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Abstract. We consider convex programming problems in a canonical homogeneous format, a
very general form of Karmarkar’s canonical linear programming problem. More specifically, by ho-
mogeneous programming we shall refer to the problem of testing if a homogeneous convex function
has a nontrivial zero over a subspace and its intersection with a pointed convex cone. To this canon-
ical problem, endowed with a normal barrier for the underlying cone, we associate dual problems
and prove several matriz scaling dualities. We make use of these scaling dualities to derive new and
conceptually simple potential-reduction and path-following algorithms, applicable to self-concordant
homogeneous programming, as well as three dual problems defined as: the scaling problem, the ho-
mogeneous scaling problem, and the algebraic scaling problem. The simplest of the scaling dualities
is the following equivalent of the classic separation theorem of Gordan: a positive semidefinite sym-
metric matrix @ either has a nontrivial nonnegative zero, or there exists a positive definite diagonal
matrix D such that DQDe > 0, where e is the vector of ones. This duality is a key ingredient in the
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results here give nontrivial extensions of our previous work on the role of matrix scaling in linear or
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sults we associate a cone of linear operators induced by the normal barrier, called operator-cone and
use it to reveal the intrinsic nature of scaling dualities corresponding to homogeneous programming
formulation of convex programs. Our general algorithms although make use of some basic properties
from the self-concordance theory of Nesterov and Nemirovskii, offer new algorithms for linear pro-
gramming, quadratic programming, semidefinite programming, self-concordant programming itself,
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1. Introduction. In this paper we consider four fundamental problems in fi-
nite dimensional spaces defined as: homogeneous programming (HP), scaling problem
(SP), homogeneous scaling problem (HSP), and algebraic scaling problem (ASP). HP
is the problem of computing a nontrivial zero of a homogeneous convex function over a
pointed closed convex cone and its intersection with a subspace, or proving the nonex-
istence of such zero. HP is a canonical formulation of convex programming problems
(possible via known conic linear programming dualities). The significance of HP in
linear programming was established by the pioneering work of Karmarkar in 1984.
SP is the minimization of an associated logarithmic potential function, or proving it is
unbounded. HSP is analogous to SP, replacing the logarithmic potential by a homo-
geneous potential function. The classic arithmetic-geometric mean inequality can be
viewed as an HSP: the minimization of the ratio of the two means over the interior
of the cone of nonnegative vectors. Although it is well known that this minimum is
attained at the center of the cone, the vector of ones, in the presence of a subspace
not containing the center, the new minimization problem becomes nontrivial. ASP
is to test the solvability of an algebraic equation, inherited from homogeneity, to be
referred as the scaling equation (SE). It is a generalization of the problem of testing
the solvability of the diagonal matrix scaling equation for a given symmetric positive
semidefinite matrix.

There are intrinsic theorems of the alternatives relating exact and approximate
solutions of these four problems. We will prove several distinct such theorems, and
will refer to these theorems as matriz scaling dualities, or simply scaling dualities.
These dualities surpass the ordinary dualities of mathematical programming, be it for
linear programming, or general convex programming problems.

The HP formulation of convex programming problems offers new insight into the
theory of this optimization problem in the sense that the three scaling problems, SP,
HSP, and ASP come to life. In view of the scaling dualities, given an HP formulation
of a convex program, the corresponding three scaling problems are all more general
and fundamental problems than HP itself. This is because scaling dualities allow us to
view any of the corresponding scaling problems as a problem dual to HP. This duality
is in the sense that HP is solvable if and only if the other three are not. Moreover, the
dual problems can be solved via interior-point algorithms that exploit homogeneity,
convexity, scaling dualities, and the conic structure of the domain of the optimization
problem.

On the one hand, scaling dualities give rise to novel algorithms for convex pro-
gramming problems. These algorithms attempt to solve SP, HSP, or ASP, and if any of
these problems is found to be unsolvable, then as a by-product, HP is solvable. For in-
stance, using one of our scaling dualities, we describe a potential-reduction algorithm
that simplifies, strengthens, and enhances Nesterov and Nemirovskii’s corresponding
algorithm for solving a homogeneous conic LP, a canonical homogeneous formulation
of convex programs, and a generalization of Karmarkar’s canonical LP. This particu-
lar scaling duality makes it possible to abandon the unnecessary assumption that the
minimum value of this conic LP is zero. Such assumption has often been made in the
interior-point literature, even in the textbook description of Karmarkar’s canonical
LP. On the other hand, scaling dualities give rise to new inequalities that generalize
the classic arithmetic-geometric mean, trace-determinant, and Hadamard inequali-
ties. Moreover, scaling dualities give solvability theorems on the scaling equation
generalizing known diagonal matrix scaling theorems, also theorems of the alterna-
tive generalizing the classic separation theorem of Gordan.
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Scaling dualities relate several seemingly unrelated problems. Consider for in-
stance the minimization of the arithmetic-geometric mean ratio of positive numbers
over an arbitrary subspace of the Euclidean space. If in this ratio we replace the
arithmetic mean by an arbitrary linear function, then via scaling dualities the new
minimization problem becomes an important dual problem to a canonical formulation
of linear programming. Likewise, semidefinite programming can be viewed as a dual
problem to a problem that is a generalization of the minimization of the classic trace-
determinant ratio, over the semidefinite cone and its intersection with an arbitrary
subspace of the Hilbert space of symmetric matrices. More generally, an analogous
relationship can be stated for any self-concordant programming.

Despite the tremendous literature on interior-point algorithms for linear, quadratic,
linear complementarity, semidefinite programming, or self-concordant programming,
emerged since Karmarkar’s LP algorithm, few papers have dealt with HP, and even
fewer with the other three scaling problems, or the dualities relating them. Even in
the self-concordance theory of Nesterov and Nemirovskii, despite the development of
a new conic LP duality which makes it possible to state the HP formulation of convex
programs, there is no mention of scaling dualities. In fact, since the introduction
of Karmarkar’s canonical linear programming in 1984, there has been somewhat of
a divergence from viewing optimization problems and convex programming in the
context of a corresponding HP. This divergence resulted in several breakthroughs on
convex programming, such as Renegar’s work on the complexity of the path-following
method of centers for linear programming, and Nesterov and Nemirovskii’s theory on
the class of self-concordant convex programming. However, as we shall establish in
this paper, the HP formulation of convex programs, initiated by Karmarkar for LP,
has many advantages of its own as it gives rise to the scaling problems, the scaling
dualities, and new algorithms. For instance, we will see that it is possible to state a
conceptually simple path-following algorithm for Karmarkar’s canonical LP (hence,
for linear programming), requiring the minor modification of squaring its linear ob-
jective function.

On the one hand, from the theoretical point of view there is no loss of generality in
restricting oneself to the HP formulation of convex programs. On the other hand, the
HP formulation of convex programs is not necessarily a mere theoretical formulation.
In many practical instances, a convex program can directly be formulated as an HP.
For instance, the feasibility problem in linear programming can often be trivially
reduced to the geometric problem of testing if the convex-hull of a given set of points
contains the origin. In fact this simple geometric problem, considered by Gordan more
than a century ago, is equivalent to several HP formulation of linear programming,
as well as Karmarkar’s canonical LP.

In this paper we employ basic but important properties of homogeneous func-
tions to prove scaling dualities, derive several significant bounds, and by using these
and by building on Nesterov and Nemirovskii’s machinery of self-concordance, we ob-
tain novel polynomial-time potential-reduction and path-following algorithms for the
four problems stated above. In particular, we obtain new polynomial-time algorithms
for quadratic programming, semidefinite programming, self-concordant programming,
and even linear programming itself. Furthermore, our potential-reduction and path-
following algorithms are both more powerful than their existing counterparts, since
they also establish the polynomial-time solvability of the corresponding SP, HSP, and
ASP. Our result extend the polynomial-time solvability of matrix scaling equation
(even in the presence of a subspace) to very general cases of the scaling equation,
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SE, over the nonnegative cone, the semidefinite cone, the second-order cone, and
more generally any homogeneous programming with a beta-compatible objective con-
vex function. The polynomial-time solvable cases of HSP, a nonconvex program,
includes the deceptively simple, but nontrivial problem of computing the minimum of
the arithmetic-geometric mean ratio of positive numbers over an arbitrary subspace
of the Euclidean space, or the problem of computing the minimum of the trace-
determinant ratio of positive definite symmetric matrices over an arbitrary subspace
of symmetric matrices. We emphasize that the polynomial-time solvability of several
of the problems considered in this paper has neither been proved, nor even addressed
in the previous interior-point literature. Although some of our work builds on the
theory of self-concordance, many of the results proved in this paper, including the
definition and existence of the scaling problems, the operator-cones, the proof of scal-
ing dualities and bounds, are new and indispensable ingredients in establishing the
polynomial-time solvability of the scaling problems via algorithms which themselves
are very novel. Moreover, from the point of view of the theory of convex program-
ming, our scaling results are both natural and fundamental. They exist and are true
whether or not one may wish to use them in practice.

2. Mathematical preliminaries. In this section we first formally define the ho-
mogeneous programming problem (HP), the scaling problem (SP), the homogeneous
scaling problem (HSP), the algebraic scaling problem (ASP), and their e-approximate
versions. The notation and symbols to be used to define these problems will remain
unchanged throughout the paper. We summarize some basic but essential proper-
ties of homogeneous functions, and introduce the notion of operator-cone needed to
define the scaling equation (SE). We give the precise statement of several distinct
scaling dualities that are to be proved in subsequent sections. We summarize the
essential needed results from Nesterov and Nemirovskii’s theory of self-concordance
in the form of a single theorem (Theorem 2.24). This theorem will be repeatedly
utilized throughout the paper. In this section we also describe the steps of two ba-
sic algorithms, a potential-reduction algorithm, and a path-following algorithm. In
the subsequent sections we will establish the applicability of these algorithms in solv-
ing e-approximate versions of HP, SP, HSP, and ASP. Having formally stated all the
necessary ingredients, we then give a summary of the precise results to be proved
later.

2.1. HP, SP, HSP, and ASP in finite dimensional spaces. Let E be a finite
dimensional normed vector space over the reals. In particular, since E is necessarily
complete, it is a Banach space. Let K be a closed convex pointed cone in E. In
particular, K contains all nonnegative scalar multiples of its elements, and does not
contain a line, i.e., K N —K = {0}. The interior of K will be denoted by K°, and is
assumed to be nonempty. We assume that we are given a subspace of E intersecting
K°, described as W = {z € E : (a;,x) = 0, ¢ = 1,...,m}, where a; lies in E*,
the dual space of E, and (a;,z) denotes the value of the functional a; at z. We
may assume a;’s are linearly independent. Assuming that the norm in F is induced
by an inner product (-,-), then via the theorem of Riesz, E* can be identified with
E itself, and in particular each a; can be taken to be an element of E with (a;,x)
representing the given inner product. Given an orthonormal basis {ej,...,e,}, for
each ¢ = 1,...,m, a; can be represented as Z?:l ayjej. Thus, W can be written as
W ={x € E: Az = 0}, where A is an m X n matrix of rank m. The orthogonal
projection onto W is the matrix P = I — AT(AAT)"'A. If W = E, then P = I, the
identity operator.
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A cone such as K is also called an order cone since the following relation defines
a partial order on F: given u,v € E we write

(21) v>u <<= wv—ueKnW, v>u <= v—ueK°NW.
From (2.1), we can write
(2.2) x>0 <<= zeKnW, x>0 <<= zeK°nW

A point x € FE is said to be positive (nonnegative), if z > 0 (z > 0). Throughout the
paper we will use the notation z > 0 (z > 0) in the sense of (2.2).

Let ¢(x) be a real-valued function, twice continuously differentiable over K°NW,
also homogeneous of degree p > 0, i.e., for each scalar a > 0, and each = > 0,

(2.3) olax) = aPd(a).

For simplicity, we will assume that ¢ has a continuous extension to the boundary of
K. Throughout we will also assume ¢ is convex over K N W.
DEFINITION 2.1. Homogeneous programming (HP) is to of test if the quantity

p=min{g(z) : x>0, |z] =1},

is nonnegative, and if p < 0, to compute a point d > 0 such that ¢(d) < 0, in which
case HP is said to be “solvable”, or to prove that such point does not exist. We will
assume that a positive point x° is available. Without loss of generality we assume
|lz°| =1, and p < 1. For a given € € (0,1), e-HP is to compute d > 0 satisfying

d
¢(d||> SE)

in which case e-HP is said to be “solvable”, or to prove that such a point does not
exist.

DEFINITION 2.2. Let F' be continuously differentiable, and strictly convex over
K°. F is said to be a 0-logarithmically homogeneous barrier for K, if 8 > 1, and for
each x € K°, and each scalar t > 0, we have

F(tx) = F(x) — 01nt,

and F(x) approaches oo, as x approaches a boundary point of K. The latter two
conditions are equivalent to homogeneity of exp(—F(x)) (of degree 0), and that for
each o the level set Ko(F) = {x € K° : F(x) < a} is closed. F is said to be a
0-normal barrier, if in addition it is three times continuously differentiable, and for
all x € K°, and h € E, we have

|D*F(x)[h, b, h]| < 2(D*F(x)[h, h])*/?,

where D*F(z)[hy, ..., hi] is the k-th Fréchet-differential of F' at x in the direction of
hiyo.ohg.

DEFINITION 2.3. Suppose F(x) is a 6-normal barrier for K, and ¢(z) is C* on
K°. Then ¢ is said to be B-compatible (with F), 5 > 0, if it is convez, and for all
xz € K° heFE, we have

D6 (a)[h, b, h]| < B (3D*¢(x)[h, h]) (3D F(x)[h, h]) """
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Given a basis for F, any symmetric positive semidefinite matrix ) induces an in-
ner product on E defined as (x,y) = 27 Qy. This inner product turns E into a Hilbert
space. Thus we can identify D* F(x) (or D¥¢(z)) with the multidimensional symmet-
ric matrix V¥F(z) = (0¥F(x)/0x;, --- 0x;,) (or VFé(x) = (0%¢(x)/0xi, - - Oz, ))-
In particular, V and V? denote the gradient and the Hessian with respect to a basis
induced by this inner product. Since F is finite dimensional, all norms are equivalent
and convergence of sequences remain invariant. Thus, throughout the rest of the pa-
per, we will assume that E is a Hilbert space. If E is already a Hilbert space, V¥ F(x)
is defined with respect to the original inner product.

DEFINITION 2.4. The “logarithmic potential”, and the “homogeneous potential”
are

P(x) = o) + F(x), X(z)=

respectively. Let
Y =inf{(z) : 2 >0}, X" =inf{X(z):z > 0}.

DEFINITION 2.5. The scaling problem (SP) is to determine if ¢* = —oo, and if
P* > —o0, to compute its value, together with a corresponding minimizer d*, called the
“scaling vector”. If d* exists, SP is said to be “solvable”. Given e € (0,1), e-SP is to
determine if * > —o0, and if so, to compute a point d > 0, satisfying ¥(d) —p* < e.
If such a point exists, e-SP is said to be “solvable”.

DEFINITION 2.6. The homogeneous scaling problem (HSP) is to determine if
X* = —o0, and if X* > —oo, to compute its value, together with a corresponding
mianimizer d*, called the “homogeneous scaling vector”. If d* exists, HSP is said to be
“solvable”. Given € € (0,1), €-SP is to determine if X* > —oo, and if so, to compute
a point d > 0, satisfying X (d)/X* < exp(e). If such a point exists, e-HSP is said to
be “solvable”.

Note that since ¢ is convex, SP is a convex programming problem. However, HSP
is a nonconvex program. An important property of HSP is that X (z) is homogeneous
of degree zero. If d* exists, from strict convexity of 1, it is necessarily unique and
from the Lagrange multiplier condition, it must satisfy

PV (d*) =0,

where P is the orthogonal projection operator onto W.
DEFINITION 2.7. Assume that F is 0-normal. The “parameterized family of
logarithmic potentials” is defined as

fi(z) = ty(z) + t{u,2) + F(z), te(0,00),
where u = —PV1(2°). The “central-path” is defined as
I={d;:te(0,00)}, di=argmin{f"(x):z>0}.

The “spherical central-path”, and the “homogeneous central-path” are, respectively

cte(0,00)}, I={d=t"Pd:te(0,00)}

d*
s = {7
t

Id
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If ¢ is B-compatible with a f-normal barrier F'(z), then ¢ is strongly self-concordant
with parameter a = [1/(1 + 8)2]. The notion of 3-compatibility and self-concordance
are defined by Nesterov and Nemirovskii [17]. A function f is said to be strongly
self-concordant over an open set GG, with parameter a, if it is three times continuously
differentiable over G; for each t, Gy = {x € G : f(x) <t} is closed; and for all z € G,
and h € E, we have

(2.4) D f(x)[h, by h] < —=(D*f(x)[h, h])*/.

a

L

With regard to our four conic problems, from the algorithmic point of view we are
interested in strong self-concordance over cones. The significance of strong self-
concordance in the context of 3-compatibility is summarized as Theorem 2.24. This
theorem is an adaptation of several significant result of Nesterov and Nemirovskii. It
is a fundamental theorem instrumental in solving HP /SP/HSP, and ASP, which is the
problem of testing the solvability of the scaling equation (SE), an algebraic equation
induced from homogeneity and differentiability. Theorem 2.24 on self-concordance
does not by itself solve these four problems. Additionally, we need the development
of several essential results. In particular, the scaling dualities, and significant bounds.
Nesterov and Nemirovskii proved the existence of a universal strongly self-concordant
barrier for any convex set with nonempty interior (see [17], Theorem 2.5.1), which for
convex cones reduces to a 6-logarithmically homogeneous barrier. Since by multipli-
cation of this barrier by an appropriate constant the parameter of self-concordance
can be made to be one, this ensures the existence of a f-normal barrier for the cone
K of HP.

2.2. The scaling equation: algebraic characterization of the solvability
of SP. In this section we will give the algebraic characterization of the solvability of
SP. We will derive an equation that the scaling vector d*, if it exists, must necessarily
satisfy. We shall also obtain an analogous equation for dj.

We shall first state the following proposition without proof, describing several es-
sential properties of homogeneous functions. These properties will be used throughout
the paper.

PROPOSITION 2.8. (Homogeneous properties) Let K, F' and ¢ be as before, and
L(z) an arbitrary twice continuously differentiable real-valued function, defined over
K°, also homogeneous of degree k. Given any x € K°, and « a positive real, we have

(P1) 27V¢(z) = pp(z) (Euler’s Equation).

(P2) VI'(az) = " 'VI(x).
(P3) VI'(az) = " 2V (x).
(P4) VI'(z)z = (k — 1)VI(z).
(P5) 2TVF(z) = —0.

(P6) VF(ax) = a 'VF(z).
(P7) V2F(ax) = a 2V2F(z).

(P8) V2F(x)r = —VF(x).

Remark. Properties (P5) and (P6) of F' are stated in Nesterov and Nemirovskii
[17]. However, these are actually a consequence of the first two well-known properties,
as applied to the function I'(z) = exp(—F(z)).

DEFINITION 2.9. Given d > 0, let D be any linear operator in L(E,E), the
space of continuous linear operators from E into itself, satisfying DTV?F(d)D = I,
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the identity operator. The “induced” center, subspace, and cone are respectively, the
images of d, W, and K under the change of variable x «— Dz, i.e.,

eq=D"'d, Wy,=D'W, K;=D'K.

The induced homogeneous function, 0-logarithmically homogeneous barrier function,
and logarithmic potential function are, respectively

pa(z) = ¢(Dz), Fy(z)=F(Dzx), pa(z)=¢(Dx).

Note that each d > 0 induces a new HP, SP, and HSP, where the homogeneous
degrees p and € remain invariant. Moreover, an induced positivity can be defined:

(2.5) x>0 <<= zeW;nkKj.

DEFINITION 2.10. The algebraic scaling problem (ASP) is to test the solvability
of the “scaling equation” (SE) defined as:

Pqubd(ed) =eq, d>0,

where D is an operator satisfying DTV?F(d)D = I, and Py is the orthogonal projec-
tion onto Wy, i.e., Py =1 — DTAT(ADDT AT)=1AD.

ProrosiTiON 2.11. If SP is solvable, then SE is solvable. Moreover, if p # 1,
then SE is equivalent to the equation

1
P;DTV?¢(d)Dey = -

Proof. Let D be an operator satisfying DTV2F(d)D = I. If g(x) represents either
¢(x), or F(x), or ¢(z), and gq4(x) = g(Dzx), then from the chain rule we have

(2.6) Vga(z) = D" Vg(Dz),

(2.7) V2ga(x) = D'V?g(Dz)D.

Now assume SP is solvable. Then, d* (the minimizer of 1) exists. For simplicity
of notation, in the remaining of the proof we denote d* by d. In particular, d is a
stationary point of ¢ over W N K°. Thus,

(2.8) Vi(d) = Vo(d) + VF(d) = AT,

where v is the vector of Lagrange multipliers. Let e = D~!d. From property (P8) of
Proposition 2.8, VF(d) = —V2F(d)d. Using this and by applying the operator DT
to (2.8), together with the chain rule, see (2.6), we get

(29) V¢d(ed) = V(;Sd(ed) — €4 = DTAT’U,

Applying the operator AD to the above, using the fact that ADe; = Ad = 0, and the
invertibility of ADDT AT we can solve for v to get

(2.10) v = (ADDT AT) "' ADV1p4(eq).
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Substituting the above in (2.9), we get the scaling equation. The equivalence of the
scaling equation to the claimed equation on the Hessian is a consequence of property
(P4) of Proposition 2.8. O

DEFINITION 2.12. Given € > 0, e-ASP is to compute d > 0, such that

[ PaVtpalea)|l <,

or to prove that such d does not exist. Also, given t € (0,00), e-ASP(t) is to compute
d > 0 satisfying

1PaV falea) | <e.

The problem e-ASP(t) corresponds to the approximation of the minimizer of f*(z).
Note that e-ASP, and e-ASP(¢) are defined with respect to an operator D induced
by d, satisfying DTV2F(d)D = I. However, these problems can be defined in more
generality as will be seen next.

2.3. Operator-cones. The following definition describes ASP, e-ASP, and e-
ASP(¢) in more generality and at the same time reveals some very important prop-
erties of the operators induced by the Hessian of the #-logarithmically homogeneous
barrier F'. In subsequent sections these properties will be used heavily.

DEFINITION 2.13. Given an HP, a subset of invertible operators in L(E, E) is
said to be an operator-cone, denoted by T(K), if for each d € K° there exists an
operator D, also denoted by T(d), such that

(1) If d = ad, « a positive scalar, then D' = aD.

(2) For alld € K°, |leq||> < N < oo, where eq = D™ 1d.

(3) If d* > 0 converges to d > 0, then D converges to D.
(4) There exist positive constants m and M such that for each d > 0, we have

mllz]|* < &V Fy(ea)r < Mllz]*.

Without loss of generality we may assume that m = 1.
DEFINITION 2.14. An operator-cone T(K) is said to be bounded if there exists a
fized constant p such that

1D < plldll, VdeK°.

Remark. The operator-cone T'(K) is indeed a cone in L(E, E), the space of continuous

linear operators from E into itself, and it can be viewed as the image of a continuous
homogeneous operator, T, of degree one from K into L(E, E). In particular, if T is
linear, then the number p is its operator norm.

PROPOSITION 2.15. Let Tr = {D = V?F(d)~'/? : d € K°}. Then, Tr is an
operator-cone with parameters m = M =1, N =0 (see Definition 2.13).

Proof. From property (P7) of Proposition 2.8, we have V2F(ad) = a=2V2F(d).
Thus, V2F(ad)'/? = a~'V2F(d)'/2. But this implies the validity of condition (1)
of Definition 2.13. We have |le4||> = dT D~2d = d?'V?F(d)d. But from properties
(P8) and (P5) of Proposition 2.8, we have dTV2F(d)d = —d'VF(d) = 6. Hence,
the validity of condition (2) of Definition 2.13. Clearly, condition (3) is valid. The
validity of (4) is a consequence of the chain rule, see (2.7), and the definition of D,
i.e., since V2Fy(eq) = DTVF(d)D = 1. Hence, m =M =1. 0

Given any operator-cone T'(K), we can define e-ASP and e-ASP(t), analogous to
the case of T(K) = Tr = {D = V2F(d)~'/? : d € K°}. We shall prove that when
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¢ is [-compatible, we can solve e-HP, e-SP, and e-HSP in polynomial time. Given
a bounded operator-cone, we can also solve the corresponding e-ASP in polynomial
time.

To understand further what it means for an operator-cone to be bounded, consider
the following result.

PROPOSITION 2.16. The operator-cone Tr is a bounded operator-cone with pa-
rameter p if and only if for all d € K° N{x : ||z|| = 1}, the minimum eigenvalue of
V2F(d) is bounded below by 1/p?.

Proof. Let d € K, and assume that || D|| < p||d||. Equivalently, this implies for all
x € E, we have

T 1)2 T2 -1
x ? r_ 'V F(d)~ 'z < 2|2

T Ty

T

Letting # = V2F(d)y, for all y € E we must have

Yy V2F (d)ylld|? o1
yTy PP

But from property (P7) of Proposition 2.8, replacing d by ad in the above does not
change the ratio. Thus, we may assume ||d|| = 1. The converse trivially follows. O
The next theorem is a significant result showing that T is a bounded operator-
cone. For the three important cones, the nonnegative orthant K = R} = {z €
R"™ : > 0}, the cone of positive semidefinite symmetric matrices K = S;7, and the
second-order cone (or Lorentz cone) K = SO = {z = (1,2) € R"*1 . 7 > ||2]|},
it is easy to directly prove this boundedness property with respect to their natural
barriers ( Kalantari [9]). For these cones it can be shown that the quantity p is 1,1,
and /2, respectively. Next we state the general theorem but omit its proof here.

THEOREM 2.17. (Kalantari [10]) For the cone K define

) (z,y)
r it oy e K, ol £ 0.yl # 0}
WETm )

Then Tr is a bounded operator-cone with parameter

2
<1 .
p= +V1+r

Remark. Clearly the quantity r is at least —1. However since K is a closed convex
pointed cone, it follows that » > —1. The quantity r is a measure of obtuseness of K.

The theorem has an immediate corollary:

COROLLARY 2.18. Assume K is acute, i.e. {(x,y) >0 for all z,y € K. Then Tr
is a bounded operator-cone with parameter p < 1++/2. In particular this is the case
whenever K is self-dual, i.e. K ={x € E: (z,y) > 0,Vy € K}. .

As we shall see in this paper, the boundedness of the underlying operator-cone
will play a significant algorithmic role in all the four problems HP, SP, HSP, and ASP.

2.4. Copositive-plusness: an algebraic characterization of the solvabil-
ity of HP. In order to characterize the solvability of HP, we first define a notion of
copositive plusness.
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DEFINITION 2.19. Assume that in a given HP the homogeneous function ¢ is
defined over the entire subspace W. Then, ¢ is said to be “copositive plus”, if whenever
¢(x) =0, x €e WNK, then PV¢(z) =0.

Note that in the very special case of HP where ¢ = %xTQx, @ a symmetric
matrix, W = ", and K = R}, the above definition which coincides with the usual
definition of copositive plusness, despite its generality, is the most informative notion
of copositive plusness. It simply implies that a zero of ¢ is a stationary point over
W N K. The following result characterizes the solvability of HP under copositive
plusness.

PRrOPOSITION 2.20. Assume that ¢ is copositive plus. Then, given x € W N K,
PV ¢(x) =0 if and only if ¢p(x) = 0.

Proof. Clearly, one direction follows from the definition. Suppose PV¢(xz) = 0.
Since Pz = z, from Euler’s equation, i.e., property (P1) of Proposition (2.8), it follows
that 27 PVé(x) = pp(z). Since p > 0, ¢(x) = 0. O

The following result characterizes the solvability of HP when homogeneous degree
p>1

ProposITION 2.21. Suppose in a given HP the homogeneous convex function ¢
is defined over W and homogeneous degree p > 1. Then, ¢ is copositive plus. In
particular, from convexity, p = 0 if and only if there exists © > 0, x # 0, such that
PV¢(z) =0.

Proof. Fix x € WNK, z # 0. We have ¢(0) = lim,_.0 ¢(ax) = ¢(z) lim,—0 P =
0. Also, V¢(0) = lim,_.g Vé(az) = V() lim, g aP~! = 0. In particular, the origin
is a global minimizer of ¢ over W, and the minimum value is zero. Thus, any zero of
¢ over W is also a minimizer, hence a stationary point. 0

Proposition 2.21 is not true if p = 1, e.g. when ¢ is linear. From this proposition
and additional results we can obtain a theorem that generalizes Gordan’s Theorem
(see Theorem 7.2 in [9]), and a matrix scaling duality for positive semidefinite sym-
metric matrices (see Theorem 5.7 in [9]). According to this generalization of Gordan’s
Theorem, for any convex HP with p > 1, defined over the cones R, S;i", or SOt
either there exists a nonnegative nontrivial point whose projected gradient is zero, or
there exists a positive point whose scaled projected gradient is positive.

2.5. Definition of scaling dualities. The following definition classifies some
important dualities to be proved and utilized later in the article.

DEFINITION 2.22. (Scaling dualities) Let T'(K) be a given operator-cone.

The Weak Scaling Duality holds if : either u < 0, or PyNVoa(eq) = eq for some
d>0.

The Scaling Duality holds if : p > 0 if and only if PiVai(eq) = eq for some
d>0.

The Uniform Scaling Duality holds if: u < 0 if and only if there exists v* > 0
such that for all d >0, ||PiVia(eq)l] > v*.

The Scaling Separation Duality holds if : > 0 if and only if there exists d > 0
such that PyN¢g(eq) >4 0. In particular, if Kq = K for alld >0 and eq = e, a fized
point of K°, then > 0 if and only if there exists d > 0 such that P;NV¢q(e) > 0.

2.6. Previous applications of some scaling dualities. All the above scaling
dualities hold for the case where K = R7 and F(z) = — Y. ; Inz;. These dualities
have given rise to various projective algorithms, see Kalantari [3]-[7]. Consider HP
over this cone where ¢(z) = %xTQx, Q an n x n symmetric matrix, W = R,
but where ¢ is not necessarily assumed to be convex. We shall refer to this HP as
Gordan’s HP, since it is closely related to Gordan’s Theorem. On the one hand, when



12 BAHMAN KALANTARI

@ is indefinite, Gordan’s HP is NP-complete (see Kalantari [4]). On the other hand,
linear programming can be formulated as Gordan’s HP with a positive semidefinite
Q (see Chvétal [1], Jin and Kalantari [2]). Jin and Kalantari [2] show that matrix
scaling gives rise to a natural algorithm for computing an interior point of a linear
system of strict inequalities, Ax < b.

Karmarkar’s caninical linear programming problem, [14], is a very special case of
the general HP defined in this article, where K = R" where ¢(z) = ¢’ z. Karmarkar’s
canonical LP can also be formulated as Gordan’s HP with a positive semidefinite
matrix @), and conversely.

Most literature on interior-point algorithms, when referring to Karmarkar’s canon-
ical LP, automatically assumes that the corresponding p is zero. This assumption is
unnecessary and ignores the fundamental and intrinsic dualities that relate HP to SP,
HSP, or ASP. Indeed the problem is exactly to test if 4 = 0. This assumption perhaps
stems from the fact that in Karmarkar’s first version of the projective algorithm, [13],
the minimum objective value is assumed to be zero. However, in the later version,
[14], the assumption is removed.

In the case of Gordan’s HP the corresponding scaling equation reduces to DQ De =
e, where D = diag(d). The polynomial-time solvability of ASP for positive semidefi-
nite matrices over the rationals was established in Khachiyan and Kalantari [15]. In
fact via a single simple path-following algorithm, shown in [15], one can test if u =0
or if the scaling equation DQ)De = e is solvable. In particular linear programming
can be solved this way. For a rederivation of this algorithm which emphasizes the role
of Gordan’s Theorem, see Kalantari [12]. Indeed the approach in [12] is the spirit of
the path-following algorithm in this article.

Extension of the algorithm of [15] for solving linear programming or the diagonal
scaling equation over the algebraic numbers is given by Kalantari and Emamy-K [8].
When @ is an arbitrary symmetric not only Gordan’s HP is NP-hard (see [4]), so
is the corresponding ASP (see Khachiyan [16]). Kalantari [11], extends the scaling
dualities and the path-following algorithm of [15] to the semidefinite programming
problem.

2.7. Self-concordance theory and SP. In this section we review some results
from self-concordance theory in the context of our conic problems. We also state two
conceptually simple algorithms, a potential-reduction algorithm and a path-following
algorithm. In subsequent sections we will examine the application of these algorithms
in solving HP, SP, HSP, and ASP for S-compatible ¢.

DEFINITION 2.23.  Assume ¢ is 3-compatible. Given d > 0, let Py(y) = ¥(d) +
V(d) Ty + %yTVQw(d)y (i.e. the quadratic approzimation to v at d). Then, Newton
direction is defined as

y(d) = argmin{Py(y) : y € W},

Newton decrement as M(d) = (1 + B)\/A(d), where A(d) = y(d)TV?y(d)y(d), and
Newton iterate as d = NEW (,d) = d + o(A(d))y(d), where

@ if Md) > 1;
cMD) = § sty A € A1), A =2— V3 =0.2679;
1, if AM(d) < ..

Corresponding to f*, yi(d), \i(d), and d, = NEW (ft,d) are defined analogously.
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The following theorem is an adaptation of three significant results of Nesterov
and Nemirovskii in [17] combining them into a format suitable for our conic problem.
It combines a theorem characterizing basic properties of Newton’s method under self-
concordance ([17], Theorem 2.2.2), a theorem on the main property of self-concordant
families ([17], Theorem 3.1.1), and its consequence under 3-compatibility ([17], Propo-
sition 3.2.2). Let A be a number in [\, 1].

THEOREM 2.24. (Nesterov and Nemirovskii’s Theorem) Let ¢ be 3-compatible.
Then, d = NEW (¢,d) > 0, d, = NEW (f*,d) >0, and

P(d') — p(d) < —ADUIMD) = yr \(d) > )

a5
(2.11) M) < 2OMd) = N(d) — 1), i A(d) € A, N;
Ad) < 239 if A(d) < A

(2.12) (d) —y* < wA(d) = 1= (1= 3x(d)"?.

All the above applies to ft. Moreover, given t € (0,00), suppose that
(2.13) At(d) < K < A

Then, for any t' satisfying

(2.14) |ln%/ <1+(1+6)\,/f> g1—ﬁ,
we have
(2.15) Av (d) < k.

In particular, if we let kK = 1/4, the above holds for t' satisfying

(2.16) ' =rit, 1= exp(m_;)\/é>, c= Z(%).

Thus, given any t € (0,1], since A\ (z°) = 0 (see Definition 2.7 and Definition 2.23)
and we can choose ¢ = 1/9, the number of iterations, ki, to obtain d > 0 such that
Ae(d) < A, satisfies the inequality ¥t < t. Equivalently, it suffices to choose

(2.17) ke = [9(1 —l—ﬁ)\/@ln(%ﬂ.

It also follows that the central-path II = {dj : ¢t € (0,00)} is well-defined. O
We now state two conceptually simple algorithms and a theorem to be proved
much later in the article, revealing the significance of the algorithms.
Potential-Reduction Algorithm:
Initialization. Let d = 2.

Iterative Step. Replace d with d = NEW (¢, d) and repeat.

Path-Following Algeorithm:
Initialization. Let t =1,d =2V, t, € (0,1).
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Phase I. While t > t,, replace (d,t) with (d},t'), d, = NEW(f',d), t' = r.t.

Phase II. Replace d with ' = NEW (f*,d) and repeat.

THEOREM 2.25. Consider any HP/SP/HSP/ASP over a pointed convex cone
K where ¢ is of homogeneous degree p and 3-compatible with the corresponding 6-
normal barrier F. Assume that T(K) = Tp = {T(d) = D = V?F(d)~'/? : d € K°}.
Given € € (0,1), the solvability of e-HP ¢-SP, e-HSP, or e-ASP can all be tested in
polynomial-time via the Potential-Reduction algorithm and if p > 1 via the Path-
Following algorithm. In particular, these algorithms apply to the case where ¢ is
linear, or quadratic. To apply the Path-Following algorithm to a linear ¢ we simply
need to square it.

2.8. Summary of the results. In § 3, we prove the first scaling duality (see
Definition 2.22), the Weak Scaling Duality (Theorem 3.2). This theorem also gives
an inequality on homogeneous potentials, more general than the arithmetic-geometric
mean, trace-determinant, and Hadamard inequalities. In fact we do not assume the
convexity of ¢ in this theorem. In § 4, we prove the Conic Convex Programming
Duality (Theorem 4.3), a new duality for convex programming. Using this duality we
prove the Scaling Duality Theorem (Theorem 5.3). In particular, this gives a general-
ization of diagonal matrix scaling theorems. The Conic Convex Programming Duality
also implies the existence of II, the central-path of f!, regardless of S-compatibility
of . In § 5, we study Newton’s method and its convergence analysis in the con-
text of the scaling problem, SP. In this section we also prove the Uniform Scaling
Duality (Theorem 5.3), given any operator-cone T'(K), or the specific operator-cone
Tr = {D = V?F(d)~"/? : d € K°}, where ¢ is assumed to be S-compatible. In § 6,
assuming that g > 0, we derive an upper bound on the norm of the scaling vector,
d*, and the norm of parameterized scaling vectors, df, all in terms of y. Assuming
p >0, givend € S(\,) = {z > 0: Ax) < \J}, where A\, = A\(1+3)/(1+ 5+ p),
we bound the norm of d by a constant multiple of the norm of d*. Given a point
di € Si(\) = {z > 0: \(z) < A}, computed via Phase I of the Path-Following algo-
rithm, we bound its norm as a function of ¢. We also obtain crucial bounds on the norm
of the scaled gradient projection PyVig(eq) and PyV fi(eq). We use these bounds
in § 7 to prove a complexity theorem, the Potential-Reduction Complexity Theorem
(Theorem 7.3). This theorem analyzes the application of the Potential-Reduction
algorithm for solving HP and the three scaling problems, when ¢ is §-compatible.
The theorem employs scaling dualities, the bounds, and Theorem 2.24 of Nesterov
and Nemirovskii. Next in § 8, we prove the Path-Following Theorem (Theorem 8.3),
for solving HP and the three scaling problems. We prove a complexity theorem, the
Path-Following Complexity Theorem (Theorem 8.4), for solving (-compatible cases
of the four problems, applicable when the homogeneous degree satisfies p > 1. In § 9,
we consider applications of the two algorithms.

3. Proof of the Weak Scaling Duality and an inequality. In this section
we do not assume ¢ to be convex. In the following lemma we establish a relationship
between the stationary points of 1 and those of X.

LEmMMA 3.1. Ifd € K°NW 1is a stationary point of v, then it is a stationary
point of X, and ¢(d) = 0/p. Conversely, if d € K° NW is a stationary point of X,
and ¢(d) > 0, then agd is a stationary point of ¥, where ag = (6/pp(d))*/P.

Proof. Differentiating X (), we have

(3.1 VX(z)= <V¢(x) + §¢(x)VF(x))exp(§F(x))
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Since d is a stationary point of i, we have
(3.2) PViy(d) = P(V¢(d) + VF(d)) = 0.

Multiplying the above by d”', and applying properties (P1) and (P5) of Proposition 2.8
we get

(3.3) o(d) = =.

Substituting (3.3) in (3.1), we conclude that d is a stationary point of X. Conversely,
suppose that for some d > 0, PVX(d) = 0, and ¢(d) > 0. Since X is homogeneous
of degree 0, from property (P2) of Proposition 2.8, for all « > 0, PVX(ad) = 0. In
particular, if we choose « so that ¢(ad) = 6/p, for this choice of a, ad is a stationary
point of . But this coincides with «q. O

THEOREM 3.2. (Weak Scaling Duality /Homogeneous Potential Inequality The-
orem) Either p1 < 0, or PyV¢a(eq) = ea, for some d > 0, where D = V2F(d)'/2. If
p > 1, then either u <0, or PyNV?¢4(eq)Paca = ea/(p — 1), for some d > 0. If u >0,
and there exists a unique d > 0 satisfying the scaling equation, then for all x > 0,

X(z) > X(d).

If w > 0, and ¢ is convex, then there exists a unique d > 0 satisfying the scaling
equation. Moreover, for all x > 0,

Y(z) 2 ¢(d), X(z) = X(d).

Proof. Suppose p > 0. Consider the set K°NW NS, where S = {z € E: ||z =
1}, the unit sphere. Since X (z) approaches infinity as x approaches a boundary
point of K° N W NS, its infimum is attained at some z* in this intersection. We
claim that #* must be the minimum of X (x) over K° N W. Otherwise, there exists
Z € K°NW such that X(Z) < X(«*). But as X(z) is homogeneous of degree zero,
we get X (Z/]|Z|]) < X (z*), a contradiction. Also, we must have ¢(x*) > 0. From
Lemma 3.1, this implies that for some a > 0, d = ax™ is a stationary point of ¥. In
particular, d satisfies the scaling equation. Now suppose that u > 0, and d > 0 is a
unique solution to the scaling equation. Then, it is also a unique stationary point of
1. On the other hand, since p > 0, 2* exists. From Lemma 3.1, and uniqueness of
d, z* must be a scalar multiple of d. But since X (x) is homogeneous of degree 0, d
must be its global minimizer over K°NW. If u > 0, and ¢ is convex, then from strict
convexity of 1, there exists a unique d > 0 satisfying the scaling equation, and it is
necessarily the minimizer of v, as well as X. 0

Remark. The theorem for ¢ a quadratic form over K = R, was established
previously in Kalantari [4], and for general ¢ over this cone in [7]. The theorem also
characterizes an optimality condition on the homogeneous potential function X, which
is nonconvex. In particular, the theorem gives a generalization of the arithmetic-
geometric mean, trace-determinant, and Hadamard inequalities (see Kalantari [9]).
Note that it also implies the diagonal matrix scaling result, DQDe = e, for symmetric
matrices of positive entries (positive matrices), or more generally, P;DQDPae = e.

4. The Conic Convex Programming Duality and its applications. In
this section we prove a duality for conic convex programming (Theorem 4.3). The
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theorem will be applied to get three different results. Firstly, we apply this theorem
to prove the Scaling Duality Theorem (Theorem 4.5). Secondly, we use it to prove the
existence of II, the central-path of the family f*(z), t € (0, 00), independent of strong
self-concordance (Theorem 4.8). The latter theorem will be used within an important
theorem, called the Path-Following Theorem (Theorem 8.3). Thirdly, given that ¢
is B-compatible, we use the theorem to establish the convergence of Newton iterates,
when computing the minimum of ¢, or the minimum of f* for a fixed ¢ (Theorem 4.9).
The latter theorem will be invoked several times in subsequent sections (in particular,
in § 6).

DEFINITION 4.1. Let E, K, K°, and W be as defined in HP. A continuously
differentiable strictly convex function F(z) is said to be a “recessive barrier” for K if
the following conditions are satisfied:

(1) For each real number o, Ko(F) = {x € K° : F(x) < a} is closed.

(2) For eachz € K°, v € K, v#0, q(a) = F(x + av) is decreasing in (0,00).

(3) limy—oo ¢’ () = 0.

Example. Let K = R%. Then, F(z) = —> i ;Inz;, or F(z) = Y1 1/z%, k
any natural number, are recessive barriers for K.

PROPOSITION 4.2. Let F(z) be a recessive barrier for K. Let g(x) be any contin-
uwously differentiable convex function defined over K°, and assume it has a continuous
extension to K. Let f(x) = g(x)+ F(x). The infimum of f over WNK® exists if and
only if for each real o, Ko (f) = {x € WNK°: f(z) < a} is compact. Equivalently,
the infimum of f is not attained if and only if f has a recession direction v € WNK,
v # 0.

Proof. The set K, (f) is closed and convex. Thus, if unbounded, it has a recession
direction. This implies the equivalence of the two statements of the theorem. Now
suppose the infimum is attained at z* > 0, but K,(f) is not compact for some «,
i.e., it has a recession direction, say v. In particular, v is a recession direction of f
at z*. But, since f is strictly convex, and x* the minimizer, v cannot be a recession
direction at x*, a contradiction.

To prove the converse, suppose that the infimum of f over WNK® is not attained.
This together with the fact that f approaches infinity as  approaches a nonnegative
finite boundary point, implies that for each natural number k, if

ap =inf{f(z) : x> 0,||z|| =k}, O =1int{f(z):2>0,|z| <k},

then ay = Bi. Thus, the sequence of ay’s is nonincreasing, and K,, (f) is unbounded.
This completes the proof. O

THEOREM 4.3. (Conic Convex Programming Duality) Let F(x) be a recessive
barrier for K. Then, either g(x) has a recession direction in W N K, or the infimum
of f(z) = g(x) + F(x) over W N K° is attained. Moreover, precisely one of the two
conditions is satisfied. In particular, if g is homogeneous, then either there exists
x>0, x # 0 such that g(x) <0, or the infimum of f over W N K° is attained.

Proof. Without loss of generality we assume W = E. Suppose g(z) has a recession
direction v € K, v # 0. Then, for any x > 0, g(x + av) is nonincreasing on (0, 00).
This implies f(z+aw) is decreasing on (0, 00), so that the infimum of f is not attained.
This implies the two conditions of the theorem are exclusive. It remains to show that
one of the two must be satisfied. Suppose g has no recession direction, but f does not
attain its infimum. From Proposition 4.2, f has a recession direction v € K, v # 0.
Given a fixed x > 0, let p(a) = g(z + av), a € [0,00). Since g has no recession
direction, its convexity implies there exists some ag such that p’(ag) = € > 0. Again
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from convexity, for all & > «q, we have

(4.1) p(a) = p(ao) + (a — ag)p(ao) = ¢ + ea,
for some constant c¢y. Thus,

(4.2) f(x 4+ av) > L(a) = co + ea + F(x + av).

Since F is a recessive barrier, L'(a) = e+ ¢'(a) approaches ¢, as a approaches infinity.
This implies L(«), and hence f(z + av) must approach infinity, contradicting that v
is a recession direction of f. O

We will now state three important applications of the theorem. Before doing
so we state the following immediate consequence, already generalizing a theorem on
matrix scaling.

COROLLARY 4.4. Let QQ be an n X n positive semidefinite symmetric matrix such
that 2T Qx has no nontrivial zero in R . Then, given any natural number k, there
exists a positive diagonal matriz D such that

D*QDe = e.

Proof. Let g(z) = 127Qz, and F(z) = =Y. | Inz;, if k = 1; and F(z) =
> 1/a;*=1 if k> 1. Now apply Theorem 4.3. O

4.1. Proof of the Scaling Duality Theorem. The goal of this section is to
prove the Scaling Duality Theorem:

THEOREM 4.5. (Scaling Duality Theorem) Assume that ¢ is convexr, and F
is a 0-normal barrier. Then, either HP is solvable or SP is solvable, but not both.
Equivalently, p > 0 if and only if PiVa(eq) = eq for some d > 0, where D =
V2F(d)~'2 (ifp > 1, the scaling equation is equivalent to PyN?¢4(e)Pge = e/(p—1)).
Moreover, for all x > 0,

P(z) = 9(d), X(z) = X(d),

i.e., d = d*, the minimizer of ¥, as well as the minimizer of X.

The proof of the Scaling Duality Theorem is an immediate consequence of Theo-
rem 4.3, the Weak Scaling Duality (Theorem 3.2), and the following result.

LEMMA 4.6. If F(x) is a 0-normal barrier for K, then it is a recessive barrier.

Proof. We have to verify that it satisfies the three conditions of Definition 4.1.
Firstly, the set K,(F) = {& € K° : F(x) < a} is closed. To prove the second
condition, from Corollary 2.3.1 in Nesterov and Nemirovskii [17] (page 39), we have

(4.3) —V2F(x)[h, h)Y/? > VF(x)[h].

If (o) = F(z + av), then ¢(a) = VF(z + av)[v]. Since F is strictly convex,
V2F(x)[h,h] > 0. Thus, ¢’(a) < 0. To prove the third condition, from Proposi-
tion 2.3.4 of Nesterov and Nemirovskii [17] (page 34), for any z,y € K°, we have

(4.4) VF(z)ly -] < 1.
In particular,

-1

o .

(4.5) ¢ (a) =VF(z+ av)v] = éVF(x + av)[av] >
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Thus, —1/a < ¢’(a) < 0. Taking the limit as a approaches infinity, we see that F
satisfies the third condition of Definition 4.1. O

We now state a theorem that is a consequence of the Scaling Duality Theorem
and Proposition 2.21 on copositive plusness. This theorem is the generalization of a
matrix scaling duality for positive semidefinite symmetric matrices.

THEOREM 4.7. (Generalization of Positive Semidefinite Matrix Scaling Duality)
Suppose in a given HP the homogeneous function ¢ is defined over W, it is convex,
p > 1, F is a 8-normal barrier, and T(K) a given operator-cone. Then, either
PV¢(z) =0 for some x >0, x # 0, or PiVo4(eq) = eq for some d > 0. Moreover,
precisely one of the two conditions hold. O

4.2. Existence of central-path. Let F(z), and g(z) be as in Theorem 4.3. Let
2% be in W N K° (a given positive point). For each t € (0,00), consider the family

fi(z) =tg(x) + t{u,z) + F(x), u=—PVg(a").

x) over

(z
f{(Dix),

THEOREM 4.8. For each t € (0,00), the (unique) minimum, di of ft

W N K° exists. In particular, given an operator-cone T(K), if ffi( ) =
t

then

Py VJF,% (ed’;) =0.

Proof. From Theorem 4.3, g(z) + (@, z) has no recession direction over K. This
implies ¢(g(z) 4 (@, r)) has no recession direction. Again by Theorem 4.3, f*(z) must
have a stationary point. 0

Theorem 4.8 will be used to prove the Path-Following Theorem (Theorem 8.3).
Theorem 4.8 can also be used to prove that if g(x) has no recession direction, then

lim dj = argmin{g(z) :x € WNK}.
t—oo
Thus, when minimizing a convex function over a cone we have a lot more information

available to us than a convex program over a general convex set.

4.3. Convergence of Newton iterates.

THEOREM 4.9. Assume ¢ is B-compatible. For a given o € [0 ,é] the sets
S(a) ={d > 0:Ad) < a} and Si(a) = {d > 0, \:(d) < a}, t € (0,1], are bounded.
In particular, suppose there exists a sequence {d¥ > 0}%2, such that

lim A(d*) =0, Xd°) < A,

k—oo

then all the iterates stay within S(\.), and

klim d* = d* = argmin{¢)(z) : > 0}.

Also, given t € (0,1], if there exists a sequence {df > 0}, such that

lim A (d¥) =0, M\(dD) < A,

k—o0

then d¥ € Sy(\.), for all k, and

lim d¥ = df = argmin{f'(z) : 2 > 0}.

k—oo
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Proof. From Proposition 4.2, the minimizer d* of ¢ exists if and only if for each
a € R, the level set K, () = {x € WN K° : ¢(z) < a} is compact. From this and
Theorem 2.24, see (2.12), it follows that if S(«) is nonempty, it must be bounded.
Moreover, any accumulation of {dk}i‘;o is a minimizer of ¥. But, by strict convexity
of 1, its minimizer is unique. Hence, this is a convergent sequence. Also, as shown in
Theorem 4.8, dj exists. In particular, from Proposition 4.2, K,(f!) ={z e WNK°:
¥(z) < a} is compact. Now using an analogous argument as those used for ¢, the
convergence of dF to d} can be established. O

5. Newton’s method and proof of the Uniform Scaling Duality. In this
section we consider the application of Newton’s method in solving SP. The iterative
step of Newton’s method consists of the minimization of the quadratic approximation
of 1 at a given d > 0. Given that ¢ is f-compatible, we first obtain upper and
lower bounds on the Newton decrements (see Definition 2.23), namely A(d) and A:(d)
(Lemma 5.2). The first upper bound will be used to prove the Uniform Scaling
Duality under the assumption of 8-compatibility (Theorem 5.3). The lower bounds
will be used to derive bounds on the norm of points within the quadratic regions of
convergence (Lemma 6.3).

Assume that 9 is twice continuously differentiable over W N K°. The quadratic
approximation at d is given by

1
(5.1) Da(a) = (d) + V() —d] + SVp(d)r — d,z — d].
Let z be the minimizer of ®4(x) over W. Then, the Newton decrement A(d), the

Newton direction y, and the Newton iterate are defined, respectively as

(5.2) @:yz(d)—@d@), y=i-d, T=d+y.

From the optimality condition as applied to Z, the Newton direction and the Newton
decrement must satisfy

(5.3) PV*(d)y = —PV(d), A(d) = y"V(d)y,

where as before P is the orthogonal projection onto W = {x : Az = 0}. Since Py =y,
PV2y)(d)y = PV?y(d)Py. Let Q = V2 (d), and ¢ = Vi)(d). It is easy to show that
y satisfies

(54) PQy=PQPy=—Pc, y=-Q 'c+Q 'AT(AQ'AT)1AQ e

It is worth noticing that if for a given matrix M we define Pyy = I—MT(MMT)"1 M,
then by substituting @ = LL”, the Cholesky factorization, or by writing Q = (Q'/?)?,
the square of its square root, we get the following alternative formulas describing y

(55) Yy = —Q_1/2PAQ—1/2Q_1/QC = —L_TPAL—TL_lc.
In particular, the Newton decrement satisfies
(5.6)  Ad) =y"Qy = [Pag-12Q 2| = | Par-rL™"e|* < Q™ 2¢|”.

Using the spectral decomposition, the following can trivially be proved.
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PROPOSITION 5.1. Let H be a self-adjoint (symmetric) operator on a finite di-
mensional Hilbert space E. If for all x € E, (Hz,z) > ||z|?, then ||Hz|*> > (Hx,z).
|

LEMMA 5.2. Assume ¢ is 3-compatible, and T(K) a given operator-cone. Then,
foralld € S(A) ={x > 0: A(x) < A}, we have

2] < A(d) < [[PaVialea)ll,

1
(1+0)
where z = D™y, and y is the Newton direction with respect to ¥ at d. Also, given
any t € (0,1], for all d € Sy(As) = {z: 2 > 0, \(x) < A}, we have

1
2|l < ——=Xe(d) < |PyV filed)ll,
[[2e]] < 0+ 5 t(d) < ||[PaV falea)ll
where z; = D™y, and y, s the Newton direction with respect to f* at d.
Proof. We will prove the desired inequality for . Analogous proof follows for
ft. Note that y must satisfy Vi(d) + V2 (d)y = ATv, for some vector of Lagrange
multipliers, v. From this, chain rule, and the definition of z it is easy to show that

(5.7) PyV*a(eq)z = —PyViba(eq).

Thus,

(5.8) | PaVta(ea)ll = [|PaV3baleq) Pazll = || Hz|,
where

(5.9) H = PyV*¥4(eq) Py = PaV?¢a(eq) Py + PiV?Fy(eq) Pa.

Since V2¢4(eq) is positive semidefinite and Pz = z, we have
(5.10) 2T Hz > 2TV2Fy(eq)z.

Now from (5.10) and property (4) of operator-cones (see Definition 2.13), together
with Proposition 5.1, we get

(5.11) 21?2 < 2THz < | Hz|?.
We have
(5.12) A(d) = yT'Vip(d)y = 2T Vipg(eq)z = 2T Hz.

The proof now follows from (5.11), (5.12), and since A(d) = (1 + B)y/A(d) (see
Definition 2.23). O

THEOREM 5.3. (Uniform Scaling Duality Theorem) Assume ¢ is 3-compatible,
and T(K) a given operator-cone. Then, u <0 if and only if

1
(1+8)

(5.13) Vd>0, HPded(ed)H > =

Proof. From the Scaling Duality Theorem (Theorem 4.5), u > 0 if and only if
the scaling equation is solvable. Thus, if u > 0, (5.13) is violated for some d > 0.
Conversely, suppose that (5.13) is violated for some d > 0. Then, from Lemma 5.2,
A(d) < 1. From Theorem 2.24, it follows that S(A.) = {& > 0 : A(z) < A} is
nonempty. Then, from Theorem 4.9, starting from any point in this set, Newton’s
iterates converge to a point d satisfying the scaling equation. Hence, > 0. O
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6. Bounds. In this section we derive several significant bounds. First, we bound
the norm of the minimizer d* of v, if it exits, in terms of the homogeneous degree
p, 0, and p. Next, assuming that ¢ is S-compatible, u > 0, and given a bounded
operator-cone, we bound the norm of any d in S(\.) = {x > 0: A(z) < A}, where
A =M (148)/(1 + B+ p), as a function of p, 38, 0, 1, and p. Moreover, in this case
we also show that the homogeneous central-path when restricted to ¢t € (0,1], i.e.,
Il = {d} = t*?d; : t € (0,1]}, is a bounded set. Whether or not x > 0, assuming
B-compatibility of ¢, and given a bounded operator-cone, if for a given ¢t € (0,1],
d € Si(\) = {z > 0: M\(x) < A} is obtained via Phase I of the Path-Following
algorithm (see § 2.7), then we bound ||d|| in terms of ¢, 6, 8, and p. These bounds
together with results from the previous sections imply bounds on the norm of the
corresponding scaled gradient projections. In subsequent sections the latter bounds
will be used to give polynomial-time algorithms for HP/SP/HSP/ASP. We mention
here that the derived bounds on the norm of d € S(\,), or d € S;(\,) are important
bounds that may be extendible to non-conic self-concordant programming problems.

6.1. Bounds on the norm of scaling vector.
THEOREM 6.1. Suppose p > 0. Then,

y 2] 1/p
< ()
pr
Proof. The point d* satisfies
(6.1) PVy(d*) = PV¢(d*)+ PVF(d") = 0.

Taking the inner product of (6.1) with d*, and using properties (P1) and (P5) of
Proposition 2.8, we get p¢(d*) = 0. Dividing the latter by ||d*||?, using homogeneity
of ¢, and the definition of u, it follows that

d* 0
6.2 pp < po <*> = 0
(6.2) 1) = T

The following result reveals a boundedness property of the homogeneous central-path.
Recall the definition of df and d} = t'/7d}.
THEOREM 6.2. Assume that ¢ is convex, pu > 0, and p > 1. Then, for all

t € (0,1], we have
. 1 e
;| < max{e, [*”“'} ’ }
bp

In particular, ||dz|| is bounded, independent of t.
Proof. We have

(6.3) PV fH(d}) = tPV$(d}) + tPu+ PVF(d) = 0.

*

Taking the inner product of the above with dj, and using properties (P1) and (P5)
of Proposition 2.8, we get

(6.4) pto(d;) + tud; — 0 = 0.

From the definition of u and the Cauchy-Schwarz inequality, we obtain the inequalities

dy 1 " * *
t t
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Using the inequalities of (6.5) in (6.4) we get

(6.6) tppl|dF[|” — tllull [[d7 ]| — 6 < 0.
Since t € (0, 1], implies ¢ < t'/?, the above inequality gives
(6.7) pul[tPdg|[P = [|ul| |[¢"/7d; ]| — 6 < 0.
The function

(6.8) w(r) = pur? — |uljr — 0

is convex. Thus, its positive roots are bounded by any point 7 for which w(7) > 0,
and w'(F) > 0. It is easy to check that 7 = max{#, ((1+ |ju||)/pu)/P~1} satisfies
these conditions. O

Remark. In § 8 (Corollary 8.2), we show that if 2 < 0, then both ||d¥|| and ||d?||
approach infinity as ¢ goes to zero. Simple example can be constructed for which ||d}||
diverges, even if d* exists.

6.2. Bounds on the region of quadratic convergence and the central-
path.

LEMMA 6.3. Assume that ¢ is 3-compatible, and T'(K) a bounded operator-cone.
Let

- A(145) G P

(1+8+p) (1+0)
Ifdec S() ={z>0:\x) <A}, then d = NEW (3,d) = d + y(d) satisfies

']

< —.
)

Also, if d € S;(A\) = {x > 0: \(2) < \.}, then d, = NEW(ft,d) satisfies

U
Ja <
aAe(d)

Proof. We will prove the inequality for d = NEW (v, d) since the other follows
analogously. We have d' = d + y(d) = D(eq + z) = d+ Dz. Thus, d —d = Dz.
Using this together with the triangle inequality, the bound on ||z|| from Lemma 5.2,
Cauchy-Schwarz inequality, and the fact that || D] < p||d||, we get

A(d)

6.9 d| = ||| < ||d —d| < ||Dz|| < | D] ||zl < plld .
(6.9) el = fld'll < |l I <Dzl < [P 2]l < o H(lJrﬁ)
Rearranging the above, we get

P /
6.10 d|[1 — ——=Xd)] < ||d||.
(6.10) It = Al < 1]
We have
(6.11) (1— L A@)=(1—axd) > (1—arx)>(1-x)>0.

1+8
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The desired inequality now follows from (6.10) and (6.11). O
THEOREM 6.4. Assume ¢ is $-compatible, and T(K) a bounded operator-cone.
Suppose > 0. Let

5 o,
A T Ay
If @ <1, let h be the constant defined as
1
(1—X)(1 —2r2)°
and if @ > 1, let h be the constant defined as

2 .
h = m, 1= maX{ |710g2 (

h:

log, 2&x
g1/

Then, if d € S(\) = {x > 0: A(z) < A}, we have
eIl < hlld"]],
and if d € Si(\) = {z > 0: \(z) < \.}, we have
Il < hlldz]l

In particular, |[t*/Pd| < h||d}]|.
Proof. We only prove the desired result for 1. Analogous proof holds for f*. Let

d € S(\.). Let d° = d. For each natural number k, let d**! = NEW (3, d*). Letting
Ak = A(d"), repeated application of the first inequality in Lemma 6.3 as applied to d*
gives

k+1
(6.12) lld|l < k”d—H_

szo(l —a\;)

From Nesterov and Nemirovskii’s Theorem (Theorem 2.24), we have A\y11 < A7/(1 — \)%
This and a simple induction gives

(6.13) A <Al =0,k
Since A, < r, we have

. < r ‘.
(6.14) A <r?

From (6.11), (1 —a&Xo) > (1 — A). Suppose & < 1. From this and (6.14) it follows
that (1 —a\;) > (1 —r?"). Thus,

)
k k
(6.15) H (1—a\,) H (1—r?

We note that by expanding H?:1 (1 —r2j) and replacing all positive signs with negative
ones we get the following inequality

2

k [e'S)
ITa-+*) (1—r22r2i):(1—71irz).
=0

Jj=1
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Thus

k
1—2r2 9

(6.16) H (1=aX) > (1= A)7—5 > (1= A)(1 = 2%) >0,
where the positivity follows from the fact that r < X\, /(1 —\,)? and that A, = 2—+/3.

Substituting (6.16) in (6.12), it follows that ||d|| < h(83, p)||d¥||, for all k. Since
from Theorem 4.9, d* converges to d*, the proof of the desired inequality follows for
a<l.

Now suppose that & > 1. Since from (6.11) for all j we have (1 —aX;) > (1—As),
then for any 0 < i < k we have

k
(6.17) IIl—aA (1= ZlIIl—aA 1-a) [ -ar”)

. k _ 2j . . . .
Note that by expanding [ | jzi(]' —ar®) and by replacing all positive signs with nega-
tive ones, and by increasing exponents of @ in each term of this expansion, and using
that & > 1, we get the following inequality

[T -ar®) 2 1= Y (@) =1 (ar*) _1-2@”)

1— (ar?)? 1— (ar?)?
Thus we have

k _ oi
1 —2(ar?)?
—~ 1—1
j=0
To make the right-hand-side of the above positive it suffices to have 1 — 2(dr2i)2 > 0.

It is enough to have ar? < 1/2. If ar < 1 then it suffices to choose i = 1. Otherwise,
we set

log, 2&
P 1 —_—
i = Mogs 100 /)

Note that with the bound on &r?’, 1 — 2(ar?)? > 1/2. Thus we get

1.

k

H (1—a\;)

( )\*)ifl.

M\H

This proves the bound for & > 1. O

THEOREM 6.5. Assume ¢ is S-compatible, and T(K) a bounded operator-cone.
For a given t € (0,1], let d; € S;()\.) be a point obtained as the result of applying k;
iterations of Phase I of the Path-Following algorithm (see § 2.7) starting at z° > 0,

|2°]| = 1. Then,
90V0
p 1
) <(1+— ]|~ .
|“”( 1+ﬂ><>
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Proof. From Nesterov and Nemirovskii’s Theorem (Theorem 2.24), the number of
iteration k; to obtain the point d; satisfies k; < [9(1+ £)v01In(1/t) +1]. Let {d*}F,
be the sequence of points generated via Phase I of the Path-Following algorithm,
where d° = 20, d* = d,. Since d*** = NEW (f(**),d*), for some appropriate t;, we
have

(6.19) d* = dF 4y, (d¥) = d*F + DFz,,

where DF is the operator corresponding to d*, and y;, (d*) is the Newton direction
corresponding to d*. Thus, using the boundedness of the operator-cone, the bound
on ||z, || given in Lemma 5.2, and (6.19), we get

P
(6.20)  [[d* || < d* | + 1D 2, || < Nd* )+ plld® || e, || < 141 (1 + ).

1+p

From the repeated application of (6.20), and since ||2°| = 1, we get

k P \k
(6.21) ld®|l < (1 + m) .

By setting k = k; < [9(1 + 8)v01In(1/t) + 1] in (6.21), and G = (1 4 p/(1 + B))*, we
have

1
22 InG < (In(3)°0+AVE L 1) In(1 + —2).
(6.22) nG_(n(t) + n( +1+ﬂ)
From the above we get
P\ L o(48)vVEa (1422
. < (14— (= T+5).
(6.23) G+ ) +B
Since given § > 0, 14§ < €°, we have In(1 + 6) < §. Letting 6 = p/(1 + f3), we have
P (1+5) p
6.24 1+ 8)Vo(1+ ——)=pvo In(1+ ——) < pVo.
624) (1 +AVEN+ o) = Vo D+ ) <

From (6.24), (6.21), the bound on G in (6.23), and the fact that ¢ € (0,1], the proof
is immediate. O

Remark. Tt is interesting to note that if we replace F(x) by aF(x), where « is
a positive scalar, the new barrier will be (af)-logarithmically homogeneous, but the
new p will be replaced by p/+/a. This implies that the product pV/0 is invariant under
scalar multiplication.

6.3. Bound on the norm of scaled gradient projections. The following
can be proved (see [8], Lemma 3):

PROPOSITION 6.6. Let H be a self-adjoint (symmetric) operator on a finite di-
mensional Hilbert space E. For any x € E

[ Hel| < |HY2| | HY 22|l < max{1, | H|}VaT HeD

The following is an important implication of the above proposition.
LEMMA 6.7. Assume that ¢ is convex. Given d > 0, let A(d) = yTV2y(d)y,
where y satisfies PV?(d)y = —PV1(d). Then,

IPV(d)] < max{1, [V (d)[[}v/A(d).
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Proof. Let H = PV%)(d)P. Since PV?y(d)Py = —PV(d), and ||H| <
Pl [IV2(d)|| ||P]| < |[V?¥(d)]||, Proposition 6.6 implies the desired result. O

The significance of the above bound becomes more apparent when we consider
scaled gradient projections.

LEMMA 6.8. Assume ¢ is [B-compatible, and T(K) a bounded operator-cone.
Let M be the bound as in (4) of definition of operator-cone (Definition 2.13). Let
q = sup{||V2¢(d)|| : d > 0, ||d|| = 1}. Then, d € S(\.) implies

1PaVa(eq)|| < A(d) (qp2||d||p + M).

1
(1+5)

Moreover, given any t € (0,1], if d € S¢(A\«) then

1
||Pdvf£(€d)” < m/\t(d) (tqulldp + M)

Proof. We prove the inequality for 14. Analogous proof follows for fi. Let
H = PyV2%4(eq)Py = PiV%¢q(eq)Py + PiV?Fy(eq)Py. Let z be the solution to
Hz = —P;Viq(eq) (the scaled Newton direction). From Proposition 6.6, ||Hz|| <
|H||VzTHz. On the one hand, A(d) = (1 + 8)VzTHz. On the other hand, we can
bound ||H||. Firstly, recalling the definition of an operator-cone (Definition 2.13) we
have || PaV? Fy(ea) Pall < || Pall [IV*Fa(ea)|| [|Pall < [IV*Fa(ea)]| < M. Also

(6.25) | PaV?da(ea) Pall = | PaDT V2p(d)DPy|| <

IDTI V2@ D] < p?ldI* V26 (d)]-
But, from property (P3) of Proposition 2.8 and definition of ¢, we have

d
d]]

d

(6:26)  [IVZp(d)] = IV26(]|d] Il

M= 1PV o (=l < qlldlP~2.

Substituting (6.26) in (6.25), we get ||H|| < (gp?||d||P + M). Hence the proof. O

We now state the following important theorem. It is a combination of Lemma 5.2
and Lemma 6.8, but replacing the norm of d in the upper bounds by its corresponding
upper bounds. This theorem will be used to prove the two complexity theorems on
the Potential-Reduction and Path-Following algorithms.

THEOREM 6.9. Assume ¢ is B-compatible, and T(K) a bounded operator-cone.
Let a = p/(1+ ), s = \/(1 + @), and q = sup{||V2¢(d)|| : d > 0,]|d|| = 1}. Let h
be the constant defined in Theorem 6.4. If > 0, then given d € S(A,) = {z > 0 :
Az) < A}, we have

(6:27) I =107 )] < s < PaVuatea)] <

() o 52)
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In either case (pn >0, or u <0), given any t € (0,1], suppose that d € Si(A) = {z:
x > 0,\(z) < A} is a point obtained via Phase I of the Path-Following algorithm
(see § 2.7). Then,

(6.28) 2l = 1D~ (@) < 21D

oo ()48 -ofany ).

If £ >0, and p > 1, then given any t € (0,1], for all d € S¢(\.), we have

(6.29) P4V falea)|| <

v (52) 7 o) -o(25)

Proof. The first two inequalities in (6.27) have already been proved in Lemma 5.2.
The next inequality follows by bounding ||d||, d € S()\.) in Lemma 6.8, using The-
orem 6.1, and Theorem 6.4. Again the first two inequalities in (6.28) have already
been proved in Lemma 5.2. The next inequality follows by bounding d € S;()\.) in
Lemma 6.8, using Theorem 6.5. The bound in (6.29) follows from bounding ¢'/Pd, in
Lemma 6.8, using Theorem 6.2 and Theorem 6.4. O

7. The Potential-Reduction Complexity Theorem. In this section we will
examine the application of the Potential-Reduction algorithm, described in § 2.7 for
solving e-HP, e-SP, e-HSP, and -ASP, given a bounded operator-cone. While the
algorithm relies on some basic properties of self-concordance given in Nesterov and
Nemirovskii’s Theorem (Theorem 2.24), it in fact gives a simpler and more general
algorithm than their corresponding algorithm for solving the HP formulation of conic
LP (see Chapter 4 of Nesterov and Nemirovskii [17]). Given d > 0, the algorithm
simply replaces d with d = NEW (¢, d) and repeats. By making use of the Scaling
Duality Theorem (Theorem 4.5), we will see that this simple algorithm solves the
desired problems. We need some preliminary results.

LEMMA 7.1. Assume x € W N K° satisfies ¢p(x) > 0. Let

= ()

0 0
=—-(1-In—-+1InX(z)).
p( , (z))

Then,

Y(z) > P(5 )
Proof. We have

(7.1) Y(x) > min{y(tz) : t € (0,00)} =

min{t?¢(z) + F(x) — 0Int : t € (0,00)} = ¢(72).0
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Let

(7.2) R= sup{exp(ng(x)) cx € WNK®, x| =1}

Since F'(x) approaches infinity as x approaches a boundary point of K, and in a
finite-dimensional Banach space the boundary of the unit ball is compact, it follows
that R is finite.

COROLLARY 7.2. Suppose > 0. Then,

0 0 I
YP*>—(1—In—+1n =),
p( p 22

and for all x € W N K° we have

In <X(l’>>g < p(@) — v,

X*

Proof. The first inequality is an immediate consequence of the inequality in
Lemma 7.1, definitions of R, u, and that X (z) is homogeneous of degree zero. To
prove the second result, from Theorem 3.2 if d* (the minimizer of 1) exists, then it is
also the minimizer of X (). From this, and the inequality in Lemma 7.1, we have

0 0
7.3 = —(1—-In—-+1InX").
(7.3) 0 p( ’ )

Subtracting the above from the inequality in Lemma 7.1, the desired results follow. O
THEOREM 7.3. (Potential-Reduction Complexity Theorem) Assume ¢ is (3-
compatible, and € € (0,1). Consider the Potential-Reduction algorithm, and let

6
o =caplgi(@®) ~ 141 ], q=sw{[|V9(@)] :d >0, ] = 1}.

If n <0, the number of iterations to solve e-HP is
R
(7.4) 0 (9 In ") :
€
If p > 0, the number of iterations to solve €-SP or e-HSP is
1
(7.5) O <0 In Fo +1Inln ) .
I €
If T(K) is a given bounded operator-cone, the number of iterations to solve e-ASP is

(7.6) 0 (elni‘fﬂnln(HHpﬁ)Hnln Z)

Proof. Let the k-th iterate of the algorithm be denoted by oF. Let A\, = A\(zF).
We claim that if A\, > A, then

ok kép _ (A=In(1+ X))
(7.7) 0] <|xk> < Ro exp(—T), 0= a1
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From Theorem 2.24, if \; < A, then so is Ajg1. Thus, if Ay > A, then A; > 1 for
all j = 0,...,k. From the same theorem, 1 (2*) — 1 (2°) < —ké. From this and the
inequality relating X (x) and ¢(x) in Lemma 7.1, and the definition of o it easily
follows that
(7.8) XM <o emp(—%fp).
From (7.8), the fact that X (tx) = X (x), and the definition of R (see (7.2)), the proof
of (7.7) is immediate.

Suppose that © < 0. Then, we claim that the algorithm will never obtain a point
d > 0 such that A(d) < 1. Otherwise, from Theorem 2.24 the set S(A.) = {d > 0:
A(d) < A.} is nonempty. Then, from Theorem 4.9, the minimizer d* of ¢ exists. But,
by the Scaling Duality Theorem (Theorem 4.5), either p < 0, or d* exists. This proves
the claim. Now the inequality in (7.7) proves the claimed bound on the number of
iterations to solve e-HP.

Suppose that g > 0. From Corollary 7.2, in order to find the number of iterations
to solve e-HSP, it suffices to bound the number of iterations to solve e-SP. We next
bound the number of steps to solve e-SP. Since we must have

(7.9) ¢Qé%>2m

from (7.7) and the Scaling Duality Theorem (Theorem 4.5), the number of iterations
to obtain a point d € S(\.) satisfies O(f1n %)

We claim that once we have a point d € S(\.), the number of subsequent steps
to get a point d’ such that ¢(d’) — ¢¥* <€, is O(Inln 2).

To prove this we first note that from Theorem 2.24, starting with d° = d, after
k subsequent iterations, we obtain d* > 0 such that A\, = \(d*) satisfies \p11 <
A7/(1 = X.)2. This and a simple induction gives Ay < /\*F2k_1, j=0,...,k, where
7= \/(1 = \)% Thus we get

(7.10) Ap <72

Now suppose we have obtained a point d* such that

(7.11) Ae < min{A,, %(1 +B8)2(1 —w,)},

where w, = w(\,), and w(A) = 1—(1—-3X)"/3. We claim that 1)(d*) —¢* < e. Clearly,

from (7.10), the number of iterations to obtain d* is O(Inln1). Since A, < A, and
w(Ag) <3k < 1, together with Theorem 2.24, see (2.12), it follows that

w(Ar) w?(\p) w? (M)
(7.12) €> A+ 820 —wn) > 1+ B)2(1 — w,) > (1+08)2(1 —w(Ag))

2(1+8)*(1 = w(h))

Now suppose that ¢ > 0, and T'(K) is a bounded operator-cone. We will bound the
number of iterations to solve e-ASP. From (7.10), once we have obtained a point

d € S(A«), the number of iterations to obtain a point d € S(A.) = {z > 0 :
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Az) < A}, where A\ = A\ (1+3)/(1+ B+ p), satisfies O(Inln1/)\,). In order to
estimate the number of subsequent iterations to solve e-ASP, from Theorem 6.9, we
have |P;Viz(eg)|| = O(Og\(d)/u). Starting with d® = d, after k subsequent itera-
tions, we obtain from (7.10) a point d* > 0 such that Ay = A\(d¥) < 72" . Thus, to
have OgA, /1 = O(e), it suffices to have k = O(lnln %). This completes the proof. O

Remark. Even for ¢(x) linear, the above algorithm is simpler than a potential-
reduction algorithm described by Nesterov and Nemirovskii [17] (Chapter 4) which is
essentially capable of solving e-HP, where it is assumed that © = 0. We have shown
that we need not make any assumptions on yu, and that the algorithm is also capable
of solving e-SP, e-HSP, and e-ASP with a bounded operator-cone.

For the case where ¢ is linear, e-ASP is trivial since in this case there is a constant
a such that for all d, ||P;Va(eq)|| = aA(d). This is no longer the case when ¢
is nonlinear, even if p = 1. For instance in Kalantari [9] it is shown that convex
quadratic programming over linear constraints can be formulated as an HP with a
nonlinear but convex ¢, where p = 1, nevertheless shown to be g-compatible.

8. The Path-Following Complexity Theorem. In this section we first prove
a lemma, called the Path-Following Lemma (Lemma 8.1). It reveals an important
property under the satisfiability of the Uniform Scaling Duality, and the boundedness
of the corresponding operator-cone, T'(K). We then prove a theorem, called the
Path-Following Theorem (Theorem 8.3) establishing the significance of computing
approximate minimizers of f!(x) = t¢(x) +tul z + F(x), given that F(z) is -normal.
These results do not require -compatibly of ¢. However, given [B-compatibility, the
Path-Following Theorem together with the previously derived results, in particular
the bounds of Theorem 6.9, give appropriate values for ¢, € (0,1) so that the Path-
Following algorithm (see § 2.7) can solve, in polynomial-time, any of the four problems:
e-HP, -SP, e-HSP, or e-ASP.

LEMMA 8.1. (Path-Following Lemma) Assume p > 1 and T(K) a given bounded
operator-cone. Given positive numbers v < 72, define

[(0+ 1V N)p+ (32 = y)lp”ull”

(8.1) Cp, 0, p, N, [Jull,71,72) = o F——
Given t € (0,1], suppose there exists d € W N K° such that
(8.2) 1PV falea)| < 7.

Let

(8.3) d=t"7q.

If

(8.4) 1P5V4(eg)ll = 72,

then

(85) o (37 < C00p Nl )

Proof. Let d € W N K° be a point satisfying (8.2). We have

(8.6) PyV fi(eq) = tPyiVoqa(eq) + tPaDTu + PV Fy(eq),
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where D = T(d). Let o = t}/?. Thus, d = ad. From the chain rule and property (P2)
of Proposition 2.8, we have

(8.7) Voi(ey) = DTVe(d) = aDTVé(ad) = aa? ' DTV¢(d) = aPVoy(eq).
Let D = T(d). Since P; = P,

(8.8) P&DTU = aP;D"u.

From the chain rule and property (P6) of Proposition 2.8, we have

(8.9) VFy(ey) = D'VF(d) = aDTVF(ad) = aa ' DTVF(d) = VFy(eq).
Substituting (8.7) and (8.9) into (8.6), we get

(8.10) PiV fi(eq) = PV (eg) +tP~V/PP; DTy + PV (e ).

Now assume d satisfies (8.4) and let

(8.11) v = PyVihy(ey) = PiVyles) + PiVF(ey), w=t®"/rp; DTy,

Thus, from (8.2) and (8.4), ||v+w]| < 71 and ||v]| > 72, respectively. Since ||v||—|Jw]| <
[v+wll, we have [lw]| = ||v[| = [Jv 4 w]]. Thus,

(8.12) te=V/2) PiDTul| > (2 — ).
Since | D7l = ||D| < plld]l, and [|P4l| = 1, we get

(8.13) 1PsDull < pll Pyl lldl] Il < pld]l [ull:
Thus, from (8.12) and (8.13), we get

L e

(8.14) ld]| (Y2 — )

From the chain rule and properties (P1) and (P8) of Proposition 2.8, we have
(8.15) edTV(ﬁ(Z(ed) =poles) = pgb(ci), edTVF(i(ecz) = JTVF(J) = —0.

Taking the inner product with e; in (8.10), using the fact that Pje; = e;, together
with (8.15), Cauchy-Schwarz inequality, and condition (2) of operator-cone (see 2.13),
we get

(8.16) €S PyVfi(eq) = po(d) + tP=D/PuTd — 0 < |legl| | PaV filea)| < VN
This implies,
(8.17) pp(d) < 0+ V Ny +t@=V2|d|| |ul.

Dividing the above inequality by ||a7,||p , from homogeneity of ¢ the resulting left-hand-
side reduces to p¢(d/||d||). To bound the resulting right-hand-side, from (8.14) we
have

0+ VY _ gt Jul?

(8.18) 1d)” T (e—m)p
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Also, from (8.14) we have

t= /2| d)| flul| _ pP = e P ul?

(8.19) i <

From these two bounds the desired bound on ¢(d/||d||) follows. O
COROLLARY 8.2. Suppose that ¢ is B-compatible. If p < 0, then

*

7% Y
1012
In particular, limy_g ||d}|| = oo, and lim_g ||d}| = oo.

Proof. Since ¢ is f-compatible, the Uniform Scaling Duality (Theorem 5.3) is
valid . Thus, p < 0 implies that ||[P;Va(eq)| > ~v*, for all d > 0. Since d} exists,
choosing 2 = 7*, the inequality (8.14) is valid for all 4 < v*. Now letting v, converge
to zero, we get the desired result. O

THEOREM 8.3. (Path-Following Theorem) Assume that ¢ is convex, p > 1, T(K)
a given bounded operator-cone with respect to which the Uniform Scaling Duality holds
with parameter v*, and let F' be a 8-normal barrier for the cone K.

(1): Assume that > 0. Given € € (0,~7*], let t € (0,1] satisfy

1
(8.20) C(p,0,p, N, |ull, 5e,e)ﬂ’*l < .
There exists d > 0 satisfying

(8.21) P4V falea)|l <

N

Moreover, d = t*/7d satisfies

(8.22) 1P Vih(eg)ll <e

(II): Assume (1 < 0. Given € € (0,v*], let t € (0,1] satisfy
1

(8.23) Cp0.N. Jull 2.7 <

There exists d > 0 satisfying

1 *
(5.24) 1P fiealll < 57"
Moreover,
d
8.25 10} <> <e.
(52 [l

Proof. From Theorem 4.8, for each t, df = argmin{f'(z) : * > 0} exists. It
follows that if Dy = T'(d}), then Py: Vféf (eaz) = 0. The rest of the proof is the
immediate consequence of the Path-Following Lemma (Lemma 8.1). O

The following significant theorem reveals the algorithmic implication of the Path-
Following Theorem.
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THEOREM 8.4. (Path-Following Complexity Theorem) Assume ¢ is 3-compatible,
p > 1, and T(K) a bounded operator-cone. Let € € (0,v*] be given. Let ¢ =
sup{||V2¢(d)|| : d > 0,||d|| = 1}. Then, the solvability of e-HP ¢-SP, e-HSP, or e-
ASP can all be tested in polynomial-time via the Path-Following algorithm (see § 2.7).
More precisely:

if u <0, the number of Newton iterations to solve e-HP is

1 1 1 0
O(Z)—’—f\/éln {C(p,@,p,N, [l 27*,7*)] + lnlnq) = O<\/§1nu” + lnlnq)7
— € €
if @ > 0, the number of Newton iterations to solve e-ASP is

1 1 1 0
0] ﬂ\/@ln C(p,0,p,N,|lu|l, z¢,)—| +Inlng ) = O \/élnM—i—lnlnq ,
p—1 2w pe
and the number of Newton iterations to solve e-SP or e-HSP is

1+p » ) q
RREav/) Ml Sy T ) ) =
oS 2o [Clob.p Nl g 15)5 | + )

O(\/élnmu” +1nlnq>.
I €

Proof. The stated right-hand-side bounds assume that the parameter p, v* are
O(1) constants, and N = O(0) (note from Proposition 2.15 for T, N = ). Suppose
that u < 0. To prove the bound on the number of Newton iterations to solve e-HP,
from the Path-Following Theorem (Theorem 8.3), it suffices to compute d > 0 such
that ||PyV f (eq)|| < v*/2, where t, is selected so that the following equation is
satisfied

1
1 1, . p—1
(8.26) L= (C(p,ﬁ,p,N, lull, 5777 )6> :
From the above, and Theorem 2.24, we can bound the number of steps, k1, of Phase I
of the Path-Following algorithm. This is the number of iterations needed to compute
d > 0 such that A\, (d') < A, and is equal to ky, = [3(1 + ﬂ)\/@ln(%ﬂ Now
we need to bound the number of steps, ko of Phase II, i.e., the number of Newton
iterations applied to f*+, in order to get from d° = d’ to a point d*? = d > 0, satisfying
|PaV fir (eq)|| < v*/2. Let Ay = Ap, (d¥), k= 0,..., ks. From Theorem 2.24, it follows
that A, < 2" (see (6.14)), where r = A, /(1 — A%, A = Au(1+ B)/(1+ 8+ p). From
Theorem 6.9, if A\p < A, then we have

k
T2

¢ P 2 e
(827) || PuV (el < ((HHﬁ)pW <t> +M)(Hﬁ)'

Substituting in the right-hand-side of (8.27) for 1/t. from the equation (8.26), and
bounding the resulting expression by v*/2, with the assumption that M = O(1), we

get

9ppVE
1 1 -1
ko = O(lnln(l + ﬁ) +Inlng+1Inln (C(p,&,p, N, |Jull, 2’}/*’7*)€> »
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Combining the number of iterations of Phase I and Phase II, we get the desired result
on the complexity of e-HP.

Suppose that g > 0. To solve e-ASP, from the Path-Following Theorem, it suffices
to compute d > 0 such that || P,V £ (eq)|| < €/2, where t, satisfies

(8.28) L _ (0,0, N, s ey L)
N t*i p7 7p7 7u?2676 2” .

As in the case of e-HP, from this we can bound the number of steps of Phase I of the
Path-Following algorithm. The bound on the number of steps of Phase II follows in
similar fashion as in the case of e-HP, again by bounding the right-hand-side of (8.27),
but using the new value of 1/t, given in (8.28). Note that in this case, since p > 0,
we can use the alternative bound from Theorem 6.9. This implies that once we have
a point d € Sy, (A4, the number of steps of Phase IT is O(InIn i), independent of ..
However, using either bound, the total complexity remains unchanged.

To bound the number of steps of e-SP, or e-HSP, we first solve (1’_\F7‘kﬂ)—ASP7 ie.,

compute a point d > 0 such that ||P;Vipa(eq)] < (li-i*ﬁ) The number of necessary
iterations can thus be bounded from the previous bound of the theorem. From The-
orem 6.9, it follows that A(d) < A.. The number of subsequent iterations to get a
point d’ such that ¥(d’) — ¢* < e is O(Inln1). The proof of the latter result was
already established within the proof of the Potential-Reduction Complexity Theorem

(Theorem 7.3). Thus, the proof of the Path-Following theorem is complete. O

9. Applications. The following theorem shows the wide range of applications
of the two algorithms.

THEOREM 9.1. Consider any HP/SP/HSP/ASP over a pointed convex cone
K where ¢ is of homogeneous degree p and (3-compatible with the corresponding 0-
normal barrier F. Assume that T(K) = Tp = {T(d) = D = V?F(d)™/? : d € K°}.
Given € € (0,1), the solvability of e-HP €-SP, e-HSP, or e-ASP can all be tested in
polynomial-time via the Potential-Reduction algorithm and if p > 1 via the Path-
Following algorithm. In particular, these algorithms apply to the case where ¢ is
linear, or quadratic. To apply the Path-Following algorithm to a linear ¢ we simply
need to square it.

Proof. From Theorem 2.17, Tr is a bounded operator-cone. Thus, given any
[B-compatible ¢ the Potential-Reduction Complexity Theorem (Theorem 7.3) holds,
and when p > 1, the Path-Following Complexity Theorem (Theorem 8.4). O

COROLLARY 9.2. Consider any HP/SP/HSP/ASP over the nonnegative cone
K = R, or the semidefinite cone K = S, or the second-order cone K = SO"T1,
where ¢ is of homogeneous degree p and [3-compatible with the corresponding 8-normal
barrier F, and T(K) = Tp = {T(d) = D = V2F(d)"'/? : d € K°}. Given € € (0,1),
the solvability of e-HP €-SP, e-HSP, or e-ASP can all be tested in polynomial-time
via the Potential-Reduction algorithm, and when p > 1 the Path-Following algorithm.
In particular, both algorithms apply to linear programming, convex quadratic pro-
gramming over linear or conver quadratic constraints, semidefinite programming, as
well as their corresponding scaling problems. Moreover, the problem of computing the
minimum ratio of the arithmetic-geometric means over an arbitrary subspace of R",
or the minimum ratio of trace-determinant over an arbitrary subspace of Sy, can be
established in polynomaial-time via both algorithms.

Proof. Clearly the problems are special cases of those stated in the previous theo-
rem. To apply the Path-Following algorithm to linear programming, we consider Kar-
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markar’s canonical LP and simply replace the linear objective ¢’z with ¢(x) = (¢T2)2.
We may also formulate linear programming as that of testing if a positive semidefi-
nite quadratic matrix has a nontrivial nonnegative zero. To apply the Path-Following
algorithm to semidefinite programming, we may use Nesterov and Nemirovskii’s HP
formulation of semidefinite programming with a linear objective over S, again re-
placing the linear objective tr(cz) with the quadratic objective ¢(z) = tr(cz)?. To
apply the Path-Following algorithm to quadratic programming, we use the fact that
it can be formulated as a semidefinite programming problem.

To compute the minimum of ¢’z /(][j_; #;)'/™ over the intersection of the non-
negative orthant and an arbitrary subspace W of R™ via the Path-Following algorithm,
we minimize (¢Tx)?/([[1, z:)*/", i.e., solve e-HSP with ¢(z) = (c'z)%. To compute
the minimum of tr(cx)/det(x)'/™ over the intersection of the semidefinite cone and an
arbitrary subspace W of S, via the Path-Following algorithm, we solve e-HSP with
é(x) = tr(cx)?. O

Remark. When trying to determine the solvability of e-HP corresponding to any
(B-compatible ¢, regardless of the underlying cone K, we can incorporate a simple
duality test in either the Potential-Reduction algorithm, or the Path-Following algo-
rithm. To see this recall the definition of scaling dualities (Definition 2.22). Since
the Uniform Scaling Duality is valid with parameter v* = m, within each iteration

we check if the current iterate, d, satisfies ||PyVtq(eq)| < v*. If so, then p > 0.
Hence HP is unsolvable. Given that the Scaling Separation Duality holds , we can
strengthen this duality test. For instance, for the nonnegative orthant and semidefi-
nite cone this duality hods, see Kalantari [9]. Moreover, for these cones v* = 1. Thus
within each iteration we check if the current iterate satisfies P;V¢q(e) > 0. The set
{d>0:||PaVipa(e)|| = [|[PaVa(e) —e|| < v*}, if nonempty, is a proper subset of the
set {d >0: Pdngd(e) > 0}

Remark. As with the proposed Potential-Reduction algorithm, the proposed
Path-Following algorithm of this paper, although making use of the theory of self-
concordance, is conceptually simpler than the path-following algorithm suggested by
Nesterov and Nemirovskii. Moreover, our path-following algorithm is also capable of
solving - in polynomial-time - any of the other three problems, SP, HSP, and ASP, and
is applicable to any §-compatible ¢ with p > 1. We also mention that although our
Path-Following algorithm has similarities to the class of so-called barrier-generated
path-following algorithms, it is fundamentally different than those algorithms, and
other existing path-following algorithms. Firstly, and ironically, the case of HP with
p = 1, to which linear programming (or more generally conic linear programming)
belong, is in fact a singular case for our Path-Following algorithm. However, to ap-
ply our Path-Following algorithm to HP with ¢ linear, all is needed is to replace ¢
with ¢2. Secondly, the domain of the optimization of f* is unbounded since it is
the intersection of a cone and a subspace. It is even non-trivial to show that the
corresponding central-path exists. This is contrary to barrier-generated methods for
the minimization of a convex function, say, g(z), over a bounded convex domain,
say, G. Assuming that G has an interior point, and given a smooth convex barrier
B(z), in view of the fact that G is bounded, it is easy to show that the central-
path {z; = argmin{tg(x) + B(z) : = € G},t € (0,00)} exists. Also, under mild
assumptions it can be shown that x; converges to the minimizer of g. Thus, even for
LP our proposed Path-Following algorithm is different than the existing polynomial-
time path-following algorithm for LP over bounded domains, or other path-following
methods, including those based on primal-dual formulations, see e.g. Nesterov and
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Nemirovskii [17]. In the case of f!, under the assumption of 3-compatibility of ¢, the
existence of the central-path can be established from a theorem on self-concordance
(see Theorem 2.24). However, in general the existence of the central-path employs
our new Convex Conic Programming Duality. Thirdly, unlike the existing barrier-
generated path-following methods, in our path-following method the central-path by
itself is of no direct significance. Rather, its projection onto the unit sphere. Fourthly,
issues regarding the approximation of the projected central-path, and the significance
of this approximation, as well as their application in terms of e-approximate version of
the four problems are issues whose answers rely on the scaling dualities, bounds, and
sensitivity analysis, specifically developed in this article, as opposed to the mere ap-
plication of general results from convex programming, or those implied by the theory
of self-concordance.
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