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Abstract

Evolution can be mathematically modelled by a stochastic pocess that operates on the
DNA of species. Such models are based on the established timgdhat the DNA sequences, or
genomes, of all extant species have been derived from the gane of the common ancestor of
all species by a process of random mutation and natural seléon.

A stochastic model of evolution can be used to construct phydgenies, or evolutionary trees,
for a set of species. Maximum Likelihood Estimations (MLE) methods seek the evolutionary
tree which is most likely to have produced the DNA under consileration. While these methods
are intellectually satisfying, they have not been widely acepted because of their computational
intractability.

In this paper, we address the intractability of MLE methods as follows. We introduce a
metric on stochastic process models of evolution. We show #t this metric is meaningful by
proving that in order for any algorithm to distinguish betwe en two stochatic models that are
close according to this metric, it needs to be given many obseations. We complement this
result with a simple and e cient algorithm for inverting the stochastic process of evolution,
that is, for building a tree from observations on two-state characters. (We have used the same
techniques in a subsequent paper to solve the problem for mtistate characters, and hence for
building a tree from DNA sequence data.) The tree we build is povably close, in our metric, to
the tree generating the data and gets closer as more obseniahs become available.

Though there have been many heuristics suggested for the pbbem of nding good approx-
imations to the most likely tree, our algorithm is the rst on e with a guaranteed convergence
rate, and further, this rate is within a polynomial of the low er-bound rate we establish. Ours
is also the the rst polynomial-time algorithm which is provento converge at all to the correct

tree.
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1 Introduction

The evolutionary history of a set of species is modeled as ade, called aphylogeny whose leaves
are bijectively labeled by the species. Reconstructing thephylogeny for a set of species is one
of the fundamental problems of computational biology, for which a large set of methods exists
(see [8, 9, 16] for surveys). Since the early 80's {with the aeknt of rapid sequencing technology{
the data for phylogeny construction methods has primarily been biomolecular sequences such as
DNA.

The rst step in processing sequence data for a set of specieés to identify positions in each of
the sequences that are believed to have a common origin. This done by an algorithm for multiple
sequence alignment. After the alignment step the sequenceatk can be thought of as a matrix with
rows indexed by the species and columns indexed by aligned pitions in the sequence.

The phylogeny construction problem can then be stated, somehat imprecisely, as follows:

Input:  Matrix M [i;j ] where rowi corresponds to the sequence of speci€s sequence on a gene.
Output: A phylogeny which best ts M.

The above problem can be viewed as the problem of inverting aime-dependent process of
evolution. Thus in order to precisely describe the degree ot between a phylogeny and the given
data we need a model for the forward direction, i.e., for evaltion.

In the next subsection we describe a statistical model for emution. The goodness of t of a
tree to the given data will be de ned in terms of the model.

1.1 A Stochastic Model of Evolution

In this paper, we consider the most widely studied class of stchastic models for this problem. Each
model in this class can be represented by a weighted tree. Weillvcall a tree representing a model
a Cavender-Farris Tree, named after the biologists who rst proposed this class of nodels [3, 7].
We assume that we have two-state characters with states 0 and.

A Cavender-Farris tree (CFT) is a rooted tree where the root has a probability P, 2 [0; 1] and
each edgee has some probability Pe 2 (0; 1=2). We interpret an n leaf CFT as a random source
of vectors from f0; 1g" (referred to in the literature as patterns) as follows. The root gets labeled
“1' with probability P,. When a node gets labeled with a bit, it broadcasts that bit to all of its
children. If a bit bis being broadcast down edges = (u; V), then v gets labeledb with probability
Pe; and b with probability 1 ~ Pe. Thus each edge has some probability of producing an obserlgée
mutation. The vector of labels at the leaves is taken to be theoutput of a CFT.

Now, any f0; 1g" vector has some positive probability of being produced as tb output of any
CFT. Let S be a CFT. Then we de ne the output distribution of S, denoted Pg, as the probability
distribution on f0; 1g" such that for any x 2 f 0;1g", Ps(x) is the probability of seeing % as
the output of S. Consider Figure 1. Fixing Py, = 1, the probability of the vector 010 at the
leaves is the sum of two terms for the two choices for the stat@f v. This probability is equal to
1 p@ gQr( s)+pgl r)d ).

CFTs have the following straightforward resnterpretatio n as Poisson processes. Imagine a Pois-
son process with rate where the events are the changes of state of a character. Thigrocess



P

ORI
L \@
Figure 1: Tree describing a stochastic process. Labels on¢hedges represent probabilities of change
between the endpoints.

proceeds along each edge for time w(e). The probability of observing a change of state between
the end-points of e is Pg and is equal to the probability that an odd number of events ocur in time
w(e). Normalizing by choosing =1=2,we ndthat Pe=(1 e W)=2andw(e)= In(1 2P).

Note that we are not claiming that evolution proceeds by a Posson process with a xed rate
constant. We are merely stating that CFTs can be so interpreed. Evolution may proceed at
di erent actual rates in di erent parts of the CFT but we simp ly think of the times on each edge as
being scaled to make the rates uniform throughout the tree. Hwever, since our input and output
trees are in the probability domain, the scaling is purely caoceptual and internal to our algorithm.
We do assume that evolution proceeds at the same \rate" for eeh position of the DNA, that is,
each character column is produced by the same CFT. The mappip between the time domainw(e)
above and observable changes in the DNA will be crucial to oualgorithm. This mapping is the
only place in the algorithm which needs modi cation to deal with four state data.

The output of a CFT is a vector in f0; 1g" which can be viewed as a character assigning a 0
or 1 state to each of the leaves. We assume that we obsenke such vectors (which we also call
characters or samples or observations) fronk independent runs of the same CFT.

The model we have described is substantially similar to the nodel discussed by Felsenstein [8]
and by Steel, Hendy, and Penny [14], and is the basis for most ME methods for tree construction.
The assumption in this model that the characters are generagd by i:i:d: processes is questionable
from the biological point of view, but is a simplifying assumption that is made in much of the
literature on maximum likelihood methods. See [13, Ch 3 and bfor discussions of biological con-
ditions under which these assumptions might be appropriate Given this model the computational
problem can be described as below.

Problem: MLE construction of evolutionary trees

Input:  Sample n-vectors (referred to as points)M = hep;:::; &i generated from some unknown
n-leaf CFT S. This M is the same as thaV in the phylogeny construction problem described
in the introduction with n being the number of species anck being the number of (binary)
characters.

Output: The CFT $ which is most likely to have generated thek sample points.



A comment is in order about the desired output in the problem aove. Although the desired
maximization criterion is Pr[ 8jM ] we make the assumption of a uniform distribution on the prior
probabilities for the models and seek instead to maximize prbability Prf M jS]. This is common
in many maximum likelihood estimation problems and, in particular, is standard in phylogeny
construction.

The state of knowledge with respect to computing the most lilely tree is extremely primitive.
Kashyap and Subas [10] describe a method for nding the paramaters of the most likely tree on
3 species and then describe a heuristic for extending this tonore than 3 species. Felsenstein [8]
describes methods for nding parameters for a xed topologyas well as a computationally expensive
heuristic for nding the most likely tree. Steel, Hendy, and Penny [14] view the problem as an
inverse problem and show that an exponential-sized Hadamar matrix can be used to nd the
least-squares-best- t tree.

It is unreasonable to expect that any algorithm for maximum likelihood estimation can recon-
struct the original CFT S exactly from a nite amount of data. Thus we would like algori thms
that \converge" to S as more and more samples are observed. To make the notion ofra@rgence
precise we need a metric on CFTs, which we introduce later inhis paper.

There has been signi cant e ort expended by computational biologist in coming up with heuris-
tics for this problem. In this paper, we present the rst known polynomial time algorithm that
converges to the true tree at a rate that is at most a polynomid factor slower than the best possible
rate that we establish. Since the results in this paper rst appeared [6], there has been progress in
showing that other methods converge. We discuss these rederesults in Section 4

One further point about our algorithm is the following: We assume that the data we are given
is produced by a CFT that we call the true tree. We will actually prove that the tree produced
by our algorithm converges to the true tree as more and more akervations are available. It has
been shown that maximum likelihood methods areconsistent and therefore the most likely tree
also converges to the true treé. Thus the output of our algorithm also converges to the most Ikely
tree, but the main point is that it converges to the true tree.

Our result can be viewed in the setting of PAC-learning of digributions introduced by [11].
Viewing S as the target concept, we can show that polynomially many sarples are su cient to
produce a hypothesisS from the class of CFTs that is \close" to S with high probability.

The rest of this paper is organized as follows. In Section 2 wset up the metric on CFTs
and show a bound on the maximum possible convergence rate fany algorithm, regardless of
its computational complexity. In Section 3 we present the aborithm for maximum likelihood
estimation and its analysis. Finally, in Section 4 we discus implications of this work, recent results
and directions for future work.

2 A metric on Cavender-Farris Trees

drawn from the distribution Ps. This suggests that we should measure the distance betweenvo
CFTs by the di erence in their output distributions. While t his makes common sense, it is a radical
departure within the area of phylogeny construction, wherethe topology is the sine qua nonfor

However, as stated in the abstract no previous algorithm has been analyzed to converge to the most likely tree.



biologists. Biologists ultimately want to know the actual r elationships amongst the input species.
Nonetheless, we will justify this approach by showing a lowebound on the learnability of CFTs in
terms of their distance under the following function.

De nition: Let Sg and S; be two CFTs on the samepn leaves. Then we de ne thevar-distance,
V(So; S1), as the variational distance V ar(Ps,; Ps;) = = 41 0.1g7 IPso(¥) P s,(%)].

As noted above, we must justify the use of this measure of disince between trees. Further,
we must show that this function is well behaved. For example,while V is symmetric and satis es
triangle inequality, it is not obvious that it is a metric, si nce there may beS; 6 S, such that
V(S1;S2) = 0. In particular, if we allowed edge probabilities to range in (0; 1=2] instead of (G 1=2),
the variational distance of CFTs would not be a metric. Note that an edge probability of 1=2 on
an edge (J; v) corresponds to a situation where the states ofv are completely uncorrelated with
the states ofu, a biologically unrealistic situation.

In the next two subsections we prove the following.

1. That there is a lower bound on the learnability of CFTs in terms of their V distance.

2. That V is a metric on CFTs.

2.1 An Information-Theoretic Lower Bound

In this section we will show that CFTs that are close in var-distance cannot be distinguished based
on a small number of observations by any method, no matter howcomputationally expensive.

SupposeSy and S; are two CFTs such that V(Sp; Sy) . Let A be any decision procedure
that is given k samples from one of these two CFTs and decides whether the squtes were drawn
from Sp or S;. Without loss of generality, suppose thatA outputs O if it decides that the samples
were drawn from Sp and 1 if it guesses that the samples were drawn fron®;.

There are two kinds of errors that are made byA. Let ey(A) be the probability that A outputs
1 when the samples are drawn fronSy and e;(A) be the probability that A outputs O when the
samples are drawn fromS;. Let e(A) = max( eg(A); ei(A)).

Lemma 1 For Sp; S; and A as above,g(A) %

Proof: We rst prove a general statement. Let Dy and D1 be any two distributions such that
Var(Dg; D) . Suppose a decision procedurd is given one sample from eitherDg or D1 and
is asked to decide on which distribution the sample came fromLet eg(A); e1(A); e(A) be de ned
as above.

We claim that e(A) (1 )=2. To see this, suppose® is the set of points on whichA outputs
1. Then eg(A) + e1(A) = Pr{ PjDo]+1 Pr[PjD1] 1 . Sincee(A) (eg(A)+ ei(A))=2 the
claim follows.

By our assumptionsV ar(Ps,; Ps;,) . We observek samples from one o5y or S;. We will view
thesek samples as one sample from an appropriate Cartesian produdf distributions. '6) this end,
let D ¥ denote thek-fold cross-product of the distribution D. Thus D X (x1;:::; %) = ~ < D ().



We can show that if Var(Ps,; Ps,) , thenV ar(PSo"; Pslk) k , as follows

\ ar(PSO ; P51 = | PSO()(T) Psl(x'l)J
e 2 (FO1gD k =1 i=1
X131 %% (. g") Xy
Pso(x1) P s, (x1)i( Ps,(Xi)) 1)
%12f 0;1g" %2311k
X K ) X
+ j Ps,(%) Ps, (x)i( Ps,(%1))
xorxa 2 (f 0;1gn)k 1 i=2 i=2 %1 2f 0;1g"
X _ X ¥ )
= Pso(x) P s () + J Psy(x) Ps, (x]2)
xq 2f 0;1g" XX 2(F0;1gn)k 1 i=2 i=2
= Var(Ps,;Ps)+ Var(Pg* ;P 1) ()
By induction the last expression in Eq. 3 can be seen to be no gater than k . The lemma follows
from this fact and the claim proved above. |

2.2 Proof of Metricity

We prove that V is well behaved by showing thatPs determinesS, as follows.

Lemma 2 If S; and S, are distinct CFTs, then Ps, 6 Ps,. Furthermore, we can reconstruct Sg
from Ps,.

Proof: We de ne Ds to be the di erence metric of S, that is, we take Ds(i; ] ) to be the probability
that leavesi and j have di erent bits. Given P5,>\éve can computeDg as

Ds(i;j) = Ps(%):
%x2f 0,1g" ;% 6 %;

Now, we de ne Ts, the time metric of S, as

Ts(ij)= In(1  2Ds(i;j)):
Claim 2.1 Tg is an additive metric, that is, it is a path metric on a tree.
Proof: Let W be the weighted tree isomorphic toS such that if an edgee has change probability
Pe in S, then its image has weightwe = In(1  2P¢) in W. Then consider any two leaves
i and j which are connected by a two-edge path, and letv be the node between them. Now
Ds(i;j )= Pgvy + Py 2Pgiv)Pvyy and soTs(i;j) = In(1  2(Pgv) + Prvjy  2Piv)Prvij))) =

In(1  2P¢yv)) In(1 2P(j)) = W) + W(y;j): By induction, for any pair of leavesi;j , Ts(i;] )

is the sum of the weights of the edges on the path between thermiW, thus proving the claim. l

We can conclude from the claim that W is unique and e ciently constructible from Ts: Fur-
thermore, we can reconstructS from W by noting that P = (1 e We)=2. This establishes the
lemma. [ |

A similar lemma is proved in [14].



3 A Simple Distance-Based Method and Its Analysis

Lemma 2 suggests the following algorithm. LetH (%1; %,) be the Hamming distance between vectors
%1 and %o.
Algorithm Outline:

0 1

LInput M =8 : K=(e;::1; &)

2. Foralli;j,setD (i;j )= H(si;sj)=k, thatis, D is our estimate of Ds. In the analysis below,
we will estimate E(i;j ) which represents the tolerance in the valueD (i;j ). In other words,
Ds(i;j )willbe in D (i;j) E (i;j ) with high probability.

3. Foralli;j,setT (i;j)= In(2 2D (i;j)). Then T is our estimate of Ts. We will make
E(i;j ) small enough that with high probability Tg(i;j ) liesin T (i;j) for all i;j , for some
constant > O.

4. While we know that T is close to being additive { we will show that ask increasesT
approachesTs { it need not be exactly additive. Use an additive tting algo rithm [1] which
produces a tree close tof . Call this tree T . Invert the edge weights back into probabilities
to produce S. Output S.

3.1 Goodness of Estimates

In the following we will assume that Ds(i;j ) is bounded away from 1/2 for all pairs of species
i;j . This is because ads(i;j ) approaches 1/2,Ts(i;j ) approachesl and small tolerances in the
probability estimates blow-up into large tolerances in the distance estimates. For most biological
data sets this is a very reasonable assumption. The situatio where Ds(i;j)  1=2 corresponds
to a situation where there is no correlation or even negativecorrelation between species and j
which is a biological absurdity. Formally, we assume that there is a constant > 0 such that
Ds(i;j) 1=2 for all i;j .

We would like to estimate Ds(i;j ) well enough to ensure that when these estimates are trans-
lated into the time domain we can assert thatT (i;j )is at most away from Ts(i;j ) for all i;j with
high probability. Given the nature of the function that is us ed to map from the probability domain
to the time domain, the tightest constraints on probability estimation arise forD (i;j )=1=2

Let p=1=2 and lett = t(; ) be the allowable tolerance in the value ofp. We can solve
for t from the equation

= InA 2(p+t)+In(l 2p)

Thus t is a constant that is dependent only on and . (The exact choice for the value oft is
made later in the proof of Theorem 1.) If we ensure thatE(i;j ) t 8i;j then we get the required
uniform tolerances of around each time estimate.

A simple appeal to the Cherno bound tells us the number of sanples required to makeE(i; ] )
small enough.



Lemma 3 If k =6In n=t> samples are observed then for any givenj , Pr[E(i;j ) >t] n 4.

Proof: The proof follows from a direct application of the Cherno bound inequalities [12]. As a
corollary the probability that there exist i andj such that E(i;j ) > t, is no more thann 2. |

Because there is a deterministic function mapping probabities to times the following lemma is
immediate.

Lemma 4 With probability at least 1 n 2, jTs(i;j) T (i;j)j for all i;j .

The next stage involves application of an additive- tting m ethod taken from [1]. We now
describe the problem considered by [1] and the result they dhin.

Problem: L -best-t additive tree.
Input: An n n matrix T representing pairwise distance estimates among points.

Output:  An edge-weighted treeT such that max;; jT[i;j] T [i;j ]j is minimized, where T[i;] ]
represents the distance in the tree between leaves repredery speciesi and j .

Let = mintmax; jT[i;j] T [i;jli. In[1] it is shown that nding a tree T whosel,
distance from the given matrix is is NP-hard. Fortunately, it is also shown that there is an
e cient algorithm that nds a tree  T%such that max; jT;j] T [i;j)i 3.

In our case, we know that with probability greater than 1 n 2 there is a tree within  of T .
Thus the algorithm of [1] will nd a tree within 3  of the given estimates. We apply the algorithm
to compute the tree T. Finally we convert T into S.

3.2 Analysis of Algorithm

Our goal is to show that the variational distance betweenS and S is small. (We will sometimes prove
statements about the equivalent time domain trees {T and Ts { but these statements translate
directly into the probability domain.) We need some terminology. For any edgee in a rooted tree
the set of leaves in the subtree that lies belove will be denoted B (€).

De nition:  Given two rooted (edge-weighted) treesT; and T,, the homeomorphic collapsehc(T; <
T,) is obtained from Ty by collapsing every edgee 2 T, such that B(e) 6 B(e") for any edgeein
Ts.

Note that hc(T1 < T3) and he(T, < T1) are isomorphic in their topologies but may di er in
edge weights. We rst make the following simple observation

Observation 1
V(Tl; Tz) V(Tl; hC(Tl <T 2)) + V(hC(Tl <T 2); hC(T2 <T 1)) + V(hC(T2 <T 1); Tz).

The observation follows simply from the fact that the variational distance de nes a metric.
However, it serves an important purpose. We can viewhc(T1 < T3) and he(T, < T1) as being
simultaneously isomorphic in topology to both T; and T,. Thus all variational distances on the
right hand side of the above inequality can be thought of as bimg computed between isomorphic
trees. This fact will be used in the argument that follows.

7



3.3 L; Closeness Implies V Closeness

Suppose thatS and S%are CFTs such that L1 (Ds; Dso) is \small." In this section, we will prove
that V(S;S9Y is correspondingly small. We do so in three steps. In the r¢$ two lemmas, we prove
the bound for the case whenS and S° have isomorphic topologies. Finally, we show how to apply
these lemmas to the non-isomorphic case by showing tha® and S°are almost isomorphic in some
appropriate sense.

Lemma 5 SupposeS and S° are two isomorphic CFTs on the leaf set[1;:::;n]. Suppose that
every pair of corresponding edges 2 S and €°2 SPis such thatjPe Pej for some > 0. Then
V(S;SY 2n.

Proof: The proof is recursive and is based on a \coupling" argument Were the process represented
by S and by S®are coupled as much as their parameters allow. Coupling is aethnique where two
stochastic processes are made to be highly correlated whikill preserving the property that each
process satis es the parameters of its own de nition.

We rst introduce some notation. Assume that S and S%are binary trees. (The proof can easily
be extended to the non-binary case.) Renumber the leaves & and S° so that the left-to-right
ordering of the leaves is the same as the increasing order oimbers. Letr be the root of S and
x and y be its children. Let r%x% and y°represent the corresponding nodes ir8% For any node
v let S, represent the subtree rooted atv. Let the number of leaves inSy (which is equal to the
number of leaves inS,o) be k. Let u be a string in f0; 1g and v be a string in f0; 1g" K.

The use of coupling here is as follows. Lee and €° be corresponding edges irs and S° with
Peo  Pe without loss of generality. Setting O = Peo  Pe , we roll a 3-sided die with
probabilities Pe, ,and 1 Peg for the 3 sides. If the rst side shows up, then changes are maa
on both e and €% if the second side shows up then a change is made only aloe§and if the third
side shows up no change is made along either edge.

By the notation Pr[ uvjr;] we will mean the probability that the tree S (the tree is identi ed by
the noder) generates the stringuv at its leaves given thatr is in state i.

Assume that p is the probability that the state at r (and at r9 is 1. By considering the coupled
processes we assume that both root states are always identic The variational distance between
two trees ispuna ected if both root states are xed at O or if both root states are xed at 1. Thus
V(S;SH w2f 0,197 J Prluvjro] Prluvjr8]j. By using the independence of the CFT process along
two branches once the root value has been xed, we derive theegjuence of relations as follows

X
V(S;SY jPrluvjro]  Pr{uvjrd]j
51(\/2f 0;1g"

= J(Pr{ujxo] Pr[xojro] + Pr[ ujxa] Pr[xa1jro])(Pr{ viyo] Pr{yojro] + Pr[ vjy1] Prly1jro])

el ujxg] Prixgir gl + Pr[ ujx31 Prix3jr S(Prl viyg] Priyciral + Prl viys] Priy3ir gD
4+ j(Prluixol Priviyo))  (Prujxg] Pr{viyg))]

uv

This last inequality is obtained by observing that there is a probability of at most 2 that either x
and x%or y and y° have di erent states in the coupled processes in the two tree. Even when there



is such a di erence of state the conditional variational digance can be less than the maximum value

of 2, but we conservatively assume that it is in fact 2. In the @ase where the coupled processes

produce the same states ak and x%and at y and y°, we can assume without loss of generality that

this state is O for the same reasons that we were able to assuntieat the roots had state O.
Continuing the above derivation we have

V(S; Sy 4 +  jPrlujxo] Priviyol Pr[ujxg] Priviygli

*V
= 4 +  jPrlujxo] Prlviyo] Pr[ujxg] Priviyo] + Pr[ ujx8] Priviyo]  Pr[ujxg] Pr{vjygli
S PR e o
4 +  Prlujxol(j Priviyol Prlviygl)+  Prlviygl(i Priujxo]  Pr[ujxg])
\Y X uv
4 +  jPrviyo] Priviydli+  jPrlujxo] Pr{ujxg]]
Vv u

4 + V(S S)+ V(Syi Sy)

and, by using inductive assumptions about the subtrees roatd at the children of the roots, we get
the required result. |

The next two lemmas are proved in the time domain but apply by the standard transformation
(pj =(1 e ' )=2)in the probability domain.

Lemma 6 If Ty and T, are isomorphic in topology, each internal node in each tree &s degree at
least 3, and they have the same leaf set and if for all pairs oédvesx;y, jTi[x;y] T2[X;y]j <
then if e; and e, are corresponding edges iy and T, jw(e)) w(e)] 2.

Proof: Suppose for contradiction thate; 2 T; and e; 2 T, are corresponding edges angv(e,)
w(e1) > 2 . There are two cases.

Case 1:e, = (u;V) is an internal edge with at least two species on each side. tee; = (u®v9. If
there is a leafx on the u side ofe, and a leafy on the v side ofe, such that the To[x;u] Ty[x;u9

=2 and Toly;v] Tiy; V9 =2, then Ty[x;y] Ti[x;y]> -contradicting the assumption.

Hence, on either theu side or thev side (sayu), for each leafx, To[x;u] < T1[x;u9 =2. Now
for any two such leavesx andy, To[x;y] < T1[X;y] again contradicting our assumption.

Case 2: e = (u;v) is an external edge withu a leaf. Let e; = (u%v9 be the corresponding

edge with u® being a leaf in T1. For any other speciesx, To(x;V) < T1(x;v) . Take two such
speciesx and y such that the paths in T, betweenx and v and betweeny and v are disjoint.
To[x;y]<Tilx;y] 2 and we again have a contradiction. |

Lemma 7 Let T1 and T, be edge-weighted rooted trees on the same leaf set which ac¢ necessarily
isomorphic even in topology. Suppose for every pair of lease;y jT1[X;y] T2[X; Y] . Then for
every pair of corresponding edges and €®in T; and he(T; < T,) respectively,w(e) w(e) 2.

Proof: Supposee = (u;V) is an edge inT; such that its corresponding edgee®in hc(T1 < T ) has
zero weight. Then there exist 4 speciex;y; p;qin Ty such that x;y 2 B(e) and p; q62B(e), the

9



least common ancestor (Ica) ok and y is v and if T; were rooted atv then the Ica of p and g would
be at u. Furthermore T, does not contain any edgee” such that x;y 2 B(e% and p; q628 (9.
From T1 we haveTi(x;y) + Ti(p;0) +2w(€) = T1(p;X) + T1(q;y). From T2 we have Ta(X;y) +
T2(p; 9  Ta(p;xX)+ T2(q;y). By using the relationship between interleaf distances inT; and T, we
have T1(x;y)+ Ti(p;Q + 4 T1(p;x)+ T1(q;y). Thus w(e) 2 and the result follows. |

The proof that the tree produced by our algorithm is close to the true tree with high probability
takes the following form.

With probability at least 1  n 2 our estimate T is within  of the true tree Ts. Since we nd
a tree T which is within 3 of T in this case, theL; distance betweenT and Ts is bounded by
4 . By the previous two lemmas in each pair of isomorphic trees & consider, the corresponding
edges di er in weight by at most 8 .

When each such pair of isomorphic trees is considered in therpbability domain the worst
discrepancies on the probabilities arise when the two corgponding edgese and €° have weights
0 and 8 respectively in the time domain. In this case the corresponthg probabilities are 0 and
(1 e 8)=2. Using the inequalitythat1 e X xforx 0, we getthat the latter probability is no
more than 4 . Thus using Lemma 5 we nd that each pair of corresponding trees have variational
distance bounded by 4 . Putting all this together we get the following theorem.

Theorem 1 With high probability, the variational Fgiistance b(-i;v!eené\ and S is upper bounded by
12n . Taking k Inn, we get thatV(S;S) (12n 6Inn)=( k).

Proo& The rsb statement follows from the above discussion. So Mve rast show that 12n =
(22n° 6Inn)=( " k). But = In(1 2(p+1t)+In(1 2p)andt=6Inn=k. The assumption
that kK Inn givesthatt In(1+ t), and a bit of algebra gives the rest of the theorem. |

Remark. The assumption that k  Inn is valid on biological data sets where typicallyk  n.

4 Conclusion

We have shown that in O(n2k) time we can construct a CFT S that is within O(nIO Inn= P k) from
S, and that no algorithm can give a CFT that is o(1=k) from S, with high probability. There are
three factors which give a gap. First, can we remove the depafence on without increasing the
dependence om or k? We expect that this may be possible if the tree tting algorithm of [1] can be
generalized to deal with varying tolerance, i.e, we want a tee- tting algorithm that takes as input a
distance matrix D and a tolerance matrix E and nds atree, T suchthatjD[i;j] TI[i;j i  Eli;j ]
and is as small as possible. Clearly nding the best is again NP-complete, but we would like an
approximation algorithm along the lines of [1] for this more general question. In [4], an algorithm
was shown that has a convergence rate which does not depend on and is polynomial in n and k.
However this convergence rate is not given exactly.

Second, can the boundB be tightened in terms aof and k? In [2], a much stronger lower bound
was shown, in particular (~ n=Kk). This lower bound was nearly matched for some classes of tes.
We refer the reader to that paper for the details.
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Another unresolved issue is that of &1 data versus four (or more) state data. This issue was
also resolved in [2], where it was shown that if & state markov process ignvertable, that the same
bounds hold for learning them. See Steel, Hendy and Penny [14or an anaylsis of which types of
processes are invertible.

Finally, there is the related but somewhat independent prodem of determining the number of
samples needed to reconstruct the toplogy of the CFT. This poblem was rst considered in [15].
It turns out that an algorithm can be good in terms of metric convergence rate but not topological
convergence rate, or vice versa. The current best algorithnfor the topology reconstruction problem
together with its analysis is given in [5].
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