that fits the asymptotics of the problem.
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38839 non-intron beginning GT pairs which are
surrounded by the seven-letter patterns of interest.
We have seen before that the letters surrounding
an arbitrary GT pair are close in an entropy sense
to being independent and equiprobably taking on
the values from the set {A,C,G,T}. Hence, we
will assume that Pr(zg|Hp) ~ Pr(z1|Hg) for all z
and z; € U(". Under this assumption, we choose
our discriminating set by greedily including the z

which maximizes Pj@ If there is more than
PT(z|H0)

one such z, pick one which maximizes Pr(z|Hy).
We procede until we achieve a false positive rate
pr > a. Such a heuristic produces a decision rule
which is sometimes optimal and always “good” in
the Neyman-Pearson sense.

The currently existing consensus rules suggest
that there are four patterns which differentiate the
beginning of an intron from an arbitrary GT pair.
These are AAGGTAAGT, AAGGTGAGT,
CAGGTAAGT,and CAGGTGAGT. Accord-
ing to our data set, if Z; is selected to be the set
of these four patterns, then pp = 0.041812, and
pr = 0.000232. Clearly, if this Z; were used in a
parsing rule, the performance of the rule would be
extremely poor, at least for this data set. One can
do much better by taking advantage of the infor-
mation collected by the method we describe, and
which is summarized in Figure 4. For example,
we can find Z; which will satisfy pp = 0.212544
and pr = 0, or if we are willing to let pr be as
large as 0.000232, we can use a decision rule with
pp = 0.297909 and pr = 0.000206. For this data
set, if we use all 265 patterns specified above, we
have pp = 1.0 and pr = 0.023173, and this value
of pr may be acceptable for many parsing appli-
cations. A list of patterns to achieve any point on
the curve is available upon request.

5 Conclusion

While entropy measures information, most at-
tempts to provide meaningful or useful entropy
based characterization of DNA have ended in fail-
ure. We suggest that this is because the wrong
entropy estimators were used in previous studies.
In particular, the most well known entropy estima-

tors have notoriously slow convergence rates. The
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Figure 4: Neyman-Pearson Criterion for Splice
Junction Detection

main result of this paper is that we find that the en-
tropy of exons is higher than that of introns. This
seems surprising in that introns are presumed to
be the mechanism by which many random changes
can accumulate without being subjected to restora-
tive survival forces and thereby produce an entirely
new gene, without each small incremental change
being more fit for survival.

The natural explanation which occurs for our
observation, based on using a new estimator of en-
tropy, more suitable for estimating the entropy of a
short string, is that (a large) part of the introns are
also subject to restorative forces, and that some or
all of these parts may serve to define and determine
the splice juctions, i.e. the intron-exon boundaries.
If this is the case, there must be rules which are
coded into the introns and should be inferrable,
given enough data. If these regions are the only
parts of the introns subject to restorative forces
then the rules must be complicated — which seems
to be the case. Indeed, we attempt to find these
(presumed) coding rules for the splice junctions in
the introns, but unfortunately conclude that we
will need much more data to infer the rules and
solve this fascinating and important problem.

We believe that designers of algorithms which
rely on some entropic property of a source must be
careful not to misuse entropy estimators. In par-
ticular, in practical settings in which an algorithm
relies on an estimation of the entropy of a source,
one must be innovative in choosing an estimator
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ference in H(L,|L7™") from the value it previously
assumed indicates that the n' letter preceding a
GT pair is information that may be used by the
splicing mechanism.

To summarize our findings, we see that the
beginning of an intron appears to be linked to
certain patterns of the form {zzzGTzzzz}, where
the GT marks the beginning of the intron. We
look at these patterns in the following section.
Similar estimates of entropy profiles have been
attempted at the end of introns. Unfortunately,
the results of the tests do not give clear indications
of the type of pattern which differentiates the ends
of introns from other AG pairs. This quantifies
earlier observations that the ends of introns are
more difficult to predict than the beginings [9, 13].

4.2 Patterns We have reduced our search-space
for good discriminators to the 7-tuples surrounding

the well-known statistical test called the Neyman-
Pearson criterion [15, 7] to produce a useful rule
to decide whether or not a GT pair should be
classified as an intron beginning.

We let z be the seven-letter pattern of interest
surrounding a certain GT pair. Upon observing
z, we wish to choose one of the following two
hypotheses:

Hy: The GT pair does not mark the beginning of
an intron.
Hi: The GT pair does mark the beginning of an
intron.
If U(7) denotes the set of 47 = 16384 possible seven-
letter patterns, then a decision rule will partition
U() into two sets Zy and Z; with the following
properties:

1. Every element z € U(7) will be an element in

exactly one of the sets Zy and Z;.

2. If z € Zy, we select hypothesis Hy and other-
wise we select hypothesis H.

The performance of a decision rule can be measured
by two criteria known as the detection probability
and the false alarm probability, which are denoted
by pp and pp, respectively. pp is the probability
that the decision rule correctly decides that a
GT pair which begins an intron is an intron
beginning; pr is the probability that the decision
rule incorrectly decides that a GT pair which does
not begin an intron is an intron beginning. In other
words,

pF = Z Pr(z|Hy)
ZEZl

pp = Z Pr(z|Hy);
ZEZl

In general, we would like to pick a decision rule
which makes pp as large as possible and pr as small
as possible. These objectives conflict, so there is
a trade-off between these goals. However, we can
consider the following problem: if we are given a
constraint on the maximum acceptable value of pg,
we would like to select a decision rule which maxi-
mizes pp while satisfying the constraint on pr. The
solution to this problem is known as a Neyman-
Pearson criterion. As usual, for any z € U7,
we approximate Pr(z|Hy) and Pr(z|H;) by their
sample values in our data set. For the 143 genes

a GT . We implement a discriminator by applying we considered, there are 574 intron beginnings and
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introns is identical to that of the exons (or more
strongly, that they are stochastically equivalent),
E[Y;;] = 0. Using this data to perform the signed
rank test on the paired comparisons of adjacent
exon/intron sequences, we found that of the 303
comparisons, 73% found the average match length
to be larger for the intron. Owur conclusion is
that the data does not support the equivalence
hypothesis (with power P ~ 1075).

Since L is a difficult quantity to pin down math-
ematically, we ran a control test on a randomly se-
lected test sequence chosen with equal probability
among the 4 characters {A,C,G,T}. As expected
the paired comparison test showed no significant
difference between the groups.

3.2 Variability Measure We performed the
identical signed rank test on the paired compar-
isons, using the variance of the match lengths in-
stead of the mean. One would expect the match
lengths to have a greater variability for the lower
entropic sequences — and this was observed. Sur-
prisingly, the variance measure proved to be an
even more sensitive discriminator. We found that
the variability of the intron match lengths, in 80%
of the paired comparisons, to be higher than that
of its neighboring exon. In fact, in a large number
of pairs with lower ezon entropy, the intron vari-
ability was still greater.

4 Detecting Splice Junctions

4.1 Entropy Tests Recall from Section 1.1 that
each intron begins with a GT and ends with an
AG . We now consider the task of discriminating
between an arbitrary GT or AG from one that
signals a splice junction. We will focus for now
on the GT discriminator. Qur data set provides
39439 strings which begin with GT . It contains
579 introns. OQur method will be to use conditional
entropies to find which bits flanking the GT pairs
are significantly correlated with an occurrence of
GT .

Let R, denote the ensemble of n'* letters
following all GT ’s, and let R’f—1 denote the set
of first n — 1 letters following all GT ’s.
the properties of entropy we mentioned in the
introduction, H(R,|R}™') < H(R,) < 2. Hence,

From

if we observe that H(R,|R}™') ~ 2, we can
make two statements about the n'* letter in in
a GT string. The first is that the n'* letter
is chosen nearly equiprobably from the set of
characters and the second is that the n®* letter
in a GT string is essentially independent of the
previous letters in the string. We will arbitrarily
say that H(R,|R7™') ~ 2 if H(R,|RT™) > 1.8.
We can compute a symmetric profile for characters
to the left of each GT .
left plot of Figure 3. For n > 5, we do not
have enough data to make statistically significant
estimates since 4™ > 45 = 4096. Because of the
size of our data set, our heuristic is to estimate
H(R,|R?™') by H(R,|RS); this quantity measures
the dependence of the n'* letter of a string to
the right of a GT with the first five letters of
the string. With this approximation, we find that
H(R,|RY™') ~ 2 for all n < 31, and similarly to
the left. Symmetric experiments were performed
for the symbols to the left of the GT boundaries
with similar results.

The are shown on the

Now, we can restrict ourselves to the charac-
ters flanking the GT ’s at the begining of introns.
The right plot of Figure 3 give this results. The
R variables are defined analogously to the R vari-
ables of the preceding paragraph. Here, for n > 4,
the size of the data set prevents the sample val-
ues of H(R,|R?™") from being statistically signifi-
cant. To be consistent with our earlier estimation
technique, we resort to approximating H (Rn|R;‘_1)
with H(RMR%) For 5 < n < 30, we have that
H(Rn|R;‘_1) ~ 2, which suggests that we can ig-
nore the 5% 6% ... 30% letters in the intron in our
study of the splicing mechanism. The currently ex-
isting theories about splicing suggest that we can
also ignore letters that are even further away from
the beginning of the intron. For n = 4, we have
that H(E}) ~ 1.74, so the fourth letter of an in-
tron may or may not be helpful in differentiating
the intron from an arbitrary string which begins
with GT . We have decided not to ignore it be-
cause the splice junction consensus indicates that
it might be important. The L variables are defined
symmetrically to the R variables (i-e., they look at
the patterns immediately to the left of an intron
beginning). For n < 3, the fairly significant dif-



bias term of O(1/log N,,) from Theorem 3. This
error comes from the fact that we do not know
the length of the memory of the process. If the
memory is greater than N,, we are losing a source
for predictivity. However, the error term is only a
bound on how extensive that source of error can
be, and indeed we have no prior reason to suspect
bias at all.

There are no clear rules to follow in selecting
the size of the window.
samples, there are roughly n/N,, “independent”
match lengths. This implies that a prudent choice
would be to let log N,, be approximately equal to
the standard error of L. This can surely not be a
hardfast rule since there is some reason to believe
that the O(1) bound in Theorem 3 may be, in many
cases, quite small.

We point out several assumptions in our anal-
ysis:

e The entropy measure we are using only ap-
proximates an entropy measure, due to the
fact that the memory of the "process” is longer
than our N,,.

For a data set of n

DNA is not stationary. This is probably a rea-
son why the entropy estimator does better —
it is more robust to weaker conditions and non-
stationary processes cannot be characterized
by entropy.

DNA is not a random process. Mathematics
serves only as a guide in looking for a useful
statistic, we do not suggest that we have
characterized the ”entropy of DNA”.

3 Results of Entropy Estimation

In our preliminary studies, the use of Lempel-Ziv
compression suggested different entropy estimates
for exons versus introns, and indicated that the
variability of introns was higher that that of exons.
However, due to the fact that the new entropy es-
timation methods described below converge faster,
we now have more reliable evidence. This follows
from the fact that Lempel-Ziv carries out a string-
matching operation only once per phrase while the
new method does it for every letter.

We will use the sliding window entropy esti-
mate on the genetic material of introns and ex-
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ons. To do this, we will consider DNA to be a
stochastic source defined on sequences of letters
from the alphabet U = {A,C,G,T}. To this end,
let X;,X,,... be a sequence of base pairs repre-
senting a pure sequence of either exon or intron
material. We will apply the sliding window entropy
estimator to our experimental set of exon or intron

material. Recall that we define, for any choice of
Ny:

L; = min{k : X} 11!

Z X} Ny+1}-

This defines the longest match of the sequence at
position ¢ with respect to the N,, neighbors to the
left. We let L be the average match length. It
is hoped that the difference in the makeup of the
exon and the introns will be reflected in the average
sliding match length statistic, L. The usefulness of
this statistic is established by Theorem 3, and the
Ergodic Theorem, which implies the convergence
of L to E[L]. We must establish, however, the
assumption that DNA has a fixed memory, so that
Equation 2.2 will hold.

3.1 Entropy Estimate This first experiment
presupposes the knowledge of the boundaries. This
information (which we assume to be accurate) al-
lows us to create sequences of pure exon and pure
intron material. We were then able to form the slid-
ing window entropy estimate L for each exon and
intron along 66 different genes (see Section 1.4).
This process produces the random variables ngp ‘s
where type is either exon or intron, 7 is the index
of the gene, and j is index of occurrence within the
gene, that is, L;:;{pe is the length of the j* segment
of type type in gene i. For this experiment we let
N,,, the window size, be 16.

We performed two tests on the data. The differ-
ence between the entropies is small (for each were
nearly maximal entropy). We chose to perform a
signed rank test, selecting, with out loss of general-
ity, the event of interest to be when the estimated
entropy of the intron was larger than the estimated
entropy of the exon.

To this end let,

_ exon ntron
}/1,_7 = sgn[L” — Ll] .

Then, under the hypothesis that the entropy of the



an entropy estimate. Indeed, it is a popular choice
since it is easy to implement and is universally ap-
plicable (empirically it performs very robustly in
situations that are neither stationary nor ergodic,
but we will return to this point later). Further-
more, the string matching concept that lies behind
this approach is intuitively appealing as a complex-
ity measure since it quantitatively captures repet-
itive structure. The drawbacks to this scheme in-
clude a notoriously slow rate of convergence due to
the large number of observations needed to build
the dictionary of patterns. Furthermore, there are
very few known distributional properties (neces-
sary to any statistical application). It has been
shown [1] that C,, is asymptotically Normal, but
this was proved only for memoryless sources with
p = .5 (this case appears later as a pathological
example).

2.1 A Different Approach Another technique
is based on the Fixed-Database LZ algorithm, a
method that very closely resembles practical ver-
sions that are widely in use, and that is very sim-
ilar in spirit to all other versions of the algorithm
(through their common usage of string matching).
Let X{° be the data source, which we wish to com-
press or estimate its entropy. We assume that we
have a “database”, D, of n observations X° .
We define the longest match into D,, of the incom-
ing sequence X7, Xs,... by

L=inf{k: X' ¢ D}

where ¢ means “as a contiguous substring”. For
example, if

D,, = {0011010011000100}

with n = 16 and X3, X,,... = {0100100...} then
L = 5 since the string {01001} C D, but the
extension {010010} Z D,,. The following theorems
(see [18] for proofs) provide insight as to how L,
the longest match, can be used to estimate entropy
(an alternative proof of theorem 3 appears in [17].

THEOREM 1. If {X} is Uniform[A] i.i.d.,
then for any positive integers | and n

Pr{L < [+ logn} ~ exp(-2).

A surprising result shows the uniform case to be a
remarkable pathology:

THEOREM 2. Let { X} be a stationary, ergodic
source with finite memory that is mot uniform
ii.d.  Thus, Pr{X;, = zx|X*}! = 281} =
Pr{X; = mk|X}::}V[ = :c’,z:}\/[} In such a situation
the asymptotic distribution of L is normal with
mean p = liflﬁ and variance 0% = 1%33 where o2 is
the variance of the log P(X) defined as:

log P(XT)
|/ _ 5" \"1/
2 li ar( log | A| )
g = 1l1m
n—00 n

The last theorem provides us with the first moment
of L as well as the relationship of L to the entropy
H:

THEOREM 3. Asn — 00, |E[L]—1%§Iﬂ| = 0(1).
In light of these theorems we form an estimate
of the entropy of the process based on the length
of repeated patterns. This scheme is potentially
better than the the data-compression scheme that
is based on the length of repeated patterns when
used as an entropy estimator, since we apply it
repeatedly to each incoming letter.

2.2 A Sliding Window Entropy Estimate
Choose a positive integer N,,. This parameter will
be the size of a “window” of observations that will
serve as the database into which we will reference
incoming data to find the longest match. Given
the sequence X7, X, ..., define, for every index 2,
the longest match of the string of observation to
the right of 7, into the string of observations in a
window of size N, to the left of . Formally, let

¢ X} N1}

This defines a sequence of random variables {L;}.
Theorem 3 suggests the following entropy estima-

L; = min{k : X 1F+!

2+1 (2]‘)

tor: log. N

=282t (2.2)
where L is the average of L;. Theorems 1 and 2
suggest that this convergence takes place with
an error that is O(log;Nw)) In fact, there are
therefore two sources of statistical error in the
estimate; (1) the standard error of L for fixed
N,, (ameliorated by large datasets) and (2) the



The results in Sections 2 and 3 do not, however,
imply a method for finding intron/exon bound-
aries, and as noted above, the false positive rate of
the consensus sequences method (as well as meth-
ods based on neural nets [3]) make them virtually
useless for this task. One of the main features of
consensus sequences is that they are memoryless
models of canonical sequences, that is, they fail
to take into account correlations between positions
surrounding the splice junction.

o In Section 4, we use conditional entropy as
a tool for deciding which bits of information
surrounding a splice junction are relevant,
and we proceed to derive an algorithm for
splice-junction detections. QOur experiments
show that our method is significantly superior,
in terms of sensitivity/specificity tradeoff, to
previous methods for detecting intron/exon
boundaries.

1.4 Data Sequence data were obtained from
GenBank release 80.0, and included only human
genes which were described as “complete coding
sequences”. Within these sequences were 1275147
bases, with 659 introns and 669 exons. The
average exon size was 184 bases with a standard
deviation of 96, and the average intron size was
867 bases with a standard deviation of 583. The
median lengths, however, are much shorter. Exons
and introns have median lengths of 139 and 434,
respectively. This fact is important in the methods
described below with respect to choosing the size of
the window size (N,,). Since most exons are quite a
bit shorter than the average the window size must
be kept small in order to make sure that data is
not lost.

2 Methods of Entropy Estimation

There are several common methods of estimating
the entropy of a random process; we will describe
several. The most straightforward would be to at-
tempt a direct computation of the expected log of
the empirical distribution function. Using this ap-
proach the entropy estimate would be only as accu-
rate an estimate as the estimate of the probability
of n-tuples for n large. It should be clear that this
technique is generally impractical, since in most

cases the amount of data is insufficient to achieve
a good estimate of all but the marginal (first order)
distribution and perhaps the distribution of pairs.
If, however, it is possible to determine a prior: that
the process is of small Markov order, then such a
scheme may provide satisfactory results.

Another popular choice involves data compres-
sion schemes. Such a procedure would involve com-
pressing the data, measuring the total compression,
and thereby determining an upper bound for the
entropy of the process. If the algorithm is univer-
sal, then the compression ratio will approach the
entropy as the size of the dataset increases. This
method provides a startling advantage over the pre-
vious one: since it is not based on a model, no spe-
cific underlying structure of the process need be
assumed. However, the approach, although very
efficient in compressing data, is seriously impaired
by a slow rate of convergence when used to estimate
entropies.

For example (and for context) we will explain
how a version of the the Lempel-Ziv data compres-
sion algorithm can be used to estimate entropy. Al-
though there are many modifications of the original
algorithm, they are all sufficiently alike in spirit to
consider a representative. In fact, all versions re-
flect a common usage of string matching and pat-
tern frequency; we demonstrate in the following ex-
ample:

ExampLE 1. (LZ ALGORITHM [19])
Consider a sequence
of binary data, e.g. {0010111000101}. We parse
the sequence into unique phrases by placing com-
mas after every contiguous substring completes a
“new” pattern. This pattern forms a phrase which
becomes part of the “dictionary” of patterns, with
new phrase formed by searching left to right down
the sequence to find the shortest contiguous sub-
string that is not already in the dictionary. For
ezample, the sequence above would be parsed into
{0,01,011,1,00,010,..}. Notice that every phrase
is unique, and that new phrases are formed by ex-
tending previous phrases by exactly one symbol.
Let C,, be the number of commas formed in a LZ
parse of a sequence of length n. Ziv and Lem-
pel [19] have shown that the quantity C"—lflg& — H
as n — 00, which makes it an obvious candidate for



entropy is understood to be a measure of random-
ness. However, little work has been done to ex-
amine differences between entropies of introns and
exons. Knopka and Owens [8] estimated a value
they termed ”Local Compositional Complexity”,
which corresponds to the one-dimensional entropy
of a DNA sequence. This parameter, based on fre-
quency counts of nucleotides from a large number
of different sources, showed a maximum value for

introns.

1.2 Entropy Information Entropy was intro-
duced by Shannon [11]. We first provide some
definitions. Let (X, Xs,,...) = X7 be a stochas-
tic process with probability law P. For every
positive integer [, and every possible sequence of
outcomes (from the alphabet A) z} € {A}, de-
fine the probability or likelihood function to be
P(z}) = Pr{X! = 2!}. Thus P maps every se-
quence to its probability under P. The Entropy,
H(P), is defined as the following limit,

() — tim Fllos PO

n— 0o n

We have chosen to consider entropy because it
is a natural measure of the following phenomena:
complexity, compressibility, predictivity, and ran-
domness. A common feature of all these qualities is
that they are all properties of individual sequences,
even those that are not thought of as outcomes of
a random process. It was the genius of Shannon
to consider “messages” to be random quantities,
which allowed him to proceed with a general theory
with far-reaching consequences, even though the
theory was truly inapplicable in most situations.
Accordingly, when we now consider the entropy of
sequences, it becomes important to point out that
entropy is a property of distributions, not, at least
directly, a property of individual sequences.

Confusion about the notion of information the-
oretic entropy has led to incorrect conclusions in
previous work. Hariri, et al. [6] examine the effi-
cacy of several poor entropy estimators, and mis-
apply the methods to individual DNA sequences.
Furthermore, they draw an invalid conclusion from
a non-existent correspondence between the chemi-
cal entropy and the information theoretic entropy

of a DNA molecule. Cophen and Stewart [4] con-
fuse entropy and information content. This is a
fairly usual mistake that occurs when “context”
is considered, and Shannon realized that we could
only have a mathematical theory of information in
a context-free universe. The appropriate approach
is to consider, as Shannon did, sequences to be out-
comes of stochastic processes and then to estimate
the entropy of the distribution (or distributions)
from which the observed data would be typical.
The notion of entropy can also be expanded to
account for memory. For example, let us consider
the chance variables U and V. The conditional
entropy of U given that V = v is defined by

H(U|v)=— Z Prob(u|v) x log, Prob(u|v)
uelU

and the conditional entropy of U with respect to V
is defined by

H(U|V) = E,[H(Ulv)]

where F, denotes the operation of taking an ex-
pectation with respect to the elements of V. It is
known that for any random variable V', H(U|V) <
H(U) with equality if and only if U and V are sta-
tistically independent (see, for example, [5]).

1.3 Ouwur Results Our results are two-fold. First,
we consider the question of whether there is an in-
formation theoretic difference between introns and
Having noted the previous failure by re-
searchers to find such a distinction, we nonetheless
tried standard methods for estimating the entropies
of sequences, i.e. compression, and character sin-
gleton and tuple distributions. Not surprisingly,
we found no statistically significant difference be-
We
noted, however, that exons are quite short, and our
estimators may not have enough time to converge
to the correct entropy.

o In Section 2, we give theorems which show that
another entropy estimator, the match-length
estimator, has a significantly faster conver-
gence rate. Indeed, we show that a significant
difference exists, both qualitatively and quan-
titatively, in the intron and exon entropies us-
ing this scheme. The experimental results are
described in Section 3.

€Xxo01ns.

tween these measures for introns and exon.



rates than previously known methods.

Our work suggests that entropy is a useful
tool in exploring DNA. We suggest some reasons
why previous researchers failed to detect significant
variance in entropy of genomic regions, and offer a
cautionary tail to those interested in using entropy
based tools in settings where asymptotic complex-
ity breaks down. Finally, we provide a discussion
of the role of a proper mathematical treatment of
entropy in a biological setting.

1.1 Biology DNA and proteins are polymers,
constructed of subunits known as nucleotides and
amino acids, respectively. The sequence of each
protein is a function of a DNA sequence which
serves as the “gene” for that protein. The cellular
expression of proteins proceeds by the creation of
a “message” copy from the DNA template into a
closely related molecule known as RNA (Figure 1).
This RNA is then translated into a protein.

N~~~ o~

DNA
— precursor mMRNA
T 1T 1 mRNA (after splicing)
\ .
protein
14

folded protein

s

Figure 1: The flow of information in a eukaryotic

cell.

One of the most unexpected findings in molec-
ular biology is that large pieces of the RNA are
removed before it is translated further [2]. The ma-
jority of eukaryotic! genes display a complex struc-
ture in which sequences which code for protein are
interrupted by intervening, non-coding sequences.
Initial transcription of these genes results in a pre-
message RNA molecule from which segments must
be accurately removed to produce a translatable
message.

The retained sequences (represented by boxes
in Figure 1) are known as ezons, while the removed

TEukaryotic cells contain nuclei, unlike prokaryotic cells such
as bacterial and viruses. See [16] for a general introduction to
molecular biology

sequences are known as introns. Exons tend to be
no more than 200 characters long, while introns
can be many tens of thousands of characters long.
Thus the majority of a typical eukaryotic gene will
consist of intron regions. Since the discovery of
such “split genes” over a decade ago, the nature of
the splicing event has been the subject of intense
research (for a recent study see [10, 14]). RNA
precursors contain patterns similar to those in the
Figure 2. The points at which RNA is removed
(the boundaries of the boxes in Figure 2) are known
as splice-junctions. Evolutionary conservation for
splice junctions is commonly observed by the con-
struction of a “consensus” sequence — a process by
which many sequences are aligned and a composite
subsequence is created by taking the majority base
at each position. Such a composite is used both to
support biological inferences, and as a discriminant
tool for the recognition of intron/exon boundaries
in raw sequence data now being produced by the
various genome projects.

exon intron exon

- (AIC) A G||GT (AIG)A GT ... (CIT)gX (CIT)A G|| G (GIT) ..

Figure 2: Splice junction consensus.

One feature which will be important in our de-
tection algorithm (Section 4) will be the fact that
introns almost always begin with a GT and end
with an AG . However, numerous other locations
can resemble these canonical patterns. As a result,
these patterns do not by themselves reliably imply
the presence of a splice-junction. Evidently, if junc-
tions are to be recognized on the basis of sequence
information alone, longer-range sequence informa-
tion will have to be included in the decision-making
criteria. A central problem is therefore to deter-
mine the extent to which sequences surrounding
splice-junctions differ from sequences surrounding
spurious analogues.

Finally, while mutations are thought to occur
with approximately the same frequency in introns
and exons, exons are subject to greater selective
pressure than introns. Thus, it makes good intu-
itive sense that their entropy may be different, since
they are subject to different random processes, and
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Abstract

We have applied the information theoretic notion
of entropy to characterize DNA sequences. We con-
sider a genetic sequence signal that is too small for
asymptotic entropy estimates to be accurate, and
for which similar approaches have previously failed.
We prove that the match length entropy estimator
has a relatively fast converge rate and demonstrate
experimentally that by using this entropy estima-
tor, we can indeed extract a meaningful signal from
segments of DNA. Further, we derive a method for
detecting certain signals within DNA — known as
splice junctions — with significantly better perfor-
mance than previously known methods.

The main result of this paper is that we find
that the entropy of genetic material which is ul-
timately expressed in protein sequences is higher
than that which is discarded. This is an unex-
pected result, since current biological theory holds
that the discarded sequences (“introns”) are capa-
ble of tolerating random changes to a greater de-
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gree than the retained sequences (“exons”).

1 Introduction

DNA carries the instructions for the operation of
living organisms. The simple combinatorial struc-
ture of the DNA molecule has been an obvious lure
to theorists interested in studying the way infor-
mation is transmitted in living organisms. Most
such attempts have had little or no success [12],
to the point where some researchers have denied
the utility of information theory, and more specifi-
cally information theoretic entropy, in the study of
DNA [6].

In this paper, we examine the utility of in-
formation theoretic tools in a classic setting, the
intron/exon boundary problem (described below).
Prediction of these boundaries in the sequence of
DNA is an essential task if we are to predict the
product of a gene. We give the first ezperimental
verification of an entropic difference between in-
trons and exons, based on novel entropy estimation
methods with very fast convergence times. The
convergence time is important since exons tend to
be quite small. Thus, the fact the methods exit
that approximate entropy in the limit has proven to
be useless for finding the entropy of genetic regions.
Further, we give an entropy-based algorithm for in-
tron/exon boundary detection. Our studies show
that we achieve better false positive/false negative



