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What is CS A bout?

¥ Something weOd like the computer to do.

¥ Formalize it into a pr oblem:

¥ WhatOs thenput ?

¥ WhatOs theoutput ?

¥ What property should the output have?
¥ Design/implement an algorithm to solve it.

¥ Repeat.



Example: Sorting

¥ Want to make searkhing a list fast.

¥ Formal Problem: Sorting.

¥ Input : A list of n items and a method of
comparison (Qess than or equal t00). ..

¥ Qutput : A list of n items.

¥ Property: Output is reordering  RiSSatey
(permutation) of input list. Each item Iess
than or equal to the one after it in the list.

Factoring

¥ Input: A positive FACTORISATION
integer. 61270495600759421281625584274655¢

72608684607603198414827979822603
. " 15626369213024033428446796157188¢
¥ Oulput: Two positiVe 43541 870504671987861788043694205¢
integers. 83525512583193829909483181049955¢
45105899126965734290671274428791
_ 84745277967938297370679156244653
¥ Property: The product  g7547087495086588524363443732340¢
of the two output 20823083965762652694544353738979
- 631187913526510759076493989924273
integers should equal 15657434575416399632333003427844¢
the input, or ONoneO If  418254062165072646771998059

H H H Can you factor the above 402 digit number? It is composed of two
in pUt IS p” me. large prime number&he prst correct factorisation sent to
webmaster@mathematik.comins 100 US Dollars.



Why We Like It

¥ Once a problem is formalized, we can restrict
our attention to it (another kind of r eduction)
without worrying about how it will be used.

¥ Strict rules about what constitutes a valid
solution to the pr oblem.

¥ We can recognize a right answer when weOve
got one.

Invalid Problems

¥ Most important thing to try to learn today:
recognizing well-formulated vs. poorly
formulated pr oblems.

¥ Problem should have enough information to
be complete and unambiguous.



Verbal Magnibcation

¥ Input: A word, x.

¥ Output : A word y.

¥ Property: y should have the same meaning as
x only mor eso, or ON/AQ if no such word
exists.

¥ Example: large => huge, tired => exhausted,
hungry => starving, corn => N/A,

¥ Incomplete, uncheckable.

¥ Input: Two ¥ Input : Photo. Output /
superheroes. Output / Property : List of items
Property : Who would pictur ed.

win if they fought?
¥ Input : A Boolean

¥ Input: Word, word list. formula with and/or/
Output/ Property: not/ T/ F . Output /
Does the reverse of the Property: Isit T?
word appear in the
word list? ¥ Input: Two colors.

Output / Property:
Whether they match.




Decision Problems

¥ In one class of problems, the output is always
just yes/no (T/F , 0/1).

¥ We call these pioblems decision problems.

¥ They might seem pretty limited, but they ar e
actually quite powerful.

¥ Input: A list [ of numbers, a number x from
the list.

¥ Property: True if x is the median of [ (sorts to
the (n+1)/2 position if n is odd and the n/2
position if it is even).



Interreducibility

¥ Two decision problems are called
interreducible if the answer to either can be
used to solve the other.

¥ How use sort, to solve median?
¥ Sortl, and check the halfway position.
¥ How use median to sort?

¥ Ask if each item is the median. Once
found, split the list and r ecurse.

Example

List: [5, 4, 1, 3, 10, 7, 6, 18, 16, 8,1, 2,9,0, :

median(7) = yes; split.

[5,4,3,6,1,2,0],7, 11 10, 18, 16, 8, 9, 15]
median(3) = yes, median(1l) = yes; split.
[1,2,0], 3, [5, 4, 6], 7, [10, 8, 9]11[18, 16, 15]
medians: 1, 5, 9, 16; split.
0,1,2,3,4,5,6,7,8,9,10,115,16,18

K K K K K K K



Polynomial Equivalence

¥ |t takes one call to sort to solve median.

¥ It takes O(n Ig n) calls to median to sort.

¥ Since the unning time in both cases is
polynomial (O( n¥) for some constantk), we
can say that the two problems are equally
hard (or easy) to solve.

¥ They are polynomially equivalent since a
polynomial-time solution to one implies a
polynomial-time solution to the other .

¥ |dea #1:

¥ A problem should be formalized in terms
of input , output , and property.

¥ |dea #2:

¥ The property should be checkable by a
computer program written specibcally for
the problem and using only the input and

output .




Summary Continued
¥ ldea #3:

¥ The output of a decision problem is a bit.

¥ |dea #4:

¥ Problems can bereduced to each other: The
solution to one problem solves another.

¥ |dea #5:

¥ Problems are polynomially equivalent if each
solves the other with polynomial # of calls.

Hamiltonian Path

¥ Input : Graph with one
source and one sink.

¥ Output : yes/no.

¥ Property: Is there a
path that visits each
node exactly once?

¥ Yes proof: The path.



Hamiltonian Path

¥ Input : Graph with one
source and one sink.

¥ Output : yes/no.

¥ Property: Is there a
path that visits each
node exactly once?

¥ Yes proof: The path.

OYes PoofO

¥ A large class of decision poblems have the
property that a OyesO answer means that
thereOs a small OpofO that can be quickly
and automatically (in polynomial time)
veribed as being correct.

¥ It was named ONPO for Onon-deterministic
polynomial timeO.



Some NP Examples

¥ Problem: Is x the median of list [? Yes proof:
The sorted order.

¥ Problem: Does G gave a Hamiltonian Path?
Yes proof: The path.

¥ Problem: Can this map be colored with 3
colors? Yes proof: The coloring.

¥ Problem: Cank coins makec cents? Yes
proof: The number of each coin type.

NP and Puzzles

¥ Most puzzles can be thought of as NP
problems. Why? Because the answer
appears the next day It might be hard to
bnd the answer, but itOs easy to check once
you heatr it.

¥ Sometimes | say NPstands for ONice Puzzle(
for this reason.



Map Color Ing

3 10 2
4 5 5

¥ Each region gets a color Regions that shae an
edge must be different colors (corners or ok).

Colored Map




Satispability: Key Problem

¥ Input : A Boolean formula (T/F/and/or/not/
n variables).

¥ OQutput : Yes/no

¥ Property: Yes means thee is a way to set the
variables to T/F so that formulais T .

¥ Yes proof: An assignment of each variable to
a truth value.

SAT BExample

(not x or y) and (w or y) and (not x or w) and
(y or x) and (w or x or not y) and
(w or not y) and (x or y) and

(not w or not x or y) and (not x or not vy)

¥ Is there a way to assign T/F to w, x, and y to
make the formula True?



Or, Another Way

¥ LetOs think things thiough.

¥ If an NP problem has a yes answeythen
there is a (polynomial time) pr ogram that can
check the proof.

¥ So, rally, every NP problem is just Ols thee
a proof that the answer is yes?O

¥ Or, Ols thee you could tell my checker
program that would make it answer OyesO?

Remarkable Insight (Cook)

mem acc PC

¥ But, a checker ¥ So, every NP
program is really problem is really a
just running a satispability
computer for some problem!
number of steps.

¥ |s there some

¥ And, each step the initial contents of
computer makes is the memory that
really just a would make the

Boolean formula. checker program
answer OyesO? ﬁ
\ A




Why Is It So Cool?

¥ Well, every NP ¥ Further, anything that
problem can be solved IS polynomially
with a polynomial- equivalent to SAT
time algorithm if SA T could also be used to
can. (Because we can solve all NP problems
convert the in polynomial time.

corresponding checker
program into a big ¥ We call these pioblems

formula and ask if it is NP-complete.
satisbable.)

Can We Solve Them All?

¥ We say a pioblem is in ¥ On the other hand, if

P (polynomial time) if any problem in NP

there is a polynomial- takes more than

time algorithm that polynomial time, then

solves it. all NP-complete
problems take more

¥ IsSATInP? Ifitis, than polynomial time.

then all NP problems

are in P ¥ We can say ORot
equal to NPO.

¥ If this wer e the case,
we could say OP=NPO. ¥ And... we donOt know



P vs. NP-Conplete

NP-complete P: Polynomial time
¥ Satisbability ¥ Median
¥ Graph coloring ¥ Prime
¥ Hamiltonian Path (visit ¥ String search
all nodes)
¥ Connectivity (go s to ¢)
¥ Subset Sum (subset of
numbers sum to z?) ¥ Eulerian Path (visit all
edges)
¥ Traveling Salesperson
Problem (TSP) ¥ Coin sum (subset of coins
sum to z?)

Reductions

¥ To discover that ¥ Often devilishly
problem x is NP- clever.
complete, need to

¥ Since TSHs so famous
in the popular pr ess,
let me show you how
we know TSP is NP-
complete (and
therefore probably not
solvable efpciently in
the worst case)...

show how a
polynomial time
solution to x would
solve some NP-
complete problem in
polynomial time.



TSP Connections

instance, is
Ml ok showed that every NaEell{o)
can tour : -

NP problemisreally justa { tto
satispability problem. nian

¢ actually bgure outifa i path

Boolean formula is aph.
satispable!

SAT to Hamiltonian Path

¥ We want an automatic procedure for taking
any Boolean formula and creating a
corresponding graph.

¥ The graph has a Hamiltonian Path if and
only if the original formula was satisbable.

¥ Therefore, the answer to the Hamiltonian
Path problem is also the answer for the SAT
problem.

¥ So, Hamiltonian Path solves SAT.




Concrete Example

(x or y) and (not x or not y) and (y)
x true

sink

x false

Implication

¥ Every Hamiltonian Path pr ovides a
satisfying assignment of the original formula.

¥ Any satisfying assignment of the formula can
be translated to a Hamiltonian Path.

¥ No family r esemblance, but they ae
dePnitely related!

¥ Note: Used OCNFO form of the formula. A
separate agument shows that any formula
can be expressed in CNFE



Targum: Valid? NP? P?

¥ Jumble: Given a word ¥
list [ and a jumble of
letters w, can the
letters of w be
rearranged to form a
word in [?

¥ Crossword clue:
Given a clue, and an
answer word w, does
w answer the clue?

Crossword grid :
Given answers for
each slot, do they bt in
the grid without
conf3icts?

Sudoku : Given a
partial grid, can it be
completed properly?

Word bnd: Does word
w appear in grid G?

N ext Time

¥ Heuristics.

¥ Finish Hillis, Chapter 5.



