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Abstract

We consider the problem of fitting an n x n distance matrix D by a tree metric 7. This
problem is NP-hard for most reasonable distance functions between D and T'. Recently, an
approximation algorithm was presented [1] which achieves a factor of 3 approximation to the
Ly best fitting tree. We call this method the Single Pivot (SP) heuristic

Within the biology community, the so-called Neighbor-Joining (NJ) heuristic [14] has wide
acceptance. In this paper, we introduced a new Double Pivot (DP) heuristic, which is an
extension of the SP heuristic, and show that DP outperforms NJ on biological and random
data.
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1 Introduction

One of the most common methods for clustering numeric data involves fitting the data to a tree
metric, which is defined by a weighted tree spanning the points of the metric, the distance between
two points being the sum of the weights of the edges on the path between them. Not surprisingly,
this problem, the so-called Numerical Taronomy problem, has received a great deal of attention
(see [2, 16, 17] for extensive surveys). Fitting distances by trees is an important problem in many
areas. For example, in statistics, the problem of clustering data into hierarchies is exactly the tree
fitting problem. In “historical sciences” such as paleontology, historical linguistics, and evolutionary
biology, tree metrics represent the branching processes which have led to some observed distribution
of data. Thus, the numerical taxonomy problem has been, and continues to be, the subject of intense
research.

In particular, consider the case of evolutionary biology. By comparing the DNA sequences of
pairs of species, biologists get an estimate of the evolutionary time which has elapsed since the
species separated by a speciation event. A table of pairwise distances is thus constructed. The
problem is then to reconstruct the underlying evolutionary tree. Many heuristics for this problem
appear in the literature every year (see, e.g., [17]), although the Neighbor Joining (NJ) heuristic of
Saitou and Nei [14] remains the method of choice within the biology community.

The numerical taxonomy problem is usually cast in the following terms. Let S be the set of
species under consideration.

The Numerical Taxonomy Problem
Input: D:S5? — $>0, a distance matrix.

Output: A tree metric T which spans S such that the distance from 7' to D is minimized.

This definition does not specify a distance function. Since T is simply a matrix of distances!, we

can take any standard distance function between matrices, such as L1, Lo, or L,,. That is, for some
ke {1,2,...,00}, we want to find a tree metric 7' minimizing Ly(T — D). We can similarly seek
to minimize the relative error, which is defined in terms of percent change, rather than absolute
change. Another type optimization criterion used in the biology literature is the so-called Minimum
FEvolution Criterion (ME). Here we seek the tree T', such that T'[Z, j] > DJ¢, 7], for all ¢ and j, and
such that the sum of the weight of the edges in 7" is minimized. This is the Steiner Tree problem
for tree metrics.

History The numerical taxonomy problem for additive metric fitting under Lj; norms was ex-
plicitly stated in its current form in 1967 [5]. Since then it has collected an extensive literature.
In 1977 [20], it was shown that if there is a tree T coinciding exactly with D, it is unique and
constructible in linear, i.e., O(]|S|?), time. Unfortunately there is typically no tree T coinciding
exactly with D, and in 1987 [7], it was shown that for L; and L., the numerical taxonomy problem
is N'P-hard. In [1], it was shown that the numerical taxonomy problem is A'P-hard for L. In fact,
it was shown that finding a tree within 9/8ths of optimal is AP-hard for this criterion. Additional
complexity results appear in [19].

In [1], the first positive result for numerical taxonomy was presented. They showed that if ¢
is the distance to the closest tree metric under the L, norm,i.e., ¢ = ming{L. (T — D)}, then it

'If a matrix exactly fits a tree metric, then the tree is unique, so a tree metric is equivalently represented by the
matrix or the tree



is possible to construct a tree T' such that L, (T — D) < 3¢, that is, they gave a 3-approximation
algorithm for this problem.

Their result is achieved by transforming the general tree metric problem to that of ultrametrics
with a loss of a factor of 3 on the approximation ratio. An ultrametric is a tree metric in which
the tree can be rooted so that the root is equidistant from all points of the metric. In [9], it was
shown that under the L., norm an optimal ultrametric is polynomially computable, in fact in linear
time. For reasons described below, we will refer to the heuristic from [1] as the Single Pivot (SP)
heuristic.

Our Results While the SP heuristic has good worst-case behaviour, it was not clear from the
analysis of [1] how it would perform on real data. Furthermore, the analysis of SP showed that
its worst-case behaviour is good for L, but not for other norms, for relative norms, or for the
minimum evolution criterion. Indeed, while the trivial 2-approximation via MST holds for this
type of steiner tree problem, the ultrametric transform is an unlikely approach for the minimum
evolution criterion, since in [9] it was shown that the minimum evolution criterion for ultrametrics
is as hard to approximate as graph coloring. Thus the performance of SP for biological data was
unclear.

In this paper, we introduce an extension of SP, which we call the Double Pivot (DP) method.
We present experimental results for the performance of SP/DP versus NJ. We show that SP/DP
outperforms NJ on both biological and random data, for almost all standard evaluation criteria. All
software written for this paper is available from http://paul.rutgers.edu/~jaimecoh/Pande.

The paper is organized as follows. After some preliminary definitions in Section 2, we describe
the single and double pivot methods, as well as Neighbor Joining in Section 3. In Section 4, we
outline the design of our experiments and give results. We conclude in Section 5.

2 Preliminaries

2.1 Metrics

We present some basic definition.

Definition 2.1 A metric on a set S = {1,...,n} is a function D : §? — >0 such that
e Djz,y|=0 <= z =y,
e Dlz,y] = Dly,z],
e Diz,y] < Dz, z] + D]z, y] (the triangle inequality).

Likewise, D : §% — R0 is a quasi-metric if it satisfies the first two conditions. For (quasi-)metrics
A and B, A+ B is the usual matrix addition, i.e., (4 + B)[s, j] = A[¢, 7] + Bls, j]-

Definition 2.2 A (quasi-)metric D is (quasi-)additive if there ezists a weighted tree T spanning
the points of the metric such that DI[i,j] is the path length in T from i to j.

Definition 2.3 An additive metric D is an ultrametric if its tree T can be rooted so that all points
of the metric are equidistant from the root.

Definition 2.4 A quasi-metric D is a centroid quasi-metric if 311, ..., 1, such thatVi # j, D[i,j] =
L + lj.



A centroid quasi-metric D is a centroid metric if [; > 0 for all . A centroid metric is a type of tree
metric since it can be realized by a weighted tree with a star topology and edge weights [;.

2.2 Optimization Criteria

The k-norms are formally defined as follows.

Definition 2.5 For n X n real-valued matrices M and k > 1, define the k-norm by

Lu(M) = (X | M[5, 4] %)

1<J

Loo(M) =r51<ajx{| M3, 5]}

Definition 2.6 We define the k-norm distance as Ly(A, B) = Ly(A — B). We define the k-norm
increment distance as

L}(A,B) = {Lk(A,B) if Vi, j Ali,j] > Bli, jl;

o0 otherwise.

Lt (4,B)= {Loo(A,B) if Vi, j Ali,j] > B3, j);
eorT 00 otherwise.
1
k) k

el ) = (|5 )

We define the relative k-norms distance as

B3, j]

Ri(A,B) = (Z

1<j

3 Heuristics

3.1 The single pivot (SP) Heuristic

Suppose T is a tree which defines a tree metric over some subset S of its vertices. Suppose we
want to convert a weighted tree 7" into an ultrametric on the leaves of T, that is, we want to root
T at some point and lengthen the edges incident on the leaves, which we will henceforth refer to
as stems, until they are equidistant from the root. Notice more generally that we can take any
internal node from the set S to be a leaf connected to 7' by an edge of length 0, and so we can
include internal nodes of T' in our ultrametric. Thus this procedure will convert an arbitrary tree
metric into an ultrametric. We need only specify how we pick the root of the ultrametric.

In [1], an arbitrary a € S was chosen as the root. There they showed that the following mapping
converts T into an ultrametric rooted at a. Let m, = max;{D]a,i]}. Let C* be the centroid metric
with I; = m, — Dla, 1], i.e., C%¢,j] = l; + I; = 2m, — D[a,i] — Dla, j]. In this case, we say that a
is the pivot. Notice that C'® is a matrix defined only in terms of T' and a, and so it is well defined
whether T is a tree metric or not. The following lemma relates the structure of 7' and 7'+ C*.

Lemma 3.1 ([2, Th.3.2]) For all a, D is quasi-additive if and only if D 4+ C* is ultrametric.



Thus, if D is not a tree metric, D + C® is not an ultramtric. The insight in [1] is that D + C* can
be mapped to its closest ultrametric via the algorithm in [9]. Let U(D + C?) be the ultrametric so
derived. Then we would like to set T' = U(D + C*) — C®. Unfortunately, T need not be additive,
as the following lemma shows.

Lemma 3.2 ([2, Cor.3.3]) Given an additive metric A and a centroid quasi-metric Q, A+ Q is
additive if and only if A+ Q satisfies the triangle inequality.

In particular, we are subtracting C* from U(D + C?), and when we do so, some of the stems
leading to leaves might become negative. In [1], it was shown how to fix this problem, and we refer
readers to their solution. Their modification, which changes the function U() so as to guarantee
that T = U(D + C®) — C*® satisfies the triangle inequality, yields a three approximation for the L.
criterion, no matter which a is chosen.

3.2 The Double Pivot (DP) Heuristic

The SP method above suggests that other methods for picking the root of the ultrametric will
yield a different heuristic. In this section, we use this idea to derive a new heuristic. In particular,
suppose we pick two arbitrary points a,b € S, which we call a pivot pair. Then we can root T at
their midpoint and find the ultrametic so defined. In particular, we must derive the correct centroid
C? which will yield the desired ultrametric, which we do as follows.

Let mg = max;{D[a,i],D[b,4]}. Let C® be the centroid metric with ; = m, —
max{D[a,i], D[b,i]}. Then, if D is an additive metric, D + C® will be an ultrametric rooted
at the midpoint between a and b. As above, we show that

Lemma 3.3 For all a,b, D is quasi-additive if and only if D + C® is ultrametric.

So the DP heuristic is as follows. Pick a pair a,b € S (or try all pairs to see which one give the
best answer). Qutput 7 = U(D + C%) — C%. As before, we need to make sure that T is a tree,
and we refer the reader to [1] for the details of how this is done. We conclude with the following.

Lemma 3.4 The DP heuristic yields a 3-approzimation for the L., Numerical Taxonomy problem.

Proof: Similar to [1]. ]

3.3 The Neighbor Joining (NJ) Heuristic

The NJ method works by repeatedly finding siblings s; and s;, and collapsing them into a single
node s. We then set distances from s to all remaining nodes of the tree as follows. Let a; and as
be the average distances from s; and s, respectively, to all other nodes. Then we can estimate the
distance D[s, s1] to be (D[s1, s2] + a1 — a2)/2, and similarly for D[s, s2]. Now, for any other node
n, D[s,n] = D[s1,n] — D[s, s1]. Delete s; and s, and iterate.

The question is then how to find a sibling pair. Let a; = >7_; D[4,j]/(n — 1) be the average
distance from ¢ to the other points of the metric space. Then it can be shown that if D is an
additive metric, the pair ¢, j minimizing D%, j] — a; — a; must be a sibling pair. The NJ method
selects the pair which minimizes the quantity at each stage to be the sibling pair.



3.4 Local optimization

A generic sort of heuristic for optimization problems is to make a local change in the structure of
a solution and see if the answer gets better. The form this heuristic takes depends in two ways on
the problem being studied. First, what kind of local change in the structure is appropriate, and
second, how does one choose from amongst the possible changes for a possible improving change?

In tree construction, there is often a strong signal of where the local structure of a tree is faulty.
Suppose we want to find the tree T = (V, E, W) which minimizes some criterion $,(7). For any
particular topology S = (V, E), let W = ¢p(S) be the edge weighing function that minimizes
& ((V, E,W)). So, for example, if ®3/(T') = L1(T, M), then for any topology S, ¢nr(5) gives the
Lq best fit of S to M.

Now, suppose we want to find the 7 minimizing ®7(7"). Further suppose that we have some
candidate S. Consider W = ¢ps(5). If W associates a negative length to an edge e, then it almost
certainly the case that the topology around e is incorrect [8].

We can modify S by one of two possible Nearest Neighbor Interchanges (NNI), to yield S; or
S2 (See Figure 3.1). We then check to see if S; or S, yields a better answer. This NNI based
local optimization is part of standard practice (See Phylip manual). However, the use of negative
edges under ¢;s optimization was only recently introduced [8]. We will therefore only consider
tree optimizations ®ps for which solving ¢ is polynomially computable, in particular by linear
programming. These include L., Ly, LT, Li", R, Ry and Minimum Evolution.

NN WYY

Figure 3.1: Ilustration for the Nearest Neighbor Interchange (NNI). (@) The original tree. (b) and (¢) The
trees obtained by the NNI operation.

4 Experimental Results

4.1 The data

We consider the performance of NJ and SP/DP on both biological and randomly generated data.
The biological data consist of twenty distance matrices ranging in size from six to twenty taxa.
These matrices can be found in [3, 4, 6, 10, 11, 12, 13, 15, 18].

Two types of random data were generated. In both, we start with a random tree and produce
its pairwise distance matrix. Then a noise factor is inserted into every entry. In the first type,
we insert both positive and negative noise and in the second, only negative. This latter case is
meaningful because in some cases, measured biological distances will be an underestimate of true
distance. The noise was generated by a normal distribution with mean zero and different standard
deviations for each of four different groups of matrices. These are five, ten, fifteen and twenty.
When such a number is generated for an entry, this is taken to be the percent change of the value
in that entry. Matrices having ten and fifteen taxa were generated. A total of forty matrices of
each type were used, five for each combination of standard deviation and size. The matrices of the



first type were used in the experiments for the L., L1, R, and R; criteria and the ones of the
second type for LY, LT, R and R and ME.

4.2 Experiments

How the trees were compared Since it is the topology itself which is usually the most mean-
ingful part of the output in a Numerical Taxonomy problem, trees should be compared on the
basis of their optimal edge lengths. The trees produced by the heuristics do not necessarily have
optimal lengths for any criterion. Therefore these lengths must be computed by solving the cor-
respondent LP. However, these LP instances have n - (n — 1)/2 constraints and from 2 -n — 3 up
to2-n—3+4n-(n—1)/2 variables. Therefore the time needed to solve these problems cannot be
neglected.

The SP/DP outputs one tree which is chosen after considering each possible pivot pair. This
choice can be made in two ways: by computing the optimal edge lengths for every tree or by using
the original edge lengths produced by the algorithm. The first method is likely to produce a better
solution while the second is much faster. We ran SP/DP using both alternatives and results are
shown bellow. Note however that even in the case that LP was not used, the comparison of the
trees produced by SP/DP and NJ was done with both trees having optimal lengths. For each
criterion, a different LP was used, so that trees were always tuned for the particular comparison at

hand.

Heuristics with no local optimization We first compared the tree produced by NJ and SP/DP
on the data. No local optimization (NNI) was applied. In these experiments SP/DP tried all choices
of pivots, but the best tree was selected without running LP for each tree.
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Figure 4.2: Comparison between NJ and SP/DP without LP. The values are the percentage of
instances in which each algorithm found a better solution.

For each criteria analyzed, the comparative performance between NJ and SP-DP had significant
variations. Figure 4.2 show the results for all absolute distance criteria. The values shown are the
percentage of instances for which each algorithm found a better solution (the complement of their
sum being the percentage of instances for which solutions with same values were found).

From our current theoretical knowledge, it was expected that SP/DP would perform well under
L, and this was confirmed by the experiments. Also under L} the SP-DP found better solutions.
For the other criteria NJ had the better performance.

Heuristics with LP  As before, we report the relative performance of NJ vs. SP/DP, this time
SP/DP chose the best tree by first computing the optimal edge lengths of the trees produced by
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Figure 4.3: Comparison between SP/DP with LP and NJ. The values are the percentage of instances
in which each algorithm found a better solution.

each choice of pivot. As shown in the Figure 4.3, the SP/DP method sometimes found better
solutions than NJ, and the opposite never occured. The L}, criterion gave very similar results than
the ones obtained for L,

For the L; case, the SP/DP outperformed NJ for the biological data but they have similar
performance for the random data. However, about 55% of the cases in which NJ found better
solutions than SP-DP occured for the matrices having standard deviation of twenty, the farthest
from being additive. Further experiments indicated that after a threshold of a standard deviation
of fifteen, the higher its value the better NJ performs compared to SD-DP, still under L;. It should
be noted that these standard deviations are very high.

As discussed in Section 3, any tree produced by SP/DP is close to the optimal, under L, by a
factor of three even before the LP. This fact suggested that SP/DP could be used without the LP
procedure. The results presented here revealed that in practice LP may be an important tool for
the selection a good pivot.

Heuristics with NNI We applied the NNT local search technique to the solutions given by both
methods. The results are shown in figure 4.4. In general, the results are not very different from
the original ones except for the L; on random data, in which the SP/DP solutions were improved
for 22.5% of the instances, and the relative performance against NJ changed considerably. Table 1
shows how often NNI improved the final solution of each method. Note that for L., and L} , NNI
did not improve any solution given by SP/DP.

Biological Data 0% H so Random Data H so
N |:| NJ

20% 2%

25% 200/ 25%
0, (]
1% 15% 25% o
10% 50/ 10% 10%
25%
oo [l o o [l 0% %
L

L

00

Figure 4.4: Results after the NNI heuristic has been applied.

Relative Norms For the relative norm distances the performance of the SP/DP heuristic was
even better. The results without NNI and SP/DP running with LP can be seen in figure 4.5. After



Lo | LE L, | LT | ME
SP-DP | 0% | 0% | 18% | 17% | %
NJ 8.3% | 8.3% | 8.3% | 10% | 2%

Table 1: Percentage of instances for which NNI improved the best solutions.

NNI was applied, there was no significant changes in the results.
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Figure 4.5: Comparative results under the relative norm distances.

Retrieving the original tree A natural question to ask when working with randomly generated
data is how often the heuristics retrieved the original tree. The solutions found can be grouped in

four cases:

1. The tree is the same
2
3

4

. The tree is farther from the matrix

. The tree is closer to the matrix than the original tree

. The tree is different but is at the same distance.

Cases 2 and 4 imply that in the search space induced by the particular criterion, the original tree

is not optimal or uniquely optimal, respectively.
Case 3 constitutes a true error on the part of the heuristic. SP/DP did quite well in this regard

for L, Ry and ME. The results for five criteria are shown in table 2.

Lo Ly ME R R
NJ | SP-DP NJ | SP-DP NJ | SP-DP NJ | SP-DP NJ | SP-DP
Same tree 35% 35% 35% 32.5% 60% 57.5% | 35% 32.5% 37.5% 35%
Closer to the matrix 7.5% 15% 40% 42.5% 20% 40% | 20% 30% 45% 50%
Farther from the matrix | 2.5% 0% | 15% 15% | 12.5% 2.5% 5% 2.5% | 17.5% 15%
Same distance 55% 50% 10% 10% 7.5% 0% | 40% 35% 0% 0%

Table 2: Comparison between the solutions found by NJ and SP-DP and the trees from which the
random data has been generated. The values are a percentage of instances.




SP vs. DP We compared the performance of SP vs. DP. Table 3 shows how often DP found a
better solution than SP alone. These results are based on the experiments with LP and without

NNI.

Lo | LY | Li| LT | ME| R, | RE Ry R}
Biological Data 5% 5% | 30% | 35% | 256% | 20% | 25% 25% 25%
Random Data | 2.5% | 7.5% | 30% | 25% | 20% | 0% | 5% | 22.5% | 17.5%

Table 3: Comparison between SP and DP. Values are the percentage of the instances for which DP
was better than SP alone.

Lower bounds Another practical aspect of the SP algorithm that we studied was the lower
bounds for the optimal solutions under L.,. As explained before, the value of a solution given by
SP divided by three is a lower bound for the optimal solution. By comparing the best lower bound
with the best solution, we can define an upper bound on how far the solution is from the optimal.
Table 4 summarizes these results. The values represent the best solution divided by one third of
the worst solution.

Worst | Best | Mean
Biological Data 212 | 1.42| 1.61
Random Data 2.45 | 1.19 1.66

Table 4: Lower bounds obtained by SP. The theoretical worst case is three.

Comparing with Optimal Solutions Except for very small instances, there is little hope that
provably optimal solutions can be found without huge computational expenditures. The reason
is not just that the problems are NP-hard but also that exhaustive search methods have to solve
expensive LP problems many times during the search. We ran a branch and bound algorithm on
our set of matrices for the L., norm. Optimal solutions were found for some of the matrices of size
ten or less. In all such cases, SP/DP found solutions of optimal value. For the other matrices and
the other criteria we do not have knowledge of the optimal solutions.

5 Conclusions

We have presented an extension of the SP heuristic for Numerical Taxonomy. As expected from
theoretical analysis, the SP/DP combination performs very well on L., norms. Somewhat more
surprisingly, SP/DP beats NJ under other measures as well. The use of LP is crucial to obtaining
optimal performance from SP/DP, and while this makes SP/DP somewhat slow, data gathering
will clearly dominate computational time for any reasonable Numerical Taxonomy problem. Unex-
pectedly, NNI does not change the relative performance of the heuristics. Finally, perhaps the most
surprising aspect of our results is the relative performance of SP/DP versus NJ on random data as
a function of the standard deviation. While common wisdom holds that when data is very tree-like,
all reasonable methods will work. Our relative success at low standard deviations undermines this

belief.
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