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Abstract

In thispaperwedisprovethebeliefwidespreadwithin thecomputer
graphicscommunitythat Catmull-Clarksubdivision surfacescan-
not beevaluateddirectly without explicitly subdividing. We show
that thesurfaceandall its derivativescanbeevaluatedin termsof
a set of eigenbasisfunctionswhich dependonly on the subdivi-
sion schemeandwe derive analyticalexpressionsfor thesebasis
functions. In particular, on the regular part of the control mesh
whereCatmull-Clarksurfacesarebi-cubicB-splines,theeigenba-
sis is equalto the power basis. Also, our techniqueis both easy
to implementandef�cient. We have usedour implementationto
computehigh quality curvatureplotsof subdivision surfaces.The
costof our evaluationschemeis comparableto that of a bi-cubic
spline. Therefore,our methodallows many algorithmsdeveloped
for parametricsurfacesto beappliedto Catmull-Clarksubdivision
surfaces.This makessubdivision surfacesanevenmoreattractive
tool for free-formsurfacemodeling.

CR Categories: I.3.5 [ComputerGraphics]:ComputationalGe-
ometryandObjectModeling—Curve, Surface,Solid, andObject
RepresentationsJ.6 [Computer Applications]: Computer-Aided
Engineering—ComputerAidedDesign(CAD)

Keywords: subdivision surfaces,eigenanalysis,linear algebra,
parametrizations,surfaceevaluation,Catmull-Clarksurfaces

1 Intr oduction

Subdivisionsurfaceshave emergedrecentlyasapowerful anduse-
ful techniquein modelingfree-formsurfaces.However, although
in theorysubdivisionsurfacesadmitlocalparametrizations,thereis
a strongbelief within thecomputergraphicscommunitythat these
parametrizationscannotbeevaluatedexactly for arbitraryparame-
ter values.In this paperwe disprove this belief andprovide a non-
iterative techniquethat ef�ciently evaluatesCatmull-Clarksubdi-
vision surfacesandtheir derivativesup to any order. The costof
our techniqueis comparableto theevaluationof a bi-cubicsurface
spline. The rapid and preciseevaluationof surfaceparametriza-
tions is crucial for many standardoperationson surfacessuchas
picking, renderingandtexturemapping.Our evaluationtechnique
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allows a largebodyof usefultechniquesfrom parametricsurfaces
to be transferedto subdivision surfaces,making themeven more
attractiveasa free-formsurfacemodelingtool.

Our evaluationis basedon techniques�rst developedto prove
smoothnesstheoremsfor subdivision schemes[3, 5, 1, 4, 7, 6].
Theseproofsareconstructedby transformingthesubdivision into
its eigenspace1. In its eigenspace,thesubdivision is equivalentto a
simplescalingof eachof itseigenvectorsby theireigenvalue.These
techniquesallow us to computelimit pointsand limit normalsat
theverticesof themesh,for example.Mostof theproofs,however,
consideronly a subsetof theentireeigenspaceanddo not address
theproblemof evaluatingthesurfaceeverywhere.We,ontheother
hand,usethe entireeigenspaceto derive an ef�ciently evaluated
analyticalform of thesubdivision surfaceeverywhere,even in the
neighborhoodof extraordinaryvertices. In this way, we have ex-
tendedatheoreticaltool into avery practicalone.

In thispaperwepresentanevaluationschemefor Catmull-Clark
subdivision surfaces[2]. However, our methodologyis not lim-
ited to thesesurfaces. Whenever subdivision on the regular part
of themeshcoincideswith a known parametricrepresentation[7],
our approachshouldbe applicable. We have decidedto present
thetechniquefor thespecialcaseof Catmull-Clarksubdivisionsur-
facesin orderto show a particularexamplefully worked out. In
fact,we have implementeda similar techniquefor Loop's triangu-
lar subdivision scheme[5]. Thedetailsof thatschemearegivenin
a paperon theCDROM Proceedings[8]. We believe thatCatmull-
Clarksurfaceshavemany propertieswhichmakethemattractiveas
a free-formsurfacedesigntool. For example,afteronesubdivision
stepeachfaceof theinitial meshis aquadrilateral,andontheregu-
lar partof themeshthesurfaceis equivalentto apiecewiseuniform
B-spline.Also, algorithmshave beenwritten to fair thesesurfaces
[4].

In orderto de�ne a parametrization,we introducea new setof
eigenbasisfunctions. Thesefunctionswere�rst introducedby War-
renin atheoreticalsettingfor curves[9] andusedin amoregeneral
settingby Zorin [10]. In this paper, we show that the eigenbasis
of theCatmull-Clarksubdivision schemecanbecomputedanalyt-
ically. Also, for the �rst time we show that in the regularcasethe
eigenbasisis equalto thepowerbasisandthattheeigenvectorsthen
correspondto the“changeof basismatrix” from thepower basisto
the bi-cubicB-splinebasis. The eigenbasisintroducedin this pa-
per canthusbe thoughtof asa generalizationof the power basis
at extraordinaryvertices. Sinceour eigenbasisfunctionsare an-
alytical, the evaluationof Catmull-Clarksubdivision surfacescan
be expressedanalytically. As shown in the resultssectionof this
paper, we have implementedour evaluationschemeandusedit in
many practicalapplications.In particular, weshow for the�rst time
high resolutioncurvatureplotsof Catmull-Clarksurfacesprecisely
computedaroundtheirregularpartsof themesh.

The paperis organizedasfollows. Section2 is a brief review
of theCatmull-Clarksubdivisionscheme.In Section3 wecastthis
subdivision schemeinto a mathematicalsettingsuitablefor analy-
sis. In Section4 wecomputetheeigenstructure,to derive oureval-

1To bede�ned preciselybelow.
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Figure1: A bi-cubicB-splineis de�nedby 16controlvertices.The
numberson the right show the orderingof the correspondingB-
splinebasisfunctionsin thevector

�����
	���


.

�����������������������������������������������

�����������������������������������������������

�����������������������������������������������

�����������������������������������������������

�����������������������������������������������

�����������������������������������������������

�����������������������������������������������

�����������������������������������������������

�����������������������������������������������

�����������������������������������������������

�����������������������������������������������

�����������������������������������������������

�����������������������������������������������

�����������������������������������������������

�����������������������������������������������

�����������������������������������������������

���������������������������������������������������

���������������������������������������������������

���������������������������������������������������

���������������������������������������������������

���������������������������������������������������

���������������������������������������������������

���������������������������������������������������

���������������������������������������������������

���������������������������������������������������

���������������������������������������������������

���������������������������������������������������

���������������������������������������������������

���������������������������������������������������

���������������������������������������������������

���������������������������������������������������

���������������������������������������������������

���������������������������������������������������

���������������������������������������������������

���������������������������������������������������

���������������������������������������������������

���������������������������������������������������

Figure2: Initial meshandtwo levels of subdivision. The shaded
facescorrespondto regularbi-cubicB-splinepatches.Thedotsare
extraordinaryvertices.

uation.Section5 is a discussionof implementationissues.In Sec-
tion 6 we exhibit resultscreatedusingour techniqueandcompare
it to straightforwardsubdivision. Finally in Section7 weconclude,
mentioningpromisingdirectionsfor futureresearch.

1.1 Notations

In orderto makethederivationsbelow asclearandcompactaspos-
sibleweadoptthefollowing notationalconventions.All vectorsare
assumedto becolumnsandaredenotedby boldfacelower casero-
mancharacters,e.g., � . Thecomponentsof thevectoraredenoted
by thecorrespondingitalicizedcharacter:the � -th componentof a
vector is thusdenoted

���

. The componentof a vectorshouldnot
be confusedwith an indexed vectorsuchas ��� . Matricesarede-
notedby uppercaseboldfacecharacters,e.g., � . Thetransposeof
a vector � (resp. matrix � ) is denotedby ��� (resp. ��� ). The
transposeof a vector is simply the samevectorwritten row-wise.
Thereforethedot productbetweentwo vectors� and � is written
“ ���
� ”. Thevectoror matrixhaving only zeroelementsis denoted
by � . Thesizeof this vector(matrix) shouldbeobvious from the
context.

2 Catmull-Clark Subdivision Surfaces

The Catmull-Clarksubdivision schemewas designedto general-
izeuniformB-splineknot insertionto meshesof arbitrarytopology
[2]. An arbitrarymeshsuchas the one shown on the upperleft
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Figure3: Surfacepatchnearan extraordinaryvertex with its con-
trol vertices.The orderingof the control verticesis shown on the
bottom.Vertex 1 is theextraordinaryvertex of valence�! #" .

handsideof Figure2 is usedto de�ne a smoothsurface.Thesur-
faceis de�ned asthe limit of a sequenceof subdivision steps.At
eachstepthe verticesof the meshare updatedand new vertices
are introduced. Figure2 illustratesthis process.On eachvertex
of the initial mesh,the valenceis the numberof edgesthat meet
at thevertex. A vertex having a valencenot equalto four is called
an extraordinary vertex. The meshon the upperleft handsideof
Figure2 hastwo extraordinaryverticesof valencethreeandoneof
valence� ve. Away from extraordinaryvertices,theCatmull-Clark
subdivision is equivalentto midpointuniform B-splineknot inser-
tion. Therefore,the $&% verticessurroundinga facethatcontainsno
extraordinaryverticesarethecontrolverticesof auniformbi-cubic
B-splinepatch(shown schematicallyFigure1). The faceswhich
correspondto a regular patchareshadedin Figure2. The �gure
shows how theportionof thesurfacecomprisedof regularpatches
growswith eachsubdivisionstep.In principle,thesurfacecanthus
beevaluatedwhenever theholessurroundingtheextraordinaryver-
ticesaresuf�ciently small. Unfortunately, this iterative approach
is too expensive nearextraordinaryverticesanddoesnot provide
exacthigherderivatives.

Becausethecontrolvertex structurenearanextraordinaryvertex
is notasimplerectangulargrid, all facesthatcontainextraordinary
verticescannotbeevaluatedasuniformB-splines.Weassumethat
theinitial meshhasbeensubdividedat leasttwice,isolatingtheex-
traordinaryverticessothateachfaceis aquadrilateralandcontains
at mostoneextraordinaryvertex. In therestof thepaper, we need
to demonstrateonly how to evaluateapatchcorrespondingto aface
with just oneextraordinaryvertex, suchastheregionnearvertex 1
in Figure3. Let usdenotethevalenceof thatextraordinaryvertex
by � . Our taskis thento �nd a surfacepatch '
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de�ned over
the unit square(! *) +

	

$-,�./) +

	

$-, that canbe evaluateddirectly
in termsof the 01 324�3576 verticesthat in�uence the shapeof
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Figure4: The effect of the seven outercontrol verticesdoesnot
dependonthevalenceof theextraordinaryvertex. Whenthe 24� 5 $

controlverticesin thecenteraresetto zerothesamelimit surface
is obtained.

the patchcorrespondingto the face. We assumein the following
that the surfacepoint correspondingto the extraordinaryvertex is

'
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andthat the orientationof ( is chosensuchthat '

�

. '��

pointsoutsideof thesurface.
A simpleargumentshows thatthein�uence on thelimit surface

of the seven “outer control vertices” numbered24� 5 2 through
24� 5 6 in Figure3 canbeaccountedfor directly. Indeed,consider
thesituationdepictedin Figure4 whereweshow ameshcontaining
avertex of valence" andaregularmeshsideby side.Let usassume
thatall thecontrolverticesaresetto zeroexceptfor thesevencon-
trol verticeshighlightedin Figure4. If werepeattheCatmull-Clark
subdivisionrulesfor bothmeshesweactuallyobtainthesamelimit
surface,sincethe exceptionalcontrol vertex at the centerof the
patchremainsequalto zeroaftereachsubdivision step.Therefore,
the effect of the seven outercontrol verticesis simply eachcon-
trol vertex multipliedby its correspondingbi-cubicB-splinetensor
productbasisfunction.In thederivationof ourevaluationtechnique
we do not needto make useof this fact. However, it explainsthe
simpli�cationswhichoccurat theendof thederivation.

3 Mathematical Setting

In thissectionwecasttheinformaldescriptionof theprevioussec-
tion into a rigorousmathematicalsetting.Wedenoteby
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theinitial controlverticesde�ning thesurfacepatchshown in Fig-
ure 3. The orderingof theseverticesis de�ned on the bottomof
Figure3. This peculiarorderingis chosenso that later computa-
tionsbecomemoretractable.Notethattheverticesdo not resultin
the $&% controlverticesof auniformbi-cubicB-splinepatch,except
when �! �� .

Throughsubdivision we cangeneratea new setof �  0 5��

verticesshown as circlessuper-imposedon the initial verticesin
Figure5. Subsetsof thesenew verticesarethe controlverticesof
threeuniform B-splinepatches. Therefore,three-quartersof our
surfacepatchis parametrized,andcouldbeevaluatedassimplebi-
cubicB-splines(seetop left of Figure6). Wedenotethisnew setof
verticesby

�

� 


 

���


�� 


	������ 	
�


�� �


�������� �

� 


 

�

�

� 


	
�


�� ����


	������ 	
�


��  "!$#

%�%	%�%�%	%�%�%

%�%	%�%�%	%�%�%

%�%	%�%�%	%�%�%

%�%	%�%�%	%�%�%

%�%	%�%�%	%�%�%

%�%	%�%�%	%�%�%

%�%	%�%�%	%�%�%

%�%	%�%�%	%�%�%

%�%	%�%�%	%�%�%

1

8

2

39

4

5
6

7

2N+9

2N+3
2N+42N+5

2N+6

2N+2

2N+7

2N+8

2N+1

2N+10

2N+11

2N+12

2N+15

2N+16

2N+17

2N+13 2N+14

Figure5: Addition of new verticesby applyingtheCatmull-Clark
subdivision rule to theverticesin Figure3.

With thesematrices,thesubdivision stepis a multiplicationby an
0 . 0 (extended)subdivisionmatrix & :
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�

��# (1)

Due to the peculiarorderingthat we have chosenfor the vertices,
theextendedsubdivisionmatrixhasthefollowing blockstructure:
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(2)

where
*

is the 24� 5 $ . 24� 5 $ subdivisionmatrixusuallyfound
in theliterature[4]. Theremainingtwo matricescorrespondto the
regularmidpointknot insertionrulesfor B-splines.Theirexactdef-
inition canbe foundin AppendixA. Theadditionalpointsneeded
to evaluatethe threeB-spline patchesare de�ned using a bigger
matrix
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& of size � . 0 :
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# (3)

The matrices
*

,2
 and
*

,�, are de�ned in Appendix A. The sub-
division stepof Equation1 can be repeatedto createan in�nite
sequenceof controlvertices:
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As notedabove, for eachlevel
:><

$ , a subsetof the verticesof
��54

becomesthecontrolverticesof threeB-splinepatches.These
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controlverticescanbede�nedby selecting$&% controlverticesfrom
��54

andstoringthemin $&% .�� matrices:
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where� � isa $&% .$� “picking” matrixand�  �$

	

2

	

� . Let
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bethevectorcontainingthe $&% cubicB-splinebasisfunctions(see
AppendixB). If thecontrolverticesareorderedasshown ontheleft
of Figure1, thenthesurfacepatchcorrespondingto eachmatrixof
controlverticesis de�ned as
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where
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	���
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( ,
: <

$ and �  $

	

2

	

� . Using the ordering
conventionfor theB-splinecontrolverticesof Figure1, thede�ni-
tion of thepickingmatricesis shown in Figure6. Eachrow of � � is
�lled with zerosexceptfor aonein thecolumncorrespondingto the
index shown in Figure6 (seeAppendixB for moredetails).Thein-
�nite sequenceof uniform B-splinepatchesde�ned by Equation4
form oursurface '
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, when“stitchedtogether”.More formally,
let uspartitiontheunit square( into an in�nite setof tiles � (
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is constructedby de�ning its restric-
tion to eachtile (
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to beequalto theB-splinepatchde�ned by the
controlvertices
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Equation6 givesan actualparametrizationfor the surface. How-
ever, it is very costly to evaluate,sinceit involves

:��

$ multipli-
cationsof the 0*. 0 matrix & . Theevaluationcanbesimpli�ed
considerablyby computingtheeigenstructureof & . This is thekey
ideabehindour new evaluationtechniqueand is the topic of the
next section.

4 Eigenstructure , Eigenbases and Evalu-
ation

The eigenstructureof the subdivision matrix & is de�ned as the
setof its eigenvaluesandeigenvectors. In our casethe matrix &

is non-defective for any valence. Consequently, therealwaysex-
ists 0 linearly independenteigenvectors[4]. Thereforewe denote
thiseigenstructureby

��� 	�� 


, where
�

is thediagonalmatrixcon-
tainingtheeigenvaluesof & , and

�

is an invertiblematrix whose
columnsarethe correspondingeigenvectors. The computationof
theeigenstructureis thenequivalentto thesolutionof thefollowing
matrixequation:

&

�
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(10)

wherethe � -th diagonalelementof
�

is an eigenvaluewith a cor-
respondingeigenvectorequalto the � -th columnof the matrix

�

( �  $

	������ 	

0 ). There are many numericalalgorithmswhich
cancomputesolutionsfor suchequations.Unfortunatelyfor our
purposes,thesenumericalroutinesdo not always return the cor-
recteigenstructure.For example,in somecasesthesolver returns
complex eigenvalues. For this reason,we must explicitly com-
putetheeigenstructure.Sincethesubdivision matrix hasa de�nite
block structure,our computationcanbe donein several steps. In
AppendixA we analyticallycomputethe eigenstructure

� � 	"!

�




(resp.
� # 	�$







) of thediagonalblock
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(resp.
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-, ) of thesubdi-
visionmatrixde�nedin Equation2. Theeigenvaluesof thesubdivi-
sionmatrixaretheunionof theeigenvaluesof its diagonalblocks:
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Usingtheeigenvectorsof
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-, , it canbeproventhattheeigen-
vectorsfor thesubdivisionmatrixmusthave thefollowing form:
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Thematrix
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 is unknown andis determinedfrom Equation10. If
wereplacethematrices
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and & by theirblockrepresentations,
weobtainthefollowing matrixequation:
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Since
!

� is known,
!


 is computedby solvingthe 24� 5 $ linear
systemsof Equation11. In principle,thisequationcouldbesolved
symbolically. In practice,however, becauseof the small sizesof



the linearsystems( � .�� ) we cancomputethesolutionup to ma-
chineaccuracy (seethenext sectionfor details).Theinverseof our
eigenvectormatrix is equalto
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whereboth
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� and
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 canbeinvertedexactly (seeAppendixA).
This factallowsusto rewrite Equation10:
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Thisdecompositionis thecrucialresultthatweusein constructinga
fastevaluationschemeof thesurfacepatch.Indeed,thesubdivided
controlverticesat level

:

arenow equalto
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� is the projectionof the 0 control vertices
into the eigenspaceof the subdivision matrix. Using this new ex-
pressionfor the control verticesat the

:

-th level of subdivision,
Equation4 canberewritten in thefollowing form:
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We observe that theright mosttermsin this equationareindepen-
dentof the control verticesand the power

:

. Therefore,we can
precomputethisexpressionandde�ne thefollowing threevectors:
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The componentsof thesethreevectorscorrespondto a set of 0

bi-cubic splines. In AppendixB we show how to computethese
splines.Notice that thesplines�

�����
	�� 	

�




dependonly on theva-
lenceof theextraordinaryvertex. Consequently, wecanrewrite the
equationfor eachpatchmorecompactlyas:
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To maketheexpressionfor theevaluationof thesurfacepatchmore
concrete,let ���

�

denotetherowsof
�

�

� . Thenthesurfacepatchcan
beevaluatedas:
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Therefore,in orderto evaluatethesurfacepatch,wemust�rst com-
putethe new vertices �

�

(only oncefor a given mesh). Next, for
eachevaluationwe determine

:

and then scalethe contribution
from eachof the splinesby the relevant eigenvalue to the power

: �

$ . Sinceall but the�rst of theeigenvaluesaresmallerthanone,
their contribution decreasesas

:

increases.Thus,for large
:

, i.e.,
for surface-pointsnearthe extraordinaryvertex, only a few terms
make a signi�cant contribution. In factfor
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thesur-
facepoint is �


 , whichagreeswith thede�nition of a limit point in
[4].

Alternatively, the bi-cubic spline functions �

���
	�� 	

�




can be
usedto de�ne a setof eigenbasisfunctionsfor thesubdivision. For
a giveneigenvector

	 �

we de�ne thefunction �

�

by its restrictions
on thedomains(

4

�

asfollows:
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with �  $
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0 . By theabove de�nition thesefunctionssatisfy
thefollowing scalingrelation:
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Theimportanceof thesefunctionswas�rst notedby Warrenin the
context of subdivision curves[9]. More recently, Zorin hasde�ned
andusedeigenbasisfunctionsto prove smoothnessconditionsfor
very generalclassesof subdivision schemes[10]. However, ex-
plicit analyticalexpressionsfor particulareigenbaseshave never
appearedbefore. On the otherhand,we cancomputethesebases
analytically. Figures8 and9 show thecompletesetsof eigenbasis
functionsfor valences3 and5. In the �gures we have normalized
eachfunctionsuchthat its rangeis boundedwithin

�

$ and $ . In
particular, the�rst eigenbasiscorrespondingtoaneigenvalueof one
is alwaysaconstantfunctionfor any valence.A closerlook atFig-
ures8and9 revealsthatthey sharesevenidenticalfunctions.In fact
asshown in AppendixB, thelastseveneigenbasisfunctionsfor any
valencearealwaysequalto
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Furthermore, by transforming these functions back from the
eigenspaceusing

$

7







we obtainthe seven tensorB-splinebasis
functions ���
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i.e.,thebasisfunctionscorrespondingto the“outerlayer”of control
verticesof Figure3. Thisshouldnotcomeasasurprisesinceaswe
notedabove,thein�uenceof theouterlayerdoesnotdependonthe
valenceof theextraordinaryvertex (seeFigure4).

In the regular bi-cubic B-splinecase( �  � ), the remaining
eigenbasiscanbechosento beequalto thepowerbasis
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The scalingpropertyof the power basisis obvious. For example,
thebasisfunction
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,
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correspondsto theeigenvalue $
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This relationshipbetweenthe Catmull-Clarksubdivision and the
power basisin the regular casehasnot beennotedbefore. Note
alsothattheeigenvectorsin this casecorrespondto the“changeof
basismatrix” from the bi-cubicB-splinebasisto the power basis.
Theeigenbasisfunctionsatextraordinaryverticescanthusbeinter-
pretedasa generalizationof thepower basis.However, theeigen-
basesarein generalnot polynomials. In the caseof the Catmull-
Clark subdivision they arepiece-wisebi-cubic polynomials. The
evaluationof the surfacepatchgiven by Equation15 cannow be
rewrittenexactlyas:

'

���
	���


 

�

�

� �




�

�����
	���


�

�

# (16)

This is the key result of our paper, since this equationgives a
parametrizationfor the surfacecorrespondingto any faceof the
control mesh,no matterwhat the valenceis. Thereis no needto
subdivide. Equation16alsoallowsusto computederivativesof the
surfaceup to any order. Only thecorrespondingderivativesof the
basisfunctionsappearingin Equation16arerequired.Forexample,
thepartialderivative of the � -th eigenbasiswith respectto

�

is:
�
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wherethefactor 2

4

is equalto thederivative of theaf�ne transfor-
mation

�

�

�

4

. Generallya factor 2��

4

will bepresentwhentheorder
of differentiationis � .



5 Implementation

Althoughthederivationof our evaluationtechniqueis mathemati-
cally involved, its implementationis straightforward. The tedious
taskof computingtheeigenstructureof thesubdivisionmatrixonly
hasto beperformedonceandis provided in AppendixA. In prac-
tice,we have precomputedtheseeigenstructuresup to somemaxi-
mumvalence,sayNMAX=500, andhave storedthemin a �le. Any
programusingour evaluationtechniquecanreadin theseprecom-
putedeigenstructures.In our implementationtheeigenstructurefor
eachvalenceNis storedinternallyas

typedef
struct �

double L[K]; /* eigenvalues*/
double iV[K][K]; /* inv of theeigenvectors*/
double x[K][3][16]; /* coeffs of thesplines*/

	

EIGENSTRUCT;
EIGENSTRUCTeigen[NMAX]; ,

whereK=2*N+8 . At the endof this sectionwe describehow we
computedtheseeigenstructures.We emphasizethat this steponly
hasto beperformedonceandthat its computationalcostis irrele-
vantto theef�ciency of ourevaluationscheme.

Given that theeigenstructureshave beenprecomputedandread
in from a �le, we evaluatea surfacepatcharoundanextraordinary
vertex in two steps.First,we projectthecontrolverticessurround-
ing thepatchinto theeigenspaceof thesubdivision matrix. Let the
controlverticesbeorderedasshown in Figure3 andstoredin anar-
rayC[K] . TheprojectedverticesCp[K] aretheneasilycomputed
by usingtheprecomputedinverseof theeigenvectors:

ProjectPoints(point *Cp,point *C,int N) �

for ( i=0 ; i<2*N+8 ; i++ ) �

Cp[i] = (0,0,0);
for ( j=0 ; j<2*N+8 ; j++ ) �

Cp[i] += eigen[N].iV[i][j] * C[j];
	

	

	

Thisroutineis calledonly wheneveroneof thepatchesis evaluated
for the�rst timeor afteranupdateof themesh.Thisstepis, there-
fore,calledat mostoncepersurfacepatch.Thesecondstepof our
evaluation,on theotherhand,is calledwhenever thesurfacehasto
be evaluatedat a particularparametervalue(u,v) . The second
stepis a straightforward implementationof the sumappearingin
Equation15. The following routinecomputesthesurfacepatchat
any parametervalue.

EvalSurf ( point P, double u, double v,
point *Cp, int N ) �

/* determinein whichdomain(

4

�

theparameterlies*/
n = floor(min(-log2(u),-log2(v)));
pow2 = pow(2,n-1);
u *= pow2; v *= pow2;
if ( v < 0.5 ) �

k=0; u=2*u-1; v=2*v;
	

else if ( u < 0.5 ) �

k=2; u=2*u; v=2*v-1;
	

else �

k=1; u=2*u-1; v=2*v-1;
	

/* Now evaluatethesurface*/
P = (0,0,0);
for ( i=0 ; i<2*N+8 ; i++ ) �

P += pow(eigen[N].L[i],n-1) *
EvalSpline(eigen[N].x[i][k],u,v)*Cp[i] ;

	

	

The function EvalSpline computesthe bi-cubic polynomial
whosecoef�cients aregiven by its �rst argumentat theparameter
value(u,v) . Wheneitheroneof the parametervaluesu or v is
zero,wesetit to asuf�ciently smallvalueneartheprecisionof the
machine,to avoid an over�ow thatwould be causedby the log2
function.BecauseEvalSpline evaluatesabi-cubicpolynomial,
thecostof EvalSurf is comparableto thatof a bi-cubicsurface
spline. Theextra costdueto the logarithmandtheelevation to an
integer power is minimal, becausetheseoperationsareef�ciently
implementedon mostcurrenthardware. Sincethe projectionstep
is only calledwhenthemeshis updated,thecostof our evaluation
dependspredominantlyonEvalSurf .

Thecomputationof thep-th derivative is entirelyanalogous.In-
steadof usingtheroutineEvalSpline we employ a routinethat
returnsthep-th derivative of thebi-cubicpolynomial. In addition,
the�nal resultis scaledby a factorpow(2,n*p) . Theevaluation
of derivativesis essentialin applicationsthatrequireprecisesurface
normalsand curvature. For example,Newton iteration schemes
usedin ray surfacecomputationsrequirehigherderivativesof the
surfaceatarbitraryparametervalues.

Wenow describehow wecomputetheeigenstructureof thesub-
divisionmatrix. Thissteponlyhastoperformedoncefor agivenset
of valences.Theef�ciency of this stepis not crucial. Accuracy is
whatmattershere.As shown in theappendix,theeigenstructureof
thetwo matrices

*

and
*


-, canbecomputedanalytically. Thecor-
respondingeigenstructureof theextendedsubdivisionmatrix & re-
quiresthesolutionof the 24�/5 $ linearsystemsof Equation11. We
did not solve theseanalyticallybecausethesesystemsareonly of
size � . � . Consequently, thesesystemscanbesolveduptomachine
accuracy usingstandardlinearsolvers.Weusedthedgesv routine
from LINPACK to performthe task. The inverseof the eigenvec-
tors is computedby carryingout thematrix productsappearingin
Equation12. Usingtheeigenvectors,wealsoprecomputethecoef-
�cients of thebi-cubicsplines�

���
	 � 	

�




asexplainedin Appendix
B. For eachvalence� we storedthe resultsin the datastructure
eigen[NMAX] andsaved themin a �le to be readin at the start
of any applicationwhich usestheroutinesProjectPoints and
EvalSurf describedabove.

6 Results

In Figure10 wedepictseveralCatmull-Clarksubdivision surfaces.
The extraordinaryvertex whosevalence� is given in the �gure
is locatedin the centerof eachsurface. The position informa-
tion within the blue patchessurroundingthe extraordinaryvertex
arecomputedusingour new evaluationtechnique.Theremaining
patchesareevaluatedasbi-cubic B-splines. Next to eachsurface
we alsodepict the curvatureof the surface. We mapthe valueof
the Gaussiancurvatureonto a hue angle. Red correspondsto a
�at surface,while greenindicateshigh curvature. We have pur-
poselymadethe curvatureplot discontinuousin order to empha-
size the iso-contourlines. Both the shadedsurfaceand the cur-
vatureplot illustratetheaccuracy of our method.Noticeespecially
how thecurvaturevariessmoothlyacrosstheboundarybetweenthe
patchesevaluatedusingour techniqueandthe regularbi-cubicB-
splinepatches.The curvatureplots also indicatethat for �

�

 �

theGaussiancurvaturetakesonarbitrarily largevaluesneartheex-
traordinaryvertex. The curvatureat the extraordinaryvertex is in
factin�nite, whichexplainsthedivergingenergy functionalsin [4].

Figure11 depictsmorecomplex surfaces.The patchesin blue
areevaluatedusingour technique.



7 Conc lusion and Future Work

In this paperwe have presenteda techniqueto evaluateCatmull-
Clark subdivision surfaces.This is animportantcontribution since
the lack of suchan evaluationschemehasbeensitedasthe chief
argumentagainstthe useof subdivision schemein free-formsur-
facemodelers. Our evaluationschemepermitsmany algorithms
and analysistechniquesdevelopedfor parametricsurfacesto be
extendedto Catmull-Clarksurfaces. The cost of our algorithm
is comparableto the evaluationof a bi-cubic spline. The imple-
mentationof our evaluationis straightforwardandwe have usedit
to plot the curvaturenearextraordinaryvertices. We believe that
the samemethodologycanbe appliedto many othersubdivision
schemessharingthefeaturesof Catmull-Clarksubdivision: regular
parametrizationawayfrom extraordinaryvertices.Wehaveworked
out thedetailsfor Loop's triangularscheme,andthederivationcan
be found in theaccompanying paperon theCDROM proceedings
[8]. Catmull-ClarksurfacesandLoop surfacessharethe property
that their extendedsubdivision matricesarenon-defective. In gen-
eral, this is not the case. For example,the extendedsubdivision
matrix of Doo-Sabinsurfacescannotgenerallybediagonalized.In
this case,however, we canusethe Jordannormalform of the ex-
tendedsubdivisionmatrixandemploy Zorin'sgeneralscalingrela-
tions[10].
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A Subdivision Matrices and Their Eigen-
structures

Thematrix
*

correspondsto theextraordinaryrulesaroundtheex-
traordinaryvertex. With our choiceof orderingof thecontrolver-
ticesthematrix is:
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Sincethelower right 24� . 24� blockof
*

hasacyclical structure,
we can usethe discreteFourier transformto computethe eigen-
structureof

*

. Thiswas�rst usedin thecontext of subdivisionsur-
facesby DooandSabin[3]. ThediscreteFouriertransformcanbe
writtencompactlyby introducingthefollowing 24�3. 24� “Fourier

matrix”;
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. Usingthesenotationswecanwrite down
the“Fouriertransform”of thematrix
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compactlyas:
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wherewehaveusedsometrigonometricrelationstosimplify there-
sultingexpressions.Thecorrespondingeigenvectorsof eachblock
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Theeigenvaluesof thematrix
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aretheunionof theeigenvaluesof
its blocksandtheeigenvectorsare
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Sincethesubdivisionmatrix
*

andits Fouriertransform
�

*

aresimi-
lar, they havethesameeigenvalues.Theeigenvectorsarecomputed
by inverseFouriertransformingtheseeigenvectors:
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Consequently, wehave computedtheeigenvaluesandeigenvectors
of
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. However, in this form the eigenvectorsarecomplex valued
andmostof theeigenvaluesareactuallyof multiplicity two, since
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Sincewehaverearrangedtheeigenvalues,wehave to rearrangethe
eigenvectors. At the sametime we make theseeigenvectorsreal.
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Finally, thediagonalmatrixof eigenvaluesis
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The inverseof the eigenvectors
!

� canbe computedlikewise by
�rst computingtheinversesof eachblock
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in theFourierdomain
andthensetting

>

7




 

�

>

7




-

#

With thesamereshuf�ing asabovewecanthencompute
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. The
resultingexpressionsare,however, ratherugly andarenot repro-
ducedin thispaper.

Theremainingblocksof thesubdivision matrix & directly fol-
low from theusualB-splineknot-insertionrules.

*


-,

 

��

�

�

�

�

�

�

�

�

+

�

�

+

+

� �

+ + + +

+

�

�

�

+ + +

+ +

� �

+ + +

+ + + +

� �

+

+ + + +

�

�

�

+ + + + +

� �

���

�

�

�

�

�

	

*


�


 

��

�

�

�

�

�

�

+ +

�

�

�

+ + �

�

+ +

� 
1


+ + �

�

+ +

�

�

�

�

�

�

�

+ + + +


3
F�

�

�

+ +


3
 �

+ + �

�

�

�

�

�

�

+ + �

� �H
3


+ + + + �

���

�

�

�

�

�

	

where
�

 

�

$&%

	

�

 

�

��2

�����

�

 

$

%��

#

For thecase�! �� , thereis nocontrolvertex
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(
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, ) andthe
secondcolumnof thematrix
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Theeigenstructureof thematrix
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-, canbecomputedmanually,
sincethismatrixhasasimpleform. Its eigenvaluesare:
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with correspondingeigenvectors:
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Theinverse
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of thismatrix is easilycomputedmanually.
Theothertwo matricesappearingin
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B Eigenbasis Functions

In thisappendixwecomputethebi-cubicsplinepieces�
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of
theeigenbasisde�ned in Equation13. Thevector
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where“ � ” and“
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” standfor theremainderandthedivisionrespec-
tively. The functions �
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are the uniform B-splinebasisfunc-
tions:
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Theprojectionmatrices�
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, and �
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arede�ned by introducing
thefollowing threepermutationvectors(seeFigure6):
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Sincefor thecase�3 �� thevertices
�

, and
�

�

arethesamevertex,
�







 2 insteadof 6 for �  � . Using thesepermutationvectors
wecancomputeeachbi-cubicsplineasfollows:
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0 and
�

aretheeigenvectorsof thesubdivision
matrix.
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Figure8: Thecompletesetof $�� eigenbasisfunctionsfor extraor-
dinaryverticesof valence�3 �� .

Figure9: Thecompletesetof $&6 eigenbasisfunctionsfor extraor-
dinaryverticesof valence�3 #" .
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Figure10: Surfaceshaving an extraordinaryvertex in the center.
For eachsurfacewe depict the patchesevaluatedusingour tech-
niquein blue.Next to themis acurvatureplot. Derivative informa-
tion for curvatureis alsocomputednearthecentervertex usingour
technique.

Figure11: More complex surfacesrenderedusingour evaluation
technique(in blue).


