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Abstract

The sux tree of a string, the fundamental data structure in t he area of combinatorial
pattern matching, has many elegant applications. In this pger, we present a novel, simple
sequential algorithm for the construction of sux trees. We are also able to parallelize our
algorithm so that we settle the main open problem in the constuction of su x trees: we give a
Las Vegas CRCW PRAM algorithm that constructs the su x tree o f a binary string of length
n in O(logn) time and O(n) work with high probability. In contrast, the previously kn own
work-optimal algorithms, while deterministic, take (log 2n) time.

We also give a work-optimal randomized comparison-based gbrithm to convert any string
over an unbounded alphabet to an equivalent string over a biary alphabet. As a result, we ob-
tain the rst work-optimal algorithm for su x tree construction under the unbounded alphabet
assumption.

Department of Computer Science, Rutgers University, Piscataway, NJ 08855, USA. (farach@cs.rutgers.edy
http://www.cs.rutgers.edu/  farach) Supported by NSF Career Development Award CCR-9501942. Work done while
this author was a Visitor Member of the Courant Institute of N YU.

Ymuthu@dcs.warwick.ac.uk ; Partly supported by DIMACS (Center for Discrete Mathemati c¢s and Theoretical
Computer Science), a National Science Foundation Science ad Technology Center under NSF contract STC-8809648.
Partly supported by Alcom IT.



1 Introduction

Given a string s of length n, the sux tree Ts of s is the compacted trie of all the su xes of s.
For many reasons, this is the fundamental data structure in @mbinatorial pattern matching. It
has a compactO(n) space representation which has several elegant uses [Apg8 Furthermore,
Weiner [Wei73], who introduced this powerful data structure, showed that T5 can be constructed
in O(n) time. This sequential construction and its analysis are natrivial. Considerable e ort has
been put into producing simplied O(n) time su x tree constructions, however, to date, though
innovative, all such algorithms are variants of one anotherand continue to rely on the classical
approaches of Weiner [Wei73] and McCreight [McC76]. E cient parallel construction of su x
trees has also proven to be a challenge. In fact, a classicgben problem in stringology is to design
a fast, work-optimal parallel algorithm for constructing t his data structure. While some recent
progress has been made in designing work-optimal algorithe(at the expense of the running time),
in this paper, we settle the following open problem: ourmain result is a novel simpli ed su x tree
contruction which when parallelized yields anO(log n) time, O(n) space andO(n) work Las Vegas
type su x tree construction algorithm. We believe that our a Igorithm, which departs completely
from the Weiner/McCreight approach, is interesting in both its sequential and parallel versions.

In what follows, we will explain our results in more detail before giving a technical overview of
our algorithms.

1.1 Our Results.

Given the versatility of su x trees, it is not surprising tha t they have been extensively studied.
Since Weiner presented his classical construction, many msipli ed constructions have been devel-
oped [CS85, McC76]. Sequential construction of su x trees ontinues to be an active area of
research [DK95, Kos94].

All these algorithm are inherently sequential since they san the string in monotonic order,
updating the partial data structure as each symbol is scannd. In [AIL *88], it is shown how to
build a su x tree in  O(log n) time and O(n logn) work. This algorithm is not optimal; moreover, it
uses polynomial spacé. Designing work-optimal algorithms for this problem remained a challenge.
Recent results have shown that one can achieve work optimdli at the expense of the running
time. In [SV94], a work optimal O(log? n) time algorithm was presented using polynomial space.
In [Har94] a di erent work-optimal algorithm is presented w hich uses linear space; this algorithm
takes O(log* n) time?2.

In this paper, we settle the following double challenge: oumain result is a novel su x tree
algorithm whose sequential version is quite simple and whas(considerably non-trivial) paralleliza-
tion yields an O(log n) time and O(n) work parallel algorithm for su x tree construction that us es
O(n) space. Our algorithm is randomized of the Las Vegas type.

An additional issue of string processing interest is that ofalphabet dependenceString process-
ing algorithms that work under the unbounded alphabetissumption access the string using only
order comparisons. Sequential su x tree construction algaithms that work under this model take

I Throughout, we will use \polynomial space" to mean ( n'* ) space for some > 0.
2This algorithm works on the CREW PRAM while all other algorit  hms mentioned in this paper, including ours,
use the stronger Arbitrary CRCW PRAM.



( nlog ) time if the number of distinct symbols in s is ; in contrast, the best known parallel
algorithms in this model do ( nlogn) work and are therefore sub-optimal. In this paper, we give
a simple randomized work/time optimal reduction from the case when alphabet set is unbounded
to the case when it is binary. Our reduction works in the ordered-comparison model. Consequently
we derive the rst known work-optimal algorithms for su x tr  ee construction under the unbounded
alphabet assumption. Our reduction above can be used with ay of the work optimal algorithms
of [SV94, Har94] for binary strings, however using it with ou algorithm in this paper gives the
fastest work optimal su x tree construction algorithm unde r the unbounded alphabet assumption.

1.2 Technical Overview.

Su x tree construction for binary strings. Let s 2 f0;1g . Then, the sux tree of s is
the compacted trie of all the su xes of s$ where $6 0;1. At a high level, our algorithm works
as follows. First we recursively determine theodd treg Ty, which is the compacted trie of all the
su xes beginning at the odd positions. From the odd tree, we then derive the even treg Tg, the
compacted trie of all the su xes at the even positions. Finally, we mergeT, and T to obtain the
su x tree of s. The technical crux of this approach in both sequential and mrallel setting lies in
merging the trees.

The approach of constructing the su x tree by merging the odd and even trees, one of which is
recursively constructed, is not new. It was used in a modi edform in [SV94] to obtain an O(log® n)
time work-optimal su x tree construction. There too mergin g two partial su x trees (such as
T, and T¢) formed the technical crux. There the authors developed a neel symmetry-breaking
naming scheme to solve that problem; however their algoritim for merging the two trees takes
( nlog n) work*. That was su cient for them to obtain an work optimal algorit hm for su x tree
construction (taking O(log?n) time) by relying on the Four Russian's technique of constricting
certain exhaustive tables for \short" strings.

In this paper, we directly solve the problem of merging the two partial su x trees T, and T¢ by
using several structural properties of these trees which wélentify and prove here. Our algorithm
for this takes O(log n) time and O(n) work and is therefore work-optimal. Using this algorithm
as such to construct su x trees in parallel we can get an algoithm that takes O(lognloglogn)
time and O(n) work. Note that this is already the fastest work-optimal al gorithm known for this
problem. However to get our main result, which is aO(log n) time work-optimal algorithm for
this problem, we use additional ideas which are explained irdetail in Section 3. We merely note
that in order to achieve this result we had to resse the strudural properties of the partial trees
we identi ed to design an algorithm for merging them in only O(log’l%gn) time (rather than the
O(log n) time quoted above), again in O(n) work, provided the Euler tours of the two trees are
given.

Finally, as a curiosity, we mention that our parallel algorithm makes use of a number of tools
that have been developed in the parallel algorithms commuriy recently { see the list of lemmas in
Section A. However, our sequential algorithm does not needhtese tools and is very simple.

3A compacted trie diers from a trie in that degree 2 paths are r eplaced by edges labeled by the appropriate
substring. _
*log n =min fijlog® n 2g.



Su x tree construction for strings over unbounded alphabet . A standard approach to
cope with the strings drawn from an unbounded alphabet is to nap the distinct symbols of the
string to a small alphabet and then use the su x tree construction algorithm that works for strings
over small alphabet. We can thus formalize the followingrenaming problem. Given an array of
sizen with  distinct elements, map distinct elements in the array to range 1 in the (ordered)
comparison model; here is unknown at the beginning. Renaming is a generic reductiorfrom
string problems over unbounded alphabet to those over (intger) alphabet 1

Sequentially renaming can be done optimally using a balanak binary tree such as a 2{3 tree.
Known parallel algorithms for 2{3 trees [PVW83], however, do not give optimal parallel bounds
for renaming. The best known algorithms for renaming use paallel sorting and therefore take
O(nlogn) work and O(log n) time. In this paper, we present the rst known simultaneously time
and work-optimal algorithm for renaming. Our algorithm is r andomized and of Las Vegas type; it
takes O(log ) expected time andO(nlog ) expected work.

Our algorithm is obtained by random sampling reminiscent of randomized parallel sorting al-
gorithms [Rei81]. Since is unknown and we seek an algorithm with time dependent on ol
considerable technical di culties arise in our setting which we overcome.

Map. We describe the sequential version of our algorithm in Sectin 2. We describe our parallel
Su X tree construction in Section 3. We have only sketched the details in most of the steps, and
the reader is refered to the appendices for these.

2 The Sequential Algorithm

We will use one basic tool: KR naming (Lemma A.1). With this tool, we can check the equality of
any two substrings in constant time. Now our algorithm has three main steps:

Compute T,: To construct the odd tree T, recursively, we make the following observation. Con-
sider a string s® generated froms in which sJi] = f(s[2i  1];s[2i]) where f is the randomized
ngerprint function of Lemma A.1. Let TO%be the sux tree of s% Then, T, is closely related to
T% The dierence is the following. Consider any two odd su xes. The least common ancestor
(Ica) of their corresponding leaves inT, gives their longest common pre x, while the Ica of their
corresponding leaves inT?is the longest common pre x of evenlength. Therefore, T, can be de-
rived from TOby local patching in linear time. Sincejsy = jsj=2, this recursive procedure does not
increase the complexity of our algorithm.

Compute Te: To construct the even tree Te, we note that every even su x is a single character
followed by an odd su x. From T,, we know the longest common pre x of any two odd su xes,

so we also now know the longest common pre x of any two even suxes. To construct a tree, we
only need to know an in-order traversal of the leaves and theelative depth for the Ica of adjacent
leaves. The latter we know already, and we can get the in-ordetraversal of the leaves by a stable
integer sorting of the in-order leaves ofT, using the character preceding an odd su x as its sort
key, once again, in linear time.



Merging T, and Te: Merging T, and Te will give the su x tree of s, so this step is the heart of
the algorithm. We will merge the two trees by a coupled DFS, soat each recursive step, we will be
merging a subtree ofT, with one from Te. For purposes of illustration, we will consider subtrees
rooted at edges as well as those rooted at nodes. Thus, we mudéscribe what our algorithm does
when merging pairs rooted at node/node, node/edge and edgetlge. Since we start by merging at
the roots of both trees, we start with a node/node pair.

Node/Node: Suppose we are merging/, and ve. The only relevant information is the rst
character on the edges leading to their children. For any cHdren ¢ of v, and ¢ of ve which
begin with the same character, merge their subtrees via an Ege/Edge merge. Any child whose
edge begins with a unigque character is not merged. Its subteeis simply included in the nal tree
unchanged.

Node/Edge: Suppose we are merging node and edgee, and that the rst character on eis c.
If v does not have an edge to a child which begins ik, then root €'s subtree atv. Otherwise, let
d be the child of v whose edge starts with ac. Merge the edge tod with e and root the resulting
tree at v. Leave all other subtrees below unchanged.

Edge/Edge: In both of the above cases, we recursively merge two trees rteml at edges. Lete,
and e, be the edges we are merging. We have two cases. First, suppdbe string of one edge is a
proper pre x of the string of the other edge. WLOG, we will assume g, is a pre x of e;. We can
check this in constant time via ngerprints. Then we add a node bin e after jey,j characters. Now,
let d be the node at the bottom ofe,. We know that we can proceed by mergingo and d, as above.

The other case is much more interesting. The edges, and e, share a common pre x but
neither is a pre x of the other. We cannot a ord to nd out how | ong the common pre x is for
these two edges, since it would take (logn) to do so by direct methods, and there could be (n)
such pairs of edges to merge. Instead of directly determinig this longest string, we will introduce
a re nement node into e, and e; which will act as a place-holder. The placement of the re nenent
nodes within the edge pair gives us enough information to copiete the structural merging of the
even and odd trees. After placing the re nement node, we havéottomed out the recursion.

Refinement: However, we have yet to determine exactly where the edges nédo be \broken"
to introduce the re nement node; in other words, the re nement nodes can be thought of as sliding
nodes whose exact placement we defer until after merging thtrees.

Consider some re nement node . By construction, it has out-degree 2, and one of its desceraht
trees,t, comes from the odd tree, while the otherte, comes from the even tree. Let; be an arbitrary
leaf in t, and |; be an arbitrary leaf in te, where, for anyk, Iy represents thekth su x of s. We can
restate the problem of placing the re nement node within the edge par as that of determining the
longest common pre x of I; and I;. Now, we can conclude that the length ofr (which is all we are
after) is 1 more than the length of Ica (lj+1;1j+1) = v. But we may not know the length of v if v is
itself a re nement node. So we see thajrj = 1+ jvj, and conclude that we have a dependency tree
(more generally, a forest) between the length of various noés in the tree. We de ned(r) = v where
r and v are as above. The length of depends on its depth in the tree de ned byd( ). Finally, we



determine, by DFS on thed tree, the depth of all re nement nodes in their trees and thus deduce
their lengths.

The above coupled-DFS merging procedure, along with the n&d DFS re nement procedure
take O(n) time, thus completing our construction. The output of this algorithm is correct with
high probability. In Appendix D, we show an algorithm that ch ecks the correctness of the output
in O(logn) time and O(n) work on a PRAM, and hence is su cient to check the output of th is
algorithm, as well as the following parallel algorithm.

3 The Parallel Algorithm

The parallel algorithm has the same three basic steps as theeguential algorithm in Section 2.
However, we now have the added constraint that we want arO(log n) time and O(n) work algorithm.
The sequential algorithm naturally decomposes into log recursive phases, and each phase seems
to take (log n) time, since basically any tree manipulation has list ranking as bottle-neck. In
addition, we will need a radically di erent approach to merging the two trees since a DFS based
approach is not well suited to parallelization.

Given this scheme, we make the following three contributiors.
1. We provide a work-optimal algorithm for merging the odd and even trees. This step is the crux
of our technical contribution and it relies on several strudural properties of the odd and even su x
trees that we isolate and prove (See Section 3.1). Our algdtim works in O(log n) time w.h.p.
Combined with a straightforward O(log n) time algorithm for deriving the even tree from the odd
tree, this gives a work-optimal O(log? n) time su x tree algorithm. Note that this already provides
an alternate algorithm matching the running time of the fastest known optimal algorithm for the
su x tree construction problem [SV94], while taking only li near space.
2. Consider the following lemma:

Lemma 3.1 There exists an algorithm to compute the su x tree of a string of lengthn in O(log n)
time, O(nlogn) work w.h.p. and O(nlog?n) space.

Proof: The algorithm in [AIL * 88] uses a bulletin board which can be replaced by the constan
time hashing scheme of Lemma A.3. |

We may now bottom out the recursion after O(log logn) levels. We use this lemma to derive a
O(log nloglogn) time su x tree construction algorithm, while still preser ving the linear work and
space. We note that this \bottoming out" cannot be done in the known work-optimal constructions
of either [Har94] or [SV94] to speed up their algorithms.

3. Each step of our recursion takes (log n) time. This is not surprising since we perform several
tree manipulation operations at each stage, each of which f&es on computing Euler tours. Com-
puting the Euler tour in turn has the well-known bottleneck of list ranking, which takes (log n)

time as noted above. We overcome this bottleneck in our algethm by introducing the key idea of
maintaining the Euler tour (rather than the tree itself) through the levels of recursion.

This, on the one hand, implies that Euler tours need not be corputed at each level and therefore
the (log n) bottleneck is averted. On the other hand, maintaining Euler tours and manipulating
them give rise to new problems, which can be illustrated as fdlows. Suppose we have a tree and
its Euler tour and we wish to reerder the children at each node (as we are required to do in our



algorithm). In a tree representation, such a rearrangementis a purely local computation at the
nodes. In the Euler tour, however, such a change involves gial resrganization. We demonstrate
how to perform this resrganization as well as the other taslks at each level inO(log n=1loglogn)
time with optimal work. This in turn gives our main result, na mely:

Theorem 3.2 Given a binary string s of length n, its su x tree can be computed in O(log n) time
and O(n) work w.h.p. usingO(n) space.

In what follows, we describe how each of the three steps is ini@mented so as to derive the Euler
tour of the su x tree of s. In fact, all trees will be assumed to be in their Euler tour represent#n.
Note that it is straightforward to generate the pointer version of the su x tree given its Euler tour
in O(log logn) time and O(n) work.

Compute To: Derive s°from s as in the sequential version, and recurse to produc&® Deriving
T, from TYis technically quite dicult since T%is in an Euler Tour representation. We make this
transformation via the procedure Unname. We will show the following in Appendix B.

Lemma 3.3 Generating s® can be done inO(1) time and O(n) work. Procedure Unname can be
implemented in O(log n=log logn) time and O(n) work w.h.p. if s is drawn from an alphabet of
size O(polylog n) and in O(log n=loglogn) time and O(nloglogn) work w.h.p. if it is drawn from
an alphabet of sizeO(poly n); in both cases, the space is linear.

By recursing for only 2log logn levels, we get:

Lemma 3.4 All calls to procedure Unname over all recursive levels takeO(log n) time and O(n)
work w.h.p. and useO(n) space.

Proof: Note that at every recursive levelsPis at most half the length of s. Also, if the alphabet size
of sis , then the alphabet size ofs’is at most 2. At each stage, we hash the tuples 0§°to ensure
that in fact the alphabet is in the range 1::: 2. For the rst logloglog n levels, the alphabet size
of the strings remains polylogarithmic and therefore, by Lanma 3.3, the work performed during
this step is linear. At this stage, the string under consideation is of length at most O(n=Ilog logn).
Therefore, we can a ord to use the suboptimal large alphabetversion of the procedureUnname
up to 2loglogn levels while still performing only linear work. Note that our alphabet never grows
bigger than n. |

Compute Te: The sequential version is easy to parallelize. We need onlyebcareful about parallel
stable integer sorting.

Lemma 3.5 Procedure Odd-Even can be implemented inO(log n=log logn) time and O(n) work
w.h.p. if s is drawn from an alphabet of sizeO(polylog n) and in O(log n=loglogn) time and
O(nloglogn) work w.h.p. if it is drawn from an alphabet of sizeO(poly n); in both cases, the space
is linear. All calls to procedure Odd-Even over all recursive levels takeO(log n) time and O(n)
work w.h.p. and useO(n) space.



Merging T, and Te: We change the focus of our algorithm from the sequential veiisn. In the
sequential algorithm, we considered merging subtrees roetl at nodes or edges. In the parallel
version, we will consider the set of strings which can be obtaed by tracing down from the root
from a trie. We can partition this set into node strings which are strings that end at nodes, and
edge strings which are strings that end between two nodes. Our parallel yorithm will rely on
nding strings which are shared by both tries and then performing the actual structural merging.

The node string/edge string bipartition means that strings shared by the two tries come in three
avors: node-node node-edge and edge-edge As it turns out, common strings of the node-node
avor are easy to nd, and node-edge strings require only a litle more work. As in the sequential
case, the true challenge is to nd common strings of the edgedge avor. We will end up once
again with re nement nodes, but will need to avoid computing the depth in the d tree, since this
would take O(logn) time. We will present an algorithm for re nement node computation which
takes only O( (n)) time® while still performing O(n) work (For details, see Section 3.1).

Summarizing the discussion above, we need three procedureslode-Node , Node-Edge and
Edge-Edge . In addition, we need a procedure to generate the merged treence we have found
common strings. We call this last procedureMerge-Paths and use these four together to imple-
ment Merge-Trees . See Section 3.1.

Lemma 3.6 Procedure Merge-Trees can be implemented inO(log n=log logn) time and O(n)
work w.h.p. if s is drawn from an alphabet of sizeO(polylog n) and in O(log n=loglogn) time
and O(nlog logn) work w.h.p. if it is drawn from an alphabet of sizeO(poly n); in both cases, the
space is linear. All calls to procedureMerge-Trees over all recursive levels takeO(log n) time
and O(n) work w.h.p. and useO(n) space.

From the preceding sequence of lemmas, we can conclude Thear 3.2. In what follows, we will
describe one of the important procedures, namely that for tee merging.

3.1 Tree Merging

Recall that procedure Merge-Tree is implemented by rst nding common strings represented
by the odd and even trees (using proceduredlode-Node , Node-Edge , and Edge-Edge ) and
nally building the merged tree around this core of common stings (using procedure Merge-
Paths ). Note that any pre x of a common string is also a common string, thus, to represent all
common strings, it su ces to determine common strings which are maximal. In the discussion that
follows, such maximal strings will be referred to asexplicit strings and their pre xes will be referred
to as implicit. ProcedureMerge-Tree relies on the following analysis of strings common to both
trees.

The simplest of common strings is a Node-Node string. De ne a anchor pair to be a pair
(u;v), u2 Ty), v 2 Te) such that their strings are the same; each such node is calliean anchor.

Property 1 For any two anchor pairs (uy;vi) and (uz;Vvz), (Ica (uz;uz);lca (vi;vz)) is also an
anchor pair.

SHere () is the inverse Ackerman function.



Consider any node in one of the trees which has an anchor deswant. Clearly the string that
corresponds to this node is represented in the other tree asell. Therefore, the set of all anchor
pairs implicitly de nes all such common strings. So in searbing for Node-Edge strings, we need
only consider nodes with no anchor descendants.

Let a side treebe a maximal component such that no node in the side tree is anrechor node or
has an anchor descendant. De ne aide tree pairto be a pair of side trees such that the parents of
their roots form an anchor pair, and the rst character on the edge for the anchor pair to the roots
is the same. Node-Edge strings which occur in side trees mustccur in a side tree pair. Within
a side tree pair, de ne a node to beactive if its string is a Node-Edge string, that is, if it occurs
in an edge of the paired side tree. It can be easily shown thathe least common ancestor of two
active nodes is an anchor unless one is an ancestor of the otheSince there are no anchors in a
side tree, this implies the following property.

Property 2 Active nodes within a single side tree are linearly orderedjn fact, they form a path
from the root of the side tree.

Fix a side tree pair and consider all its active nodes. Letu be the active node with the longest
string in either of the trees. Let VW be the edge in the other tree such that the string ofv is a pre x

of the string of u which is a pre x of the string of w. Suppose we insert a node’into the edge vw
such that the string of u® equals the string ofu. We will call such a pair (u;u9 a pseudo-anchor
pair and call each node gpseudo-anchor Observe that once we have created a pseudo-anchor pair,
it implicitly represents all Node-Edge strings in its side tree pair.

It remains to consider Edge-Edge strings. In fact, we need dg consider those which are not
implicitly represented by anchors or pseudo-anchors. Thes Edge-Edge strings occur within edge
pairs that have the following property: either the edge pairs come o0 pseudo-anchor pairs, or they
are the edges connecting the roots of a side tree pair to themnchor pair parents, in the case where
there are no active nodes in that side tree pair. Recall that he side tree pairs were limited to hang
o of anchor nodes; the stated property for edge pairs gives aimilarly useful restriction to the
location of relevant Edge-Edge pairs.

Finally, we must nd the longest shared Edge-Edge string within an edge pair, since such a
string implicitly represents all Edge-Edge strings within an edge pair. As before, we will intoduce
a re nement node into each edge. The placement of the re nemet nodes within the edge pair gives
us enough information to complete the structural merging ofthe even and odd trees, and as before,
we nish merging the trees before resolving the lengths of tk strings at re nement nodes. Just
as in the sequential algorithm, we can de ne and constructd(r) for any re nement node r, and as
before, the length ofr depends on its depth in the tree de ned byd( ). It would appear that such
a depth computation takes O(log n) time by tree contraction. We circumvent this by the followi ng
observation. De ne a re nement node r to be deepif d(r) is a re nement node; otherwise, it is
shallow

Property 3 If deep noder has leaf descendant;, then the re nement node ancestor oflj+; is d(r).

Thus, nding the depth of r in the d() tree is reduced to nding the smallestj >i such that the
re nement node ancestor ofl; is shallow. The linear ordering of the su xes allows us to nd such a



j for all'i in o(log n) time with optimal work. See procedure Refine in the implementation details
below.

Implementation Details. To implement Merge-Tree  we need only implement procedures
Node-Node , Node-Edge , Edge-Edge , Merge-Paths , and Refine .

Node-Node : We hash the ngerprints of the node strings in one tree and lok up the n-
gerprints of the node strings of the other tree. This gives tle Node-Node strings. Time:O(log n).

Node-Edge : Since the active nodes are linearly ordered, searching fahe pseudo-anchor is
reminiscent of nding the leftmost 1 in a 0=1 array. The tree structure adds complications which
we overcome by random sampling of the leaves. TimeO(1).

Edge-Edge : Once we have found the pseudo-anchors, inserting the re maent nodes is trivial.
Time: O(1).

Merge-Paths : We resort to techniques which we use to implementUnname and which will be
outlined in Appendix B. The crucial lemma is Lemma B.1. This step requires integer sorting and
thus is both the time and work bottleneck (Lemma A.2).

Refine : We easily compute thed pointers and have each re nement node determine if it is shal
low or deep. Each leafl; determines if it has a shallow ancestor, and if so, markg\[i] =1 in some
work array A. All other positions of A get marked with 0. Now an all-nearest-ones (Lemma A.5)
computation gives the depth of each re nement node in thed tree. Time: O( (n)).

Taken together we achieve the bounds stated in Lemma 3.6. Puwfs of the properties mentioned
in this section as well as technical details of the implemerdtion are omitted here.

3.2 Unbounded Alphabet Su x Tree Construction

As mentioned earlier, we solve thaenaming problemwhich is a generic reduction from strings over
unbounded alphabet to binary strings. Speci cally, we will show the following result. Given an
array A of sizen consisting of n elements from an ordered universe, we provide a randomized
algorithm Rename which outputs a sorted array containing only the distinct elements ofA; this
algorithm takes O(log ) time and O(nlog ) work w.h.p. An n character string can then be
represented as amlog bit string, and the su x tree construction algorithm for bin ary strings
can then be applied; we omit the details for accomplishing tlis.

The renaming problem can be recast into a broader setting by kewing it as a form of input-
sensitive sorting. In regular sorting each element is assiged its overall rank while in input-sensitive
sorting, each element is assigned its rank from amongst theistinct elements. This di erence is
crucial since the former problem has a lower bound of (logn=loglogn) time even when =
2 [BH8T]; in contrast, our algorithm for renaming takes O(1) time for any constant

In the sequential comparison model, renaming take®©(n log ) time, even though is unknown.
In the PRAM model, not knowing  implies that no more than O(n) processors can be allocated
for a problem instance of sizen, and a lower bound of (log ) on the running time for any work-
optimal algorithm for this problem follows. Thus the algorithm we present here is in factboth time
and work optimal for the renaming problem.

Now we present a sketch of our algorithm.



Lemma 3.7 Given an array A of sizep n with k distinct elements, we canRename A in O(log k)
time and O(n logk) work.

Lemma 3.8 Given an array A of sizen, a sample S in which each element fromA is chosen
independently and randomly with probabilityp, with K being the set of distinct elements fromS,
let k = jKjand letA K be the compacted array in which all elements fronk are removed from

array A. Then, A K is of size O(k'o%) w.h.p.

If we choose a (quadratically) small sample from our input aray, we can rename it within our
target time bounds using Lemma 3.7. As a byproduct of such a pscedure, we can get a lower
bound on k, the number of distinct elements. Further, if we nd that thi s lower bound is large
(say ( nt™)), then we can sort the array directly, via Cole's Mergesort [Col86], and determine
the output by directly computing the rank of the distinct ele ments via pre x sums. Otherwise,
the lower bound is small and since we prove in Lemma 3.8 that ahost all elements of the input
array are represented in our sample, we can recurse on the (pportionally) smaller surviving set
by eliminating those represented in the sample from furtherconsideration. We will show that
we terminate after only a constant number of roundsof this procedure. Full details are in the
Appendix E. Note nally that we are always compacting polynomially small subsets of arrayA, so
this can be done inO(1) time w.h.p. and linear work by Lemma A.4.

4 Discussion

In this paper, we settle a long standing open problem in strimology by giving a log time, linear
work su x tree construction algorithm. Just as importantly , we have given an algorithm with a
very simple sequential version, one which di ers considerly from the amortization based algorithm
known heretofore. We leave as an open problem to give a lineavork logarithmic time deterministic
algorithm for this problem.

Although several sequential uses of su x trees are known, ofimal parallel algorithms for these
applications of su x trees are open. Only recently optimal use of su x trees was developed for
some applications, namely in dictionary matching and compession [FM95]. Using our su x tree
construction algorithms to feed the applications in [FM95] gives the fastest work optimal algorithms
for the problems there. But optimal parallel usability of su x trees for other applications remains
to be explored.
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Appendix

A Tools
In this section we state a menu of results used throughout thepaper.

Lemma A.1 ([KR87]) Given a string s of length n, there exists a functionf (i;j ) which can be
computed in linear work and O(log n) time such that for anyi;j;k , if f (i;i + k) 8 f(j;j + k) then,
sli:::i +k]6 s[j:::j +K],and if f(i;i + k)= f(j;j + k) then, s[i:::i + k] = s[j:::]j + K] with
probability at least1 1=n3.

Lemma A.2 Given n integers in the rangel:::nlog®°® n there is a randomized algorithm to sort
them in O(log n=log logn) time and O(n) work [RR89, Hag91, MV91, Ram90].

Given n integers in the range 1:::n°W there is a randomized algorithm to sort them in
O(log n=log logn) time and O(nloglogn) work [BDH™* 91].

Given n items, there is an algorithm to comparison-sort them inO(log n) time and O(n logn)
work [Col86].

Lemma A.3 ([GMV91]) Given n integers in the rangel:::n°® there is a randomized algorithm
to insert them into a O(n) space hash table iMO(log n) time and O(n) work. Items can then be
looked up in constant time using a processor each.

Given n integers in the rangel:::n°® there is a randomized algorithm to insert them into a
O(nlogn) space hash table imD(1) time and O(n) work. Items can then be looked up in constant
time using a processor each.

Lemma A.4 ([BDH92, Goo91l)) Given an array of sizen with n selected items for xed positive
1=2, there is a randomized algorithm to compact the selected ites into an array linear in the
number of selected items inO(1) time and O(n) work.

Lemma A.5 ([Rag90]) Given a 0=1 array of size n, there is an algorithm to nd the nearest one
to the right from each position which works inO( (n)) time and O(n) work.

Lemma A.6 ([CV89)]) Given an array of n numbers each ofO(log n) bits, their pre x sums can
be computed inO(log n=log logn) time and O(n) work.

Lemma A.7 ([BV89]) Given the Euler tour of a tree, there is an algorithm to prepraess the tour
so that Least Common Ancestor (LCA) queries can be answerechiO(1) time with one processor.
The preprocessing time isO(log n=loglogn) and the work isO(n).

B Unnaming

We show how to implement procedureUnname so that T, = Unname (T9. Unname can be imple-
mented trivially in a tree representation of T%n O(log n) time, as follows. We work independently
on each node and consider the rst character labeling each ege. This character in T?is a pair of
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characters in To. Say TJis derived from T? by substituting the appropriate tuple of characters for
the rst symbol on each edge of T®. Then we may note that the edges descending from each node
of T9 need not dier in the rst character, so TJis not a well formed trie. For example, suppose
that node v in T%has descendant edges whose rst character are and . Now, to derive TS, we
substitute for and their respective character tuples, which, for the sake of lLstration, we take

to be aa and ab. Now note that v in T? has two children whose edges are labeled with aa, thus
violating the de nition of a trie. In a pointer tree, we can ju st hash all edges bytp;d pair, wherep

is the parent and c the rst character on the edge in TS. All collisions in the hashing represent new
nodes that must be introduced to group a set of edges. The potars can then be reset in constant
time, and the only bottleneck is hashing.

However, as noted above, we cannot a ord to work in the pointe representation since other
operations in this representation take O(log n) time. We instead sketch a method for unnaming in
the Euler tour representation which performs within the bounds promised in Lemma 3.3.

The main di culty in manipulating Euler tours can be seen as f ollows. Consider relabeling
the edges inT%to get T as mentioned earlier. Clearly, the children of each node wih share the
rst symbol along the edge to each of them get grouped togethe Therefore, the Euler tours of
the subtrees under the children in a group occur together inT,. However, the task is much harder
than merely removing portions of T corresponding to the subtrees under the nodes in each group,
and putting them together. This is because for the subtree uder a given node in a group, such a
rearrangement of Euler tours needs to be performed at each me within the subtree. Thus T, is
actually an appropriate rearrangement of the Euler tours ofthe children of T.

We rely on the following simple lemma to construct the desir@ Euler tour T,.

Lemma B.1 If, for each nodev in a tree T we knowd, and |, where d, is the number of descen-
dant leaves ofv and I, is the number of leaves which are visited before in a presrder traversal
of T, then we can build the Euler tour of T work-optimally in O(log n=loglogn) time and linear
space.

Proof: Each nodev with parent p will Il in two pieces of information in the Euler tour: it wil |
write down a v before in an array such that it comes before the Euler tour of he subtree rooted
at v, and it will write a p just after the subtour of v is complete. It is easy to see that such a tour
is a correct Euler tour of T. But v can estimate the locations where it must write by d, and |, by
noting that an Euler tour of an m leaf tree is of size ho more than ih. So, nodev writes a v in
position 4l, + 1 and writes a p in position 4d, + 41, + 1. To nish the computation, the resulting
tour, which may have gaps, is compacted into a contiguous aay. |

Therefore, to compute Ty, we need to getd, and |, for each node inT,. Very briey, we can
compute dy for all nodes in T% Then, we sort the nodes inT? according to hp; d, as before. We
can now add up thed,'s for all nodes with the same parentp and initial character c. This gives
the I, for all \new" nodes which we must introduce into T,. Now, we must compute thel,. But if
each node computes how may leaves there are to the left of @mongst its sibling and such a value
is called Il say, by pre x sums, then the |, value of each node is the sum of thdl values for the
path from the root to v.

Note that all the operations are pre x sums except for the integer sorting of thehp; d. In fact,
the sorting is the bottleneck, but we resort to Lemma A.2 to ohtain the desired overall bounds.
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C Odd to Even

Let ¢ denote all those symbols ins which appear at even positions. Given a set of odd indices
in s, the skeleton treefor | is the compacted trie of thei-su xeswhere i 2 |. Givena 2 , a-class
comprises all indices 2in s, for integral i > 0, such thats[2i 1] = a.

Notice that the tree Tg is a root node with an a-child for each distinct symbola 2 .. At the
a-child, the skeleton tree for the a-class hangs. Therefore, the Euler tourTe is derived from the
Euler tours of each of the skeleton trees. In what follows, walescribe how to generate the Euler
tours for the skeleton tree for a-class, contiguously, in left-to-right increasing order d a 2 in
array E.

We sort the leaves into a-classes by assigning each ledf the tuple a;L  wherelL is its
location in Ty, andi is in the a-class. Within eacha-class, consider two consecutive leavds and |; .
Let v be their Ica. We note that the Ica algorithm of [BBG * 89] actually returns the occurrence of
v in the Euler tour T, which comes betweerl; and |;. If we compute Ica's of all adjacent leaves, we
get all nodes in the skeleton tree for thea-class. In fact, we get all nodes in the Euler tour of the
skeleton tree except the rst and last occurrence of each irgrnal node. Finally we note that the
rst and last occurrence of any node inT, is in the same relative order as in thea-class. Now the
algorithm consists of sorting leaves bya-class, computing the Ica's of adjacent leaves and having
each internal node ndits rst and last occurrence in T,. Finally, we sort all leaves and the internal
nodes according to the tuple of theira-class along with their index from T,. The bottleneck in this
procedure is integer sorting. We achieve the bounds claimeih Lemma 3.5 by applying Lemma A.2.

D Checking the tree

We are given a su x tree whose correctness we want to determie. Each node in a su x tree
represents a string, and, when the context is clear, we will efer to a node and its string inter-
changeably. Recall that we denote theith sux as |;. Suppose thata is a node in the tree,
where a is a character and is a string. Then, it is easily shown that is also a node in the tree.
Setsl(a )= to bethesuxlink ofa . Note that sl(l;) = lj+1. The function sl can be easily
computed by hashing the ngerprints of the nodes. For each ede Xy let substr(Xy) be the su x
of y of length jyj j Xj. The function substr can be computed directly fromx and y.

Lemma D.1 The input tree is correct if and only if the following hold:
If y is a child of x, then sl(y) is a descendant ofsl(x) and x and y begin with the same character.

character.
If r is the root, thenjrj=0. If y is a child of x, then jyj > jx|.
For each nodex, jsl(x)j = jxj 1.

Proof: Consider 2 su xes of the given strings; let x and y be the leaves representing them. Let
be their LCA. Let u be the longest common pre x of the two su xes. Suppose for a catradiction
that jstr(z)j & juj. Let z (resp. X;j;yi) be the nodes su x of z (resp x;y) of length i. There are
two cases.
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First, consider the case when thguj < jstr (z)j. Consider zj,;; X;yj; Yjuj- Note that by check 4,
jstr(zjy;)i = Jstr(z)j j uj > 0O, and therefore, by check 3z, is not the root. By check 1, X;y;; Yjy;
are both descendant leaves of;,;. Further, str(x;,;) and str(y;,;) dier in the rst character. It
follows that for some edge &;b) on the path from z,; to either x;,; or y;,;, b a child of a, str(a)
and str (b) di er in the rst character, which contradicts check 1.

Next, consider the case wherjuj > jstr(z)j. Let x%y°be the children of z which are ancestors
of x;y, respectively. By check 2, the [str (z)j + 1)th characters of str (x9 and str (y9 are di erent.
Sincejuj > jstr(z)j, the (jstr (z)j + 1)th characters of str(x) and str(y) are identical. Let a;b be
the leftmost descendant leaves ok®y° respectively. By de nition, str(x9:str (y9 are pre xes of
str (a); str (b), respectively; therefore the (str (z)j+1)th characters of str (a) and str (b) are di erent.
It follows that the ( jstr(z)j + 1)th characters of either str (x);str (a) or str(y);str (b) are di erent.
Without loss of generality, assume that the (str (z)j + 1)th characters of str (x); str (a) are di erent.
Let ¢ be the LCA of x;a. Then c is a descendant ofx® Further the longest common pre x of
x;a has length at most jstr (z)j which is less thanjstr (c)j by check 3. The case in the previous
paragraph holds with x; a;c replacing x;y;z. Repeating the argument in the previous paragraph
gives the necessary contradiction. |

E Renaming

We solve a related problem calledistinctSort in which we will output the sorted list of only the
distinct items from the input array. Once this list has been computed, each element ofA can nd
its rank in O(log ) time with a single processor via binary search, thus complieng the computation
for renaming.

Given quadratically many processorsDistinctSort can be performed as follows.

Lemma E.1 Given an array A of size pﬁ with k distinct elements, we can sort the distinct
elements ofA in O(log k) time and O(n logk) work.

Proof:

1. Each elementA[i] is assigneo]O n processors, with which it checks in constant time if it is the
leftmost occurrence of its value in the array. If not, A[i] becomes inactive.

2. Each active elementA[i] nd its nearest preceeding active neighbor in constant time via the
rightmost-ones algorithm of [FRW84] using a total of n processors.

3. A list ranking is performed by pointer doubling on the active ebements ofA. They are thus
placed by rank in a new array B. This takes O(log k) time and ™ n processors.

4. The elements ofB are sorted via Parallel Mergesort [Col86], inO(log k) time with k processors.
[ ]

The algorithm is then as follows. Below we usgAj to denote the size of an arrayA.
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DistinctSort  (C[1; m]): Procedure to nd the distinct elements of array C and sort them,
using n processors.

p

1. Ifm n, exit from the recursion and apply Lemma E.1.

p_
2. Set = Wz‘]n Independently select each element o€ with probability . (Therefore, we

expect to have selecteolO n=logn elements.)
3. Compact the selected items fromC into an array D; See Lemma A.4.
4. Sort the unique elements ofD into array E via Lemma E.1.

5. IfJEj n™™, exit from the recursion and sort C directly using Mergesort [Col86] and deter-
mine the output by directly computing the rank of the distinc t elements via pre x sums.

6. Each elementC]Ji] searches for its value inE via binary search with a single processor. If its
value is found CJ[i] becomes inactive. Otherwise it remains active.

7. The active elements ofC along with the elements inE are compacted intoF. Return the list
output by DistinctSort  (F).

To solve our problem, we need to invokeDistinctSort ~ (A[L; n]).

E.1 Analysis

We rst prove some general lemmas.

Lemma E.2 Given an array A of sizen, a sample S in which each element fromA is chosen
independently and randomly with probabilityp, with K being the set of distinct elements fromS,
let k = jKjand letA K be the compacted array in which all elements fronik are removed from
array A. Then, A K is of size O(klogn=p) w.h.p.

Proof: Let B be the sorted array of the elements inA. Notice that selecting elements indepen-
dently at random in A is equivalent to doing so inB, so our argument will proceed by considering
B. For our proof, we considerB. The items in S divide B into disjoint intervals. Consider an

elementAli]. Suppose it lies in the interval between two elements of in B and these two elements
are both equal to, saye. Then it follows that A[i] = e sinceB is sorted. In that caseA[i] cannot

be in A K. Therefore the size ofA K is at most the total number of elements inB that lie

in any interval between two elements ofS that are distinct. Note that there are at most k such
intervals. In what follows we will prove that w.h.p no interv al has (log n=p) elements; that would

prove jJA  Kj= O(klogn=p) w.h.p. We have

Pr(Some interval has | elements) = No. of intervals Pr(An interval has | elements)

nit p)
ne P since(l x) e *forx<1
1=n° for any constant ¢ setting | = O(log n=p)
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It follows that w.h.p. no interval has (log n=p) elements. That proves the lemma. |

Lemma E.3 DistinctSort performs only O(1) recursive rounds.

Proof: We will simply unravel the rst few rounds of recursion and determine the sizes of various
arrays. Let the subscripti denote theith round of recursion with any parameter in the algorithm.
For the top level, i = 1; thus my =1 and ;= pﬁgn SincejE4j < n ¥ for round 2 to begin,
we have my = O(@) = O(n%*log®n) by applying Lemma E.2. Then , = ( W—n
and mz = O(n*2log®n) if round 3 commences. Continuing similarly, 3 = (1 =log®n) and
ms = O(n¥™log*n) if round 4 commences. Butms = O(n*™*log*n) n'2 for su ciently large
n. Thus the recursion cannot proceed beyond that round (that B, round 4) in Step 1. That proves
the lemma. ]

Now we can complete the argument to conclude

Theorem E.4 DistinctSort takes O(log ) time and O(nlog ) work on an arbitrary CRCW
PRAM w.h.p.

Finally as remarked earlier, the renaming problem can be sokd in O(log ) time and O(nlog )
work once DistinctSort is performed. This proves our result.
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