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Abstract

In this papemwe disprose thebeliefwidespreadvithin thecomputer
graphicscommunitythat Catmull-Clarksubdvision surfacescan-
not be evaluateddirectly without explicitly subdviding. We shav
thatthe surfaceandall its derivatives canbe evaluatedin termsof
a setof eigenbasisfunctionswhich dependonly on the subdvi-
sion schemeand we derive analyticalexpressiongor thesebasis
functions. In particular on the regular part of the control mesh
whereCatmull-Clarksurfacesare bi-cubic B-splines the eigenba-
sis is equalto the power basis. Also, our techniqueis both easy
to implementand ef cient. We have usedour implementatiorto
computehigh quality curvatureplots of subdvision surfaces.The
costof our evaluationschemes comparablédo that of a bi-cubic
spline. Therefore our methodallows mary algorithmsdeveloped
for parametricsurfacesto be appliedto Catmull-Clarksubdvision
surfaces. This makes subdvision surfacesan even moreattractie
tool for free-formsurfacemodeling.

CR Categories: 1.3.5 [ComputerGraphics]: ComputationalGe-
ometry and ObjectModeling—Cunre, Surface, Solid, and Object
Representations.6 [Computer Applications]: ComputerAided
Engineering—Computekided Design(CAD)

Keywords: subdvision surfaces,eigenanalysislinear algebra,
parametrizationsurfaceevaluation,Catmull-Clarksurfaces

1 Introduction

Subdvision surfaceshave emegedrecentlyasa powverful anduse-
ful techniquein modelingfree-formsurfaces. However, although
in theorysubdvision suriacesadmitlocal parametrizationghereis
a strongbelief within the computergraphicscommunitythatthese
parametrizationsannotbe evaluatedexactly for arbitraryparame-
tervalues.In this papermwe disprove this beliefandprovide a non-
iterative techniquethat ef ciently evaluatesCatmull-Clarksubdi-
vision surfacesandtheir derivatives up to ary order The costof
our techniquds comparabléo the evaluationof a bi-cubicsurface
spline. The rapid and preciseevaluationof surface parametriza-
tionsis crucial for mary standardoperationson surfacessuchas
picking, renderingandtexture mapping.Our evaluationtechnique
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allows a large body of usefultechniquegrom parametricsurfaces
to be transferedo subdvision surfaces,makingthem even more
attractive asa free-formsurfacemodelingtool.

Our evaluationis basedon techniquesrst developedto prove
smoothnessheoremsfor subdvision schemeq3, 5, 1, 4, 7, 6].
Theseproofsare constructedy transformingthe subdvision into
its eigenspace In its eigenspacehe subdvision is equivalentto a
simplescalingof eachof its eigervectorsby theireigewalue. These
techniquesallow usto computelimit pointsand limit normalsat
theverticesof themesh for example.Most of the proofs,however,
consideronly a subsebf the entireeigenspacanddo not address
theproblemof evaluatingthe surfaceeverywhere We, ontheother
hand,usethe entire eigenspacé¢o derive an efciently evaluated
analyticalform of the subdvision suriaceeverywhere evenin the
neighborhoodf extraordinaryvertices. In this way, we have ex-
tendedatheoreticatool into avery practicalone.

In this papemwe presentinevaluationschemdor Catmull-Clark
subdvision surfaces[2]. However, our methodologyis not lim-
ited to thesesurfaces. Wheneer subdvision on the regular part
of the meshcoincideswith a knovn parametriaepresentatiofi’],
our approachshouldbe applicable. We have decidedto present
thetechniqudor the specialcaseof Catmull-Clarksubdvision sur
facesin orderto shav a particularexamplefully worked out. In
fact,we have implementedh similar techniquefor Loop's triangu-
lar subdvision schemd5]. Thedetailsof thatschemearegivenin
apaperonthe CDROM Proceeding§8]. We believe thatCatmull-
Clark surfaceshave mary propertiesvhich make themattractive as
afree-formsurfacedesigntool. For example,afteronesubdvision
stepeachfaceof theinitial meshis aquadrilateralandontheregu-
lar partof themeshthesurfaceis equivalentto a piecevise uniform
B-spline. Also, algorithmshave beenwritten to fair thesesurfaces
[4].

In orderto de ne a parametrizationye introducea new setof
eigenbasigunctions Theseunctionswere rst introducedy War-
renin atheoreticakettingfor curves[9] andusedin amoregeneral
settingby Zorin [10]. In this paper we shav that the eigenbasis
of the Catmull-Clarksubdvision schemecanbe computedanalyt-
ically. Also, for the rst time we shaw thatin the regular casethe
eigenbasiss equalto the power basisandthattheeigevectorsthen
correspondo the“changeof basismatrix” from the powver basisto
the bi-cubic B-spline basis. The eigenbasisntroducedin this pa-
per canthus be thoughtof asa generalizatiorof the power basis
at extraordinaryvertices. Sinceour eigenbasidunctionsare an-
alytical, the evaluationof Catmull-Clarksubdvision surfacescan
be expressedanalytically As shavn in the resultssectionof this
paper we have implementedur evaluationschemeandusedit in
mary practicalapplications!n particularwe shaw for the rst time
highresolutioncunatureplotsof Catmull-Clarksurfacesprecisely
computecaroundtheirregularpartsof themesh.

The paperis organizedasfollows. Section2 is a brief review
of the Catmull-Clarksubdvision schemeln Section3 we castthis
subdvision scheménto a mathematicasettingsuitablefor analy-
sis.In Sectiond we computethe eigenstructurep derive our eval-

1To bede ned preciselybelow.
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Figurel: A bi-cubicB-splineis de ned by 16 controlvertices.The
numberson the right shav the orderingof the correspondind3-
splinebasisfunctionsin thevector

Figure2: Initial meshandtwo levels of subdvision. The shaded
facescorrespondo regularbi-cubicB-splinepatchesThedotsare
extraordinaryvertices.

uation. Section5 is a discussiorof implementatiorissues.n Sec-
tion 6 we exhibit resultscreatedusingour techniqueandcompare
it to straightforvard subdvision. Finally in Section7 we conclude,
mentioningpromisingdirectionsfor futureresearch.

1.1 Notations

In orderto make thederivationsbelon asclearandcompactspos-
siblewe adoptthefollowing notationalcorventions.All vectorsare
assumedo becolumnsandaredenotedby boldfacelower casero-
mancharacterse.g., . Thecomponent®f the vectoraredenoted
by the correspondingtalicized characterthe -th componenbf a
vectoris thusdenoted . The componenbf a vectorshouldnot

be confusedwith anindexed vectorsuchas . Matricesarede-
notedby uppercaséoldfacecharacterse.g., . Thetransposef
avector (resp.matrix ) is denotedoy (resp. ). The

transposef a vectoris simply the samevectorwritten row-wise.

Thereforethe dot productbetweenwo vectors and is written

“ ". Thevectoror matrix having only zeroelementss denoted
by . Thesizeof this vector(matrix) shouldbe obvious from the

context.

2 Catmull-Clark Subdivision Surfaces

The Catmull-Clark subdvision schemewas designedio general-
ize uniform B-splineknotinsertionto meshe®f arbitrarytopology
[2]. An arbitrary meshsuchasthe one shavn on the upperleft

N+3> @2\+2

Figure 3: Surfacepatchnearan extraordinaryvertex with its con-
trol vertices. The orderingof the control verticesis shavn on the
bottom.Vertex 1 is the extraordinaryvertex of valence

handsideof Figure2 is usedto de ne a smoothsurface. The sur
faceis de ned asthe limit of a sequencef subdvision steps. At
eachstepthe verticesof the meshare updatedand new vertices
areintroduced. Figure 2 illustratesthis process.On eachvertex
of the initial mesh,the valenceis the numberof edgesthat meet
atthevertex. A vertex having a valencenot equalto four is called
an extraordinary vertex. The meshon the upperleft handside of
Figure2 hastwo extraordinaryverticesof valencethreeandoneof
valence ve. Away from extraordinaryvertices the Catmull-Clark
subdvision is equivalentto midpointuniform B-splineknot inser
tion. Thereforethe  verticessurroundingafacethatcontainsno
extraordinaryverticesarethe controlverticesof a uniform bi-cubic
B-spline patch(shavn schematicallyFigure 1). The faceswhich
correspondo a regular patchare shadedn Figure2. The gure
shavs how the portion of the surfacecomprisedf regularpatches
grows with eachsubdvision step.In principle,thesurfacecanthus
be evaluatedvheneertheholessurroundinghe extraordinaryer-
ticesaresufciently small. Unfortunately this iterative approach
is too expensve nearextraordinaryverticesand doesnot provide
exacthigherderivatives.

Becausehecontrolvertex structurenearanextraordinaryertex
is notasimplerectangulagrid, all faceshatcontainextraordinary
verticescannotbe evaluatedasuniform B-splines.We assumehat
theinitial meshhasbeensubdvidedatleasttwice, isolatingthe ex-
traordinaryverticessothateachfaceis a quadrilaterabndcontains
at mostoneextraordinaryvertex. In therestof the paperwe need
to demonstratenly how to evaluatea patchcorrespondingo aface
with justoneextraordinaryvertex, suchastheregion nearvertex 1
in Figure 3. Let usdenotethe valenceof thatextraordinaryvertex
by . Ourtaskisthento nd asurfacepatch de ned over
the unit square that canbe evaluateddirectly
in termsof the verticesthatin uence the shapeof
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Figure4: The effect of the seven outer control verticesdoesnot
dependnthevalenceof theextraordinaryertex. Whenthe
controlverticesin the centeraresetto zerothe samelimit surface
is obtained.

the patchcorrespondindo the face. We assumen the following
thatthe surfacepoint correspondindo the extraordinaryvertex is
andthatthe orientationof  is chosensuchthat

pointsoutsideof the surface.

A simpleargumentshawvs thatthein uence onthelimit surface
of the seven “outer control vertices” numbered through

in Figure3 canbeaccountedor directly. Indeed consider

thesituationdepictedn Figure4 wherewe shav ameshcontaining
avertex of valence andaregularmeshsideby side.Letusassume
thatall thecontrolverticesaresetto zeroexceptfor the sevencon-
trol verticeshighlightedin Figure4. If we repeathe Catmull-Clark
subdvision rulesfor bothmeshesve actuallyobtainthe samdimit
surface, since the exceptionalcontrol vertex at the centerof the
patchremainsequalto zeroaftereachsubdvision step. Therefore,
the effect of the seven outer control verticesis simply eachcon-
trol vertex multiplied by its correspondingpi-cubic B-splinetensor
productbasisfunction. In thederiationof ourevaluationtechnique
we do not needto male useof this fact. However, it explainsthe
simpli cations which occuratthe endof thedervation.

3 Mathematical Setting

In this sectionwe casttheinformal descriptionof the previous sec-
tion into arigorousmathematicasetting.We denoteby

theinitial controlverticesde ning the surfacepatchshavn in Fig-

ure 3. The orderingof theseverticesis de ned on the bottom of

Figure3. This peculiarorderingis chosenso that later computa-
tionsbecomamoretractable Notethatthe verticesdo notresultin

the controlverticesof auniform bi-cubicB-splinepatch,except
when .

Throughsubdvision we cangeneratea new setof
verticesshawvn as circles superimposedon the initial verticesin
Figure5. Subsetof thesenew verticesarethe control verticesof
three uniform B-spline patches. Therefore,three-quartersf our
surfacepatchis parametrizedandcould be evaluatedassimplebi-
cubicB-splines(seetop left of Figure6). We denotethis new setof
verticeshy
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Figure5: Addition of new verticesby applyingthe Catmull-Clark
subdvision rule to theverticesin Figure3.

With thesematrices the subdvision stepis a multiplicationby an
(extended)pubdivisiormatrix

1)

Dueto the peculiarorderingthat we have chosenfor the vertices,
the extendedsubdvision matrix hasthefollowing block structure:

@)

where isthe subdvision matrix usuallyfound

in theliterature[4]. Theremainingtwo matricescorrespondo the

regularmidpointknotinsertionrulesfor B-splines.Theirexactdef-

inition canbefoundin AppendixA. The additionalpointsneeded
to evaluatethe three B-spline patchesare de ned using a bigger
matrix  of size :

where

®)

The matrices and arede ned in AppendixA. The sub-
division stepof Equation1 can be repeatedo createan in nite
sequencef controlvertices:

As notedabove, for eachlevel , a subsetof the verticesof
becomeghe control verticesof threeB-splinepatches.These



O
O
O
<

)
O
T

i

3
20O
z

¥

=

o

N
2O
T

b

3

)

z

¥

[

o

COO
o
o
o
\wﬂ
:O
b
3
:O
20

O

@)

o
SHo)
i)
o

OOO

N
z
F
w

O 003
000

Vi
O ~0=0O

O
O
O
O
O

)
z
T+
~
N
zZ
T
o
)
z
+
N
)
z
T
1N
S
)
z
F
[iN
o
N
z
+
i
a
N
4
F
[
IS
)
z
¥
©

O
O
O
@)
O
O

N
z
+
w
N
4
¥
=
N
N
P
¥
~
n
z
T
)
N
zZ
¥
N
)
z
T
=
S

O
O

2N+4  2N+12

=000
“O Q)
O304
OO

-0
JOL®)

N

z

+

w

N

pd

F

[

[

N
4
T
IS
N
z
T
JiN
N

2N+5 2N+13

Figure 6: Indicesof the control verticesof the threebi-cubic B-
splinepatcheobtainedrom
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Figure7: Partition of theunit squarento anin nite family of tiles.

controlverticescanbede nedby selecting controlverticesfrom
andstoringthemin matrices:

where isa “picking” matrixand . Let
bethevectorcontainingthe  cubicB-splinebasisfunctions(see
AppendixB). If thecontrolverticesareorderedasshavn ontheleft
of Figurel, thenthe surfacepatchcorrespondingo eachmatrix of
controlverticesis de ned as

(4)

where , and . Using the ordering
cornventionfor the B-splinecontrolverticesof Figurel, thede ni-
tion of thepicking matriceds shavn in Figure6. Eachrow of  is
lled with zerosexceptfor aonein thecolumncorrespondingo the
index shawvn in Figure6 (seeAppendixB for moredetails).Thein-
nite sequencef uniform B-splinepatchegle ned by Equation4
form our surface , when“stitchedtogether”.More formally,
let us partitionthe unit square into anin nite setof tiles ,
, asshawvn in Figure7. Eachtile with index is
four timessmallerthanthetiles with index . More precisely:

- - — (5)

A parametrizatioffior is constructedy de ning its restric-
tionto eachtile  to beequalto the B-splinepatchde ned by the
controlvertices

| (6)

Thetransformation = mapsthetile ontotheunit square :
7
®)

9)

Equation6 givesan actualparametrizatiorior the surface. How-
ever, it is very costly to evaluate,sinceit involves multipli-
cationsof the matrix . Theevaluationcanbe simpli ed
considerablypy computingtheeigenstructuref . Thisis thekey
ideabehindour new evaluationtechniqueandis the topic of the
next section.

4 Eigenstructure , Eigenbases and Evalu-
ation

The eigenstructuref the subdvision matrix  is de ned asthe
setof its eigevaluesand eigemvectors. In our casethe matrix
is non-defectie for arny valence. Consequentlytherealways ex-
ists linearlyindependengigermvectors[4]. Thereforewe denote
this eigenstructurey , Where isthediagonalmatrix con-
tainingthe eigevaluesof , and is aninvertible matrix whose
columnsarethe correspondingigevectors. The computationof
theeigenstructures thenequivalentto the solutionof thefollowing
matrix equation:

(10)

wherethe -th diagonalelementof is aneigewvaluewith a cor
respondingeigervector equalto the -th columnof the matrix

). There are mary numericalalgorithmswhich
can computesolutionsfor suchequations. Unfortunatelyfor our
purposesthesenumericalroutinesdo not always returnthe cor
recteigenstructureFor example,in somecaseghe solver returns
compl eigervalues. For this reason,we must explicitly com-
putethe eigenstructureSincethe subdvision matrix hasa de nite
block structure,our computationcanbe donein several steps. In
AppendixA we analytically computethe eigenstructure
(resp. ) of thediagonalblock (resp. ) of thesubdi-
visionmatrixde nedin Equation2. Theeigevaluesof thesubdvi-
sionmatrix aretheunionof theeigervaluesof its diagonalblocks:

Usingtheeigewectorsof and it canbeproventhattheeigen-
vectorsfor the subdvision matrix musthave thefollowing form:

Thematrix  isunknavn andis determinedrom Equationl0. If
wereplacghematrices , and bytheirblockrepresentations,
we obtainthefollowing matrix equation:

(11)
Since  isknown, is computedy solvingthe linear

systemsf Equationll. In principle,this equationcouldbe solved
symbolically In practice,howvever, becausef the small sizesof



thelinear systemq ) we cancomputethe solutionup to ma-
chineaccurag (seethenext sectionfor details). Theinverseof our
eigervectormatrixis equalto

(12)

whereboth  and canbeinvertedexactly (seeAppendixA).
Thisfactallows usto rewrite Equationl10:

Thisdecompositiolis thecrucialresultthatwe usein constructinga
fastevaluationschemeof the surfacepatch.Indeed the subdvided
controlverticesatlevel arenow equalto

where is the projectionof the  control vertices
into the eigenspacef the subdvision matrix. Usingthis new ex-
pressionfor the control verticesat the -th level of subdvision,
Equatiord canberewritten in thefollowing form:

We obsere thatthe right mosttermsin this equationareindepen-
dentof the control verticesandthe powver . Therefore,we can
precomputehis expressiorandde ne thefollowing threevectors:

(13)

The component®f thesethreevectorscorrespondo a set of
bi-cubic splines. In AppendixB we shav how to computethese
splines.Notice thatthe splines dependonly on the va-
lenceof theextraordinaryvertex. Consequentlywe canrewrite the
equatiorfor eachpatchmorecompactlyas:

(14)

To make theexpressiorfor theevaluationof thesurfacepatchmore

concretelet denotetherowsof . Thenthesurfacepatchcan
beevaluatedas:

(15)

Thereforejn orderto evaluatethesurfacepatch we must rst com-
putethe new vertices  (only oncefor a given mesh). Next, for
eachevaluationwe determine and then scalethe contritution
from eachof the splinesby the relevant eigervalue to the power

. Sinceall butthe rst of theeigewaluesaresmallerthanone,
their contritution decreaseas increasesThus,for large |, i.e.,
for surface-pointsearthe extraordinaryvertex, only a few terms
male a signi cant contritution. In factfor thesur
facepointis , whichagreeswith thede nition of alimit pointin
[4].
Alternatively, the bi-cubic spline functions can be
usedto de ne a setof eigenbasidunctionsfor the subdvision. For
agiveneigervector we de ne thefunction by its restrictions
onthedomains  asfollows:

with . By theabove de nition thesefunctionssatisfy
thefollowing scalingrelation:

Theimportanceof thesefunctionswas rst notedby Warrenin the
contet of subdvision curves[9]. Morerecently Zorin hasde ned
andusedeigenbasidunctionsto prove smoothnessonditionsfor
very generalclasseof subdvision schemed10]. However, ex-
plicit analytical expressiondor particulareigenbasefiave never
appearedefore. On the otherhand,we can computethesebases
analytically Figures8 and9 shav the completesetsof eigenbasis
functionsfor valences3 and5. In the gures we have normalized
eachfunction suchthatits rangeis boundedwithin and . In
particularthe rst eigenbasisorrespondingp aneigevalueof one
is alwaysa constanfunctionfor ary valence A closerlook at Fig-
ures8 and9 revealsthatthey sharesevenidenticalfunctions.In fact
asshavn in AppendixB, thelastseveneigenbasisunctionsfor ary
valencearealwaysequalto

Furthermore, by transforming these functions back from the
eigenspacessing we obtainthe seven tensorB-spline basis
functions

i.e.,thebasidunctionscorrespondingp the“outerlayer” of control
verticesof Figure3. Thisshouldnotcomeasa surprisesinceaswe
notedabore, thein uence of theouterlayerdoesnotdependnthe
valenceof the extraordinaryvertex (seeFigure4).

In the regular bi-cubic B-spline case( ), the remaining
eigenbasiganbechoserto be equalto the power basis

The scalingpropertyof the power basisis obvious. For example,
thebasisfunction correspondso theeigemwalue

This relationshipbetweenthe Catmull-Clarksubdvision and the
power basisin the regular casehasnot beennotedbefore. Note
alsothatthe eigevectorsin this casecorrespondo the “changeof
basismatrix” from the bi-cubic B-splinebasisto the power basis.
Theeigenbasisunctionsatextraordinaryverticescanthusbeinter-
pretedasa generalizatiorof the powver basis.However, the eigen-
basesarein generalnot polynomials. In the caseof the Catmull-
Clark subdvision they are piece-wisebi-cubic polynomials. The
evaluationof the surfacepatchgiven by Equation15 cannow be
rewritten exactly as:

(16)

This is the key result of our paper since this equationgives a
parametrizatiorfor the surface correspondingo ary face of the
control mesh,no matterwhat the valenceis. Thereis no needto
subdvide. Equation16 alsoallows usto computederiativesof the
surfaceupto ary order Only the correspondingleriativesof the
basisfunctionsappearingn Equationl6arerequired.For example,
thepartialderivative of the -th eigenbasisvith respecto is:

wherethefactor is equalto thederiative of theaf ne transfor
mation . Generallyafactor  will bepresenwhentheorder
of differentiationis .



5 Implementation

Althoughthe derivation of our evaluationtechniqueis mathemati-
cally involved, its implementatioris straightforvard. The tedious
taskof computingthe eigenstructuref the subdvision matrix only

hasto be performedonceandis providedin AppendixA. In prac-
tice, we have precomputedheseeigenstructuresp to somemaxi-

mumvalence sayNMAX=500 andhave storedthemin a le. Any

programusingour evaluationtechniquecanreadin theseprecom-
putedeigenstructuredn ourimplementatiorthe eigenstructuréor

eachvalenceNis storedinternallyas

typedef

struct
double L[K]; [* eigewvalues*/
double iVIK][K]; [* inv of theeigervectors*/
double  x[K][3][16]; [* coefs of thesplines*/

EIGENSTRUCT;
EIGENSTRUCTeigen[NMAX]; ,

whereK=2*N+8. At the endof this sectionwe describehow we
computedheseeigenstructuresWe emphasizehatthis steponly
hasto be performedonceandthatits computationatostis irrele-
vantto theef ciency of our evaluationscheme.

Giventhatthe eigenstructurebave beenprecomputedndread
in from a le, we evaluatea surfacepatcharoundanextraordinary
vertex in two steps.First, we projectthe controlverticessurround-
ing the patchinto the eigenspacef the subdvision matrix. Let the
controlverticesbeorderedasshavn in Figure3 andstoredin anar
ray C[K] . TheprojectedverticesCp[K] aretheneasilycomputed
by usingthe precomputedhverseof the eigevectors:

ProjectPoints(point *Cp,point  *C,int N)
for ( i=0 ; i<2*N+8 i++ )

Cpl] = (0,0,0);

for ( j=0 ; j<2*N+8 ; j++

Cpli]  += eigen[NLiV[i[] * C[iT;

Thisroutineis calledonly whene&er oneof thepatchess evaluated
for the rst time or afteranupdateof the mesh.This stepis, there-
fore, calledat mostonceper surfacepatch. The secondstepof our
evaluation,ontheotherhand,is calledwhener the surfacehasto
be evaluatedat a particularparametewvalue (u,v) . Thesecond
stepis a straightforvard implementatiorof the sumappearingn
Equation15. Thefollowing routinecomputeghe surfacepatchat
ary parametevalue.

EvalSurf ( point P, double u, double v,
point *Cp, int N)

/* determindn whichdomain theparametelies*/

n = floor(min(-log2(u),-log2(v)));

pow2 = pow(2,n-1);

u *= pow2; v *= pow2,

if (v<05)

k=0; u=2*u-1; v=2%y;
else if (u<05)
k=2; u=2*u; v=2*v-1;
else

k=1; u=2*u-1; v=2*v-1;

/* Now evaluatethe surface*/
P = (0,0,0);
for ( i=0 ; i<2*N+8 ; i++ )

P += pow(eigen[N].L[i],n-1) *
EvalSpline(eigen[N].x[i][k],u,v)*Cp]i] ;

The function EvalSpline  computesthe bi-cubic polynomial
whosecoefcients aregivenby its rst amgumentat the parameter
value(u,v) . Wheneitheroneof the parametewaluesu or v is
zero,we setit to asufciently smallvaluenearthe precisionof the
machine to avoid an over ow thatwould be causedy the log2
function. BecauseéEvalSpline  evaluatesa bi-cubic polynomial,
the costof EvalSurf  is comparabldo thatof a bi-cubic surface
spline. The extra costdueto the logarithmandthe elevationto an
integer power is minimal, becauseheseoperationsare ef ciently
implementedn mostcurrenthardware. Sincethe projectionstep
is only calledwhenthe meshis updatedthe costof our evaluation
dependgpredominantlyon EvalSurf

Thecomputatiorof the p-th derivative is entirelyanalogousin-
steadof usingtheroutineEvalSpline  we emplo/ aroutinethat
returnsthe p-th derivative of the bi-cubic polynomial. In addition,
the nal resultis scaledby afactorpow(2,n*p) . Theevaluation
of derivativesis essentiain applicationghatrequireprecisesurface
normalsand cunature. For example, Newton iteration schemes
usedin ray surfacecomputationgequirehigherderivatives of the
surfaceatarbitraryparametevalues.

We now describehowv we computethe eigenstructuref thesub-

divisionmatrix. Thissteponly hasto performedncefor agivenset
of valences.The ef ciency of this stepis not crucial. Accuray is
whatmattershere.As shawvn in theappendixthe eigenstructuref
thetwo matrices and  canbecomputechnalytically Thecor
respondingeigenstructuref theextendedsubdvision matrix  re-
quiresthesolutionof the linearsystem®f Equationl1. We
did not solve theseanalyticallybecausehesesystemsare only of
size . Consequentlythesesystemsanbesolvedupto machine
accuray usingstandardinearsolvers.We usedthedgesv routine
from LINPACK to performthe task. The inverseof the eigervec-
torsis computedby carryingout the matrix productsappearingn
Equationl2. Usingtheeigervectors we alsoprecomputehe coef-
cients of thebi-cubicsplines asexplainedin Appendix
B. For eachvalence we storedthe resultsin the datastructure
eigen[NMAX] andsaredthemin a le to bereadin atthe start
of ary applicationwhich usestheroutinesProjectPoints and
EvalSurf describedabove.

6 Results

In Figure10 we depictseveral Catmull-Clarksubdvision surfaces.
The extraordinaryvertex whosevalence is givenin the gure
is locatedin the centerof eachsurface. The positioninforma-
tion within the blue patchessurroundingthe extraordinaryvertex
arecomputedusingour new evaluationtechnique.The remaining
patchesare evaluatedas bi-cubic B-splines. Next to eachsurface
we alsodepictthe cunatureof the surface. We mapthe value of
the Gaussiarcunature onto a hue angle. Red corresponddo a
at surface,while greenindicateshigh cunature. We have pur-
poselymadethe curvature plot discontinuousn orderto empha-
size the iso-contourlines. Both the shadedsurface and the cur
vatureplot illustratethe accurag of our method.Notice especially
how thecurvaturevariessmoothlyacrosgsheboundarybetweerthe
patchesevaluatedusingour techniqueandthe regular bi-cubic B-
spline patches.The cunatureplots also indicatethat for
the Gaussiartunaturetakeson arbitrarily largevaluesnearthe ex-
traordinaryvertex. The cunatureat the extraordinaryvertex is in
factin nite, which explainsthediverging enegy functionalsin [4].
Figure11 depictsmore complec surfaces. The patchesn blue
areevaluatedusingourtechnique.



7 Conclusion and Future Work

In this paperwe have presented techniqueto evaluateCatmull-
Clark subdvision surfaces.This is animportantcontritution since
the lack of suchan evaluationschemehasbeensitedasthe chief
amumentagainstthe useof subdvision schemen free-formsur
facemodelers. Our evaluation schemepermitsmary algorithms
and analysistechniquesdevelopedfor parametricsurfacesto be
extendedto Catmull-Clark surfaces. The cost of our algorithm
is comparabldo the evaluationof a bi-cubic spline. The imple-
mentationof our evaluationis straightforvard andwe have usedit
to plot the cunaturenearextraordinaryvertices. We believe that
the samemethodologycan be appliedto mary other subdvision
schemesharingthefeaturef Catmull-Clarksubdvision: regular
parametrizatioaway from extraordinaryvertices.We have worked
outthedetailsfor Loop's triangularschemeandthe deriationcan
be foundin the accompaying paperon the CDROM proceedings
[8]. Catmull-ClarksurfacesandLoop surfacessharethe property
thattheir extendedsubdvision matricesarenon-defectie. In gen-
eral, this is not the case. For example, the extendedsubdvision
matrix of Doo-Sabirsurfacescannotgenerallybe diagonalizedin
this case however, we canusethe Jordannormalform of the ex-
tendedsubdvision matrixandemplo/ Zorin's generakcalingrela-
tions[10].
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A Subdivision Matrices and Their Eigen-
structures

Thematrix correspondso the extraordinaryrulesaroundthe ex-
traordinaryvertex. With our choiceof orderingof the controlver-
ticesthematrixis:

where

Sincethelowerright blockof hasacyclical structure,
we can usethe discreteFourier transformto computethe eigen-
structureof . Thiswas rst usedin thecontet of subdvision sur
facesby DooandSabin[3]. ThediscreteFouriertransformcanbe
written compactlyby introducingthefollowing “Fourier

matrix”;

where . Usingthesenotationswve canwrite dovn
the“Fouriertransform”of thematrix compactlyas:

where

. Theeigenstructuref the Fouriertransform is
computedrom the eigenstructuresf its diagonalblocks. The rst

block  haseigevalues

andeigervectors

Similarly, thetwo eigevaluesof eachblock  ( )
areequalto:

wherewe have usedsometrigonometriaelationso simplify there-
sultingexpressionsThe correspondingigervectorsof eachblock
are

Wehaveto singleoutthespeciakasevhen isevenand

In this casethe correspondindplockis

Theeigemwaluesof thematrix aretheunionof theeigewvaluesof
its blocksandthe eigevectorsare




Sincethesubdvisionmatrix andits Fouriertransform aresimi-
lar, they have thesameeigevalues.Theeigewvectorsarecomputed
by inverseFouriertransformingheseeigervectors:

Consequentlywe have computedhe eigevaluesandeigervectors
of . However, in this form the eigervectorsare comple valued
andmostof the eigevaluesareactuallyof multiplicity two, since

and . We relabeltheseeigervaluesas
follows:

Sincewe have rearrangedheeigewvalues,we have to rearrangehe
eigervectors. At the sametime we male theseeigervectorsreal.

Let bethecolumnsof , thenwe canconstructhe
columnsof a matrix asfollows:

Moreprecisely , , , and areequalto
respectrely, where , when is odd
and when iseven,and

When is eventhelasttwo eigevectorsare

Finally, thediagonalmatrix of eigewvaluesis

canbe computedikewise by
in theFourierdomain

The inverseof the eigervectors
rst computingtheinverseof eachblock
andthensetting

With thesamereshufing asabove we canthencompute . The
resultingexpressionsare, however, ratherugly andare not repro-
ducedin this paper

Theremainingblocksof the subdvision matrix ~ directly fol-

low from theusualB-splineknot-insertiorrules.

where

, thereis nocontrolvertex  ( ) andthe
seconctolumnof the matrix is equalto .

Theeigenstructuref the matrix canbecomputednanually
sincethis matrix hasa simpleform. Its eigevaluesare:

Forthecase

with correspondin@igervectors:

Theinverse of thismatrixis easilycomputednanually
Theothertwo matricesappearingn  are:

B Eigenbasis Functions

In thisappendixwve computehebi-cubicsplinepieces of
theeigenbasisle ned in Equation13. Thevector contains
the tensorB-splinebasisfunctions( ):

where" " and“ ” standfor theremaindelandthedivisionrespec-
tively. The functions are the uniform B-spline basisfunc-
tions:

Theprojectionmatrices , and arede nedby introducing
thefollowing threepermutationvectors(seeFigure6):



Sincefor thecase thevertices and arethesamevertex,

insteadof for . Usingthesepermutationvectors

we cancomputeeachbi-cubicsplineasfollows:

where and aretheeigewectorsof the subdvision
matrix.
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Figure8: Thecompletesetof  eigenbasisunctionsfor extraor
dinaryverticesof valence

Figure9: Thecompletesetof  eigenbasidunctionsfor extraor
dinaryverticesof valence
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Figure 10: Surfaceshaving an extraordinaryvertex in the center
For eachsurfacewe depictthe patchesevaluatedusing our tech-
niquein blue. Next to themis a cunatureplot. Derivative informa-
tion for cunvatureis alsocomputechearthecentervertec usingour
technique.

Figure11: More comple surfacesrenderedusingour evaluation
techniqug(in blue).



