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Abstract

Hausdorf metricsareusedin geometricsettingsfor measuringhe distancebetweersetsof points.
Theyhavebeenusedextensivelyin areasuchascomputewision, patternrecognitiorandcomputational
chemistry While computingthe distancebetweenra singlepair of setsunderthe Hausdorf metric has
beenwell studied,no resultswereknownfor the NeaestNeighborproblemunderHausdorf metrics.
Indeed,no resultswereknownfor the nearesheighborproblemfor any metricwithout normstructure,
of whichtheHausdorf is one.

We presenthe ®rstnearesnheighboralgorithmfor the Hausdorf metric. We achieveour resultby
embeddindHausdorf metricsinto |; andusingknown nearesheighboralgorithmsfor this targetmet-
ric. We give upperandlower boundson the numberof dimensionseededor suchanl; embedding.
Our boundsrequirethe introductionof newtechniquedbasedon superimposedodesandnon-uniform
sampling.
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1 Intr oduction

with distancdunctiond, preprocesX soasto ef®cientlyanswemueriesfor ®ndingthe pointin P closest
to aquerypointg. This problemhasbeenwell-studiedin the casewhered is thek-dimensionaEuclidean
space.Thelow-dimensionataseis well-solved[9], thoughrunningtimesandspaceareexponentialn the
dimension.In [15] and[19], the approximateversionof the problemwasaddresseth an effort to reduce
thedependencend. Recently[14] consideredhe nearesheighborproblemsn non-Euclideammetrics,in

particularfor thel; norm.

All of theseresultsareexampleof nearesheighborsearchingn normedspacesthatis, the metricson
the pointsform a norm. Suchmetricshavea gooddealof structurewhich canbe exploitedalgorithmically
While manymetricsof interestfor nearesheighborsearchingarenormed,notall are. Oneof the mostin-
terestingcaseof a non-normednetricarethe Hausdorffmetrics The Hausdorf metricis anexampleof a
derivedmetric Supposeve haveanarbitraryunderlyingmetricd on a setof pointsX . Then,for anytwo
subsetgsayA andB) of X the(directedHausdorf distancdrom A to B is de®ne@dsamaximumdistance
from any pointfrom A to its nearesheighborin B; the undirectedHausdorf distancebetweerA andB is
computeddy consideringpothdirectionsandtakingthelargervalue.

Hausdorf metricsdo not havethe usefulstructureof norms. Evenif the underlyingmetricis 2well-
behaved{for examplewhentakingthe Hausdorf metricof pointsin low-dimensionaEuclidearspaceho
nearesheighboralgorithmsareknown. This stateof theartis unfortunatesincethe Hausdorf metric(over
low dimensionaEuclideanspacesj)s acommonlyusedmetricovergeometricobjects.Geometrigpoint set
matchingin two andthreedimensionss awell-studiedfamily of problemswith applicationto areasuchas
computewision [22], patternrecognition[6, 13] andcomputationathemistry{11, 12, 23]. Thusthe prob-
lem of computing(exactlyor approximatelythe Hausdorf distancebetweertwo pointsetsP andQ in two
andthreedimensiondasbeenstudiedextensively[l1, 5, 6, 13, 24] with theinterestingproblemsbeingthose
whereonesetcanberotatedor translatecandoneseekghetransformwhich minimizesthe Hausdorf dis-
tance.

Unfortunately no ef®cientalgorithmshavebeendesignedor the casewhenwe wantto matchP with
manyQ'sand®ndtheclosesbne. This problemis of crucialimportancén manyapplicationsin particulay
computationathemistry[11, 12, 23] and patternrecognition[6, 13|, requirematchinga patternagainsta
hugedatabasef moleculeorimagesyespectively

Our results. Herewe sketchoutthe avor of theresults highlightingthe maincontributions.

Our®rstresultis analgorithmfor approximatenearesheighborsearchingn Hausdorf metricsoverlow
dimensionahormedspace$g. Thealgorithmproceeddy approximatelyembeddinghe Hausdorf metric
into 11 normwith dimensionD roughlyequalto O(s2= 9), wheres is thesets'sizeand is the distortion
(seeformal de®nitionsn Section2). Notice,thatD doesnotdependnthe databassize,butonly on size
of databaseets,whichis muchsmaller After theembeddingyve applythe approximatenearesneighbor
searchalgorithmin 11 of [14] to ®ndthe neighbor In particulay for the mostinterestingcaseof d = 2 or
d = 3weget:

A constanfactorapproximatioralgorithmwith querytime roughlyO(s? logn) andmildly superpoly-
nomialstoragen©(°9 )



An O(log log s)-approximatioralgorithmwith thesameguerytimeandroughlys?n'* spacefor any
> 0.

Our algorithmscanbe generalizedo minimum Hausdorf distanceunderisometrieqi.e. rotationsand
translations) Thetime/spacé&oundsemainessentiallthesamef only translationsireallowed;for general
isometrieshoth querytime and spacearemultiplied by s. Also, our approach(i.e. embeddingHausdorf
metricinto | ) hasseveraladditionalbene®tsOneof themis thatanyfutureimprovement®f algorithms
for 11 automaticallyyield improvedalgorithmsfor Hausdorf distance Also, from thepracticalprespective,
it givesa exibility in choosingthel; algorithm(from manyexistingimplementationsyvhich worksbest
for particularapplications.

SincethedimensionalityD of thel; spacds crucialfor the ef®ciencyof theembeddingye furtherin-
vestigataherelationshipbetweerD ands; d; and . In particular we showalowerboundfor D of roughly
s? for the casewhenthe underlyingnormis 1'°95. Sincethe correspondingipperboundin this caseis
0(s?0(1)Y) = s°®, weconcludethateitherthesuperlineadependencens or exponentiatiependencen
dis neccessarfy(we believethatthemostlikely casds thatbothof themoccur). It is interestinghatboththe
upperandlower boundusessuperimposedodes in particular our lower boundproceedsy showingthat
anassume@mbeddingllowsusto constructodesof smalllength,which contradictknownlowerbounds.
We believethis techniquecanbe applicableto showingotherlower boundgor derivedmetrics.

Oursecondine of researcHiocusonarbitrary underlyingmetrics.We showthefollowing result:aHaus-
dorff metricoveranymetricM canbeembeddedhto|; with roughlyD = s?m dimensionsindconstant
error(herem isthesizeof of themetric). Moreoverif ef®cienapproximateearesheighboioracleexistsfor
M, thentheembeddinganbeperformedby usingD oraclecalls. Thuswe obtainedhefollowing surpris-
ing structuralresult: for anymetricM for which a sublineaftime approximatenearesheighboralgorithm
exists,theapproximatenearesheighbomproblemon the Hausdorf metricoverM alsohasa sublineastime
algorithm.

Ourembeddings randomizedrequiringtheselectiorof a collectionof referencesetswhich areusedin
theembeddingln thisregard jt resemblestherembeddinglgorithms(seee.g.[4, 20, 21], etc.). However
in all of thoseresultsthereferencesetsareselectediniformly atrandom,a schemewhich turnsout notto
work in our case.Instead we developan embeddingalgorithmwhich relieson non-uniformsampling.We
believethis techniquecould ®ndfurtherapplicationdor othermetricspaceproblems.

Outline. In x2, we introducenotationandpreliminaryideas.In x3, we give boundson embeddingHaus-
dorff metricsovernormedspaceslin x4, we giveboundonembeddinglausdorf metricsovergenerakpace.
Finally, in x5, we showhow to useour embedding$or nearesheighborsearching.

2 Preliminaries

Metric spaces. LetX = fxq;:::;xpgandletd : X2 ! <* beametrig thatis d(x;y) = d(y;x)
d(x; x) = Oandd(x;y) d(x; z) + d(y;z): Thepair (X ; d) formsa®nitemetricspace We extendd to
pairsp; SwhereS X byde®ningi(p;S) = ming s d(p; ). Wealsoextendt to pairsS; S%forS;S? X

!FortheHausdorf metricoverlg forp< 1 thedependencend canbeseerno beexponentiakvenwhens = 1; thisfollows
from lower boundsfor embeddingf |, intol1 . However thesameargumentclearlydoesnotapplyto thecasep = 1 .



by de®ningi(S; S9 = minyzs d(p; S9. Noticethattheaboveextensionslonotconstitutemetricspacegand
shouldnot be confusedvith the Hausdorffmetricde®nedater.

LetP 2 <9, Then -

Xj Kk
I(P) = iPOT*
i=1
l1 (P) = lim Ix(P) = max jP[i];:

WhenX <9 wereferto (X;lx) aslg, with X understoodWe will sometimeseferto | asEuclidean
d-space Whenwe wish to emphasizehatthe pointsin I arein somerange[0; R]¢ ratherthanin <9, we
will write [0; R].
Foranyp2 X andr > Owede®neB (p;r) to bethesetof pointsq2 X suchthatd(p;q) r.
Foranypairof (X ; d) and(X ¢ d9 of metricspaceswe saythatafunctionf : X ! XCisan(R; ; r)-
embeddingf for anypointsp;q2 X:

if d(p;q)  r thend{f (p);f (a)) r

if d(p;a)  Rthend{(f (p);f(q)) R.

Most of the embeddingsntroducedin this paperare,in fact, contractionsjn suchcaseswve call them
(R; )-embeddinggasthevalueofr isirrelevant).Furthermorein manysituationgheactualvalueof R is
notimportant;in suchcasesve assumeérk = 1 andcallf an -embedding.

Hausdorff metric. ForanymetricD = (X; d) theHausdorf metricoverD (denotecyH (D)) isde®ned
overthepowersebf X . ForanysetsA; B X theHausdorf distancedp is equalto

dp (A; B) = maxf g;g\xd(p;B); g;and(p:A)g

In thefollowing we oftenrestrictthedomainof H (D) to subset®f X of cardinalityupperboundedy
aparametes. We denotetheresultingmetricby H3(D). Also, we considemeneralizedHausdorffspaces
Ht (D), parameterizety T : 2X | 2X . In this casethedistancefunctiond], is de®neds:

db (A; B) = mindp ((A); B))

AslongasT is closedundercompositiorandinversion thefunctiond[ (A; B) is ametric.

The problemof estimatingthe (generalizedHausdorf distancebetweentwo point setsin 2 and 3 di-
mensiongusuallyundertranslationsandrigid motions)hasbeenstudiedextensively[7, 13, 24] (seealso
the surveyby Alt andGuibag[3]). Theapproximatesersionsof the aboveproblemshavealsobeeninves-
tigated[1, 16, 5]. In particular the combinationof the resultsof [1] and[5] resultsin an O(slogs)-time
algorithmfor estimating(up to any constanfactor)the Hausdorf distanceof setsfrom H $(13), whereT is
thesetof all rigid motions.

Finally, we considetanotherderivedmetricsimilar to theHausdorf, de®nedsfollows:

X X
do(A;B)=  d(p;B)+  d(p;A)g
p2A p2B

We will commonlyreferto thisdp asH1(D). Usingthis notation,the Hausdorf metric canbe thoughtof
astheH1 (D) metric,howeverwewill usethesimplerH (D) for conveniencéhroughout.

3



Approximate nearestneighboralgorithms. Theapproximaterearesheighbormproblemwasrecentlythe
subjeciof extensiveesearchThemostrecentesultsof [15] and[19] give algorithmsfor approximatenear
estneighborin d-dimensionaEuclidearspacewith polynomialstorageandquerytime polynomialin logn
andd. Thesealgorithmsareof mainly theoreticalinterestastheir storageequirementsirequitelarge. In-
dyk andMotwani[15] alsogaveanotherlgorithmwith smallpolynomialstorageandsublinealquerytime.
Unfortunatelythetechniquesisedto achievetheseresultsheavilyexploit propertieof the Euclideamorm
andthereforedo not seemapplicableto othermetric spaces.Subsequentindyk [14] gavean algorithm
for the approximatenearesneighborproblemin 1§ . The algorithm achievesan approximationratio of
4log,, log4d with O(dn'* logn) storageandO(dlogn) querytime. The latterresultis crucialfor our
applicationsaswe obtainour resultsby embeddingHausdorf metricsinto | .

De®nition1 (c-Point Location in Equal Balls (c-PLEB)) Given n  unit balls centeed at

thefollowing:
if there existsp 2 P with q 2 B(p; 1) thenreturnyEs anda pointp®suchthatq 2 B(p® c),

if g2 B(p;c) forall p2 P thenreturnno,
if for thepointp closesto qwehavel d(qg;p) cthenreturneitheryEes or NO.

In [15] it wasprovedthatgivenanalgorithmfor c-PLEBwhichused (n) spaceonaninstanceof sizen
wheref is convexthereis adatastructurefor (c+ ) NN S problemrequiringO(f (npoly(log n; 1=(c
1)))) spaceandusingO(poly(log n; 1=(c 1))) invocationgo c-PLEB perquery Thusin this papemwe will
concentrat®n solvingthe c-PLEB problem.

Superimposedcodes. Thereexistseveralvariantsof superimposedodes.In this paperwe assumehe
following de®nition(see[8]):

De®nition2 AnN M binary matrix A is calleda superimpose(z; M )-code(or (z; M )-code)of length
N if the booleansumof anyz columnsof A doesnot containany other column. We referto A's columns
(whichwedenoteby A[0]:::A[M  1]) ascodewords

Noticethateachcodewordcorrespondi asubsebdf [M ] (takethesetof all coordinatesetto 1) andtherefore
we canreferto codewordsssets.

Here, we are interestedin the situationwhen M andz are given and the goal is to minimize N .
Let Nmin (M ; z) denotethe minimum lengthof any (z; M )-code. DyachkovandRykov [8] showedthat
Nmin(z; M) = ( z%log, M) (similar boundswerealsoobtainedby Erdos,FranklandFuredi[10]). How-
ever their upperboundwasobtainedby a probabilisticagumentandis non-constructiveThe bestexplicit
constructior{18] (basecn Reed-Solomorodes)achievedN = O(z2logz M ).

3 Embeddingsof Hausdorff metrics over normed spaces

We beginby showinga 1-embeddingnto |, . Ourapproximateembeddingsvill be basedn thisexactem-
bedding.It is well knownthatanymetric (X ; d) canbe 1-embeddedhto 1K<, ThusanyHausdorf metric
H (d) canbel-embeddeidhtol; , with thenumberof dimensiongqualtothenumberof sets.Here we show
thatfewerdimensionsuf®ce.



Theorem 1 For any®nitemetricD = (X ; d) thespaceH (D) canbel—embeddemtoljl)(j.

Proof: AssumeX = fp;g;:::;png. ForanyS X, thevaluef (S) is de®neds
f(S) = (d(p1; S);:::5d(pn; S)):

Noticethatthis mappingis a contractionthereforet is suf®ciento showjf (S) f(S9j;  1forany
S;S% X suchthatdp (S;S9 1. Tothisendnotethatif dp (S;S9 = t, thenthereexistsp 2 S such
thatd(p; S9 = t (orp®2 S%suchthatd(p® S) = t, we will assumehe ®rstcasewithoutlossof generality).
Then

if(s) (%1 id(p;S) d(p;SY j0 ti=t
thusestablishingheclaim. .

Thistheoremis complimentedy thefollowing:
Theorem 2 Any®nitemetricD = (X;1{ ) canbe1-embeddedhto H 4(13).

Thechoiceof p doesnot mattersinceall |, normsarethesamein 1 dimension.

Proof: Let bethediameterof somesetX of pointsin 1§ , thatis, let = maxij fl1 (Xi  Xj)g. Then

fSi;l; o Z;Si;d g, whereSi;j = Z(j l) + Xij -

Thepointsde®nedy dimensionj areall betweer2(j 1) and(2j 1) andso,thedistancerom
theS;; to S issimplyjSij  Sk;jj. ThustheHausdorf distancebetweer5; andS; issimplyl; (Xi  X;).
]

ThereforeHausdorf andl; metricsarecloselylinked.

3.1 Upper bound,Hs(1§)

In this sectionrwe modify thetechniquesisedaboveto obtainembeddingsvhich areapproximatebutwhich
requiresmallernumberof dimensionsMore speci®cally:

Theorem 3 Foranyl > 1,s> 0and0< c< 1thespaceH S([0;1]{ ) canbec-embeddeihto If whee

!
d

1+c 2 1
E=0 ds® —— logl + log——
1 c 9 97 ¢

Proof: Asbeforeweneedamapping : H3([0;1] ) ! 1Y suchthatforanyA; B [0;1]9 of cardinality
sandp 2 A suchthatd(p;B) 1wehavejf (A) f(B)j1 c. Theembeddingwill be de®nedy a
sequencef E subsetsS; :::Sg of [0;1]% as

f(A) = (d(A; Sy);:::;d(A; SE)):

In thefollowing we will providethesetsS; : : : Sg suchthatfor anyA; B andqg asabovethereexistsS;
suchthatthefollowing conditionsaretrue:



d(p;S)) a
dB;S) b
a b c

whichis clearlysuf®cientfor our purpose To thisend,weleta= 1 andb= 1. Notethata+ b= 1
dp (A; B). Imposearegularcubicgrid on <9 with aside2a. Amongall cellsintersectingd (p; a) choose
the onewhich containg andcall it p. Noticethatthe centerof p belonggo B (p; a). De®neC to betheset
of all cubesintersectindO; | ]¢ andlet B bethe setof cubeswhosecenterselongto [ p28 B(p; ). Notice
thatp 2 B. Also, we canbound

iCi (g +2)°

_ L. my

jBji u(=s I

By usingsuperimposedodeswe know thereexistsE = u(c)?logjCj setsS; :::Sg suchthatfor any

p; B asabovethereexistsS; containingp but noneof thenelementdrom B. We thenconstructS; from S;
by replacingeachgrid cell by its center Thesesetssatisfythe aboverequirements. n

2d
Remark 1 Byusingtheprobabilisticmethocdnecanin factimprovethedependencencfrom d%e to

d _
d%e . Thisis dueto thefactthatthesetsB are notarbitrary buthavespecialstructure. Unfortunatey,

wedo nothaveanyexplicitconstructionwhichyieldssucha bound.

Remark 2 We neednot usesuperimposedodesin the construction.If we pick eachcell with probability
1=2u(c), thenwith probability (1 =u(c)) wegetasetS suchthatd(p;S) aandd(B;S) b. Choosing
( u(c) log? 1 ) suchsetsgivesw.h.p.,the neededodewords.

3.2 Upper bound, HS(19)

Ourembeddingalgorithmin this casecloselyfollows thatof H 5(1; ). However insteadof havingagrid of
sizeza= 1 c, wehaveagrid of size2a=d""P. We needonly bound;jBj andjCj, whichwe do asfollows.

= | dl:p

iICi (5 + 2)d

_ | m g
iBj up(c)=s ¢

The®rstboundis direct,andthe secondccomesfrom [15]. We onceagainusesuperimposedodesand

getEp = up(c)?logjCj, thusachievingthefollowing theorem:

Theorem4 Foranyl > 1,s> 0and0< c< 1thespaceH S([O;I]g) canbec-embeddedhto IT whee
|
1+c & 1 logd
E=0 ds? —— logl + log—— + ——
1 c g g 1 c p



3.3 Lower bound

In this sectionwe provethefollowing lower boundtheorem.

Theorem5 For5; = R < r r = 1letf bean(r; ; R)-embeddigof HS([ 1=2;1=2]¢ ) intoIf .
Thenthereexistsa (s  1;29)-codeof lengthO(—Ex).

In particulay thisimpliesthatif —2= = O(1) and2?  s?,thenE = ( s?d=logs).

r

Proof: LetD bethel; metricover[ 1=2;1=2]9 andassumeheexistenceff asabove.Foranyelement
afromtheuniversel = f 1=2; 1=2g% we will de®néts codewordC(a) in asequencef steps Firstly, let
0 denotetheorigin (i.e. thepoint(0;: : :; 0)). ForanyA U wede®ne:

L(A)= A[ fOg

R(A) = A
Claim 1 For anyA; B U wehave

if A B thendp (L(A);R(B)) = 3
otherwisedp (L(A); R(B)) = 1

Proof: Assume®rstthatA  B. Inthiscasefor anya 2 A thedistancdromato R(B) isO(sincea2 B
aswell). Also, thedistancdrom 0 to anypointis atmost1=2. Ontheotherhand thedistancdrom anypoint
in R(B) to 0 (whichbelonggo L (A)) is 1=2. Thereforedp (L(A); R(B)) = %
Ontheotherhand,assumehatA 6 B. In thiscasethereexistsa2 A B. Thedistancdrom a to any
pointin B is 1. Thisimpliesdp (L(A); R(B)) = 1. n

Fromtheaboveclaim andthepropertieof f weknowthatfor anyA; B U with cardinalitiesat most
s lwehave

if A B thenjf (L(A) f(R(B)j. R

otherwisgf (L(A)) f(R(B))j1 r .
Claim 2 LetP bethesetofall pointsf (L (A)) andf (R(B)) where A; B asabove.Thenthediameterof P
is at most2.
Proof: Sincetheemptysetis includedin anyset,wehavedp (f (L(;));f (R(B))) = 1=2foranyB. Also,
for anysetA wehaveA [ ; A, andtherefore

dp (F(L(A)):F(LG)))  do(fF(L(A):f(R(A)) + d(f (R(A)):f(LG))) 1=2+1=2=1
Therefore(by triangleinequality)all pairwisedistancesreat most2. n

We canthereforeassumehatP  [0; 2]F. Imposeauniformgridon|[0; 2]F of side = (r R)
for arbitrary > 0. Foranypointp 2 [0;2]F let gi(p) betheith coordinateof the cell containingp; for
convenienceve assumehatthe coordinatevaluesfor distincti's aredistinct. Thenwe de®ne:



LYA) = fau(f (L(A);: 5 ge(f(L(A) g
RYA) = [igi(B(f (R(A));R))
Claim 3 For anyA andB asabovewehaveL{A) RYB)iffA B.

Foranya 2 U wede®neC(a) = L{fag). Wewill showthatC(a) formsan(s 1;2%-code.Consider
anya; B suchthata 2 B. Noticethat

foreachb2 B, wehaveC(b) = LYfbg) RYB). Therefore] ngC(b) RYB).
C(a) = Lfag) 6 RqB), asa 2 B.

ThereforeC(a) 6 [ g C(b). ThusC(a) isan(s 1;2%) code.MoreoverletU®= [ ,C(a). It is easy
to seethatjuq = O(ﬁ). Thetheoremfollows. n

4 Embeddingsof Hausdorff metrics over generalspaces

Let (X ; d) beanarbitrarymetricspace Thenour methodfor embeddingaHausdorf of anormedspacealoes
notwork anymore.Thecrucialproblemis thatjBj cannotbeboundedthatis, jB (p;r)j=jB(p;r(1 ))jcan
beunboundedHere,wegive arandomizecmbeddingrocedurevhichis amodi®catiorof therandomized
embeddinggiven above. Our main modi®catiorwill be thatwe selectour referencesetsvia non-uniform
samplingaccordingo local propertieof the metric.

In orderto achievean1= -NearesNeighborweneedo beabletogeneratér; )-embeddingdpr many
valuesofr. Insteadwewill beableto generatér® )-embeddingsfor somer°< r. Notice,thatan(r® )-
embeddings (by de®nitionjalsoan(r; rr_o )-embeddingThusthedependencen in thenearesheighbor
searchalgorithmwill becomeworseby a constanfactor

Theorem6 Forany > O,r > 0OandO0< < 1, thereisr%< r suchthatr?® ﬁ suchthatany

(1+
metricX ,jXj= ncanbe(r®1 )-embeddeéhtol{ withd = O(s?n logn=).

Proof: Let = —*2 andletr; = r= 'fori = 0:::1= + 1. Ourembeddingvill haveasetof dimensions
for eactr;. Wewill showthatfor eachpairA; B, somedimensiorcorrespondingp somer; will correctlyap-
proximatelyrepresentheir Hausdorf distance Sinceourembeddings into |1 , we cansimply concatenate
all dimensiondor all r; in orderto achieveour ®nalembedding.

Firstnotethat,8p 2 X thereisanr(p) = r; suchthat:

B(pir )j>1=n jB(p;ri( +2)j=1=n [B(p; T i 1)j

sincethevolumeof the ball aroundB cangrow by afactorn atmostl= times. Now considersomep 2
A suchthatdp (A; B) = D(p;B), andletr® = r(p) andt = 2r% As before,we needa mappingf
HS([0;11¢)! IE suchthatfor A; B andp 2 A suchthatd(p;B) 1wehavejf (A) f(B)j1 c The
embeddingvill bede®nedby asequencef E subsets; :::Sg of X as

f(A) = (d(A; Sy);:::;d(A; SE)):

Onceagain,we will providethesetsS; :::Sg suchthatfor anyA; B asabovethereexistsS; suchthat
thefollowing conditionsaretrue:



dp;s) r°
d(B;S) r°

CallthereferencesetS; awitnesgo A, B if it satis®@etheseconditions.We will selectpointsto gointo
thereferencesetsaccordingo the densityof their neighborhoodthatis, nodev is selectedvith probability
P(v) = 1=gB(v;t)j. Let P(A) bethe probability of selectingsomeelementn A X . We showthe
following:

Claim 4 TheprobabilitythatS; is awitnessto A, B is (1 =sn)

Proof of Claim: The proof proceedsby showingthat P(B(p;r 9) = (1 =sn) and 1
P([ g28B (1% = (1) . ConsiderP(B(p; r 9) ®rst. We know thatfor all x 2 B(p; r 9, we have
B(x; t) B(p;t + r 9, sojB(x;t)j iB(p;r{ + 2))j iB(p; r 9jn . ThereforeP(x) =

1=9B(x;t)] 1=snjB(p; r 9j, andthusP(B(p; r 9)is (1 =sn).

Considemowl P([ g28B(q;r9). Letq 2 B(q;r9. Sincet = 2r%for anyx 2 B(qg;r9, we know
thatB(q;r9 B(x;t). ThereforgB(x;t)j jB(q;r9j,andP(x) 1=gB(q;r9j. WegetP(B(q;r9)
1=s. Theprobabilitythatd(B;S;) rCisthen (1) .

Thereforewe getbotheventswith probability (1 =sn ), asrequired.

In orderto haveawitnessfor all n®) pairsA andB suchthatr(p) = r°we needto repeathe above
procedureéd(slogn) times. Takingall 1= valuesof r°givesatotalof O(s?n logn=) dimensions. m

5 Approximate NearestNeighbor Problem

In this sectionwe ®rstdescribehowto applytheembeddingesultsprovedsofar to achieveafastalgorithm
for the ApproximateNearesiNeighborproblem.Thenwe pointouthowto generalizeouralgorithmsto work
for theminimumHausdorf distanceunderisometries.

Algorithms.  Onecaneasilyobservehefollowing fact.

Factl If X iscanbe -embeddedh Y andtheris a c-PLEBalgorithmfor Y, thentherisac= -PLEB
algorithmfor X .

Thuswe canplugin ourembeddingesultof Theorem8 and4 tothe -PLEBalgorithmfor 1, andobtain
algorithmsfor searchingn H S(Ig) asstatedn the Introduction.In principlewe couldalsodo the samefor
H S(X) usingtheresultfromthe Sectiord. However adirectapproachvouldrequireadvancénowledgeof
all queriesaswe wouldneedo embedall points(includingquerypoints)duringthe preprocessingn order
to avoidthis problem,we showthatembeddingf a querypoint g canbe donequickly 2on-line® provided
we canperformapproximatenearesneighborqueryin the underlyingmetric X . To this end,observethat
the proof of Theorem6 is still valid if theembedding is computedusec-approximation®f the distances
d(A; S) insteadof real distancesthe only differenceis thatwe obtaina(r®1 ¢ )-embeddingnstead
of r®1 ) one.Thuswe canreduceoneapproximatenearesneighborqueryin HS(X ) to s°n logn=

approximategueriesin X (onefor eachsetS;) plusonequeryin 50 logn=



Isometries. Whenthe underlyingmetricis I, the aboveresultscanbe easilyextendedo the Hausdorf
metricundertranslation@ndrotations.To this end,we applythefollowing algorithm.ForeachsetS; from
thedatabaseomputeits centroidc; andthentranslateall setssuchthattheir centroidsoverlap(sayat some
pointc). Moreover for anyi letp; 2 S; bethepointin S; with the largestdistancegrom ¢;. RotateeachS;
aroundc; suchthatthevectorp; ¢ is parallelto the X axis. Thenbuild a nearesheighbordatastructure
DS for theresultingsetsS; .

In orderto procesghequerysetS, alignits centroidto c. Then,for eachp 2 S, rotateS aroundc such
thatthevectorp cis parallelto X axisandquerythedatastructureDSwith therotatedS asanamgument.
Returntheansweiwith the smallestdistancdrom S.

The correctnes®f theseprocedurdi.e. the fact thatit returnsan O(1)-approximatenearesneighbor
w.r.t. Hausdorf distanceundertranslationsandrotations)follows from the resultsof [2, 1] andwe omit
the proof here. As mentionedn [2], by exploringO(1= ?) pointscloseto ¢; andtrying O(1=) different
rotations,onecanguaranteg¢hatthe approximatiorguaranteés (1 + ) C, whereC istheapproximation
guarantedor thestaticHausdorf datastructurethisincreasethenumberof queriesby afactorof O(1= 3).

6 Extensions

Theembeddingsf H (Ig) shownearlierhasthe propertythatthedimensionalityof thel; spacegrowsex-

ponentiallyin the dimensionof the spaceunderlyingthe Hausdorf metric. Onepossibleway to avoid this

problemcould be to give anembeddingpf H S(Ig) into (say)H S°(||'§9 %), i.e. reducethe dimensionalityof

the underlyingspace thusreplacingthe factor exponentiain d by s° . By the Johnson-Lindersauss
Lemma[17] suchan embeddings indeedpossiblefor the specialcases = 1 andp = 2, thusit might

be possibleto proveit for generak. Unfortunatelywe arenotawareof any suchresult. However we can

provea slightly weakerbut similarresultfor H $(19).

Theorem7 For anyn > 1 there existsa family F of functionsf : H$(1) | H[“™ 9190099y gych
thatfor anypair of setsA; B 2 H$(19) if wechoosd uniformlyatrandomfromF , thenthe probability that
thedistancebetweerA andB is within a constanfactor of the distancebetweerf (A) andf (B) is at least
1=n.

Noticethatthis theoremwould be suf®ciento obtaina sublineatime approximatenearesheighboral-
gorithmfor H $(19), providedtheembeddingheorenfrom the previoussectionheldfor H1 (wedonothave
aproofthattheydo).

The ideaof the proofis to createv = n©(1=095) mappingsf:::f,, of theform f; : H$(I9) !
H$(190°99)) . Eachsuchmappingis inducedby a randomprojectionof 19 ontol3°9® asin the proof of
the Johnson-Lindertsausd_emma. The functionf is thenobtainedby placingall setsf;(A) in the same
spacel? (g s) but suf®cientlyfar awayfrom eachothersothatthereis no@interaction°betweerthemwhen
computingthedistancesAs theresultdoesnotyethaveanyalgorithmicapplicationsye deferthefull proof
to the®nalversionof this paper
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