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Abstract

Non-stationary environments are an impor-
tant application domain for learning algo-
rithms. This paper examines a simple type of
prediction problem in which an environment
changes over time according to a Markov pro-
cess. We motivate the study of this type of
environment and show how the simple ap-
proach of learning using a �xed learning rate
can do well, simultaneously tracking changes
between modes and smoothing internal vari-
ability within modes. We show that the ideal
learning rate varies from environment to en-
vironment and present an algorithm that au-
tomatically identi�es a good learning rate.
We evaluate this approach over a set of sim-
ulated examples.

1. Introduction

One of the most compelling reasons for including learn-
ing algorithms in engineered systems is to allow them
to automatically adjust their behavior to changes in
their operating environment. Adaptation in such non-
stationary environments is critical for robust systems.

The present research is focused on understanding the
behavior of a class of very simple learning algorithms
in some very simple non-stationary environments. In-
stead of studying arbitrary kinds of environmental
change over time, we restrict our attention to \moded"
change: the parameters controlling the environment
are stable for periods of time, then change suddenly to
some other setting. A formal model of this type of en-
vironment called a hidden mode Markov decision pro-

cess (HM-MDP) was proposed by Choi et al. (2000).

In this investigation, we look at the prediction version
of HM-MDPs. That is, we try to predict a single real-

valued quantity drawn from an unknown (and perhaps
changing) distribution. This problem comes up when
trying to apply value prediction algorithms such as Q-
learning (Watkins & Dayan, 1992) to HM-MDPs and
we believe it is also an interesting problem in its own
right.

In spite of their importance, non-stationary environ-
ments have not received a great deal of attention in
the reinforcement-learning community. There are a
few notable exceptions. Dayan and Sejnowski (1996)
describe an algorithm that uses a known model of the
environmental change to make decisions. The algo-
rithm averages all possible states of the environment
and plans in the resulting \certainty equivalent" envi-
ronment. This helps tame the massive computational
complexity that comes from considering all possible
future environments independently. When applied to
our moded prediction problem, this algorithm reduces
to the Bayesian model-based algorithm we study in
Section 4.1.

Choi et al. (2000) describes how to learn an HM-MDP
model by interacting with an environment. The re-
sulting model can then be used as a restricted type
of partially observable Markov decision process and a
suitable plan identi�ed. Both learning the model and
planning in the model can be quite challenging, which
is why we elected to study simple approximation algo-
rithms in the present work.

Stone (2000) shows how a system can learn multiple
policies for an HM-MDP by giving the system an extra
feature that can be used as a noisy indicator of the
hidden mode. Littman and Ackley (1991) show how
multiple levels of adaptation can be used to track a
slowly changing environment.



2. Example Environments

Moded non-stationary environments are not the most
general form of environment change, but they appear
to be quite common. To help motivate the study of this
class of environments, we present a set of hypothetical
examples:

� A car with a transmission that adapts to a driver's
habits may have two or more drivers. Consider
the case of a vehicle, used by two people, that
tries to predict the next incoming reading from
the feedback system embedded in the transmis-
sion. The di�erent habits of the two drivers re-
sult in the the feedback received by the learning
system being separated broadly into two sets, or
modes of readings.

� A news website's day-time traÆc patterns can
change based on events and breaking news. Note
that this is a di�erent type of non-stationarity
from time-variant 
uctuations, such as the pre-
dictable rise in traÆc every morning or around
lunchtime, which can be predicted if the system
clock is included in the state space. Predicting
web site response time, then, can be moded in
this sense.

� Small scale mobile robots turn di�erently on hard

oors and carpets. If the robot cannot directly
sense the 
oor type and is mainly driven based
on local features (move toward the light), then
predicting the angle of turn produced by a given
force is well modeled as a moded non-stationary
environment with \
oor" and \carpet" modes.

At a high level, we have identi�ed three basic cate-
gories of moded environments: distinct multiple users
(di�erent drivers of the same car, di�erent users of
the same software system), distinct multiple environ-
ments or tasks (using a robot in di�erent places, us-
ing a portable computer on the road or at a desk), or
unpredictable short-term changes (special events on a
network, traÆc jam).

As an example of the second category of environment,
we collected information on interrupt frequencies on
a computer as its user carried out a number of dis-
tinct tasks (which we logged) during a typical 24-hour
period. Figure 1 gives the distribution of interrupt fre-
quencies for two distinct modes: away from the com-
puter (left) and programming (right). The multiple
peaks in the \away" distribution correspond to di�er-
ent screen savers. Because the means of the distri-
butions are di�erent, e�ective prediction in this tasks
requires tracking the mode changes.

3. Problem and Notation

We model a moded environment as consisting of m
modes 1 � i � m. Each mode i consists of a random
variable Xi with mean �i = E[Xi] and variance �2i =
E[(Xi � �i)

2].

Abusing notation, we write X as the random vari-
able corresponding the actual sampled values. That
is, when the mode is i, X = Xi. The identity of the
current mode evolves according to the mode-transition
function �ij . In particular, the probability that the
mode is j at time t + 1 given that the mode at time
t is i is �ij . We make the assumption that �ii � 1=2;
that is, the mode is more likely to stay the same than
it is to switch. This is intended to capture the idea
that modes are relatively stable and to provide an op-
portunity for meaningful adaptation to a mode before
it switches. In fact, for most applications, we imagine
that �ii is very close to 1.

The objective is to try to predict the sample x of X
at each timestep. Prediction error is de�ned to be
the expected squared di�erence between the predicted
value and the sampled value x.

Note that, mathematically, this model is simply a hid-
den Markov model with real-valued observations and
high probability self-transitions.

zzz A closely relate model replaces the real-valued ob-
servations with a �nite set. Each mode has a multino-
mial distribution over observations and the objective
is to minimize prediction probability.

zzz Sushant: A concrete example might be button
pushes on an elevator. In the morning mode, there
is some distribution over selected 
oors, correspond-
ing roughly to the occupancy of the building. In the
evening mode, the 
oors become less likely and the
lobby overwhelmingly more likely. Do you think it
might be interesting to create a second set of graphs
for this \discrete" case?

4. Algorithms

Given that many applications involve moded behavior,
we'd like a robust way of predicting value that achieves
low error, even in the face of mode changes.

4.1 Bayesian model-based approach

At one extreme, an algorithm could try to learn the
underlying model and use it for prediction. We call
this the Bayesian model-based approach. Given a com-
plete model of the environment, the algorithm needs
to track the mode and can use this state estimation to
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Figure 1. Modes from a 24 hour study of interrupt frequency on a desktop computer

make optimal predictions.

At time t, the algorithm has a probability distribution
over modes: �i is the probability of the environment
being in mode i at time t. To minimize the error,
the algorithm should predict the mean of the resulting
distribution:

P
i �i�i.

When the sample x arrives, the algorithm must use
this information to derive �0, an updated probabil-
ity distribution over modes. Via Bayes rule: �0j /P

i �i p(xji)�ij ; where p(xji) is the pdf for mode i
and the constant of proportionality is set to makeP

j �
0

j = 1. For example, for a normal distribution
N(�i; �i), we have density

p(xji) = 1

�i
p
2�

e
�

1

2
(
x��i
�i

)
2

:

The parameters of the model, such as p(xji) and �ij ,
could be learned from experience using a variant of
Baum-Welch (Choi et al., 2000).

4.2 Fixed learning-rate approach

A standard approach to using learning for prediction is
to keep an estimate x̂, which is used as the prediction
whenever it is needed. When a new value x is sampled,
the update

x̂ (1� �)x̂ + �x (1)

is used to create a new estimate.

Here, 0 � � � 1 is the learning rate or stepsize pa-
rameter. If it is moved to zero at an appropriate rate,
the estimate becomes the optimal non-adaptive pre-
diction. In particular, the �xed prediction that mini-
mizes prediction error is the mean of the distribution
derived by assuming that the mode is chosen accord-
ing to the stationary distribution of the Markov chain
formed by �. Let �i be the stationary probability of
the environment being in mode i. Then, x̂ converges
to
P

i �i�i.

Decaying the learning rate to zero, while sensible in
that it results in convergence to the ideal �xed esti-
mate, fails to take advantage of the changes in mode
over time. An extremely natural approach is to simply
leave the learning rate at some �xed value. This allows
the learning algorithm to continue to adapt to mode
changes throughout, although it inhibits convergence.

zzz There is almost certainly related work to cite here!

When using a �xed learning rate, there is a tension
between two principle sources of error: between-mode
error and within-mode error. Within-mode error re-
sults from predicting a value that is not the mean of
the current mode. To reduce this error, the learning
rate should be pushed toward zero to drive the predic-
tion to the mean. On the other hand, between-mode
error comes from not responding quickly to a mode
change and predicting a value in
uenced by a previous
mode. To reduce this error, the learning rate should
be pushed toward one to reduce the reaction time to
a mode change.

By varying � between zero and one, we have a one-
dimensional family of policies that are appropriate for
non-stationary environments. There are several im-
portant questions that follow from this observation:

� For any given environment, is there always a value
of � that works well?

� Does the best setting for � vary from one envi-
ronment to another?

� Is there a simple way to set � to a good value
without knowing a model of the environment?

We argue that the answer to all these questions is
\yes."

5. Simulation Results

Is the optimal value of � �xed or is it a function of the
environmental parameters? To explore this issue, we



ran a set of simulations using di�erent parameters and
varying � from 0 to 1. These are two-mode environ-
ments, with observations selected from Gaussian dis-
tributions. Figure 2 presents the learning rate against
prediction error obtained by systematically varying the
variance within modes (�2 = 2 to 20), the separation
between modes (�2 = 15 to 40), and the probability
of switching between modes (�12 = �21 = 0:03 to 0:5),
one at a time. The basic parameters de�ning the sim-
ulations were �1 = 10, �1 = 3, �2 = 25, �2 = 3,
�12 = �21 = 0:01. Points are averages over 6 runs
of 2000 steps. All values were generated from normal
distributions.

In the plots, the minimum of each curve (optimal
learning rate) is marked with a diamond. The top
lefthand graph in Figure 2 shows the ideal setting for
� decreasing with increasing variance (SD), since this
increases the relative magnitude of within-mode er-
ror. The top center graph in Figure 2 shows the ideal
setting for � increasing with increasing separation be-
tween the mode means, since this increases the relative
magnitude of between-mode error. The top righthand
graph in Figure 2 shows the ideal setting for � �rst
increasing, then decreasing with increasing probabil-
ity of mode switch. The initial increase re
ects the
increase in the relative magnitude of between-mode
error as mode changes become more common. Af-
ter a point, however, mode switches become so com-
mon that the learning algorithm is unable to track the
changes. At this point, the two modes have become
merged, and within-mode (merged) error dominates|
the algorithm should simply predict the stationary
mean.

zzz Sushant: These could probably be bigger. The top
right graph is very hard to read, I think. Which line is
which? Also, when we say comparison is to optimal,
did we actually do Bayesian tracking, or did we use
the \cheat" discussed in the analysis section? If the
latter, we should say so.

These experiments show that the mapping from envi-
ronmental parameters to optimal � is complex. The
bottom row of graphs gives the same data relative to
the performance of the Bayesian model-based algo-
rithm. In no case is the best value of � worse than
1.4 times the optimal.

6. Fixed Grid Method

The previous section suggests that the �xed learning-
rate approach can work very well given the correct
�|but, how can we know the ideal � to use, given
that it changes depending on the parameters of the

environment?

The �xed grid method is an approach to solving this
problem, and is based on maintaining and updating a
�xed number N + 1 of predictors x̂n of the incoming
value at each time step, where 0 � n � N . Predictor
n is calcuated using the �xed learning-rate approach-
method (Equation 1) with � = n=N .

At the same time, it keeps a running estimate of the
mean squared error for each of these estimates:

�n =

PT

t=0(x̂
n
t � xt)

2)

T
;

where x̂nt is the estimate for predictor n on timestep
t, xt is the sample on timestep t, and T is the number
of elapsed timesteps. Note that this quantity can be
updated eÆciently by keeping a running sum of error.

To use this information to produce an estimate, the
predictor with the least mean squared error �n is used.
Results for a representative set of 2-mode environ-
ments are given in Table 1. Results are based on a
single run of 5000 steps.

zzz Sushant, is there any way to �nd out the best value
of alpha for each of the lines of this table? I think this
would be a useful column to include in the table.

The �xed-grid approach behaves nearly identically to
the �xed learning-rate approach for the best � from a
�xed set without any knowledge of the environment in
advance. The accuracy with which the optimal learn-
ing rate is captured depends on the grid density se-
lected by varying the number N of predictors. There
is a tradeo�, therefore, between running time and pre-
diction error.

7. Competitive Analysis

zzz need to rework this.

In this section, we show that, for 2-mode environ-
ments, the error obtained using a �xed learning rate
of � = 1 is no more than twice that of the optimal
algorithm. This is a form of competitive analysis. As
before, we assume self-transitions occur with probabil-
ity at least one half.

In a truly unknown environment, an optimal strategy
would be simultaneously learning about the environ-
ment and using this information to make predictions,
making analysis diÆcult. However, we can get a lower
bound on the error of the optimal strategy by ana-
lyzing an algorithm that uses \insider" information.
Imagine that the algorithm knows the model (distri-
bution of the Xis and the mode transition probabili-
ties �ij). Further, each time the algorithm is given the
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Figure 2. Error versus learning rate, varying variance, separation between mode means, and probability of mode switches.

First row gives absolute error, second row gives error relative to the performance of the Bayesian model-based algorithm.

error for error for
�1 �1 �12 �2 �2 �21 �xed grid best �xed �

1. 10 2 0.01 20 2 0.01 1.3095 1.3132
2. 10 2 0.1 20 2 0.1 1.2529 1.2492
3. 10 4 0.01 20 4 0.01 1.1269 1.1259
4. 10 4 0.1 20 4 0.1 1.1551 1.1529
5. 10 4 0.01 100 4 0.01 1.1394 1.1366
6. 10 4 0.1 100 4 0.1 1.1097 1.1091
7. 10 1 0.01 30 8 0.01 1.2120 1.2075
8. 10 1 0.01 30 8 0.02 1.2646 1.2620

Table 1. Results on a set of test cases



current sample, it is also told the mode that the sam-
ple came from. Thus, although the algorithm doesn't
know what mode the next sample will come from, it
knows with certainty the mode of the previous sample.

To make its guess, the algorithm takes the mode i
of the previous sample, then predicts x̂i =

P
j �ij�j .

The logic for this parallels that of the Bayesian model-
based algorithm in Section 4.1. It is selecting the mean
of the distribution from which the next sample will be
drawn.

The error of the optimal algorithm can't be any lower
than this algorithm since it optimally uses information
that is not available to any real prediction algorithm.

What is the error of this insider algorithm? Because
it always knows the previous mode with certainty, we
only need to consider how it behaves over consecu-
tive transitions. In particular, for any pair of modes i
,j, the probability that a randomly chosen transition
will be from i to j is �i�ij , where � is the station-
ary distribution of the Markov chain. The expected
error for such a transition will be E[(Xj � x̂i)

2] =
�2j + �2j � 2�jx̂i + x̂2i .

For a 2-mode environment, the expected error for the
cheating algorithm is

�21
�21 + �12

�21+
�12

�21 + �12
�22+

�21�12
�21 + �12

(�1��2)2(2��21��12):
(2)

Because we assume that self-transitions occur with
probability at least one half, we have that 0 � �21 +
�12 � 1.

How does this compare to the error for the �xed
learning-rate approach using � = 1? Once again, the
structure of the algorithm (always predict the previous
value) means we only need to consider how it behaves
over consecutive transitions (i to j). The expected
error for such a transition will be E[(Xj � Xi)

2] =
�2j + �2j � 2�j�i + �2i + �2i .

For a 2-mode environment, the expected error for the
� = 1 algorithm is

2�21
�21 + �12

�21+
2�12

�21 + �12
�22+

2�21�12
�21 + �12

(�1��2)2: (3)

Given our constraints on �, the ratio of Equation 3 to
Equation 2 can be no more than two. Therefore, the
ratio between the error using the best �xed setting for
� and the optimal learning algorithm is bounded by
two. There are two-mode environments, such as the
one illustrated in the bottom right of Figure 2 (mode
switch probability at 1/2), in which the performance
of the algorithm actually matches this bound.

As a bound on the relative performance of the optimal
�,, the bound appears loose. In our simulations, the
ratio between the error for the best setting of � and
that of the Bayesian model-based algorithm seems to
be between 1.1 and 1.4. So, if we know the right �
to use, we can get fairly close to optimal performance
without learning a mdoel.

8. Conclusion

This paper introduced a non-stationary prediction
problem in which environments are modeled by hid-
den Markov models with real-valued observations and
highly likely self transitions. We argued that this is
a class of environments with many real-world appli-
cations. We showed that a simple algorithm based
on learning with a �xed learning rate can do well in
this class of environments relative to optimal perfor-
mance. We proved that we can set the learning rate to
guarantee performance within a factor of 2 of optimal,
and demonstrated a grid-based learning algorithm that
performs even better on a set of simulated examples.

We plan to explore extensions of this work including
using an adaptive or variable-resolution grid and us-
ing the algorithm for value prediction in multi-state
hidden mode Markov decision processes.
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