence (1) corresponds to the leftmost active suf-
fix starting within O;.

(b) We compute (and store as a table) the function

7:{L,.. ., |A} — {1,...,]S]|} such that s, is
the suffix whose extent correspond to the integer
G[i].

(¢) We compute (and store as a table) the function
A {1, Al — {1, ..., | A¢]} such that A(3) is
the position in G of the rightmost integer in Gy,
where G}, is the original sequence G[i] came from
(see definition of G in 2a),

3. We need to change the range of the integers in G from
[1...]5]] to [1...]A¢]]. We use a table T of | S| entries
where each entry is a pair (timestamp, value). Let us
suppose that during the initialization of the algorithm
we also set up T so that T'[i] = (0,0) for any 1 < ¢ < |S|.
The reduction consists of the following simple process.
For each j € [1...]S|]: let (¢',v) be the pair in T [G[j]];
if ¢ =t, we set G[j] = v; otherwise (i.e. t' <t and the
entry is old as it has been set in a previous phase t')
we set G[j] = j and T [G[j]] = (¢, J)-

4. After the step 3 we have that each one of the |A;| en-
tries of G belongs to {1,...,|A:|}. In this step we first
sort the suffixes of G using a linear time suffix sorting
algorithm for linear alphabets (e.g. [7, 6, 4]). Then, we
process the suffix array of G so that longest common
prefix queries on the suffixes of G can be answered in
O (1) time (e.g. using [5] and [3]).

A.2 Comparing Two Overlapping Prospective
Extents Efficiently

Let us recall that by the definition of overlapping prospec-
tive extent, any overlapping prospective extent o, is com-
posed by a number of extents of active suffixes and the ex-
tent of a forward suffix. The rightmost aligned suffizes of
any two overlapping prospective extents o, and o, are the
rightmost suffixes starting within o, and o, whose extents
are aligned.

The comparison between o, and o, proceeds with two
steps.

1. In this step we find the rightmost aligned suffixes s,
and s,» of 0, and oy. Let s,» € A; be the suffix whose
extent e,/ is the second one (from the left end) of o, and
let i,/ be the index of s,/ in a left-to-right enumeration
of A (i.e. s, is the i,/-th active suffix starting from
the left end of S). Let us assume similar definitions for
0y. We proceed with three substeps.



(a) Using the structures from the preprocessing, we
find the length of the longest common prefix be-
tween G, (the i,/-th suffix of G) and G; ,. Let it
be [.

(1’)) Ifiy, +1—1> )\(’LII) or iyl +1—-1> )\(iy/), then
let [ = min ()\(’Lm/) — i + 1, )\(’Lyl) — ’iyl + ]_)

(c) Let " = 7(ip +1—1) and ¥’ = 7(iy +1—1).

2. We are finally able to decide the relative order of o
and o,. We have to distinguish three cases.

(a) Let us assume that both s, and s,~ are not the
rightmost active suffixes of o, and oy. Let s,
and s, be the active suffixes next to s,» and s,
respectively. Finally, let us assume that z"’ > ¢
(the other case is symmetric). Let us consider suffix
Sw,, where x, = z” 4+ y"’ — y" (that is the suffix
starting within o, that is aligned to s, of oz).
Since s, is the active suffix next to s, we have
that Sz, € Z: and hence |ezy| < |€ym|. Therefore,
the relative order of o, and o, can be decided in
the following ways:

i. if e;, is degenerate, by comparing the elements
S[Z’y] and S[ym + |ezy ];
ii. if e, is not degenerate, by comparing S[z, +
|ezy ] and S[ym + |ezy ]

(b) Let us assume that only s, is the rightmost ac-
tive suffixes of its overlapping prospective extent
0z. Let sy be the forward suffix f,» of s,». Let
sy be the active suffixes next to sy~ in o,. By
the assumption on s,», we know that s, € Z;
and hence |egv| < |ey|. Therefore, the relative
order of o, and o, can be decided in the following
ways:

i. if e, is degenerate, by comparing the elements
S[a"] and S[y" + le,m];

ii. if e, is not degenerate, by comparing S[z" +
learn[] and Sy + e

(c) Let us assume that both s, and s, are the right-

most active suffixes of 0, and oy. Let s,/ and s,/

be the forward suffixes f,~ and f, of sy and s,

respectively. We have the following cases.

i. If at least one of the extents of s, and s,
is degenerate, the relative order of 0, and o, is
decided by comparing the elements S[z + |04]]
and S[y + |oz|] (in this case o, and oy have the
same length).

ii. Otherwise, let us assume that |oz| > |oy|. Let
Sy, be the suffix within o, that is aligned to
s (that is y, = 3" + 2" — x). The relative
order of o, and o, is decided by comparing the
elements S[sy, + |ey,|] and S[sy + |ey, |]-

B. UPDATING THE FORWARD SUFFIXES
OF WINNERS AND LOSERS

B.1 Additional Details about Structure |
B.1.1 The Memory Layout

We assume the availability of the shift as a basic, unit cost
operator (that is, an integer can be multiplied and divided

by 2% in constant time). This assumption is not strictly nec-
essary since we can describe a slightly more complex struc-
ture that makes use of multiplications and divisions by 2
only. The memory layout of the lines exploits the availabil-
ity of the shift operator. In the comparison model/RAM,
besides the completely abstract input elements, it is pos-
sible to employ integer values that can be stored in single
locations of memory and that can be directly used with the
allowed arithmetic operators. These full-size integers are
presumed to have at least log |S| bits. We do not store each
small integer as a full-size integer. Instead we store each
group G as a single full-size integer (as a we will see later,
our choice for ¢ guarantee that 2¢log ¢ < log|S|). Hence,

[S| :
APy locations of

memory (|S| /¢* is the number of pair of small integers in
L;). Tt is easy to see that any contiguous subsequence of L;
with ¢/ < /¢ pairs of small integers can be copied from L;
using O (1) shifts.

B.1.2 Building the Lookup Tables

The b lookup tables are built in the following way. Us-
ing the shift operator, any sequence ((p1,v1),..., (pe, ve)) of
pairs of small integers can be easily compacted into one full-
size integer j in O (¢) time. F;[j] will contain the integer re-
sulting from the computation of ¢; ({{p1,v1),..., (pe,ve))).
Since our target time complexity is linear in |S|, we have to
choose ¢ so that the following constraint is respected:

Cy(0) - 222" = 0(19)),

where Cy(¢) is the worst case complexity of applying any ¢;

to a sequence of £ pairs (the total number of entries of F; is
22[ log £¢

any line L; is completely contained in

, given that a sequence contains ¢ pairs of integers of
log ¢¢ bits each). Since Cy(¢) is clearly © (£), we can easily
choose ¢ so that the following conditions hold:

(i) £ =27 for some integer z,
(i) £=© (\/log |S|).
B.1.3 Queries and Updates

The queries in Definition 1 can be answered in seven steps:
1. We find the lowest line L; such that lp; > qd —q+1

2. We find the (at most) two consecutive groups G,G’ €
L; such that the concatenation of L, (G) and L, (G')
completely contains the subsequence Lo[q . ..¢']. Let us
suppose that there are in fact two of them (the other
case is analogous) and let ¢” be the integer such that
Lolg...q" —1] C Lo (G) and Lolq" ...q'] C Lo (G").

3. Then, we find the smallest integer h of G’ such that
Lo[q" ...q'] is completely contained in the concatena-
tion of L, (ch1 (G')), Lo (ch2 (G')) ..., Lo (chn (G")).
Let ¢’ be the index (in Lo) of the leftmost pair in
L, (chi (G")).

4. We solve the query for the interval [¢"...q'] recur-
sively. Let (p.,v.) € Lo be the pair satisfying the sub-
query.

5. Using the shift operator, we extract from G’ the sub-
sequence G'[1...h — 1]. By the memory layout of the
lines, the result is already in in form of a full-size in-
teger j that can be used to index F;. Using Fi[j], we
immediately find the pair (py,vy) € Lo satisfying the
query for the interval [¢" ...q¢" —1].

11



6. We repeat for Lo[g...q"” — 1] what we have done for
Lolg"” ...q'] in steps 3, 4 and 5, thereby finding the
pairs (p./,v.1), (Dyr,vy) € Lo satisfying the (at most)
two corresponding sub-queries.

7. We return arg maX;e(./ y/.y.»} 1J +v; — 1}.

Finally, maintaining the invariants of the structure whenever
a value in Lo is updated is quite straightforward. Let us
suppose that the value v of a pair of the j-th group G € Lo
is changed. We proceed as follows.

1. We apply ¢o to G (that is, by the memory layout for the
lines, we index Fy with the integer in the j-th location
of Lo) and we find (a reference to) a pair (p;,v;) € G.

2. Let G be the j-th child of par (G), if the pair referenced
by the position p; stored in the pair (p;,v;) € par(G)
is not (p;,v;) € G, we update (p;j,v;) accordingly.

3. We apply recursively the first two steps to par (G) € L1
(obviously, using ¢1 and F} instead of ¢¢ and Fp).



