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Abstract

Hausdorff metricsareusedin geometricsettingsfor measuringthedistancebetweensetsof points.
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chemistry. While computingthe distancebetweena singlepair of setsundertheHausdorff metrichas
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of which theHausdorff is one.

We presentthe®rstnearestneighboralgorithmfor theHausdorff metric. We achieveour resultby
embeddingHausdorff metricsinto l1 andusingknownnearestneighboralgorithmsfor this targetmet-
ric. We give upperandlower boundson thenumberof dimensionsneededfor suchanl 1 embedding.
Our boundsrequirethe introductionof newtechniquesbasedon superimposedcodesandnon-uniform
sampling.
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1 Intr oduction

TheNearestNeighborSearch(NNS)problemis: Givenasetof n pointsX = f x1; : : : ; xng in ametricspace
with distancefunctiond, preprocessX soasto ef®cientlyanswerqueriesfor ®ndingthepoint in P closest
to a querypoint q. This problemhasbeenwell-studiedin thecasewhered is thek-dimensionalEuclidean
space.Thelow-dimensionalcaseis well-solved[9], thoughrunningtimesandspaceareexponentialin the
dimension.In [15] and[19], theapproximateversionof theproblemwasaddressedin aneffort to reduce
thedependenceond. Recently, [14] consideredthenearestneighborproblemsin non-Euclideanmetrics,in
particularfor thel1 norm.

All of theseresultsareexamplesof nearestneighborsearchingin normedspaces,thatis, themetricson
thepointsform a norm.Suchmetricshavea gooddealof structurewhichcanbeexploitedalgorithmically.
While manymetricsof interestfor nearestneighborsearchingarenormed,not all are. Oneof themostin-
terestingcasesof a non-normedmetricaretheHausdorffmetrics. TheHausdorff metricis anexampleof a
derivedmetric. Supposewe haveanarbitraryunderlyingmetricd on a setof pointsX . Then,for anytwo
subsets(sayA andB) of X the(directed)Hausdorff distancefrom A to B is de®nedasamaximumdistance
from anypoint from A to its nearestneighborin B; theundirectedHausdorff distancebetweenA andB is
computedby consideringbothdirectionsandtakingthelargervalue.

Hausdorff metricsdo not havethe usefulstructureof norms. Evenif the underlyingmetric is ªwell-
behavedº(for example,whentakingtheHausdorff metricof pointsin low-dimensionalEuclideanspace)no
nearestneighboralgorithmsareknown.Thisstateof theart is unfortunate,sincetheHausdorff metric(over
low dimensionalEuclideanspaces)is acommonlyusedmetricovergeometricobjects.Geometricpoint set
matchingin two andthreedimensionsis awell-studiedfamily of problemswith applicationto areassuchas
computervision [22], patternrecognition[6, 13] andcomputationalchemistry[11, 12, 23]. Thustheprob-
lemof computing(exactlyor approximately)theHausdorff distancebetweentwo pointsetsP andQ in two
andthreedimensionshasbeenstudiedextensively[1, 5,6, 13, 24] with theinterestingproblemsbeingthose
whereonesetcanberotatedor translatedandoneseeksthetransformwhichminimizestheHausdorff dis-
tance.

Unfortunately, no ef®cientalgorithmshavebeendesignedfor thecasewhenwe wantto matchP with
manyQ'sand®ndtheclosestone.Thisproblemis of crucialimportancein manyapplications;in particular,
computationalchemistry[11, 12, 23] andpatternrecognition[6, 13], requirematchinga patternagainsta
hugedatabaseof moleculesor images,respectively.

Our results. Herewesketchout the¯avor of theresults,highlightingthemaincontributions.
Our®rstresultisanalgorithmfor approximatenearestneighborsearchingin Hausdorff metricsoverlow

dimensionalnormedspacesld
p. Thealgorithmproceedsby approximatelyembeddingtheHausdorff metric

into l1 normwith dimensionD roughlyequalto O(s2=�d), wheres is thesets'sizeand� is thedistortion
(seeformalde®nitionsin Section2). Notice,thatD doesnot dependon thedatabasesize,but only on size
of databasesets,which is muchsmaller. After theembedding,we applytheapproximatenearestneighbor
searchalgorithmin l1 of [14] to ®ndtheneighbor. In particular, for themostinterestingcaseof d = 2 or
d = 3 weget:

� A constantfactorapproximationalgorithmwith querytimeroughlyO(s2 logn) andmildly superpoly-
nomialstoragenO(log s)
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� An O(log logs)-approximationalgorithmwith thesamequerytimeandroughlys2n1+ � space,for any
� > 0.

Our algorithmscanbegeneralizedto minimumHausdorff distanceunderisometries(i.e. rotationsand
translations).Thetime/spaceboundsremainessentiallythesameif only translationsareallowed;for general
isometriesbothquerytime andspacearemultiplied by s. Also, our approach(i.e. embeddingHausdorff
metric into l1 ) hasseveraladditionalbene®ts.Oneof themis thatanyfutureimprovementsof algorithms
for l1 automaticallyyield improvedalgorithmsfor Hausdorff distance.Also, from thepracticalprespective,
it givesa ¯exibility in choosingthel1 algorithm(from manyexistingimplementations)which worksbest
for particularapplications.

SincethedimensionalityD of thel1 spaceis crucialfor theef®ciencyof theembedding,wefurtherin-
vestigatetherelationshipbetweenD ands; d; and� . In particular, weshowa lowerboundfor D of roughly
s2 for the casewhen the underlyingnorm is l log s

1 . Sincethe correspondingupperboundin this caseis
O(s2O(1)d) = sO(1) , weconcludethateitherthesuperlineardependenceons or exponentialdependenceon
d is neccessary1 (webelievethatthemostlikely caseis thatbothof themoccur).It is interestingthatboththe
upperandlower boundusessuperimposedcodes; in particular, our lower boundproceedsby showingthat
anassumedembeddingallowsusto constructcodesof smalllength,whichcontradictsknownlowerbounds.
We believethis techniquecanbeapplicableto showingotherlowerboundsfor derivedmetrics.

Oursecondlineof researchfocusonarbitrary underlyingmetrics.Weshowthefollowing result:aHaus-
dorff metricoveranymetricM canbeembeddedinto l1 with roughlyD = s2m� dimensionsandconstant
error(herem isthesizeof of themetric).Moreover, if ef®cientapproximatenearestneighbororacleexistsfor
M , thentheembeddingcanbeperformedby usingD oraclecalls.Thusweobtainedthefollowing surpris-
ing structuralresult: for anymetricM for which a sublinear-timeapproximatenearestneighboralgorithm
exists,theapproximatenearestneighborproblemontheHausdorff metricoverM alsohasasublinear-time
algorithm.

Ourembeddingis randomized,requiringtheselectionof acollectionof referencesetswhichareusedin
theembedding.In thisregard,it resemblesotherembeddingalgorithms(seee.g.[4, 20, 21], etc.).However,
in all of thoseresults,thereferencesetsareselecteduniformly at random,a schemewhich turnsout not to
work in our case.Instead,we developanembeddingalgorithmwhich relieson non-uniformsampling.We
believethis techniquecould®ndfurtherapplicationsfor othermetricspaceproblems.

Outline. In x2, we introducenotationandpreliminaryideas.In x3, we give boundson embeddingHaus-
dorff metricsovernormedspaces.In x4,wegiveboundsonembeddingHausdorff metricsovergeneralspace.
Finally, in x5, we showhowto useourembeddingsfor nearestneighborsearching.

2 Preliminaries

Metric spaces. Let X = f x1; : : : ; xng andlet d : X 2 ! < + bea metric, that is d(x; y) = d(y; x) �
d(x; x) = 0 andd(x; y) � d(x; z) + d(y; z): Thepair (X ; d) formsa ®nitemetricspace. We extendd to
pairsp;S whereS � X byde®ningd(p;S) = minq2 S d(p;q). Wealsoextendit topairsS;S0for S;S0 � X

1For theHausdorff metricoverl d
p for p < 1 thedependenceon d canbeseento beexponentialevenwhens = 1; this follows

from lower boundsfor embeddingof lp into l1 . However, thesameargumentclearlydoesnotapplyto thecasep = 1 .
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byde®ningd(S;S0) = minp2 S d(p;S0). Noticethattheaboveextensionsdonotconstitutemetricspacesand
shouldnot beconfusedwith theHausdorffmetricde®nedlater.

Let P 2 < d. Then

lk(P) =

 dX

i =1

jP[i ]jk
! 1

k

;

l1 (P) = lim
k!1

lk(P) = max
1� i � d

jP[i ]j:

WhenX � < d, we referto (X ; lk) asld
k , with X understood.We will sometimesrefer to l d

2 asEuclidean
d-space. Whenwe wish to emphasizethat thepointsin l d

k arein somerange[0; R]d ratherthanin < d, we
will write [0; R]dk.

For anyp 2 X andr > 0 wede®neB(p; r ) to bethesetof pointsq 2 X suchthatd(p;q) � r .
Foranypairof (X ; d) and(X 0; d0) of metricspaces,wesaythata functionf : X ! X 0 is an(R; �; r )-

embeddingif for anypointsp;q 2 X :

� if d(p;q) � r thend0(f (p); f (q)) � r

� if d(p;q) � R thend0(f (p); f (q)) � �R .

Most of theembeddingsintroducedin this paperare,in fact, contractions;in suchcaseswe call them
(R; � )-embeddings(asthevalueof r is irrelevant).Furthermore,in manysituationstheactualvalueof R is
not important;in suchcaseswe assumeR = 1 andcall f an� -embedding.

Hausdorff metric. ForanymetricD = (X ; d) theHausdorff metricoverD (denotedby H (D)) is de®ned
overthepowersetof X . ForanysetsA; B � X theHausdorff distancedD is equalto

dD (A; B) = maxf max
p2 A

d(p;B); max
p2 B

d(p;A)g

In thefollowing weoftenrestrictthedomainof H (D) to subsetsof X of cardinalityupperboundedby
a parameters. We denotetheresultingmetricby H s(D ). Also, we considergeneralizedHausdorffspaces
HT (D ), parameterizedby T : 2X ! 2X . In thiscasethedistancefunctiondT

D is de®nedas:

dT
D (A; B) = min

t2 T
dD (t(A); B))

As long asT is closedundercompositionandinversion,thefunctiondT
D (A; B) is a metric.

Theproblemof estimatingthe(generalized)Hausdorff distancebetweentwo point setsin 2 and3 di-
mensions(usuallyundertranslationsandrigid motions)hasbeenstudiedextensively[7, 13, 24] (seealso
thesurveyby Alt andGuibas[3]). Theapproximateversionsof theaboveproblemshavealsobeeninves-
tigated[1, 16, 5]. In particular, the combinationof the resultsof [1] and[5] resultsin anO(s logs)-time
algorithmfor estimating(up to anyconstantfactor)theHausdorff distanceof setsfrom H s

T (l2
2), whereT is

thesetof all rigid motions.
Finally, weconsideranotherderivedmetricsimilar to theHausdorff, de®nedasfollows:

dD (A; B) =
X

p2 A

d(p;B) +
X

p2 B

d(p;A)g

We will commonlyrefer to this dD asH1(D ). Usingthis notation,theHausdorff metriccanbethoughtof
astheH1 (D ) metric,however, wewill usethesimplerH (D) for conveniencethroughout.
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Approximatenearestneighboralgorithms. Theapproximatenearestneighborproblemwasrecentlythe
subjectof extensiveresearch.Themostrecentresultsof [15] and[19] givealgorithmsfor approximatenear-
estneighborin d-dimensionalEuclideanspacewith polynomialstorageandquerytimepolynomialin logn
andd. Thesealgorithmsareof mainly theoreticalinterest,astheir storagerequirementsarequitelarge. In-
dyk andMotwani [15] alsogaveanotheralgorithmwith smallpolynomialstorageandsublinearquerytime.
Unfortunately, thetechniquesusedto achievetheseresultsheavilyexploit propertiesof theEuclideannorm
andthereforedo not seemapplicableto othermetric spaces.Subsequently, Indyk [14] gaveanalgorithm
for the approximatenearestneighborproblemin l d

1 . The algorithmachievesan approximationratio of
4 log1+ � log4d with O(dn1+ � logn) storageandO(d logn) querytime. The latterresultis crucialfor our
applications,asweobtainour resultsby embeddingHausdorff metricsinto l1 .

De®nition1 (c-Point Location in Equal Balls (c-PLEB)) Given n unit balls centered at
P = f p1; : : : ; png in metricspace(X ; d), devisea datastructurewhichfor anyquerypoint q 2 X does
thefollowing:

� if thereexistsp 2 P with q 2 B(p;1) thenreturnYES anda pointp0suchthatq 2 B(p0; c),

� if q =2 B(p;c) for all p 2 P thenreturnNO,

� if for thepointp closestto q wehave1 � d(q; p) � c thenreturneitherYES or NO.

In [15] it wasprovedthatgivenanalgorithmfor c-PLEBwhichusesf (n) spaceonaninstanceof sizen
wheref is convex,thereis adatastructurefor (c+ � ) � N N S problemrequiringO(f (npoly(log n; 1=(c�
1)))) spaceandusingO(poly(log n; 1=(c� 1))) invocationstoc-PLEBperquery. Thusin thispaperwewill
concentrateonsolvingthec-PLEBproblem.

Superimposedcodes. Thereexist severalvariantsof superimposedcodes.In this paperwe assumethe
following de®nition(see[8]):

De®nition2 AnN � M binarymatrixA is calleda superimposed(z; M )-code(or (z; M )-code)of length
N if thebooleansumof anyz columnsof A doesnot containanyothercolumn.We refer to A's columns
(whichwedenotebyA[0] : : :A[M � 1]) ascodewords.

Noticethateachcodewordcorrespondstoasubsetof [M ] (takethesetof all coordinatessetto1) andtherefore
we canreferto codewordsassets.

Here, we are interestedin the situationwhen M and z are given and the goal is to minimize N .
Let Nmin (M ; z) denotethe minimum lengthof any (z; M )-code. DyachkovandRykov [8] showedthat
Nmin (z; M ) = �( z2 logz M ) (similarboundswerealsoobtainedby Erdos,FranklandFuredi[10]). How-
ever, theirupperboundwasobtainedby a probabilisticargumentandis non-constructive.Thebestexplicit
construction[18] (basedonReed-Solomoncodes)achievesN = O(z2 log2

z M ).

3 Embeddingsof Hausdorff metrics over normed spaces

We beginby showinga1-embeddinginto l1 . Ourapproximateembeddingswill bebasedonthisexactem-
bedding.It is well knownthatanymetric(X ; d) canbe1-embeddedinto l jX j

1 . ThusanyHausdorff metric
H (d) canbe1-embeddedinto l1 , with thenumberof dimensionsequalto thenumberof sets.Here,weshow
thatfewerdimensionssuf®ce.
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Theorem 1 For any®nitemetricD = (X ; d) thespaceH (D) canbe1-embeddedinto l jX j
1 .

Proof: AssumeX = f p1; : : : ; png. For anyS � X , thevaluef (S) is de®nedas

f (S) = (d(p1; S); : : : ; d(pn; S)) :

Noticethatthismappingis acontraction;thereforeit is suf®cientto showjf (S) � f (S0)j1 � 1 for any
S;S0 � X suchthatdD (S;S0) � 1. To this endnotethat if dD (S;S0) = t, thenthereexistsp 2 S such
thatd(p;S0) = t (or p0 2 S0suchthatd(p0; S) = t, wewill assumethe®rstcasewithout lossof generality).
Then

jf (S) � f (S0)j1 � jd(p;S) � d(p;S0)j � j0 � tj = t;

thusestablishingtheclaim.

This theoremis complimentedby thefollowing:

Theorem 2 Any®nitemetricD = (X ; l d
1 ) canbe1-embeddedinto H d(l1

p).

Thechoiceof p doesnotmattersinceall lp normsarethesamein 1 dimension.

Proof: Let � bethediameterof somesetX of pointsin l d
1 , thatis, let � = maxi;j f l1 (x i � x j )g. Then

the mappingof ld
1 into H d(l1

p) is asfollows. Let x i = [x i; 1; : : : ; x i;d ]. Thenmapx i into the setSi =
f Si; 1; : : : ; Si;d g, whereSi;j = 2(j � 1)� + x i;j .

Thepointsde®nedby dimensionj areall between2(j � 1)� and(2j � 1)� andso,thedistancefrom
theSi;j to Sk is simply jSi;j � Sk;j j. ThustheHausdorff distancebetweenSi andSj is simply l1 (x i � x j ).

Therefore,Hausdorff andl1 metricsarecloselylinked.

3.1 Upper bound,H s(ld
1 )

In thissectionwemodify thetechniquesusedaboveto obtainembeddingswhichareapproximatebutwhich
requiresmallernumberof dimensions.Morespeci®cally:

Theorem 3 For anyI > 1, s > 0 and0 < c < 1 thespaceH s([0; I ]d1 ) canbec-embeddedinto lE
1 where

E = O

 

ds2
�

1 + c
1 � c

� 2d �
logI + log

1
1 � c

� !

:

Proof: Asbefore,weneedamappingf : H s([0; I ]d1 ) ! lE
1 suchthatfor anyA; B � [0; I ]d of cardinality

s andp 2 A suchthatd(p;B) � 1 we havejf (A) � f (B)j1 � c. Theembeddingwill bede®nedby a
sequenceof E subsetsS1 : : :SE of [0; I ]d as

f (A) = (d(A; S1); : : : ; d(A; SE )) :

In thefollowing wewill providethesetsS1 : : :SE suchthatfor anyA; B andq asabovethereexistsSi

suchthatthefollowing conditionsaretrue:
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� d(p;Si ) � a

� d(B ; Si ) � b

� a � b � c

which is clearlysuf®cientfor ourpurpose.To thisend,we let a = 1� c
2 andb = 1+ c

2 . Notethata + b = 1 �
dD (A; B). Imposea regularcubicgrid on < d with a side2a. Amongall cells intersectingB(p;a) choose
theonewhichcontainsp andcall it p. Noticethatthecenterof p belongsto B(p;a). De®neC to betheset
of all cubesintersecting[0; I ]d andlet B bethesetof cubeswhosecentersbelongto [ p2 B B(p;b). Notice
thatp =2 B . Also, we canbound

� jCj � ( I
2a + 2)d

� jB j � u(c) = s
�l

1+ c
1� c

m�d

By usingsuperimposedcodeswe know thereexistsE = u(c)2 log jCj setsS1 : : :SE suchthat for any
p;B asabovethereexistsSi containingp but noneof thenelementsfrom B . We thenconstructSi from Si

by replacingeachgrid cell by its center. Thesesetssatisfytheaboverequirements.

Remark 1 Byusingtheprobabilisticmethodonecanin factimprovethedependenceoncfrom
�
d1+ c

1� ce
� 2d

to
�
d1+ c

1� ce
� d

. Thisis dueto thefact that thesetsB arenotarbitrary buthavespecialstructure. Unfortunately,
wedonot haveanyexplicitconstructionwhichyieldssucha bound.

Remark 2 We neednot usesuperimposedcodesin theconstruction.If wepick eachcell with probability
1=2u(c), thenwith probability �(1 =u(c)) wegeta setS suchthatd(p;S) � a andd(B; S) � b. Choosing
�( u(c) log2 I s) suchsetsgives,w.h.p.,theneededcodewords.

3.2 Upper bound,H s(ld
k)

Ourembeddingalgorithmin thiscasecloselyfollows thatof H s(l1 ). However, insteadof havingagrid of
size2a = 1 � c, we haveagrid of size2a=d1=p. We needonly boundjB j andjCj, whichwedoasfollows.

� jCj � ( I d1=p

2a + 2)d

� jB j � up(c) = s
�l

1+ c
1� c

m�d

The®rstboundis direct,andthesecondcomesfrom [15]. We onceagainusesuperimposedcodesand
getEp = up(c)2 log jCj, thusachievingthefollowing theorem:

Theorem 4 For anyI > 1, s > 0 and0 < c < 1 thespaceH s([0; I ]dp) canbec-embeddedinto lE
1 where

E = O

 

ds2
�

1 + c
1 � c

� 2d �
logI + log

1
1 � c

+
logd

p

� !

:
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3.3 Lower bound

In thissectionweprovethefollowing lowerboundtheorem.

Theorem 5 For 1
2 = R < �r � r = 1 let f bean (r ; �; R)-embedding of H s([� 1=2; 1=2]d1 ) into lE

1 .
Thenthereexistsa (s � 1; 2d)-codeof lengthO( E

�r � R ).

In particular, this impliesthatif 1
�r � R = O(1) and2d � s2, thenE = 
( s2d=logs).

Proof: Let D bethel1 metricover[� 1=2; 1=2]d andassumetheexistenceof f asabove.Foranyelement
a from theuniverseU = f� 1=2; 1=2gd wewill de®neits codewordC(a) in asequenceof steps.Firstly, let
0 denotetheorigin (i.e. thepoint (0; : : : ; 0)). ForanyA � U wede®ne:

� L (A) = A [ f 0g

� R(A) = A

Claim 1 For anyA; B � U wehave

� if A � B thendD (L (A); R(B)) = 1
2

� otherwisedD (L (A); R(B)) = 1

Proof: Assume®rstthatA � B . In thiscasefor anya 2 A thedistancefrom a to R(B) is 0 (sincea 2 B
aswell). Also, thedistancefrom 0 toanypointisatmost1=2. Ontheotherhand,thedistancefromanypoint
in R(B) to 0 (whichbelongsto L(A)) is 1=2. Therefore,dD (L (A); R(B)) = 1

2.
On theotherhand,assumethatA 6� B . In thiscasethereexistsa 2 A � B. Thedistancefrom a to any

point in B is 1. This impliesdD (L (A); R(B)) = 1.

Fromtheaboveclaimandthepropertiesof f weknowthatfor anyA; B � U with cardinalitiesatmost
s � 1 we have

� if A � B thenjf (L (A)) � f (R(B)) j1 � R

� otherwisejf (L (A)) � f (R(B)) j1 � �r .

Claim 2 LetP bethesetof all pointsf (L (A)) andf (R(B)) whereA; B asabove.Thenthediameterof P
is at most2.

Proof: Sincetheemptysetis includedin anyset,wehavedD (f (L (; )) ; f (R(B))) = 1=2 for anyB. Also,
for anysetA we haveA [ ; � A, andtherefore

dD (f (L (A)) ; f (L (; )) ) � dD (f (L (A)) ; f (R(A))) + d(f (R(A)) ; f (L (; ))) � 1=2 + 1=2 = 1

Therefore(by triangleinequality)all pairwisedistancesareatmost2.

We canthereforeassumethatP � [0; 2]E . Imposeauniformgrid on [0; 2]E of side� = (�r � R) � �
for arbitrary� > 0. For anypoint p 2 [0; 2]E let gi (p) bethe i th coordinateof thecell containingp; for
convenienceweassumethatthecoordinatevaluesfor distincti 'saredistinct.Thenwede®ne:
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� L 0(A) = f g1(f (L (A))) ; : : : ; gE (f (L (A))) g

� R0(A) = [ i gi (B(f (R(A)) ; R))

Claim 3 For anyA andB asabovewehaveL 0(A) � R0(B) iff A � B .

Foranya 2 U wede®neC(a) = L 0(f ag). Wewill showthatC(a) formsan(s � 1; 2d)-code.Consider
anya; B suchthata =2 B. Noticethat

� for eachb 2 B, wehaveC(b) = L 0(f bg) � R0(B). Therefore,[ b2 B C(b) � R0(B).

� C(a) = L 0(f ag) 6� R0(B), asa =2 B.

ThereforeC(a) 6� [ b2 B C(b). ThusC(a) is an(s � 1; 2d) code.Moreover, let U0 = [ aC(a). It is easy
to seethatjU0j = O( E

�r � R ). Thetheoremfollows.

4 Embeddingsof Hausdorff metrics over generalspaces

Let (X ; d) beanarbitrarymetricspace.Thenourmethodfor embeddingaHausdorff of anormedspacedoes
notwork anymore.Thecrucialproblemis thatjB j cannotbebounded,thatis, jB (p; r )j=jB(p; r (1 � � )) j can
beunbounded.Here,wegivearandomizedembeddingprocedurewhichisamodi®cationof therandomized
embeddinggivenabove.Our mainmodi®cationwill be thatwe selectour referencesetsvia non-uniform
samplingaccordingto localpropertiesof themetric.

In ordertoachievean1=� -NearestNeighbor,weneedtobeabletogenerate(r ; � )-embeddings,for many
valuesof r . Instead,wewill beableto generate(r 0; � )-embeddings,for somer 0< r . Notice,thatan(r 0; � )-
embeddingis (by de®nition)alsoan(r ; r 0

r � )-embedding.Thusthedependenceon� in thenearestneighbor
searchalgorithmwill becomeworseby aconstantfactor.

Theorem 6 For any� > 0, r > 0 and0 < � < 1, there is r 0 < r suchthat r 0 � r
(1+ 2

� )1=� +1 suchthat any

metricX , jX j = n canbe(r 0; 1 � � )-embeddedinto ld
1 with d = O(s2n� logn=�).

Proof: Let � = � +2
� andlet r i = r =� i for i = 0 : : :1=� + 1. Ourembeddingwill haveasetof dimensions

for eachr i . Wewill showthatfor eachpairA; B , somedimensioncorrespondingtosomer i will correctlyap-
proximatelyrepresenttheirHausdorff distance.Sinceourembeddingis into l1 , wecansimplyconcatenate
all dimensionsfor all r i in orderto achieveour®nalembedding.

Firstnotethat,8p 2 X thereis anr (p) = r i suchthat:

jB (p; �r i )j > 1=n� � jB (p; r i (� + 2))j = 1=n� � jB (p; �r i � 1)j

sincethevolumeof theball aroundB cangrow by a factorn� at most1=� times.Now considersomep 2
A suchthat dD (A; B) = D(p;B), andlet r 0 = r (p) andt = 2r 0. As before,we needa mappingf :
H s([0; I ]d1 ) ! lE

1 suchthatfor A; B andp 2 A suchthatd(p;B) � 1 wehavejf (A) � f (B)j1 � c. The
embeddingwill bede®nedby a sequenceof E subsetsS1 : : :SE of X as

f (A) = (d(A; S1); : : : ; d(A; SE )) :

Onceagain,wewill providethesetsS1 : : :SE suchthatfor anyA; B asabovethereexistsSi suchthat
thefollowing conditionsaretrue:
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� d(p;Si ) � �r 0

� d(B ; Si ) � r 0

Call thereferencesetSi awitnessto A, B if it satis®estheseconditions.Wewill selectpointsto go into
thereferencesetsaccordingto thedensityof theirneighborhood,thatis, nodev is selectedwith probability
P(v) = 1=sjB(v; t)j. Let P(A) be the probabilityof selectingsomeelementin A � X . We showthe
following:

Claim 4 TheprobabilitythatSi is a witnessto A, B is 
(1 =sn� )

Proof of Claim: The proof proceedsby showing that P(B(p; �r 0)) = 
(1 =sn� ) and 1 �
P([ q2 B B(q; r 0)) = 
(1) . ConsiderP(B(p; �r 0)) ®rst. We know that for all x 2 B(p; �r 0), we have
B(x; t) � B (p; t + �r 0), so jB(x; t)j � jB (p; r 0(� + 2))j � jB (p; �r 0)jn� . ThereforeP(x) =
1=sjB(x; t)j � 1=sn� jB (p; �r 0)j, andthusP(B(p; �r 0)) is 
(1 =sn� ).

Considernow 1 � P([ q2 B B(q; r 0)) . Let q 2 B(q; r 0). Sincet = 2r 0,for anyx 2 B(q; r 0), we know
thatB(q; r 0) � B(x; t). ThereforejB(x; t)j � jB (q; r 0)j, andP(x) � 1=sjB(q; r 0)j. WegetP(B(q; r 0)) �
1=s. Theprobabilitythatd(B; Si ) � r 0 is then
(1) .

Therefore,wegetbotheventswith probability
(1 =sn� ), asrequired.
�

In orderto havea witnessfor all nO(s) pairsA andB suchthatr (p) = r 0we needto repeattheabove
procedureO(s logn) times.Takingall 1=� valuesof r 0givesa totalof O(s2n� logn=�) dimensions.

5 ApproximateNearestNeighbor Problem

In thissectionwe®rstdescribehowto applytheembeddingresultsprovedsofar to achievea fastalgorithm
for theApproximateNearestNeighborproblem.Thenwepointouthowtogeneralizeouralgorithmstowork
for theminimumHausdorff distanceunderisometries.

Algorithms. Onecaneasilyobservethefollowing fact.

Fact 1 If X is canbe� -embeddedin Y andthere is a c-PLEBalgorithmfor Y, thenthere is a c=� -PLEB
algorithmfor X .

Thuswecanplugin ourembeddingresultof Theorems3and4tothe� -PLEBalgorithmfor l1 andobtain
algorithmsfor searchingin H s(ld

p) asstatedin theIntroduction.In principlewe couldalsodo thesamefor
H s(X ) usingtheresultfromtheSection4. However, adirectapproachwouldrequireadvanceknowledgeof
all queries,aswewouldneedto embedall points(includingquerypoints)duringthepreprocessing.In order
to avoidthis problem,we showthatembeddingof a querypoint q canbedonequickly ªon-lineº provided
we canperformapproximatenearestneighborqueryin theunderlyingmetricX . To this end,observethat
theproof of Theorem6 is still valid if theembeddingf is computedusec-approximationsof thedistances
d(A; Si ) insteadof real distances;the only differenceis that we obtaina (r 0; 1 � c� )-embeddinginstead
of (r 0; 1 � � ) one.Thuswe canreduceoneapproximatenearestneighborqueryin H s(X ) to s2n� logn=�

approximatequeriesin X (onefor eachsetSi ) plusonequeryin l s2n � log n=�
1 .

9



Isometries. Whenthe underlyingmetric is l2, theaboveresultscanbeeasilyextendedto theHausdorff
metricundertranslationsandrotations.To thisend,weapplythefollowing algorithm.ForeachsetSi from
thedatabasecomputeits centroidci andthentranslateall setssuchthattheircentroidsoverlap(sayat some
point c). Moreover, for anyi let pi 2 Si bethepoint in Si with thelargestdistancefrom ci . RotateeachSi

aroundci suchthatthevectorpi � ci is parallelto theX axis. Thenbuild a nearestneighbordatastructure
DS for theresultingsetsSi .

In orderto processthequerysetS, align its centroidto c. Then,for eachp 2 S, rotateS aroundc such
thatthevectorp � c is parallelto X axisandquerythedatastructureDSwith therotatedS asanargument.
Returntheanswerwith thesmallestdistancefrom S.

Thecorrectnessof theseprocedure(i.e. the fact that it returnsanO(1)-approximatenearestneighbor
w.r.t. Hausdorff distanceundertranslationsandrotations)follows from the resultsof [2, 1] andwe omit
the proof here. As mentionedin [2], by exploringO(1=�2) pointscloseto ci andtrying O(1=�) different
rotations,onecanguaranteethattheapproximationguaranteeis (1 + � ) � C, whereC is theapproximation
guaranteefor thestaticHausdorff datastructure;this increasesthenumberof queriesby afactorof O(1=�3).

6 Extensions

Theembeddingsof H (ld
p) shownearlierhasthepropertythatthedimensionalityof thel1 spacegrowsex-

ponentiallyin thedimensionof thespaceunderlyingtheHausdorff metric. Onepossibleway to avoidthis
problemcouldbeto give anembeddingof H s(ld

p) into (say)H s0
(l log s

p ), i.e. reducethedimensionalityof
the underlyingspace,thusreplacingthe factor exponentialin d by sO(1) . By the Johnson-Lindenstrauss
Lemma[17] suchan embeddingis indeedpossiblefor the specialcases = 1 andp = 2, thusit might
bepossibleto proveit for generals. Unfortunately, we arenot awareof anysuchresult. However, we can
provea slightly weakerbut similar resultfor H s

1(ld
2).

Theorem 7 For anyn > 1 there existsa family F of functionsf : H s
1(ld

2) ! H nO (1 = log s)

1 (lO(log s)
2 ) such

that for anypair of setsA; B 2 H s
1(ld

2) if wechoosef uniformlyat randomfromF , thentheprobabilitythat
thedistancebetweenA andB is within a constantfactorof thedistancebetweenf (A) andf (B) is at least
1=n.

Noticethatthis theoremwouldbesuf®cientto obtainasublineartimeapproximatenearestneighboral-
gorithmfor H s

1(ld
2), providedtheembeddingtheoremfrom theprevioussectionheldfor H 1 (wedonothave

a proof thattheydo).
The ideaof the proof is to createv = nO(1=log s) mappingsf 1 : : : f v , of the form f i : H s

1(ld
2) !

H s
1(lO(log s)

2 ). Eachsuchmappingis inducedby a randomprojectionof l d
2 onto lO(log s)

2 asin theproof of
the Johnson-LindenstraussLemma. The functionf is thenobtainedby placingall setsf i (A) in thesame
spacelO(log s)

2 butsuf®cientlyfar awayfrom eachothersothatthereis noªinteractionºbetweenthemwhen
computingthedistances.As theresultdoesnotyethaveanyalgorithmicapplications,wedeferthefull proof
to the®nalversionof thispaper.
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