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ABSTRACT

A decision-maker, relying on incomplete and/or imperfect state
observations, seeks to maximize the infinite-horizon (discounted or undis-

counted) performance of an N-state Markov decision process. Since each

decision depends on an infinite string of past observations and decisions

(or, equivalently, on the conditional state distribution), the problem is

an infinite-state Markov decisionrproblem, i.e., an infinite-dimensional .
linear program. We propose to obtain suboptimal decision strategies by
solving a sequence of approximations to this problem. In the M-th approx-
imation, the decision-maker is restricted to follow a rule specified as

an M-state probabilistic automaton. Each approximate problem is solved
only up to a "local optimum", in simple value-iteration or policy-
iteration steps. The result of each approximate problem is used to con-
struct an initial guess for the subsequent approximate problem. Each
result is also compared with an upper bound on unconstrained performance.
Limited computational experience suggests that a performance near the

optimum will often be obtained.



The Markov decision process (MDP) is a familiar model of operatioms

research [ 7, 10, 11,23]. The partially-observed Markov decision process

(pOMDP) [ 1, 8 ,29] generalizes the MDP by requiring the decision-maker (DM)

to rely on system observations, each of which is a known, stationary, pos—

sibly random function of a transition. When the states, the alternatives
available to a DM before a transition, and the possible observations fol-
lowing a transition each form finite sets, the model is also known as a

finite probabilistic system [19]. This is the case to be considered here.

As a descriptive model, the POMDP offers many advantages over the
MDP, since the observations may be non-Markovian, and the decisions'may
affect the quality of future observations. As a prescriptive tool, however,
tﬁe POMDP is awkward, for the DM may be forced to base decisions on the
entire past history, an infinite string of past decisions and observations.
Early investigations of POMDP's relied on the conditiona; state dis—‘
tribution given the past history as an "external state" [ 1, 8 ]. This
facilitates the analysis, but does not avoid computational difficulties,
- because the set of state distributions (the state space ofrthe converted

problem) is not finite.

In a finite-horizon POMDP, the summary of past decisions and obser-

vations can assume only a finite number of possible values; hence the

e . . I
decisions are always based on a finite-valued statistic. This fact and

its implications for computing the optimal strategy were first described

in a landmark paper by Smallwood and Sondik [28]. The recognition that

" POMDP's are not as computationally intractible as general (non-denumberable

state) MDP's has led to remewed interest in the model and its applications [16].
As the horizon becomes larg;, the memory required to realize the op-

timal strategy may grow quite rapidly. In the infinite-horizon problem,

symmetry guarantees that the rule for selecting decisions (based on the

./ H
Drake [8 ] noted that the 1%“3 .

!

entire past history) will be the same at all times.




optimal decision may, in some cases, depend only on a finite string of most
recent decisions and observations. The strategy is then realized by a finite-
state automaton (described by a finite array of parameters) and the computa-
tional difficulties are avoided. Sondik [29, 30] has formulated a sufficient
condition for the optimal strategy to take the (finite-memory) form studied
by Drake, and has developed algorithms to determine the optimal strategy
when it takes this form. Sondik's conditiom, unfortunately, is difficult to
verify in practice.

Yet, in view of the fact that infinite-memory strategies are difficult
to describe in a computer and difficult to implement, there is no practicalY'

alternative to finite-memory strategies, even if they fail to achieve the

optimum. Thus we are led to consider computational schemes in which the

f
i

strategy is restricted (in some sense) to be finite-memory. Kakalik 12 ]13
has approximéted the space of intermal state distributions as a finite
grid. Platzman [19] allowed the DM to "forget" all but a finite string of
most recent decisions and observations. In each case the DM acts on the
bagis of a finite-valued statistic which is a function of the past history.
This statistic may also be viewed as an aggregation [25,26] of the past his-
tory intc a finite number of regions. Both procedures are computationally
unattractive because the memory must grow prohibitively large before rea-
sonable decision rules are obtained. Sandell and Athans [24] considered a
restricted-memory finite-horizon POMDP with time-varying decision rule.
This péper introduces a class of algorithms where the DM is restric-
ted to base each decision on an M-valued statistic which may be a ‘random
function" of the past history. The decision rule may also be random. Sur-

prisingly, randomization can improve performance in this situation. More~

over, the statistic itself can be optimized (along with the decision rule)

RN



to provide the most appropriate information. Starting with M small, a

sequence of constrained problems .is solved, using the solution for each
_Problem to conmstruct an initial guess in the following problem. The per-
formance of each restricted design is compared with an upper bound on
unrestricted performance; if they are close then we know that we have ob-
tained a near-optimal rule. This is not guaranteed to occur, but computa-
tional results (described in this paper) are encouraging.

Why does randomization improve performance? The following example may
provide some insight. Consider a totally unobserved system with states {1,2}
and decisions {1,2}, where decision i causes the System to enter state i with
certainty, i=1,2. We receive a reward of two units whenever our decision
causes the state to change, and no reward when our decision causes the state
to remain the same. In the case M=1, the DM cannot remember any past
decisions. Two unrandomized decision rules are available, each of which
picks the same decision at all times. These rules yield no reward (except
possibly on the first trial) and their undiscounted average return is zero.
By comparison, a two-memory-~state strategy, alternating between the two deci-
sions, achieves the optimal average return of two. A randomized one-memory-
state strategy that picks either decision with equal probability manages
to act optimally half the time, and achieves an average return of one. The
apparent effectiveness of algorithms introduced in this paper is largely
attributable to the ability of small-memory randomized strategies to mimic
the behavior of larger-memory deterministic strategies, as illustrated above.
For further information concerniﬁg randomization in finite-memory decision
schemes, see [4].

Our model, the POMDP will be precisely defined in Section 1. At first,
we will confine our attention to the discounted model. 1In Section 2, we de:ive
performance bounds upon which the algorithms are based. Alternative infinite-

memory decision rules are discussed in Section 3. The algorithﬁs are presented

27 I




in Section 4. The extension to undiscounted performance is given in Section j

In Section 6, we illustrate our approach in an example drawn from [29]1. Sec-

tion 7 concludes the paper.



1. THE MODEL

The POMDP

The system to be controlled is characterized by the following finite sets:

s ={1,2,...,N} = the set of internal states,

[l

(1.1) D = {1,2,...,K} the set of decision alternatives,

]

o0=1{1,2,...,L} the set of observation values,

Its transition probabilities are given by an LxK array of NxN matrices having

entries

(1.2) Pij(llk) = Pr [the system enters internal state j
and emits observation £ the system is presently

in internal state i and has received decision kj.
The initial internal state distribution is an N~vector m, having entries

(1.3) M= Pr [the initial internal state is i],

and belonging to the space of internal state distributionms

N

(1.4) mo= {neR | w20, i=1,..,8 [N




- This notation, also used in [ 18 ], enjoys the advantage over alter-

native POMDP representations that observations are permitted to depend on

any or all of the following:

- The state vacated.

- The decision.

- The state entered.
Moreover, many expressions coqmonly associated with POMDP's can be written
in matrix form. ¥For example, if ﬁhe state distribution is %, decision k is
specified and & is subsequently observed, then the new state distribution co
ditioned on informatiom available to the DM (all past decisions and observa-

tions), readily obtained from (1.2) via Bayes' rule, may be compactly ex-

pressed as

(1.5) T(n,k,0) = 2 ﬁgi Bn e T,

where n is a vertical N-vector of omnes.
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The Decision Strategy R

[ N SO O A2

The DM, at any time, is said to lie in a memory state me{l,...,M}.

The number of memory states, M, is a design parameter. At each decision
epoch, the DM speéifies a decision keD, receives an observation 20 from

the systeﬁ, and chooses the next memory state. We combine these tasks into

a8 single operation, called an action. Each action takes the form a =
[k,ml,mz,...,mL] whefe k is the decision specified, and m2 is the next memory
‘State to be chosen if the observation happens to be £. Thus

(1.6) A=Dx{1,...m"

is the set of actions available to the DM at each decision epoch.

The finite-memory randomized strategy adopted by the DM is described by

the array of probabilities
1.7n ¢: = P[the DM selects action a l the DM is in memory state m].

Our task will be to optimize the strategy specification ¢. In doing so, we
are not only specifying the decision as a "random function" of the memory .
state; we are also specifying each memory state as a ''random function' of
the past history.

Although the dimensions of ¢ may be enormous, this will be of no prac-
tical concern to us, because the values of ¢ generated by our optimization

procedures will be quite sparse. In the case of adeterministic strategy,

. m e
for example, each distribution ¢, on A has exactly one positive entry. As
we shall see, in Propositions 1 and 2, it is unnecessary to place more
m . .
than N positive entries in any ¢, . Thus ¢ will contain at most N - M positive

entries.

52
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The Augmented System
. N

Combining (1.2) and (1.6), we see that the system and DM together forp

a Markov chain which we call the augmented system. The state og the augment,

system 1s a pair (i,m), where i is an internal state and m is a memory state,

Its transition matrix,_wﬁen the DM chooses action a, takes the form

A

I |

- T . _ L ’
@8 Pmym @ T Ly Py @O oy
[k;ml,...,mL]=a

where § is the Dirac delta function § =1 if x=y, éx y = 0 if x$y. If

»Y

actions are selected randomly according to the strategy ¢, as defined by (1.7

then the augmented transition matrix becomes

(1.9) PamGm® T laea fa Pam gy -

’ g
The t-step augmented transition matrix under ¢ is represented by P (¢).

%99 |



The Performance Measure

Whenever the system is in internal state i, receives decision k, subse-
quently emits observation £ and enters internal state j, a finite reward
R[1i,k,2,j] is obtained. The array R contains more information than we require,

and our analysis will rely entirely on the array of N vectors q(k), k=1,2,...,Kk

having entries

N L ; .
Ficy Lgoq RIL,k,0,5] Pl

(1.10) q; (k)

i

The expected reward when the system is in

internal state i and receives decision k.

Also define augmented versions of (1.10)

~

(1.11) q(i,m)(a) = qi(k)

[ksmls---smL] = a

= The expected reward when the system is in

augmented state (i,m) and the DM chooses action a.

- m -
(1.12) q(i,m)(¢) - ZaeA % q(i,m)(a)

The expected reward when the system is 1in aug-

mented state (i,m) and the DM follows strategy ¢.

2972 | 292
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The discounted performance measure associated with initial augmented st

(i,m) and strategy ¢ is

(1.13)

@ t N M -t -
am @ = Leo B Lisy Lot Pamy ,m P9, @)

<] t ..
Zt=0 B~ E[Reward at time t | initial augmented stz

(i,m) and strategy ¢],

where the discount rate satisfies 0 < g < 1. It is well known that v? is ¢

determined by the set of N * M linear equations expressed below;matrix forn
s

(1.14) v($) = q(¢) + B P(¢) v(¢).

We defer to Section 5 a discussion of the undiscounted case.

L5y
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The Finite-Memory Optimization Problem

We may identify three phases in the determination of optimal decision

strategies. for POMDP's. 1In the design phase, we know the values of

M,P(ilk), q(k) and B, but not the initial state distributiom 7, and we must

select ¢ and compute v(¢). In the initialization phase, we learn the va-

lue of m and select the initial memory state. In the realization phase, we ob-

tain observations and specify decisions.

If‘is important to distinguish between these phases because the computa-
tional resources available during different phases may not be the same. For
example, we may be willing to invest a large amount of computer time in design
(which is done once for each model), but simultaneously wish to keep realiza-
tion fairly simple. Alternatively, realization might be implemented by a mi-
croprocessor that cam handle some computation between decisions.

Suppose that the realization will be in accordance with ¢. Then initial-
ization, for any m, is accomplished by selecting the initial memory state m

that maximizes the expected performance Z§=l mov (¢). The design prob-

(i,m)

lem, consequently, is to select ¢ so that the performance determined by initial-
ization will be maximal. Since we do not know the value of T, we cannot tell
what that performance will be, but we can bound it from below by using fhe

least favorable value of m. Thus, we must select ¢ to maximize the function

J(¢), defined as

o~

N -

(1.15) J(¢) = min - {maxm_l, M { Zi=l s v(i’m)(¢)}}. . o

«e ey

525 275




In summary, we seek to solve: 4 : ¢

DESIGN PROBLEM: Select a decision strategy ¢ so as to

maximize J(¢).

Once ¢ has been selected, we await a specification of the initial internal

state distribution m. Given 7w, we perform the

INITIALIZATION PROCEDURE: Pick the initial memory state m
s .
so that zi=l L

V(i,m)(¢) is maximized.

Thereafter, the DM acts according to the

FINITE-MEMORY REALIZATION PROCEDURE:

(1) Select an action a = [k,m ,...,mL]eA according to

1
the probability distribution ¢:.

(2) Specify decision k

(3) Receive observation %

(4) Update the memory state m <« m_, and return to (1).

L
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2. PERFORMANCE BOUNDS

Bounds on Finite-Memory Performance

Let w = [w(i m)] be an N+M-vector which we consider to be an approx-
b

imation to v(¢). The MacQueen's bounds [14] on v(¢) corresponding to this

approximation take the form

=

-1 0 -1
(2.1) Wt (1-8) "x_(¢,wn< v(¢) < w+ (1-B) x+(¢,w)”7
where
(2.2) x(¢,w) = q(¢) + BP(¢)w - w

(2.3) x_(¢,w) = min(i,m){x(i,m)(¢,W)}, x, (¢,w) = max(i’m){x(i’m)(¢,w)}.

From (1.15) and (2.1) - (2.3), we obtain performance bounds
(2.4) J_(¢,w) < J($) < I, (95w)
where

(2.5) J_(6:0) = T + (1-8) Tx_(6ow), T (6, = TGw) + (1-8) "'x, (4,w)

N

(2.6) Te) = min ptmax s ey T o

Some properties of these bounds are given by the following lemmas:

299 21
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Lemma 1 (Normalization). The bounds in (2.4) are unaffected by the trans- ﬂ
formation w <« w + cn where ¢ is a scalar constant and n is an N+M-vector of o
~ Proof. By (2.2), each entry of x(¢,w) decreases by (1-g)c, and by (2.6),
each entry of J(w) increases by c. Consequently J_(¢,w) and J+(¢,w), given

by (2.5), are unaffected.

Lemma 2 (Value Iteratiom). The bounds in (2.4) converge monotonically to

J(¢) under the iterative process w < u(¢,w) where

(2.7) u(,w) = q(4) + BP(P)w = w + x(¢,w)

Proof. By [ 14], the bounds in (2.1) converge monotonically to v(¢). By (1.

and (2.5) - (2.6), the bounds in (2.4) must converge accordingly, as assertec
Lemma 3 (Policy Iteration). Eq. (2.4) holds with strict equality when w = V!

Proof. By (1.13) and (2.2), x(¢,w) = 0. The desired result follows directl

from (1.15) and (2.5) - (2.6).
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Bounds on Infinite-Memory Performance

In a similar way, we may derive bounds on the performance of a DM who
bases each decision on the internal state distribution conditioned on the
entire past extermal history. This DM is confronted with an MDP whose (in-
finite) state space is.II, given by (1.4). The infinite-memory value function

is the unique solution [ 3,6 ] of the discounted Bellman's equation for dis-—

counted POMDP's [29 ,30,20]:

L
(2.8) v*(w) = maxkED{ﬁq(k) + B 2£=1(WP(£Ik)n)V*(T(w,k,l))}.

As an approximation to v*, consider the performance of finite-memory
strategy ¢, itself approximated by w, when the initial internal state distri-
bution is 7 and the initial memory state is determined by the initialization
procedure of Section 1. We have

N
~%k
(2.9) v (m,w) = maxm=l,...’M{ Zi=l ﬂiw(i,m)}'

Note that ;*(n,w) is a convex piecewise-linear function in w with support
hyperplanes specified by w. Such functions arise in the solution of finite-
horizon POMDP's [28]. AvJK'éﬁ,/'ﬁ;z_,; L 9:?;“ ﬂ/gﬂa ,

~ To obtain MacQueen's bounds based on the approximation (2.9) to V*(ﬂ),

~% * '
we must substitute v (w,w) for v (w) in (2.8) and compare the two sides. The

RHS is simplified, using (1.5), (1.8) and (1.11), to obtain

229
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(2.10) R maxkED{'nq(k) + B Zm (vP(llk)n)V*(T(ﬂ,k,l) »w) }

L N N
max, p{rq(k) + B Lo=1 Ak =1, . e oM 141 IPIRLAIICY

= ma T.Y. a(w)} \

N -
*aeA {Ei=l 11, \
P
‘ !

where &‘53“\.

-~
-

il

(2.11) - ¥4 a(w) = entry(i,m) of [c’i(a)+81;(a)w], m=1

*
The bounds on Vv (1) now take the form [ 3, p-237]:

. ~% -1 % % ~% -1 *
(2.12) v (m,w) + (1-8) x__(w) <v (m) v (m,w) + (1-8) x+(w)
where
’ * ~ k% ~%
(2.13) x Gw) =V (m,w) — V (w,w)
: * . % * _ %
(2.14) x (w) = mlnﬂsn{x (m,w)}, x+(w) = maxnen{x (r,w)} -



- /-

The optimal infinite—memory strategy achieves a performance which, for

5

o “/Wfﬁﬁ;,wﬁi;mﬂ

consistency with (1.15), we define to be

* i~k . _
(2.15) J- = min‘nEH{(V (m)}. 1«1%”" N e

~r 7
peaVAs :»}

From (2.12) - (2.14) with (2.6) and (2.9) we obtain performance bounds:

ES * *
(2.16) LHORTEER NS
where
% ~ -1 * * ~ -1 *
(2.17) J_(w) = J(w) + (1-8) "x_(w), I ) = JGw) + (1-8) "x, (w).

Moreover, the best infinite-memory strategy does at least as well as any finite-

memory strategy,

(2.18) MORES

331 | 39|
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Efficient Strategies

Let us consider the problem of maximizing the lower bound J_(¢,w) in
(2.4) with respect to ¢, holding w fixed. Since only the second term in the
definition (2.5) depends on ¢, an equivalent problem is to maximize x-(+,w).

By (2.2), (1.9) and (1.12), x(¢,w) is affine in ¢:

_ m m
(2.19) X(i,m)(¢’w) - 2aaA N Ei,a(‘;? e
. S N
)
m ~ » /
{2.20) B — gi a(w)-= entry (i,m) of [q(a) + BP(a)w — w]. ////
yd
//
Thus we obtain the linear program (LP): )
N
max: z
oy i . m m ° _ _
sibject to: z < zaeA ¢a ai’agz), i=1,...,N, m=1l,...,M
m = - —
(2.21) XaeA ¢, = 1, m=l,...,M
¢ > 0, ach, m=1,...,M

(2.22) z = min 2%}
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m
max: z
subject to: z" < ZaeA ¢: E? a(w) i=1,...,N
b
(2.23) m _
ZasA ¢a 1
m
$, 20 acA

Definition 1. A strategy ¢ is called w-efficient if, for all m=1,...,M, the

distribution ¢T is an optimal basic feasible solution of (2.23). It is f . P
called efficient if for some sequence wl,...,wM and all m=1,...,M, the dis-
tribution ¢? is an bptimal basic féasible solution of (2.23), evaluated at

m
W =w .,

Proposition 1. The design problem has at least one efficient solution.

Proof: J(+) is continuous and its domain is compact, so it achieves a maxi-
mum at some point ¢. Let w = v(d), and let ¢+ be a w-efficient strategy. By
(2.4),J_(¢+,w) < J(¢T). Since ¢+ maximizes J_(-,w) and ¢ maximizes J(-+), it
follows that J (¢,w) < J_(¢+,w) < J(¢+) < J(¢); But Lemma 3 implies J (¢,w) =

J(¢), .s0 J(¢+) = J(¢), and ¢+ is an optimal design.

Proposition 2 . Any efficient strategy ¢ has at most N positive entries in

eaéh of its distributions ¢T , m=1,...,M.

Proof: Eliminating the redundant variable z in (2.23), we obtain an LP having

only N constraints.

233 3373




Consolidation of Results
Combining (2.4), (2.16) and (2.18), we obtain

(2.24) I W) 3@ < T < I,

The algorithms to be discussed in Section 4 are based upon this system of
inequalities. The basic idea is to iteratively increase J_ by improving omne
of its arguments with the other held fixed. The strategies obtained in thie

*
manner are always efficient. The upper bound J, is computed for various

+
w and the smallest value is retained. If J_ and Ji eventually become close,
then ¢ is accordingly neayQOptimal.

" It is worth noting why the remaining bouﬁds J+ and Jf will not be of
interest to us. When J_ is maximized over w with ¢ fixed, then the bounds
J_(¢,w) and J+(¢,w) will coincide; for the particular procedures to be used
this is demonstrated by Lemmas 2 and 3. Similarly, we may relate Jf(w)

to the maximization of J_(¢,w) over ¢ with w fixed. Use (2.9), (2.10),

(2.13) and (2.20) to transform (2.14) into an LP:

*
(2.25) x_(w) = mlnm=l,...,M

[ s N n
{min_ . {max__, { Zi=l L Eia(w)}}}

Since (2.25) is the dual of (2.22) - (2.23), it follows that

(2.26) ' Jf(w) = max¢ {J_(¢,W)}.



3. AN INFINITE-MEMORY STRATEGY

at rea

ssible to select ¢.

Suppose that initialization,
pas determined an initial memory s
memory state m' has been entered i
new internal state distribution '
cedure to optimize m'.
é:ting pe
i but it cannot be computed exactly
finite-state Markov chain.
Specifically the alternative

to await a specification .

Before describing algorithms that determine ¢,
1ization may actually be carried out in a mor
ntral comcept in this paper is that ¢ is s

cisions will be made according to ¢;

But the information obtained during design may

This can be repeated at every decisi

rformance may be better but cannot be worse t

it is important to note
e sophisticated way. The
elected under the assumption that

this simplifies the problem and makes it

be used

achieve a per formance better than J(¢).

for some initial internal state distribution,

tate m, action a has been selected, and a new
n accordance with a. The DM may compute a

from (1.5), and repeat the initialization pro-
on epoch. The resul-

han that of ¢ [3, Section 5.21,

because the augmented system is no longer a

scheme is to solve the design problem and

Thereafter, decisions are made according to

INFINITE-MEMORY REALIZATION PROCEDURE:

(1) Pick a memory
(2) Select an act

bability dist

s N
state m so as to maximize Zi=l TV m)(¢).
b

ion a = [k,ml,...,mL] according to the pro—

. . m
ribution ¢a.

(3) Specify decision k

(4) Receive observation £ i

and return S

(5) Update the state distriﬁﬁqion 7 <« T(m,k,2), g
N,

to (1).
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Remark: The infinite-memory realization procedure is identical .to th

[ 28 ], except that the decisions may be randomized.

Remark: We might further improve performance by selecting the "best"

in step (2). This decision maximizes (2.10) with w = v(¢). To do so

advisable if the DM is a microprocessor for whom time is cheap.
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4. THE DESIGN ALGORITHMS

cotbecteo

Ihe design problem may be tackled by a class of algorithms described
in this section. These algorithms iterate on the triple (M,¢,w) where M
is the DM memory size, ¢ is an appropriately dimensioned efficient stra-
tegy, and w is an N-M-vector of augmented state value approximations. In
each operation, J_(¢,w) may increase, and it cannot decrease. These oper-
ations are of three basic types, which we discuss in turn:

- - Improve ¢m with'w and the remainder of ¢ held fixed.
—~ Improve w with ¢ held fixed.

RE - = Reduce or increase the number of memory states.

The best sequencing rule for these operations remains a topic for fur-
ther study. We have adopted the guideline that ¢ and w should be improved
as much as possible before M is increased. It is clear, however, that suc-
cessive improvements in ¢ or w with the other held fixed will not necessarily
lead to an optimum (over all pairs (¢,w) of dimension corresponding to M).' We

call the limit points of sequences generated in this manner local optima. At

a local optimum, ¢ maximizes J (*,w), so it is w—efficient; and w maximizes
J (¢,w), so that J (¢,w) = J(4).
We have also not addressed the question of termination criterion selec—

tion, with the following exception: If new memory states cannot be added,

: *
then we know that we have achieved the unrestricted optimum performance J .

o / 7 “//
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The Procedure to Improve ¢m

Qur task here is to solve the LP (2.23).' Note that, if , i
mini{x(i ) (¢,w)} > x_(¢,w), then no adjustment in ¢m can improve
> -
x_(¢,w) over its présent value and so this operation is unnecessary..

j Although this LP has |A] = KM independent variables, it can be solved

—_

-
l% :;Ln an (NM+1) x (N+1) workspace. For ease of notation, we drop the super-—

script.m and argument w in (2.23). Let ¢ be a small positive number and set
J n oo
L o7

o

f_;i (4.1) 5*-"{ c «x (¢,w) - Ne

Lot

;\ so that the optimal value of this LP is boundéd below by ¢ + Ne. Introdu-

T

A
cing a newfslackﬁhariable S+’ appropriately penalized so that it cannot ap-

e

N

pear in the optimal basis, we have

max: z
subject to: z < [c +(i-1)€] Sge1 T zaeA Ei,a-¢a i=1,...,N
(4.2)
1= Swe1 t Laca %

>
N+1 -

3%
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or, equivalently,

max: z e
subject to: z +s; . + ZaeA [c-El,a]¢a =c
(4.3) %1 +si + zae:A [gl,a-gi,a+(i-l)€]¢a = (i-De
Srl F Laea %2 =1
. s; > 0, i=1,...,N+1; ¢a > 0, aecA

This we recognize as an LP in canonical simplex form corresponding to the

nondegenerate basic feasible solution ¢a = 0, ¥aeA; s; = (i-1)e, i=2,...,N;

Sg+1 1. The simplex tableau may be written:
51 -ee SNA) N ¢a .o RHS Basis
i=1
(4.4) * Q= [U13] I'= [Yia] S = 7[6.‘] [NAME.i]
i=NH J

where NAMEi identifies the basis variable (”sj" or "¢a") whose column contains

4 one in row i and zeroes elsewhere. The first row describes the objective.

Initially,

339
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cee [+
) 1] 2...8 | ™1
1 1 0 0 . .
2 . 2
.55 o = : 1 I 0 s = (i-De | ,
N N
N+1 1
N1 || o 0 1
NAME, = "s.", i=2, ..., N+1.

It is clear that after any number of elementary row operatiomns (i.e.,

multiplying a row by a constant or adding one row to another), the identity

(4.6) r=QrT

will be preserved, where:

a
N a
1 ' .
o . —gi,a + [e+(i-1)e]
(4.7) T = .
N
N+1 1

zl‘y"\
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Thus we need not explicitly list I when solving the LP represented by the
simplex tableau (4.4), and any desired column of T may be easily computed
from the current value of @, using (4.6).

One of the steps in performing the simplex élgorithm is to select a
column of the tableau (4.4) so as to minimize the first row entry. The first
row of @ is easily searched, but an enumeration of Yia for ail aeA is clearly

infeasible. Fortunately, there is an easier way to perform this task. Let:

(4.8) 1Ti = wl’l i=l,...,N
Now, by (4.6) - (4.8),

_ . N
(4-9) Ya = 91w L Ly [et@-Delny ] = iy m; & L1

To minimize vy with respect to a, it suffices to maximize Zg T, £, .
la i=1l i °i,a
Expanding ¢ according to (2.20), we see that the action minimizing (4.9) is
tHe" action maximizing (2.10). The second expression of (2.10) suggests an
efficiegt way to perform this maximization; K-L+*M comparisons are required.
Having decided which column of T we require, we may recover it using (4.6)-

4.7). Once'the pivot has been performed, the additional column is no longer needed.

In summary, then, the LP (2.23) may be solved by the following procedure:

24|
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IMPLICIT SIMPLEX ALGORITHM :

(0)

(1)

(2)

Initialize c according to (4.1) and Q, §, NAME accor-

ding to (4.5). Go to Step (1).

(Pivot in a slack variable if possible). Set j = arg

min {w .: j=1,...,M1}. If w, 7 > 0, then go to (2).

1j 1j -
Otherwise, set i = arg min {6./w.%: w.* + 0, §./w.7 > 0}.
1" 74 ij i iy ~

Set NAME; = "53"' Divide row i of [Q,8] by wgg. For

i e{l,...,N+1} \{i}, subtract wij * row i from row i of

[2,6]. Repeat Step (1).

(Pivot in an action variable). Compute w, using (4.8).
. N+1

Select acA to maximize (2.10). Compute y = [Yia]i=l

according to (4.6) ~ (4.7) and (2.20). 1f Yia > 0, then

stop. Otherwise, set i = arg min {Gi/yi: Yy + 0, Gi/yi > 0,

i=1,...,N1}. Set NAME: = "¢_". Divide row i of [2,6] by

-
~

v]- For i e{l,...,N+1} \{i}, subtract Y;* Tow i from row i

of [Q,8]. Return to Step (1).

This algorithm will terminate after a finite number of iterations, so lo

*
as no degeneracy (Gi = 0) occurs. Upon completion, z will be found in 61, a
the solution is obtained by substituting the final values of NAMEi and Gi intc

statement: NAMEi = Gi, i=2,...,N+1; all other variables are zero.
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Procedures to Restructure the Memory Space

T Our most general task is to replace (M,¢,w) by M',¢',w"), where M and
M' may differ. Our procedure is roughly described as follows. Given a set ..
* * % ) lh&ZJz
of actions A C A, we add to ¢ a new memory state, for each a €A , prescribing

* .
action a with probability one, and we remove from the remaining memory states
*
the probabilities of prescribing an action ip A-. The number of memory states
remaining is M'. From this updated strategy, we obtain w'. Finally, we com-
pute a w'-efficient strategy ¢'.

Because the new performance bound J (¢',w') does not depend on the num-

bering of the memory states, we find it convenient to express w' in the form;
4.16) A LI I M'}
(i,m)"i=1 RS

Ising this notation, our procedure takes the form:

MEMORY IMPROVEMENT PROCEDURE (GIVEN A*)

(1) Create a set ¥ of distributions on A. Initially, v ig

empty.
(2) For each agA*, add to v a distribution wa, =1 if a' = a, wa. =
0 if a°' + a.

N (3) For each m=1,...,M, perform step (3'), below
_ m ~1m *
(3" 1fy= ZaEA\A* 0, > 0, then set wa “ ¥ ¢a, asAN\ A",
*
and wa < 0, aeA ,then add ¢ to v.

(@) set u' « |y].

N
"= . t
(5) Create W {[ ZaeA v, yia(w)]i=l WEW? Arrange the elements

of W' into an N-M' vector w' satisfying (4.16).

(6) Compute ¢' by solving the LP (2.23) for each. m=1,...,M',

Lz
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We first show that J_ cannot decrease under this procedure.

. .
Lemma 4, For any ¢(; A C A, the w' determined by the memory improvement pro-

cedure satisfies

(4.17) conv {U(¢,W)}<§ conv {W'} C conv {Y(w)}
where

(4.18) U(¢,w) = {[u;i’m)(«b,w)]l;;l | m=1,...,M}
(4.19) Y(w) = {[yiﬂfw)]§=l | aeA}

Proof. By (2.7), (1.9), (1.12), and (2.11),
Uow) = L], , 40 [yi’a(w)]li“_l | m=1,...,M)

and our construction of W' is

1 ! N
W= { zasA v, [yia(w)]i=l | vevl.

Each ¢ is a mixture of distributions from step (2) with its corresponding

distribution in step (3'), and each ¥, is a distribution on A. Eq. (4.17)

follows directly.

Theorem 2, If W' satisfies (4.17), then J _(¢,w) < max¢n {J_(¢",w')}.

The proof of Theorem 2 is given in the appendix.

* .
Cirollary 1, For any ¢ C A C A, the triple (M',¢',w') determinéd by the

memory improvement procedure satisfies J (¢',w") > J (¢,w). Q2 (|




~29-

Procedures to Improve w

Our task is now to update w so that J (¢,w) may increase and cannot

JShy :
decrease. By Lemma B?rthe largest possible value of J_(¢,*) is achieved by

the policy iterationl
(4.10) w <+ v($),

but the evaluation of v(¢) according to (1.14) requires solving N'M simul~
taneous linear equations and is considered to be computationally unattractive. Fol-

lowing Puterman and Shin [22], a wide range of w-improving procedures may be repre-

sented by I[éw) - ?(lJ‘*(d P/¢)w—-fo.
(4.11) W w A X (8w x'(0w) = [ IT_ 0 (8B (o)) Ex(o,m)-

The case » = 1, T 0 corresponds to conventional value iteration (2.7); the

case 0 < A <1, T = 0 represents Schweitzer's damped value iteration proce-
dure [25]; the case A<<l describes an algorithm of Varaiya [32]. As T + =, the

case A = 1 approaches (4.10). Following Popyack, Brown and White [21], define:

{a + Ao }

(4.12) £(A) = min (i,m) (i,m)

(i,m)

vhere

R34S




= (e “. L dAd j
7[//(") = /iwv«(‘_} m) (’,’“)J ({/h) ) .

(4.13) a(i,m) = x(i,m) (¢,w) - x—(¢’w),)f o
(4.14) o! = BX; + (1-8) - min {xT (¢,w)}; x' = [BIJ:(.E(¢))T+1—I]X(¢
| (i,m) (i,m) (Gom) TG, TN T :
z'T

-

Theorem 1 If w isfupdated according to (4.11), then J_(¢,w) will increase by

at least (1—8)—l £(\). Moreover, f(+) is concave with £(0) = 0,and ﬁ(l) > 0,

. e a0
0 <<l . ;\-,Qz(f\@(r\w M
197 Ay
T T > A
Proof. Let x_ = min {x (6,w)}. By (2.2), (4.11), (4.13), and (4.14),

(i,m) (i,m)

x(o,w + AxE(6,w)) = x(¢,w) +-A§xr%-x_(¢,w)n +.a+ A’ - A(l—B)xEn. So x_(¢,w)

increases by f(}) - l(l—B)xE.V/By (2.6) and (4.11), J(w) increases by at least

- - _ )/
AxE.V/By (Z.jg), J_(¢,w) increases by at least (1-B) 1 f(A)y/ Concavity of
£f(+) and £(0) 4 Q0 follow trivially from the definitions (4.12) - (4.13) and

(2.2). By Lemma 2, £(1) > 0, and the remaining assertion follows from the
concavity of f£(°). ' J

Thus, A in (4.11) may be an érbitxary number in [0,1]; it may be selected
—— J

e

to maximize £(*) - by §51vidé an LP af“by performing a one-dimensional search;

or it may be determined Wy a heuristic advocated in [21 ],

4.15) A <dmax (0 JEOO} 2 oY = wmax {ay Jagy oy [ egy gy < O

Normalization, A.g., W + W - n may reduce numerical difficulties.

Y(1,1)

ByALemma 1, J_(¢,w is unaffected under this substitution. ‘ n

RN L) et
W . ﬁ‘d) &2»,



-33-

Remark , The condition (4.17) often occurs in the study of probabilistic

automata [18]. An interesting problem associated with thig condition,

the state reduction problen,

is to comstruct a set W' satisfying (4.17) with

1
[W [ < M, or to show that no such set exists. The construction, if it Succeeds,
yields a strategy &'requiring less memory than ¢, and whose performance is at least

as good.

This problem is apparently unsolved.

*
We now address the problem of choosing A . There are two considerations:

to increase J_, and to maintain M' within reasonable bounds. Define:

(4.20) A1 {a | ¢: = 1, some m}

(4.21) A2

{a ] 0c< ¢: < 1, some m},

) *
Clearly,any elements of Al \\AZ in A will have no effect on w' and may be
*
ignecred. Elements of Alf7 A2 in A will not contribute to M'. So
. %
(4.22) M' <M+ | A \ al | .

* 7 - .
Thus the choice A = Al(\ A2 is attractive. It cannot result in increased

memory or decreased performance bound J_, but it may reduce unnecessary ran-

domization in ¢.

\’"
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1f, however, A~ N A” is empty, then this choice yields w' = u(¢,w)
and the memory improvement procedure is equivalent to value iteration, fol-
lowed by optimization over ¢. A more general condition for the memory im-

provement procedure to be ineffective (in this manner) 1s given below.

* .
Lemma 5. If A N A2 =@¢ and

- *
(4.23) ZS ﬂiyia(w) < v(m,u(g,w)) ¥nell, acA

i=1

then J_(CP',W') = maxqbn {J_(¢'|:u(¢,k7))}-

Proof The memory improvement procedure constructs W' = {[yia(w)]§=l |

aeA*} U U(¢,w), so ;*(w,w‘) = max {{Z§=l niyia(w) | aEA*} LJ{;*(F,U(¢,W))}}

~ * -k
= v?n,u(¢,w)). Since J (w") depends on w'" only through v(-,w"), it follows

34~

* %
that J_(w') = J_(u(¢,w)). The assertion follows from (2.26) and the fact that

¢' is chosen to maximize J (-,w').
* .
In view of Lemma 5, we should choose A to be a nonempty subset of A
2 ‘
If A® is empty, this cannot be done. In this case, ¢ is a deterministic

strategy.

We may still avoid the consequences of Lemma 5 by discovering an a and

7 that violate (4.23). Equivalently, we seek a 7 for which

(4.264) T ) - Y (muls,w) > 0.

~ &k ~%
Since v and v are convex, we have a difficult combinatorial problem.

34Q



-37-

5. THE UNDISCOUNTED CASE
As B + 1, v(¢) will most likely diverge, but (1-B)v(¢) converges [ 9]
to a vector of time-averaged rewards, or gains:
- (5.1) (1-8)v(¢) » g(¢), as B + 1.

Accordingly, we may modify (1.15) to obtain an undiscounted performance index:

. N
(5.2) G(¢) = min_ {maxm=l’...’M 01, B(i.m (9

The bounds (2.24) now take the limiting form
* *
(5.3) x_($,w) < G(8) < € < x, ),

where w is a bounded N+M-vector that may be viewed as an approximation to v(¢),
and G* is the unrestricted optimal undiscounted performance. These undiscounted
bounds are known as Odoni bounds {17]. |
With the exception of policy iteration (4.10), all of the procedures of
Section 4 remain meaningful and valid as 8 + 1. As an alternative to (4.10),

we may solve the LP:

max: g
(5.4) subject to: q(¢) + §(¢)w > w + gn.
w >0

34
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The w solving (5.4) will'ma#imize x_(¢,°).

In view of Lemma 1, the comstraint w > 0 does not affect the optimal
value of (5.4), but somewhat reduces its complexity.

Note that we have made no assumption regarding ergodicity of the aug-
mented system. Indeéd, many interesting problems (e.g., hypothesis testing
[ 4 1) have multiple recurrent classes, and part of the DM's problem is to
determine what class the system has entered. Thus, convergence as in Lemﬁa 2,
is na longer assured. The conditions for existence of statiomary optimal strategies
undiscounted POMDP's are rather complicated [ 20], and of no particular importance
to us here, because our procedures are not guaranteed to find the optimum,

even when it exists.

PN

-\
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Before attempting to solve (4.24) in more detail, we should exhaust other
opportunities to increase J_. Thus it is appropriate to examine (4.24) under
the assumption that (¢,w) is a local optimum. Specifically, we may assume

that w takes the form Qf Lemma 1, so that

(A1) x_(¢,w) = x _(¢,w);

and we may assume

(A2) ¢ is w-efficient,

Lemma 6 Assume (Al). Then 7 satisfies (4.24), i.e., it violates (4.23), if

and only if
* *
(4.25) x (7,w) > x_(w).
% ~%
Proof When all entries of x(¢,w) are the same, v (m,u(d,w)) = v (m,w) +
X_(d),W) .

Theorem 3 Assume (A2). If there exists no mell satisfying (4.25), then

*
J_(¢,w) =J(¢) =7 .

* * *
Proof By (2.26), and (A2), J (¢,w) = J (¢,w). By assumption, x (T,w) = x_ (W),

. * * * * *
¥rell, so x (w) = x+(w). By (2.16) - (2.17), J (¢,w) =J = J+(¢,w).

I1f (Al) holds, we may solve (4.24) by maximizing the L.H.S. of (4.25). 1In this

* *
way we evaluate x+(w), which enables us to obtain the upper bound J+(w) on
*
unrestricted performance. And if J+(w) = J_(¢,w),we know that we have obtained

*
the global optimum performance. Otherwise, we may use m to obtain A and apply

35
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the memory improvement prcuedure.

The optimization of x*(n,w) over m may be accomplished in various ways.
We know that (n,;*(n,w)) must be a vertex éf the polyhedron {(w,z) l z
> ;*(n,w), 7ell}. So we may enumerate these vertices [15] and evaluate
(4.25) for each one. Or, alternatively, we may maximize the convex

~%
>v (myw)}, m=1,...,M,

. ~%%k . N
function v (m,w) over each polyhedron {well | 2i=1 ﬂiw(i,m) >

: *
as in [ 31]. The entire computation is necessary only if we desire J+(w). Other-

wise, it may be terminated as soon as a 7 satisfying (4.25) has been discovered.

In summary, we have:

*
PROCEDURE TO SELECT A :

1 2, * 1 2
(1) If AWN A" is nonempty, then set A <« A"} A .
In this case, M cannot increase.
2 * *
(2) Otherwise, if A~ is nonempty, then set A < {a },

* ‘ 2
where a is an arbitrary element of A".

*
(3) Otherwise, find a = satisfying (4.25), let a
* *
achieve the maximum in (2.10), and set A <« {a }.
(4) If (A2) is satisfied and no w may be found in

(3), then ¢ is optimal.

- e E E EE N EEE

25,
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NUMERICAL EXAMPLE

Consider the following undiscounted, 2-state POMDP drawn from the doc-

toral dissertation of E. Sondik [29].

A wealthy industrialist employs either of two analysts to manage his

holdings during any month.

profit state (2). Each analyst's effect
Markov chain with transition matrix P(k)

the month, the analyst holding the funds

The holdings

may be in a loss state (1) or
on the holdings is modeled as a
and profits q(k). At the end of

reports on their state. The re-

port is correct with a probability that depends on the true state and the

analyst making the report. The problem parameters take the form

. 48

P(1]1)
.30

F32

(6.1)  P(2]|1)

. q(1) >

.04

.10

.16

.40

3

3

P(1]2)

P(2]|2)

q(2)

_%5'3

.45

.36

.05

.04

.20

.24

.30

.35

-39-
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Let us start with M=1l. For our initial guess, we select Analyst 1 at

all times:

m a Prob

(6.2) ¢ =
1 [1,1,1] 1

Solving (5.4), we see that x (¢,°) 1is maximized when

b 9 1
(6.3) w = 1 0
2 11.429
Now
(6.4) x (¢,w) = -1.714.
We next maximize x_ with respect to ¢. Let €=.01. By (6.4) and (4.1
(6.5) c = -1.734.

Initially, by (4.5),

1 0 0 -1.734 obj
(6.6) [Q, §, NAME] = |-1 .01 s,
0 0 1 1 s



The top row of Q is nonnegative, so we proceed to step (2). With w=(1,0),
we maximize (2.10). There are only two actions in A, and the optimum in

(2.10) is achieved by a=[2,1,1]. Now

5.714 ~7.448 ~7.448
- ‘ 0. - A=
(6.7) £ 2" SRl RISLLE FERGIRS IREETE B
-1.572 1 1

Combining (6.6) and (6.7), our workspace becomes

-7.448 1 0 0 | -1.734 | obj
(6.8) [y, @, 6, NAME] = | 7.296 -1 1 0 .01 52
1 0 0 1 1 Sy

Pivot on row 2 of y to obtain

0 -.020 1.020 0O -1.727 obj
(6.9) [y, @, § NAME] =1 | -.137 .137 0 2001 14rg 1,17

0 137 -.137 1 .999 S
Discard y and pivot on m3 1 to obtain

0 1 .146 -1.581 obj

1 -1 7.299 7.292 S5

355
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This tableau is optimal, and it prescribes a new strategy:

- m a Prob
(6.11) o =

1 [2,1,1] 1

Solving (5.4), we see that'x_(¢,-) is now maximized by

N 1
i
(6.12) w = 1 0 ,
2 3.333
and
(6.13) x_(¢,w) = 1.667.

This is a substantial improvement over (6.4).
As it turns out, (6.11) - (6.13) describe a local optimum. We now com-—

*
pare the performance (6.13) with the upper bound x+(w) on unconstrained per-

- ~% ~ %%k
formance. Since v (mw,w) = n(3 333) is linear in m and v (7,w) = max
-3.333 1.666 . . . *
{ﬁ( 5.666)’ “(5.000) is convex in m, the maximum of x (m,w) occurs at (1,0)
or (0,1). Thus x+(w) = 2.333. So we now know that the infinite-memory rea-

lization of Section 3, based upon (6.12), achieves a performance of at least

1.667, and the optimal performance is at most 2.333.

2.7
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*
We next seek to improve the memory space. Since x (7,w) was maximized.
~k%
at = = (0,1), and v (7m,w) is maximized in (2.10) by a = [1,1,1], we take

* .
A = {[1,1,1]}. Now the memory improvement procedure produces:

NG 1 2

h .
(6.14) w = 1 ~3.333 1.666

2 5.666 5.000
The w—efficient strategy is

m a Prob
(6.15) 5 = 1 [1,1,1] 1

2 [2,1,1] 1
Solving (5.3), we obtain

N\ 1 2

i
(6.16) w = 1 0 E

2 9 8.333

Once again, (6.15) - (6.16) is a local optimum with X-(¢,W) = 1.667, but

the new upper bound is 1.697. The details of these computations are not shown.

257



So we now know that the strategy (6.11) achieves a performance of at
least 1.667, and the optimal performance is at most 1.697. Since (6.11)
achieves a performance within 2% of the optimum, we may choose to adopt stra
tegy (6.11) - use Analyst 2 at all times - and abandon further computation.

1f we choose to continue, we eventually obtain the unconstrained opti~

mal strategy, which requires 3 memory states:

il a Prob
‘ 1 [2,1,2] 1
(6.17) b =
2 [2,1,3] 1 )
3 [1,1,1] 1

The optimal performance is 1.672.
Alternative methods for solving POMDP's might obtain the optimum,(6.17)

But only our method would identify the near-optimal and less complex strateg

(6.11).
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7. CONCLUDING REMARKS

The preceding sections have introduced a novel formulation of steady-
state POMDP's. Many of the central ideas, however, may be found elsewhere
in the literature.

The distinction between design-time and real-time computation is a
standard notion in control engineering, where the realization is performed
by an electronic circuit. With the advent of microprocessors, this distine-
tion has become somewhat blurred.

The solution of large MDP's by state aggregation methods is currently an
area of intense investigation[26,27].0ur problem may be viewed as an infinite
state MDP for which aggregation is -a practical necessity. Approximating com-
plex decision strategies by randomized finite-memory procedures is a familiar
method in hypothesis-testing and statistical decision theory [4].

A control problem in which decisions are restricted to depend on any-
thing less than the entire past history of\@ecisions and observations is said

to have non-classical information pattern - or simply to be a non-classical

control problem. Conventional dynamic programming techniques (where decisions
depend on a "state') cannot be applied in the nonclassical case. Levine,
Johnson and Athans [13] consider the nonclassical problem of controlling an
N-dimensional linear system where the controller is restricted to be an
M-dimensional linear system. They obtain a function of two variables which

is easily minimized with respect to either of its arguments with the other
held fixed, bugdfor which global minimization is a difficult combinatorial
problem. As in the case of J_(¢,w), one of these arguments represents the
past (i.e., ¢ defines the memory state as a function of past history) and the

other describes the future (i.e., w specifies expected future rewards as a

559
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function of the present augmented state). Another nonclassical problem hav-

k1l

ing structure similar to ours is a radar design problem involving two players:

a transmitter and a receiver [5 1.

Our formulation has the special advantage of requiring very little com-—
puter memory, even at design time. This suggests the possibility of imple-
mentation on small machines, perhaps in an interactive mode. The value-
iteration procedure was implemented on a Radio Shack TSR-80. The numerical
example of éection 6 was solved in about five minutes. The machine maintenance
and repair problem used as an illustrative example by ‘Smallwood and Sondik (28]
was solved in about 46jhours. Within 12 hours, it had devised a strategy whose
performance was known to be within 10% of the optimum. It is not clear how much
time the calculation would have required on a fast machine. But the cost of

46 hours on the TRS-80, a machine that sells for under a thousand dollars, com-

pares favorably with the 50 seconds on an IBM 360/67 reported by Smallwood-

and Sondik; and they were unable to obtain the entire steady-state solution.
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APPENDIX

Proof of Theorem 2

We construct a strategy ¢' (not necessarily efficient) so that J_(¢',w') >

J(¢,w).

By assumption, each element of U(¢,w) may be expressed as a mixture of ele-

ments of W', so there is an MxM' matrix p such that

1,...,N, m=1l,...,M

= M ' .
u(i,m) (¢5W) = zm'=l pm’mv w (i,m')’ 1
M .
(A.l) Z‘l'[l':l pm m' = l’ m=ls"°’M
pm o' z 0, ’ m'=1,...,M', m=1l,...,M
’

Similarly, let ¢ be an M' x |A| matrix such that

' = 3 = LI
Y (i,m") zac—:A wm',a yi’a(¢,w), i=1,...,N, m=l,...,M
(A.2) zaEA Voo o =1 m'=1,...,M
Yor o 29, acl, m'=1,...,M

Let ¢' be the following strategy: The DM, when in 'new memory state' m'

chooses action a = [k,m ..,mL] with probability wm' 2" This action prescribes
. b

1’7

an "old memory state" n=m, if observation % is subsequently received. The DM

then selects an updated ''mew memory state'" n' with probability Pl We may
. ’

associate with this strategy a stochastic matrix

Qi,m")(G,m) Laca Yu',a P, G.m @

(A.3)
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whose entries represent the probabilities that this DM, starting in "new aug-
mented state"” (i,m') will undergo a transition to "old augmented state" (j,n)
before selecting an updated ''mew memory state'. Straightforward manipulations

of (2.2) and (A.1) - (A.3) now yield
(A.4) x(¢',w") = BQ x(¢,w).
By (2.5),
4.5) J_;¢',w') = I + (1= x_(4,wh)
From (2.6) and (A.1), it follows that

(A.6) ') > T(uls,w))

v

By (2.7) and (2.3)

(a.7) | J(s,w) > JG) + x_(6,w)

v

Since Q is a stochastic matrix, (A.4) implies
(A.8) x_(¢",w') > Bx_(¢,w).
Combining (A.5) - (A.8), we obtain

(A.9) I_(4'w") > I + (1-8) T x_(4,%) = J_(4,w) .

1.7
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