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Corollary 6.7 MAST is computable in time O(n'>logn). [

As a general remark, we note that we can get somewhat tighter bounds as follows. Let UWBM(n, b)
be the Unary Weighted Bipartite Matching problem in which the independent sets can be no larger
than b and the sum of the weights in bounded by n. Let the MAST(n,b) problem be the mast
problem on two n leaf trees with degree bound b. We can generalize our results to show that
UWBM(n, b) reduces linearly to MAST(n,b). We cannot, in general, bound the work on MAST(n,b)
by O(n't°M) 4+ time(UWBM(n,b))), but, we note that using the Gabow/Tarjan algorithms gives a
time of O(nv/blogn) for UWBM(n,b). In this case, we can bound the total work for MAST(n,b) by
O(nH'o(l) + nv/blog n), thus unifying the complexities of the bounded and general cases.
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Having reduced the number of edges in our matching to O(kn), we can trivially conclude that the
total weight is (kn?). We will now show that we can reduce some edge weights before applying the
matching algorithm so that the total becomes O(x?n). We will further show that the weight reduc-
tions are reversible in that we will easily be able to retrieve the maximum weighted matching on the
original graph from the matching on the weight reduced graph. With the current best algorithm
for (unary) weighted bipartite matching [12], this reduction of the weights has no significance, for
the weights only effect the running time by a logarithmic factor. However, the point of this paper
is to show an equivalence to unary weighted bipartite matching which holds even if more weight
sensitive algorithms for unary weighted bipartite matching are found. For the weight reduction we
will use the following technical observation:

Observation 6.4 Let G = (Vo U Vi, E,W) be a weighted bipartite graph, and let v € V. For
all edges {v,w}, set A{v,w} = W{v,w} — max({0} U {W{v",w}|v' € Vy\ {v}). Moreover, set
A(v) = max{A{v,w}|{v,w} € E}.

If A(v) > 1, let G' be the weighted bipartite graph obtained by reducing the weights of all edges
incident with v by A(v) — 1. Then A'(v) = 1, and then the mazimal weight matchings in G' are
the same as those in G and there weights are exactly A(v) — 1 smaller.

Proof: The observation follows directly from the fact that v has to be in any maximal matching

if A(v) > 1. ]

Clearly, we can find A(v) in time linear in the number of edges. Thus, for each of our matchings
we may choose a constant number of vertices v that we reduce, getting A’(v) < 1, before we apply
a matching procedure.

Proposition 6.5 The total weight of matching edges can be reduced to O(k*n) in time O(kn).

Proof: The total weight of the side-side edges is at most n, so, if for each matching based on
spine nodes, we apply the reduction to their two core children, the total sum of their matching
weights becomes O(n), and if for each matching based on a spine node and a critical node we apply
the reduction to the core child of the spine node, the total sum of their matching weights becomes
O(kn). With regards to the O(x?) matchings based on two critical nodes, their sum cannot exceed
O(k?n) in total weight. Thus, since we have a total of O(kn) edges involved in the matchings, in
time O(xn), we can reduce the total sum of the matching weights to O(x%n). ]

Theorem 6.6 Let M : R>1 — IR be a monotone function bounding the time complexity UWBM.
Moreover, let M satisfy that M(z) = z' 7€ f(z), where e > 0 is a constant, f(z) = O(z°M), f is
monotone, and for some constants by, by, Y,y > by : f(zy) < baf(z)f(y). Then, with r = V/4,
MAST is computable in time O(ntT°W) 4+ M(n)).

Proof: We spend O(n polylogn + time(UWBM(x?n))) on the matchings. So, by Theorem 5.9, we
have that CORE-TREES can be computed in time O(n polylogn + time(UWBM(x2n))). Applying
Theorem 4.6 gives the desired complexity. [ |

Inserting the best known bounds for unary weighted bipartite matching [12], with x = 'A/4 = 16,
we get
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Lemma 6.1 There are graphs Hy,, for all {v,w} € Ey, such that match(H,,) = match(Gyy), and
such that Z{v,'w}EEH |E(Hmu)| = O(K’n)

Proof: As note above, there are at most n side-side edges. All other edges are incident on a core
child of a critical node. There are a total of O(k) such core children, and no node can be involved
in more than O(n) matching edges. Thus, just by consideration of non-zero edges, we see that in
total we only need O(kn) edges for the H,y,. ]

Lemma 6.2 There are graphs Hy, for all {v,w} € E» such that match(H,,) = match(Guw),
[E(Hvw)| < 3low +3, and p, wiep, [E(Huw)| = O(n).

Proof: First of all, our reduced matching graph H,, contains all side-side edges, and the edge
between the two opposing core nodes. This gives at most [, + 1 edges. The question is which
edges we need to include between the two core nodes and their opposing side nodes.

Let ¢ be one of the core nodes. From c¢ to the opposing side nodes, we will include all of the
at most [, edges to side nodes incident with side-side edges. Moreover, we will include one of the
maximum weight remaining edges to side nodes. Let this edge be {¢,¢*}. Thus, H,, contains a
total of at most Iy, + 1+ 2(lyyw + 1) = 3lyyw + 3 edges, as required.

We need to prove that that match(H,,) = match(G,,). Consider an arbitrary maximal match-
ing M in G,,. We assume that M has no zero-weight edges. Suppose that M contains an edge
outside Hyy. Then this edge must be between a core node ¢ and an opposing side node u which is
not incident on a side-side edge, and which is different from ¢®. Then ¢* cannot be matched in M,
so we get a new matching M’ in G,,, if we replace {c,u} by the edge {c, c*} from H,,. Moreover,
from our choice of ¢® it follows that the weight of M’ is at least that of M. We may therefore
conclude that one of the maximal matchings in G, is a maximal matching in H ..

Finally, we must bound the summation E{vyw}@% 3lyw + 3. But |Es] < n and Y Iy, < n, by
Fact 3.2. [ |

Lemma 6.3 We can compute all the H,,, in O(nlog®n) time.

Proof: The matching graphs Hy,, from Lemma 6.1 come automatically from only considering non-
zero weight matching edges. In order to sparsify matching graphs of Lemma 6.2, first we choose an
arbitrary ordering of the side children of each vertex. It is now meaningful to talk about intervals
of side children. With the same technique that was used in the proof of Lemma 5.4, we can make
an O(nlogn) preprocessing such that, given any vertex v and interval I of side children of some
opposing vertex, we can compute max{mast{v,w}|w € V(I)} in time O(log?n).

Recall our problem: we are given a vertex v together with a vertex w and a subset S of the
side children which already participate in the matching, since they share labels with the side trees
of w. Let w® be the core children of w. We want to find the side child v® of v outside S which has
the MAST with w®.

This is done in time O(|S|log? n), for removing the vertices from S leaves us with no more than
|S| + 1 intervals, each of which we can deal with in time O(log? n), and afterwards we just need to
find the maximum, which is done in time O(]S|). [ ]
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Theorem 5.9 CORE-TREES (Procedure 2) can be computed in time O(knlog®n +
> fvo,o yep time(mast{vg, v1})). Here E divides into two sets By and E>. The set Ey contains all
the O(kn) pairs of core vertices where one is critical. The set Eo contains the at most n interesting
pairs of spine vertices.

Proof: Let S denote the set of pairs of spines from opposing core trees. Since there can be at
most £ spines in each core tree, we get (Y1, ¢, [V(S0)| +[V(S1)]) < kn. Moreover, by Fact 3.2,
we get that (3rg, s,1es [A(S1deT(Sp)) N A(SideT(S1))|) < n. Thus, the result follows directly from
Observation 3.3 together with Proposition 5.8. [

Corollary 5.10 For trees Ty and Ty with bounded degree, TREES{Ty,T1} can be computed in time

O(ncVioen).

Proof: For bounded degrees time(mast{vg,v1})) = O(logn), so the result follows from Theo-
rem 4.6 with x = 4V!°8" and Theorem 5.9. [

6 Computing the matchings

The aim of this section is to reduce the work of computing the O(kn) mast-values of the set E
specified in Theorem 5.9, when the trees given have unbounded degree. Recall that mast{v,w}
is found as the maximum value over Diag{v,w} and match{v,w}. The maximum diagonal of the
O(kn) pairs in E can be easily computed in O(rknlogn) time by a bottom-up dynamic program,
so our problem is to bound the work on matchings. Recall that the matching associated with
a pair {v,w} is on the weighted bipartite graph whose vertex sets are C(v) and C(w) and whose
edges (u,v) are weighted by mast{u,v}. We denote this graph by G,,. For any weighted bipartite
graph G, let match(G) be the value of the maximal weighted bipartite matching on G. Thus
match{v,w} = match(G,y) for all opposing vertex pairs {v,w}. We will reduce the size of the
matchings by reducing the number of nodes and edges, and the total sum of the edge weights
involved. Initially, these values are O(n?), O(n?), and O(n?), respectively. Our goal is to reduce
them to O(xn), O(kn), and O(k>n). We will do this by deleting some edges and reducing the
weights of others. In general, we will be building a set of matching graphs H,,, from the original
matching graphs G, such that the maximum weight of a matching in G, can be deduced from
the maximum weight of a matching in H,,,. Note that we will not explicitly build the G,,, since
their total size can be as large as Q(n?).

The vertices will be bounded by the number of edges. Recall that nodes come in three types:
side, critical and spine. All edges in the matching are between children of core nodes. Let a side-
sitde edge be a non-zero edge between opposing side children. For matching graph G, we will
let 1, be the number of side-side edges in the graph. By Fact 3.2, there can be no more than n
side-side edges, and the sum of their weights is also bounded by n.

Recall that the opposing pairs in E from Theorem 5.9 come in two varieties: Ep contains all
the pairs of core vertices where one is critical; Fo contains the at most n interesting pairs of spine
vertices. We will bound the size of the Fy and E9 matchings separately.
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Thus, all preprocessing of I, ..., I} is done in time O(n), so the total preprocessing is done in time
O(nlogn), as desired. [ ]

5.3 Using the Interval Tree

Proposition 5.5 Any diagonal of a pair in € can be computed in time O(log?n).

Proof: Let (Ip,I;) be any pair in £. By symmetry it is sufficient to show the computation
of mast{c(ly),r(I1)}. Suppose there is a vertex vy € V(Sy) below, or equal to, c(ly) which is
interesting with respect to some vertex in I;. Fix vj to be the highest such vertex, i.e. the one
closest to c(Ip). Let I6 be the interval in Zy which contains vy and which is on the same level as
Iy, and hence as I in Z;. Thus I is interesting with respect to I, and since they are on the same
level in their respective interval trees, we can conclude that (I, I1) € €. Trivially (Ij, I1) < (1o, I1),
so we can assume that the ceiling mast{r([})),r(/1)} is computed.

Set I =]r(1}), c(Ip)]. By choice of v, the pair (I(f, ;) is boring—but typically not in €. The
diagonal mast{c(I{),r(I1)} is exactly the ceiling of (I}, I1) which we saw was computed, and the
diagonal mast{r(I}),c(l1)} is the floor of (ly,I;) which is computed by Lemma 5.2. Thus by
Lemma 5.3 and Lemma 5.4, we can compute the ceiling mast{r(I¥),r(I;)} in time O(log?n). But
this ceiling is exactly the desired diagonal of (I, I1). [ ]

Corollary 5.6 Any boring pair in € can be computed in time O(log?n).

Proof: By Proposition 5.5 we can compute the diagonals in time O(log?n). But then we can
apply Lemma 5.3 and Lemma 5.4 to get the ceiling in time O(log?n). [ |

For any opposing pair {vg,v1}, by time(mast{vg,v1}) we refer to the time it takes to compute
mast{vg,v1} assuming that every value in the base of {vg, v} is available in time O(logn).

Corollary 5.7 Any interesting leaf pair (Io,I)) in € can be computed in time O(loan +
time(mast{r(ly),r(l1)}).

Proof: Again, the diagonals are computed by Proposition 5.5, and the floor follows by Lemma 5.2.
Hence we have the whole basis of {V(Iy), V(I1)} available. Since (Iy, I1) is an interesting leaf pair, it
follows that V(I;) = {r(l;)} for : = 0,1. Thus, in fact, we have the basis of {r(Iy),r(I1)} available,
so the ceiling mast{r(lp),r(l1)} can be computed directly. ]

Summing up, we conclude:

Proposition 5.8 SPINES{Sy, S1} (Procedure 3) can be computed in time O((mg + mi +
Ilogn)log?n + (X fvo,01 yer time(mast{vg,v1})), where mg = [V(Sp)|, m1 = [V(S1)| and | =
|A(SideT(Sp)) N A(SideT(S1))|, and where FF C V(Sp) x V(S1) contains at most | pairs.

Proof: Above, we observed that, indeed, computing all the ceilings of pairs in £ is sufficient for
implementing SPINES; and now, from Proposition 5.1, Lemma 5.2, Corollary 5.6, and Corollary 5.7,
together with the observation that there are at most [ interesting leaf pairs, it follows that we can
compute all ceilings and diagonals of the pairs in £ within the desired time bound. [ |
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itself, and given any node I in Zg, then I is a leaf if it consists of a single vertex; otherwise I has
children I' and I". Tg has depth [log, [V(S)|]. Denote by T the forest of the Zgs. Now the spines
of T counstitute the top level of Z. Generally we have that all intervals at any specific level are
mutually disjoint.

Our goal is to find an O(nlogn) preprocessing such that given any vertex from 7y and in-
terval I from Z, we can derive side-mast(v,I) in time O(logn). Assume that this is done.
Then any interval I from 77 is the concatenation I - - - I; of at most 2logn intervals from Z, and
then side-mast(v, ) = max;{side-mast(v, ;)}. Thus such a preprocessing allows us to compute
side-mast in time O(log?n), as desired.

For 1 = 0,1 and for every label a, let sr;(a) denote the root of the side tree of 7; containing the
leaf with label a. By contraction of the side trees, we pre-compute all values of sr in time O(n).

The remaining preprocessing is divided into O(logn) separate O(n) preprocessings: one for each
level in Z. Let Iy, ..., I be all the intervals at some specific level in Z. Then Iy, ..., I} are mutually
disjoint, so, in particular A(SideT(Iy)),...,A(SideT([;)) are mutually disjoint.

Consider an arbitrary fixed interval I of 7y, and note the following recursion formula for
side-mast(-, [):

side-mast(v, ) = max{
max{mast(v,r(t))|t € SideT([)}, (9)
max{side-mast(w,I)|w is a descendant v}} (10)

Set Vi = {p(srp(a))|a € A(SideT([))} and Wy = LCA(Vs). Then V7 contains all core vertices v for
which (9) is relevant. Moreover, W contains all the values of w that are relevant for (10). Let ¢;
denote the topological subtree of Ty with vertex Wr. All the sets Vj, are easily computed in time
O(n), and by Lemma 4.3, in time O(n) we can compute all the t7.s.

Consider any specific t7;. We want to compute side-mast(v, I;) for all v € V(t7,) = Wr,. For
this purpose, we introduce an variable sm(v) for each v € Wy,. Initially sm(v) := 0 for all v € W,.
Now, corresponding to (9), for all a € A(SideT(I;)), set

sm(p(sz0(a))) := max{sm(p(sz0(a))), mast{p(szo(a))), sr1(a)}.

Next, corresponding to (10), go through the vertices of ¢;, in postorder. When visiting the vertex
v, set
v 1= max{sm(v), max{sm(w)|w is a child of v in ¢, }}

When the computation is finished sm(v) = side-mast(v,I;) for all v € V(t;;,) = Wy,. The time
of the computation is O(|A(SideT(I;))| + |Wr,|) = O(|A(SideT(l;))|). Thus we can pre-compute
side-mast(v, I;) for all I;,w € Wy, in time O(}_ |A(SideT(1;))|) = O(n).

Now, consider any query side-mast(v,I;) where v € Wy,. Then side-mast(v,I) =
side-mast(w, I) where w is the nearest descendant of v in W7,, if any, otherwise side-mast(v, ) =
0. We solve the nearest descendant query in O(logn) time by first applying the preprocessing from
Lemma 4.4 to all the Wy;s. This preprocessing takes time O(3;. |Wy,|) where

oWl <2> Vil <2 [A(sideT(I;))| = 2n.
7 7 7
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Proof: Let [hs and rhs denote the left and the right hand side of the equality of the lemma. First
we prove lhs > rhs. Clearly, mast{r(ly),r(l1)} > max{mast{c(ly),r([1},mast{c(l1),r(lp)}}. For
i = 0,1, let t; be a side tree in SideT([;) such that mast{c(Il;),r(t;)} = side-mast{c([;), [;}. Let
pi and ¢; denote the parent and core sibling of r(#;). By application of Lemma 3.1, we get the
following inequalities:

mast{c;, r(t;)}
mast{foa fl}
mast{r(ly),r([1)}

mast{c([;),r(t7)} for i = 0,1,
mast{cg,r(t1)} + mast{r(ty),c1},
mast{fo, f1}.

(A\VAR VARV

Hence, it follows that mast{r(ly),r(I1} > side-mast{c(ly), 1} + side-mast{c(l}), [y}, and we
may therefore conclude that lhs > rhs.

We show that lhs < rhs by contradiction. Assume there is a pair (fo, f1) € V(Ip) x V(I;)
such that mast{fq, fi} > rhs, and fix (fo, f1) to be a minimal such pair. First, we observe that
the strict inequality implies that sg # c(lp) and s; # c(I1). For ¢ = 0,1, let ¢; denote the core
child of f;. By the minimality of (fq, f1) we cannot have mast{f;, f;} = mast{c¢;, f;}. Also by
minimality, we cannot have mast{f;, f;} = mast{s;, f;}, where s; is a side child of f;, for since
our pair of intervals is boring, mast{s;, fr} = mast{s;,¢;} < mast{f;,¢}. Thus, by Lemma 3.1,
we have mast{ fo, f1} = match{fy, f1}. Let M be a minimal matching in C(fy) x C(f1) such that
match{ fo, fi} = > (uy,0)em mast{vo,v1}. Since our interval pair is boring, we can only have an
edge in M if either its head or its tail is core. By the minimality of (fo, f1), we cannot have
M = {(co,c1)}. Thus, we have M C {(cg,s1), (c1,s0)} where s; is a specific side child of f;.
Putting everything together we get:

rhs < match{fo, f1}

= Z mast{vg, v}

(vo,v1)EM
mast{co, s1} +mast{cy, so}
= mast{c(ly), s1} +mast{c(l1),s0}

< side-mast{c(ly), 1} + side-mast{c([1),so}
< rhs,
and hence the desired contradiction. ]

What makes this useful is the following technical lemma:

Lemma 5.4 After an O(nlogn) preprocessing based on the base of the core trees, given any pair
of a verter v from one core tree and an interval I from the other core tree, we can compute
side-mast{v, I} in time O(log?n).

Proof: For simplicity, we assume that v is from 7y and [ is from 77. A symmetric preprocessing
is needed for the opposite case where I is from 7y and v is from 7;. First for each spine S in Ty
we construct a balanced binary tree Zg over some non-empty intervals of S. The root of Zg is S
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satisfied, in time O(|A(SideT(lp)) N A(SideT([1)|), we partition A(SideT(lp)) N A(SideT([;) into
A(SideT(I})) N A(SideT(I), A(SideT(I}) N A(SideT(I}), and A(SideT([})) N A(SideT(I]) for the
children. For each of the O(logn) levels, the total size of these sets is no more than [, so the
construction time is O(llogn).

Concerning the internal nodes satisfying (ii), ignoring the symmetric case, we restrict (ii) to:

(ii)g r(lo) = r(Sp) and I; contains more than one vertex.

Consider a node (Ip,I1) of £ satisfying (ii)o. Then, due to the first part of the condition, the
only children of (Iy, I1) that can satisfy (ii)g are (I§, Il) and (I}, I7). Since there is no freedom in
choosing first coordinate of the children, the number of internal nodes in & satisfying (ii)g is

{87 o€ (e} V(ST > 1}
<SP ae (LY, V(S| =1
— V(S| < JASideT(S1))| = .

The first inequality follows from the fact that the number of internal nodes of a binary tree is
smaller than the number of leaves.

Equivalently for the symmetric case (ii); where (1) = r(S;) and Iy contains more than one
vertex, we get at most mg internal nodes in €. Thus, there are at most mg + mj internal nodes in
& satisfying (ii) [= (i), V (ii);], so we conclude that in total there are at most O(mg+m1 +1logn)
nodes in €. Moreover, £ can be generated from the root (Sp, S1), adding each new node in constant
time. [ |

We are going to compute the ceiling and the diagonals of all the pairs in € respecting the linear
order < such that for each internal pair (I, I1) of £, we have (I}, I1) < (I}, I7) < (I}, I}) <
(I5,IT) < (Lo, I). Thus, whenever we compute a pair, we can assume that all previous pairs have
been computed.

Observation 5.2 For any wnternal pair of £, the ceiling and diagonals are ceiling and diagonals
of its children. The floor of any pair in € s the ceiling or diagonal of some preceding pair. [ |

So we need only concern ourselves with computations at the leaves, which are either boring interval
pairs, or interesting node pairs.

5.2 Handling Boring Interval Pairs

Lemma 5.3 If the interval pair {Iy, 1} is boring, then

_ mast{c(lo),r(l1)}, mast{c(l1),r(lo)},
mast{r(lp),r(/1)} = max { side—masot{c(l(l)), L} + sidel—masff){c(ll), Iy} } ’

Here side-mast{v, I} = max{mast{v,r(¢)}|t € SideT([)}.
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vertex sets. Moreover, we set mg = |V(Sp)|, m1 = |V(S1)|, and [ = |A(SideT(Sp)) N A(SideT(S1))].
Notice that the number of maximal boring interval pairs can be as bad as Q(I?). However, we are
going to identify O(mg + mj + llogn) boring interval pairs together with O(mg + mj + 1) vertex
pairs representing all computations needed to implement SPINES{Sy, S1}.

Our algorithm for SPINES will proceed as follows. In Subsection 5.1, we will choose a small
subset of interval pairs on which to compute certain values. We will organize these intervals into
an interval tree. In Subsection 5.2, we will prove the main technical lemmas needed for dealing
with boring interval pairs. In Subsection 5.3, we will show how to actually implement SPINES in
terms of the interval tree.

5.1 The Interval Tree

Consider an interval I =Jv,w], and let u be the vertex such that |V(Ju,w])| = [|V(])|/2]. Then
I' denotes Jvu,u] and I" denotes Ju, w]. Note that V(I') and V(I") are disjoint. Also note that if
I =Jv,v] then I' =" = 1.

Given an opposing pair {Ip,[1} of intervals, we call mast{c(lp),c(l1)} the floor,
mast{c(lp),r([1)} and mast{r(ly),c(l1)} the diagonals, and mast{r(ly),r(l1)} the ceiling of the
pair. Thus, if Iy and I are intervals of spines .Sy and S1, then the diagonals, together with the floor,
are exactly the values from the base of {V(Iy),V(I1)} that are not in the base of {V(Sy), V(S1)}.

We are now going to construct a rooted tree £ whose nodes are opposing interval pairs. The
root pair is (Sp,S1). Suppose (Ig,I1) is a node in € and that one of the following conditions is
satisfied:

(i) {lo, 1} is interesting and one of Iy and I; contains more than one vertex.

(ii) Ome of Iy and I has the spine root as root, and the other contains more than one vertex.

Then {Iy, I} has four children: (1§, I}), (I8, I7), (I, 1Y), (I}, I]); otherwise {Io, I1} is a leaf.

We are going to compute the ceiling and the diagonals of all the pairs in £. Clearly, we will
thereby implement SPINES, since if r is the root of one of the spines and v is a vertex from the
other spine, then the second condition defining £ ensures that mast{r, v} is the ceiling of some pair

in £.
Proposition 5.1 The size and construction time for € is O(mgy + mq + Llogn)

Proof: In the argument, we will focus on the size of £&. However, a corresponding construction
will be indicated on the side. The depth of £ is no more than max{[log, [V(So)|], [logy [V(S1)|]}.
Clearly, we only need to bound the number of internal nodes, since the number of leaves is less
than a factor four larger. We will separately count the number of nodes made internal by the two
conditions. Thereby, we accept a certain overlap where a node {Iy, I1} satisfies both conditions.
Concerning condition (i), by induction starting at the root, for each a € A(SideT(Sp)) N
A(SideT(S]), there is exactly one node {Iy,I1} at each level in £ such that a € A(SideT(Ip)) N
A(SideT(I1). Thus, at each level, we have at most | = |A(SideT(Sp)) N A(SideT(S1)| sat-
isfying condition (i), so in total, we have at most [logn nodes in &£ satisfying (i). In or-
der to find these nodes, starting from the root, with each node {Iy,I;} we store the set
A(SideT(lp)) N A(SideT(I1))—{Ip, [1} is interesting if the set is non-empty. If condition (i) is
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and hence

KT(z)k) < K2bok1kocVIBF/X) C (2 k) < K2bokikocV'2% Yz /k) f(x /1)
< 2bok1ka (V'8 [e)x f () < 2bokikocV'RTC(x) /e < T(z)/4.

Thus
E1C (k%) + 26T (x/r) < T(z)/2 4+ 2T (x)/4 =T (z),

so (6) and hence (4) is satisfied. We may therefore conclude that with e = 0, we can compute TREES
on a problem of size n in time 2bokikocV1°8"C(n) = O(C(n)cV'°8™) = O(n!*t°() as desired.

€ > 0: In this case, we fix Kk = max{41/€, V/b1} and set ng = kb;. For a solution to our problem, we

define T" such that
Ve € R>q : T(z) = k1k3C(z), where k3 = max{1,2b2C(x")}. (8)
Clearly (3) and (5) are satisfied. Fix > ng. Now,
k1C(k%z) < brC(s" )k C(a) < T(x)/2
and
KT (n/k) = kboks(n/r) T f(x/K) < boksn! TeRT5 f(x) < boksn ™ f(z)/4 = T(x)/4,

E1C(k%z) + 2T (z/k) < T(x)/2 + 2T (z)/4 = T(x),

Thus (6) and hence (4) is satisfied. We may therefore conclude that with e > 0, we can compute
TREES on a problem of size n in time bokik3C(n) = O(C(n)), completing the proof. ]

5 Computing SPINES

To implement MAST for bounded degree trees, we need only show how to quickly compute SPINES
(Procedure 3). To this end, we introduce the concept of intervals. For spine S with ¢ the critical
child of the lowest vertex, let v,w € V(S) U {c}, where w is an ancestor of v. Then v and w
characterize an interval I of S, denoted by |v,w]. If I =]v,w], we set ¢(I) = v and r(I) = w By
V(I) we denotes the set of vertices that are descendants of w and strict ancestors of v. If v # w,
V(I) induces a segment of .S, and we will often identify I with this segment. If v = w, the interval I
corresponds to the empty segment, together with a position. For any interval I, we define SideT([)
to be the forest of side trees whose roots are children of vertices in I. Let Iy and I; be intervals
from opposing core trees. We say that the pair of opposing intervals {Iy, I1} is interesting if and
only if A(SideT(Ip)) N A(SideT(I;)) # 0. A pair which is not interesting is said to be boring. We
will show how to implement SPINES quickly by giving an efficient method for dealing with boring
interval pairs.

For specificity, fix {Sp,S1} to be a pair of opposing spines for which we wish to compute
SPINES{Sy, S1}. To ease the presentation, we will identify Sy and S; with the intervals with the same
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VYneN:ng<n= (Vi €R:1<k<n =
time(TREES(n)) < k1C(k%n) +2  max Ztime(TREES(ni))). (2)

Inductively from (1) and (2) it follows that the time complexity for TREES is bounded any monotone
function T": IR>1 — IR satisfying

VeeR: 1<z <ny =

T(z) > k1C(z) (3)
VieR:npg<z=(FreR:1<k<zx A
T(z) > k1C(k"z) + 2 max ZT(nJ) (4)
T; =n,
1<z <n/k

In our search for an adequate such function T', we will restrict ourselves to superlinear functions
satisfying:

Jmonotone g : R>1 =+ IR Vo € R>; : T'(z) = zg(x). (5)
As a convenient consequence, for any z,z1,...,2; € IR>1 such that Y z; = z and 1 < z; < z/k,

we have that > T'(z;) = > (z9(zi)) < Y (zig(z/r)) = zg(x/r) = KT (xz/r). Thus (4) follows if
VeeR:z>ng=(FreR: 1<k <z A T(z) > kC(k)+ 2T (x/K)). (6)

The rest of the proof divides into cases depending on &.

¢ = 0: For this case we let ng be the least number such that ng > by, 4*V logno > b1, and 4V logno <
ng. The last inequality is satisfied if and only if ng > 16. Recall that our choice of ng affects k;.
Since € = 0, C(z) = O(z'T°M1)), so we may choose a constant ky > (2b9)~" such that Vz € R> :
C(z) < koz!. For a solution to our problem, we define T such that

V& € Ry : T(x) = 2bok1kocV1°8%C(z), where ¢ = max{8¢,4}. (7)

Clearly (3) is satisfied since Vo € Rxy : T(x) = 2bok1kacVI®TC(z) > 2bok;(2b2)"'C(z) =
k1 C(z). Also (5) is satisfied, for the function that maps = to T'(z)/x = 2bokikocV'82C(z)/x =
ok kocV198% 1 (1) /2 = 2bokykocV!°8 f(z) is monotone since f is monotone. Hence (4) follows if

we can settle (6). Fix z > ng and set & = 4VI°8% Notice that 1 < k < , k% > by, and @ > by.
Now
E1C (k%) < k1boC(5%)C(x) < bokika(k?)M5C (x) = bokykod!P4VI8C (1)
< bokikacVI82C(2) < T(x) /2.

V0og(z/k) =V 10g(z/4‘/@) = \/loga: — 2y/logz < V/logz — 1,

Moreover,

12



Proof: Lemma 4.3 allows us to compute all {s, ts} pairs in O(n) time. Clearly, >, |A(s)| = n, and
for each s, |A(s)| < n/k. We can compute TREES{s, ts} for all s in time bounded by

2  max time(TREES(n;)).
Yni=mn, 2
ni € {1,...,|n/K]}

By Lemma 4.2, we are now done with the side values. Concerning the base of the core trees, now
preprocess for any queries of the form mast{r(s),v} where s is a side tree and v is any opposing
vertex. For simplicity, we assume that s is a side tree of Ty and v is a vertex of 7;. The case where
s is a side tree of 71 and v is a vertex of 7Ty is symmetric.

By Lemma 4.1, our problem is to decide if v has a descendant in ts, and, if so, to return the
first such descendant of v in ¢5. Such a query can be answered in time O(log [V(t5)|) = O(logn), if
first we apply the preprocessing of Lemma 4.4 to all the sets V(¢s). The time for this preprocessing
is

O([V(To)| + D [V(ts))) = O(n + ) _(2[A(s)] = 1)) = O(n).

Thus all the preprocessing is completed within the desired bounds. [ |

4.1 A Master Theorem

The following theorem will be used to bound the overall work for the bounded-degree and general
versions of the MAST problem throughout the remainder of the paper. Our goal is to make our
result apply, even if the complexity of maximum weighted matching is improved. So we must allow
our recurrence to hold for a wide possible set of choices for the complexity of maximum weighted
matching. While general theorems have been proven for solving recurrences (see e.g. Verma [23]),
we know of no results that directly apply. Thus we offer the following “master theorem” for solving
the types of recurrence we need.

Theorem 4.6 Assume for some monotone function C' : IR>1 — IR that CORE-TREES can be
computed in time at most C(k*n) where a is a constant independent of our parameter k. Moreover,
assume that C(z) = &' f(x), where ¢ > 0 is a constant, f(z) = O(z°Y)), f is monotone, and for
some constants by, by, Yo,y > by : f(zy) < baf(x)f(y). If ¢ = 0, there is a constant ¢ such that

we can compute MAST in time O(C(n)cV'°8™). Otherwise, if ¢ > 0, setting k = 4V'°8"  we can
compute MAST in time O(C(n)). Thus MAST is computable in time O(n't°() 4 C(n))

Proof: By Proposition 4.5 and the definition of C, using Algorithm B, we compute TREES in time

O(n)+2 max Z time(TREES(n;)) + C(kn).

Thus, for any constant ng > 1 (to be fixed later), we may choose a constant k; such that

VneN:1<n<ny =
time(TREES(n)) < k1C(n) (1)

11



Notice that TREES is a strengthening of MAST in that it computes more values. Algorithm B
implements TREES except for the mast values between the roots and their opposing side nodes. Call
these missing values the side values. In order to make Algorithm B implement TREES completely,
we extend our specification of CORE-BASE to compute the side values as well. That is, CORE-BASE
should make retrievable not only the values from the base of the core trees but also these side values.
However, the following trivial lemma shows that this is already done by our recursion over the side
trees:

Lemma 4.2 For any v € V(s), where s is a side tree of T;, ts = TA(s), mast{v,r(T7)} =
mast{v,r(ts)}. ]

We have now shown that we can compute all values needed for CORE-BASE by recursively applying
TREES on all side trees s, along with their opposing restrictions ¢;. So the remaining questions is
how do we implement the various steps described in an efficient manner. First, we need to compute
the ts. The following lemma states that all ¢; can be computed in linear time, since the label set
of different side trees of the same evolutionary tree are disjoint.

Lemma 4.3 ([7]) Let T be a rooted tree with vertex set V., and let {Vi,...,Vi} be a family of

subsets of V.. Then, in time O(X |Vi| + |V|), we can compute all the topological subtrees T; with
V(T;) = LCA(Vy).
Thus, given a partition Ly, ..., L of the labels of an evolutionary tree T of size n, we can compute
all of T'|Lg,...,T|L in total O(n) time.

Now, in order to implement the descendant operation from Lemma 4.1, we need the following
technical lemma:

Lemma 4.4 Let T be a rooted tree with vertex set V., and let {Wy, ..., Wi} be a family of subsets
of V, each of which is closed under least common ancestors. Then, in O(Y |W;i| + |V|) time, we
can build a data structure such that, giwen any verter v € V. and index + < k, we can return the
nearest descendant of v in Wy, if any, in time O(log |W;|).

Proof: First we organize the vertices of T' in an Euler Tour F, that is, we make a depth first
traversal from the root noting each time we visit every vertex. For every vertex v, denote the first
occurrence in E by f(v) and the last occurrence in E by [(v). Now w is a descendant of v if and
only if f(v) < f(w) < l(v). Next, for i = 1,...,k, we construct the subsequence E1f of E containing
f(w) for each vertex w in W;. Clearly, both the Euler tour and the splitting of it into the Efs can
all be done in time O(Y |[W;| + [V]).

Now, given a vertex v € V and index ¢ < k, by an O(log |Ef|) = O(log |W;]) time binary search,
we find the first element f(w) in E7f greater than or equal to f(v). If f(w) > I(v) we may conclude
that v has no descendant in t5. Otherwise f(w) < l(v). Since W; is closed under the least common
ancestor operation, we may then conclude that w is the unique first descendant v in W;. [ |

Summing up, we have
Proposition 4.5 CORE-BASE can be computed in time

O(n) +2 5 max Z time(TREES(n;)).
n; € {1, .Z. . I_??/KJ}
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C.1. For i € {0,1}, let U/ denote the tree obtained by identifying each spine of U; with a single
vertex.

C.2. Let O be the lexicographic ordering of V(U{)) x V(U]) where the vertices in each U] are pos-
tordered.

C.3. For each (cg,c1) in increasing order in O do

C.3.1. Case: ¢g and ¢y are critical. Do

C.3.1.1. Compute mast{cg,c1,}.

C.3.2. Case: ¢; is a spine node and ¢ is a critical node, for ¢ € {0,1}. Do:

C.3.2.1. Let s1,..., sk be the spines nodes of ¢; in ascending order.

C.3.2.2. For j <=1 to k compute mast{cy, s;}.

C.3.3. Case: ¢g and ¢ are spine representing nodes. Do:

C.3.3.1. Compute SPINES{cg, 1 }.

Observation 3.3 CORE-TREES makes O(kn) direct mast-computations

(Steps C.3.1.1 and C.3.2.2) and calls SPINES O(k?) times (Step C.3.3.1). All other processing

is done in time O(kn).

4 Computing CORE-BASE

The goal of CORE-BASE is to preprocess Tg and 77 so that we may quickly retrieve values from the
base of the core trees, that is, mast-values of opposing vertex pairs where one is the root of a side
tree and the other is either the root of a side tree or a core vertex. This will be done recursively
using the following extension of MAST, which for both two roots, computes the mast-value against
all opposing vertices:

Procedure 4 TREES{Ty, T}, where each T; is an evolutionary tree. For ¢ = 0,1, computes
mast{r(T;),v;} for all vy € V(T7).

Assuming an appropriate implementation of TREES, we will apply it to each side tree s against the
opposing tree restricted to the label set of s. Thus all problems considered are of size O(n/x). The
following lemma shows that such a computation for all side trees essentially gives us the whole base
of the core trees, or even more: for each root of a side tree, it allows us to derive the mast-value
against any opposing vertex.

Lemma 4.1 Let s be a side tree of T;, ts = Ti|A(s), and W = V(ts). Then for all v € V(T7),
mast{r(s),v} = 0, if v has no descendant in W; otherwise mast{r(s),v} = mast{r(s),w}, where
w s the unique first descendant of v in W.

Proof: Set B =A(s)NA(t(v)). Then V(77| B) is exactly the set of descendants of v in W = V(t5) =
V(T7|A(s)). By definition mast{r(s),v} = MAST{7y|B, 71|B}. Thus mast{r(s),v} =0 if B =}, but
then v has no descendants in W. We may therefore assume that B # (). Then r(7;|B) is the first
descendant of v in W. Moreover, A(t(v)) 2 A(t(x(77|B))) 2 B, so A(s) NA(t(x(7;|B))) = B, and
hence mast{r(s),v)} =mast{r(s),r(7;|B)}. This completes the proof. ]



root of a side tree and the other is either the root of a side tree or a core vertex. Second we
concentrate on computing mast-values for opposing pairs of core nodes, including the root pair.
For the base computation, we note that the base of the core trees is of size ©(n?), so we cannot
afford to compute the whole base. Instead, we will build a data structure allowing us to retrieve
any desired base value quickly. More specifically, we will implement:

Procedure 1 CORE-BASE: Computes a data structure such that every mast-value in the base of
the opposing core trees, i.e. of {V(Uy),V(U1)}, can be determined in O(logn) time.

This data structure will be computed by a routine which recurses on all side trees. Thus, within the
recursion, all sub-problems considered are of size proportional to that of the side trees (O(n/k)).
Using this fact, we will show that for unbounded degree trees the recursion will have no asymp-
totic consequence for the overall computation time. More precisely, we will show that we have a
dominating bottle-neck in the maximum weighted matching evaluations in computing match for
opposing pairs of core vertices. For bounded degree trees, match takes constant time, and in this
case, it will turn out that the recursion contributes to the overall running time by multiplicative
factor of O(c\/@)7 for some constant c.
Second, we will find an efficient implementation of

Procedure 2 CORE-TREES: Given the base of the opposing core trees (which we can compute
as needed by the CORE-BASE data structure), this procedure computes mast{r(Up),r(U)} =
mast{r(7y),r(7T1)} = MAST(7o, T1).

This procedure will be implemented by a sparse version of the dynamic program described in
Algorithm A. In O(kn polylogn) time, it will select O(xn) significant mast-values to be computed,
including, in particular, mast{r(Uy),r(U;)}. For bounded degrees each of these mast-values can be
computed in constant time. For unbounded degrees, it will be shown that they can be computed
in the same total time as that of one unary weighted bipartite matching of size O(n). Thus, very
generally, MAST is implemented as follows.

Algorithm B:

B.1. Input 7y and 77.

B.2. Find their core trees Uy and U.
B.3. Compute CORE-BASE.

B.4. Compute CORE-TREES.

B.5. Return mast{r(7g),r(71)}.

As noted above, a naive algorithm would simply apply Lemma 3.1 to each core-core pair. This
would yield once again an (n?) algorithm, the bottleneck of which is in comparing spines. The
following procedure will be used to circumvent this bottleneck. We will use it to complete a sketch
of CORE-TREES.

Procedure 3 SPINES{Sy, S1}: For opposing spines Sy and S1, computes mast{r(S;),v;} fori =
0,1, and for all vy € V(Sr).

With this procedure we get the following algorithm for CORE-TREES:
Algorithm C:
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Figure 3.2: The core tree related concepts.

3.2 A Faster Algorithm

Our key to sparsifying the dynamic program is the core trees, which is defined in terms of some

parameter £ (which will turn out to be 16 for unbounded degrees, and 4V1o8™ for bounded degrees).
We say that a node is a core node if it has more than n/k descendant leaves. Otherwise it is a side
node. Then the core tree is the component induced by the core nodes, and the side trees are the
components induced by side nodes. We denote by U; the core tree of tree 7;. Note that the core
tree is indeed a tree, since it is connected. Further, note that the core tree has at most k leaves,
since the leaves are roots of disjoint sub-trees, each with at least n/r leaves.

We make one final distinction within the core tree. We partition the nodes of the core tree
into critical nodes and spine nodes. A critical node is either the root, a leaf of the core tree, or a
branching node, i.e. a core node with at least two children which are core nodes. If a core node is
not a critical node then it is a spine node. Notice that the spine nodes can be further partitioned
into connected components. In fact, each such connected component forms a chain of nodes where
all nodes but the last have exactly one core child - but possibly ©Q(n) side children. We call each
such component a spine. The concepts are illustrated at Figure 3.2. Note that we have O(k) critical
nodes and spines, but O(n) spine nodes. The following trivial fact gives one of the main uses of
side trees.

Fact 3.2 Let Sy,...,S; and SY,..., S; be partitionings of the side trees of Ty and Ty, respectively.
Let l;; = | UtGS,- A(t)N UtES; A(t)|. Then Ele E?:l lij =n.

Given the core trees, we naturally divide the MAST computation into two phases. First we compute
the base of the opposing core trees, that is, mast-values of opposing vertex pairs where one is the



The lemma is illustrated at Figure 3.1. It is clear from this lemma that we need some values on
subtrees in order to compute the mast of two nodes. To simplify the discussion, we introduce
the following notation. By the base pairs of an opposing vertex pair {zg,z1}, we understand the
set of opposing pairs {wg, w1} such that either wy € C(vg) and wy € C(vy) U {v1}, or conversely,
wp € C(vg) U{vp} and wy € C(vy). By the base of {zg,z1} we mean the set of values mast{wg, w;}
for all base pairs of {zg,z1}. Thus the base forms the set of values needed by a dynamic program
to compute the mast values for {zg, z;}.

Later in the paper, we will need a generalized version of a base, defined over pairs of opposing
sets of vertices. First, for any set V of vertices in a tree, set C(V)) = J{C(v)|v € V}\ V. We call the
members of C(V') the proper children of V. Now, if Vj and V) are subsets of V(7y) and V(77), then
the base pairs of {V,Vi} are the opposing vertex pairs {wg,w;} such that either wy € C(Vj) and
wy € C(V1) U V1, or conversely, wy € C(Vp) U Vy and wy € C(Vy). By the base of {V, V1} we mean
the values mast{wg,w;} for all base pairs of {Vp,V1}. Thus the base of {Vj,Vi} contains all the
values needed for a dynamic bottom-up computation of mast{vg,v;}, for all vg € V and v; € V7.

Lemma 3.1 suggests the following dynamic programming algorithm for the MAST problem.

Algorithm A: First Algorithm for MAST.
A.1. Input 7y and 7.

A2, Let O be the lexicographic ordering of V(7g) x V(77), where the vertices in each 7; are pos-
tordered.

A.3. For each (vg,v1) in increasing order in O do
A3.1. Compute mast{vp, v }.
A.4. Return mast{r(7g),r(71)}.

This first algorithm computes MAST by applying Lemma 3.1 to all the O(n?) pairs of opposing vertex
pairs. The bottom-up ordering of O guarantees that the base of a node pair is ready whenever mast
is evaluated. For bounded degree, mast can be computed in O(1) time, thus giving O(n?) total
work. For unbounded degree, the bottleneck in the comparisons is the matchings, which sum up
to O(X v (ny),wev(my) 4(v) - d(w)v/d(v) + d(w)logn) = O(n?y/nlogn), using Gabow and Tarjan’s
matching algorithm [12]. Note that the Gabow/Tarjan algorithm is not only the fastest known for
normal weighted bipartite matching where the weights are assumed to be in a binary encoding, it
is also the fastest known for the case of unary weighted matching, i.e. the case where the input
is measured as the sum of all the edge weights in the graph. It is in this later sense that we are
interested in the Gabow/Tarjan algorithm.

In [7], we showed that most matching graphs can be preprocessed so that they are quite sparse.
We where able to show a bound of O(n?) time for all computations of mast, thus showing that the
MAST of two trees can be computed in O(n?), even when the degree is unbounded.

We improve this result by two types of sparsification. First of all we reduce the number of mast
values evaluated in the dynamic program. Secondly, we reduce the work done in the matchings.
This second phase is analogous to our previous work [7] in reducing the matching work, but here we
require stronger techniques in order to achieve optimality in the sense of equivalence to one unary
weighted bipartite matching. For the moment, we will focus entirely on reducing the number of
comparisons, returning to weighted matchings in §6.



Figure 3.1: In order to find mast{v,w} as in (a), we can either try a “diagonal,” as in (b), or we
can find a maximum weight matching between the sets of children, as in (c).



Theorem 2.1 There is a linear reduction from UWBM to MAST. [ |

In [3] Amir and Keselman use a similar reduction from Three-Dimensional Matching to prove that
the MAST problem on 3 or more trees is NP-Hard.

3 Ideas and Outline

3.1 Preliminaries

In this subsection, we will describe a rooted version of the SW algorithm. This algorithm will form
the basis of our discussion of more efficient algorithms. For simplicity, all algorithms presented will
compute only the maximal cardinality of an agreement set, i.e. the cardinality of the output set for
the MAST-problem. However, after this cardinality has been found, the computation can easily be
traced back in order to derive a concrete set. In this subsection, we will also introduce the main
notation and terminology for the rest of the paper.

Given an evolutionary tree T, by V(7T') we denote the set of its vertices, by r(T') its root, by A(T)
the set of its leaf labels. For v € V(T'), let p(v) be the parent of v, C(v) be the set of its children,
and d(v) be its degree. If v € V(T'), then t(v) denotes the subtree descending from v. For a set of
nodes V' C V(T'), we define LCA(V') to be the closure of V' with respect to least common ancestors.

For the rest of the paper, fix an instance of the MAST problem consisting of two evolutionary
trees Ty and 7 for some common set A of species. We measure the size n of the problem as the
cardinality of A, which equals the number of leaves for both 7y and 77. To simplify some boundary
cases in the discussion below, we allow the situation where 7y and 77 are empty. In this case
MAST(79,71) = |A| = n = 0. Finally, fix an arbitrary left to the right ordering of the children of
each node. Thus 7y and 7 are henceforth considered ordered.

The roles of the evolutionary trees Ty and 77 are symmetric. In order to avoid unnecessary
repetitions in our definitions, we will commonly use 0 to mean 1, and vice versa. Also, we introduce
the generic term opposing pair, by which we refer to a pair {z,y} where z is contained in 7; and y
is contained in 77. Here z and y might be of different types. For example, x might be a vertex of
T; while y is a subset of the vertices of 7.

For any opposing pair {v, w} of vertices, let mast{v, w} denote the MAST of the subtrees rooted
respectively at v and w. Here the subtrees are understood to be topologically restricted to the
intersection of their label sets. Thus, mast{v,w} is the MAST of 7y|B and 7;|B where B = A(t(v))N
A(t(w)).

The following lemma appears, with some minor modifications, in [21] and is the basis for their
dynamic program approach to the unrooted version of this problem.

Lemma 3.1 ([21]) Vv € V(To),w € V(T1),

[ |A(t(v)) NA(t(w))] if v orw is a leaf;
mast{v, w} = {maux{Diag{'U?w},ma’i:ch{v7 w}} otherwise,

where Diag(v,w) = {mast{v,w;}|w; € C(w)} U {mast{vg,w}{vy € C(v)} and where match{v,w}
is the value of the mazimum weight matching of the weighted bipartite graph ((C(v) U C(w),C(v) X
C(w)7 maSt{'v }) :



the dynamic program with the number of such node pairs we evaluate. The key to this balancing
is the parameterized core trees which we introduce in this paper. The core tree is a generalization
of the separator of a tree which will turn out to be useful in guiding our computation.

Finally, we note that two variants of the MAST problem have been investigated. First, the
unrooted version was the primary focus of the Steel and Warnow paper [21]. The above cited
complexities for their algorithms (O(n*°logn) for unbounded degrees and O(n?) for bounded
degrees) apply to the unrooted case. However, they noticed the rooted case reduces to the unrooted
case, and hence that these complexities carry over to the rooted case. In [7], our main result was

to improve the complexity of the unbounded unrooted case to O(nzc\/@). We believe that the
unrooted case is much harder than the rooted case and know of no O(n?) algorithm for this problem.
Another variant is that of considering three or more trees. Amir and Keselman [3] showed that the
MAST problem on three or more trees is NP-hard for trees of unbounded degree, while polynomial if
just one of the trees has bounded degree. While the constant degree restriction may be suitable in
some settings, the unbounded degree algorithm is important since there are many tree construction
techniques available which place no restrictions on the degree of the trees produced [22].

Another problem related to our MAST problem is the tree homeomorphism problem. In [4],
Chung presents an O(n??®) algorithm for the rooted tree homeomorphism problem of deciding
whether one rooted tree (no leaf-labels) is a topological subtree of another. This algorithm is quite
similar to the SW algorithm.  Unfortunately, none of our optimizations to the SW algorithm
apply to the tree homeomorphism problem since they all rely on the restriction that the agreement
isomorphism should be leaf label preserving.

In §2, we show the reduction from UWBM to MAST. In §3, we give some basic definitions and give
an overview of our algorithm. In §4, we prove the correctness of the algorithm and give a general
sketch of its time complexity. In §5, we reduce the number of comparisons in the dynamic program
and finish the time analysis for the bounded degree case. In §6, we describe how to reduce the work
of the matchings and finish the time analysis for the unbounded degree case.

2 Lower Bound

We show a reduction from a size n UWBM problem to an O(n) leaf MAST problem. We define the
size of a UWBM instance to be the sum of the edge weights, hence an n size UWBM instance can code
a WBM instance with total integer edge weight n and up to O(n) edges and O(n) nodes. Using the
the best algorithm known [12] for WBM, such a problem can be solved in O(n!logn).

We now show a reduction from UWBM to MAST. Given a connected weighted bipartite graph
G=(UUV,E,W : E = IN) such that )} . W(e) = n, construct evolutionary trees Ty and Ty
with O(n) labels as follows. For each X € {U,V'}, set rx to be the root of T'x, and for each z € X,
create a child ¢, of rx. For each e = {u,v} € E, add W (e) leaf children to ¢, in Ty and label them
<wzy,i>,1<1<W(e). Add leaf children with the same labels to ¢, in Ty . Finally, pick n + 2
new labels and build a star tree & on the labels. Attach the root of one copy of S to the root of
Tx and attach the root of another copy of § to the root of Ty. The size of the star § guarantees
that any solution to MAST will map the roots to each other. Hence there is a bijection between the
maximum weight matchings M and the maximum agreement subsets B such that if {v,w} € M
then A(c,) NA(ey) C B.



Problem: The Maximum Agreement Subtree Problem (MAST)
Input: A pair (Tp,T1) of evolutionary trees for some common set A of species.

Output: A maximum cardinality subset B of A such that Ty|B and T)|B have a leaf-label pre-
serving isomorphism.

Finden and Gordon [10] gave a heuristic method for computing the maximum agreement subtree of
two binary trees. Their algorithm, which has a O(n’) running time, does not, however, guarantee

an optimal solution. In [17], Kubicka et al. presented an O(n(%"'f) logny time algorithm for the
binary MAST problem. Steel and Warnow [21] gave the first polynomial algorithm, which we will
refer to as SW. The SW algorithm is a dynamic programming approach which runs in O(n?) time
on bounded degree trees and in O(n*®logn) time on unbounded degree trees. We showed in [7]
that the SW algorithm can be modified to yield an O(n?) time algorithm for the unbounded case.

Both the SW algorithm and our modification of it, perform some computation—a weighted
bipartite matching—for each pair of nodes from the input trees. Hence this approach cannot give
a o(n?) time algorithm for the MAST problem. We therefore run into the dynamic programming
bottleneck which is endemic in computational molecular biology. A wide variety of biocomputing
problems, e.g. in the string-edit-distance problem, RNA secondary structure, etc., have solutions
which involve dynamic programming. To avoid the too costly quadratic complexity of these algo-
rithms, researchers have either turned to heuristics (e.g. the BLAST program [2]) or to the design of
input sensitive algorithms. Notable in the later class is the algorithm of Hunt and Szymanski [14].
This latter class of algorithms has the property that they speed up various dynamic programs to
almost linear time in the best case but have at least quadratic time worst cases.

In this paper we use sparsity conditions to break the dynamic programming bottleneck and
have sub-quadratic running times in the worst case. In fact, we show tight bounds. Our main
result is an algorithm which solves MAST within the same asymptotic time bound as that for solv-
ing Unary Weighted Bipartite Matching (UWBM), i.e. a weighted bipartite matching where the size
of the input is measured as the sum of the weights of all edges—so unweighted bipartite match-
ing is a special case (see [12] for definitions of matchings, etc.). More precisely, we show that
time(MAST(n)) = O(n'*°() + time(UWBM(n)))'. Using the best known algorithm [12] for weighted
bipartite matching, this gives us an O(n!'® log n) time algorithm for the MAST problem, thus breaking
the Q(n?) bottleneck. If the degrees are bounded, our algorithm runs in O(nc‘/@) = O(n'tel)
time, beating the previous O(n?) bound [21] for this case.

While UWBM does not often appear as a natural upper bound, and typically one see ref-
erence to either unweighted or fully weighted bipartite matching instead, we show that the
unary weighting is inherent in bounding the complexity of MAST by observing that, in fact,
time(MAST(n)) = Q(time(UWBM(n))). Thus, for all intents and purposes, our reduction is optimal,
since getting the complexity of UWBM, or just bipartite matching, down anywhere near O(nl""’(l)) is
a long-standing open problem.

The fact that our algorithm works by sparsity means that we identify a small set of significant
computations in the dynamic program. The exact size of this set depends on the running time of the
bipartite matching algorithm used, thus we carefully balance the time spent at a single node pair in

'This complexity is understood to be modulo a class of “well-behaved” functions explicitly defined in Theorem 4.6.



1 Introduction

An evolutionary tree, or phylogeny, is a model of the evolutionary history for a set of species.
Constructing such trees from observations on a set of living species is one of the fundamental tasks
of computational biology. This is because the evolutionary relation of species provides a great deal
of information about their biochemical machinery. For example, RNA’s secondary structure is most
accurately determined by selecting correlated mutations of a class of related species.

To construct a tree from a set of species, one must have a model of what makes one tree better
than another. Many criteria have been proposed, but in general, these turn out to be NP-hard to
optimize [15, 24]. There is also no consensus in the biology community as to what makes a good
tree. As is typically the case when there is no really good solution to a problem, the number of
solutions actually in use is quite large. Within the biology literature, various heuristics have been
proposed (see e.g. [8, 9, 11, 19, 22, 20]). More recently, a variety of solutions have been examined
rigorously ([1, 6, 16]). Not surprisingly these various methods do not always give the same answer
on the same inputs. Given that there is no “gold standard” for constructing evolutionary trees,
current practice dictates that several different methods be applied to the data. The resulting trees
may agree in some parts and differ in others. In general, one is interested in finding the largest set
of species on which the trees agree [18]. In other settings, a particular method may be applied to
different data sets for the same set of species [13] or on a single data set which has been permuted
some number of times for statistical analysis [9]. The resulting trees are then compared in order
to arrive at some consensus. Many consensus techniques have been proposed and are currently in
use (see [5] for a review). One of the most extensively studied consensus methods was defined by
Finden and Gordon [10] as follows.

Let A be a set of species. We will define an evolutionary tree, T', on A to be a rooted tree,
with no degree 1 nodes, such that the leaves of T' are uniquely labeled with the elements of A. In
such a tree, the leaves represent the species under consideration, and the internal nodes represent
posited ancestors. Suppose now that we are given two trees, Ty and 77, which are evolutionary
trees on the same species set A. If the two trees differ, it is reasonable to ask for the “intersection”
of the information contained in the trees. By viewing the input trees as the outcomes of experi-
ments performed to discover the history of some species, we will typically have more confidence in
information given in the “intersection” than in information unique to each tree. But what is the
intersection of two evolutionary trees?

Finden and Gordon’s answer to this question involves the notion of a “topological restriction”
of an evolutionary tree to a subset of the species. Given an evolutionary tree T" on set A, and given
B C A, then the topological restriction of T to B, written T'|B, is the evolutionary tree on B such
that B has the same history in T'|B as it does in T'. More formally, first, given any rooted tree T,
by a topological subtree of T, we mean a rooted tree U with no degree 1 nodes, obtained from a
normal subtree S of T' by replacing dipaths with single arcs. That is, U can be obtained from the
subtree S by repetition of the following operation: if a vertex v has only one child w, we may delete
(“jump”) v, making the original parent of v the parent of w. Note that the topological subtree U is
uniquely defined in terms of its leaf set. The full vertex set of U is the closure of the leaf set under
the least common ancestor operation in 7. Now, formally T'| B denotes the topological subtree of T'
whose leaves are the the leaves of T' with labels in B. This restriction operator immediately implies
the following similarity measure on trees.
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Abstract

Constructing evolutionary trees for species sets is a fundamental problem in biology. Un-
fortunately, there is no single agreed upon method for this task, and many methods are in use.
Current practice dictates that trees be constructed using different methods and that the result-
ing trees should be compared for consensus. It has become necessary to automate this process
as the number of species under consideration has grown. We study one formalization of the
problem: the Mazimum Agreement Subtree Problem (MAST).

The MAST problem is as follows: given a set A and two rooted trees 7o and 7; leaf-labeled
by the elements of A, find a maximum cardinality subset B of A such that the topological
restrictions of 79 and 7; to B are isomorphic. In this paper, we will show that this problem
reduces to Unary Weighted Bipartite Matching (UWBM) with an O(n'*°(1)) additive overhead.
We also show that UWBM reduces linearly to MAST. Thus, our algorithm is optimal unless UWBM
can be solved in near-linear time. The overall running time of our algorithm is O(n'*®logn),

improving on the previous best algorithm which runs in O(n?). We also derive an O(ncV!°8™)

time algorithm for the case of bounded degrees, where the previously best algorithm runs in
O(n?), as in the unbounded case.

*A preliminary version of this paper appeared in the Foundations of Computer Science Conference, FOCS '94.
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