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Phenomenological description of bidirectional
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General surface scattering is characterized through the bidirectional reflection distribution function (BRDF).
The BRDF is a function of the directions of the incident and remitted beams and thus depends on four param-
eters. Under very general assumptions one shows that the BRDF is invariant under interchange of the inci-
dent and remitted beams, the so-called Helmholtz reciprocity. For isotropic surfaces the BRDF depends only
on the absolute value of the difference between the azimuths of the incident and remitted beams. Since these
exhaust the symmetries, the BRDF is a very complicated function. For many applications it would be advan-
tageous to be able to summarize empirical data or to smooth and/or interpolate (often even extrapolate) BRDF
data. We present a principled way to do this, exactly respecting the symmetry properties. © 1998 Optical
Society of America [S0740-3232(98)01810-9]
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1. INTRODUCTION
In applications such as remote sensing, computer vision,
image interpretation, and computer graphics, one rou-
tinely deals with—in an optical sense—extremely compli-
cated surfaces.1–5 The very notion of surface depends on
the scale of the problem: for instance, whether the sur-
face might be of a leaf (near view), of a treetop (tree in a
landscape view), or of a forest (in remote sensing from
satellites). In some cases one has (usually approximate,
phenomenological) models, but in most cases one simply
depends on purely empirical data. One immediate prob-
lem is the sheer amount of data necessary to characterize
arbitrary surface scattering. One conventionally repre-
sents general surface-scattering characteristics in terms
of the bidirectional reflection distribution function
(BRDF), which depends on the directions of both the inci-
dent and the remitted beams.6 One simply conceptual-
izes the collimated incident and remitted beams as sub-
beams of the actual source and detector configuration; the
actual case then can be expressed as an integration over
all such simple geometries with the BRDF as a weighting
function. The BRDF is defined as the ratio of the radi-
ance of the remitted beam to the irradiance of the surface
caused by the incident beam. This definition makes solid
physical sense because so-called Helmholtz reciprocity is
expressed by the symmetry of the BRDF in the directions
of the incident and remitted beams. Helmholtz reciproc-
ity is a very general symmetry; it depends solely on the
assumption of reversability of light rays and is thus of a
purely geometrical nature.7,8 Empirically, all materials
satisfy Helmholtz reciprocity within the experimental er-
ror. (However the general applicability of Helmholtz
reciprocity has been doubted on both empirical and theo-
retical grounds; see Minnaert8 and Kortüm.3) For the
general case this is the only symmetry of the BRDF.
Quite often, statistical considerations suggest that the
surface will be isotropic with respect to scattering. In
such cases the BRDF depends only on the polar distances
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of the incident and remitted beams (here we define the
surface normal as the pole), whereas the azimuthal de-
pendence is only on the absolute value of the difference
between the azimuths of the incident and remitted
beams. Although isotropy is by no means universal, it of-
ten applies in a statistical sense, at least to a reasonable
approximation.1

Because the BRDF has four degrees of freedom (e.g.,
the polar distances and azimuths of the incident and re-
mitted beams), one requires a great amount of data to
characterize it to some reasonable resolution. Suppose
one desires an angular resolution e (say); then approxi-
mately (2p/e2)2/2 data items are required (we divide by 2
because of Helmholtz reciprocity). For a resolution of 10°
this already amounts to 2 3 104 numbers, for a resolu-
tion of 1° to 2 3 108. This leads to a number of related
problems: First, it takes great effort to collect such data.
Consequently, full BRDF data are very scarce; in many
cases the measurements have been confined to the plane
of incidence. Second, even when the data are available it
is inconvenient to use them. One needs principled meth-
ods for interpolation, extrapolation (when only plane-of-
incidence data are available), smoothing, and summariz-
ing. Often data are summarized through model fitting,
but in many cases models are not ( yet) available.

Whereas models of the physics are in principle always
to be preferred (certainly when extrapolation is at-
tempted), such models are not often available and when
available only approximate, certainly for objects taken
from the natural environment. What is worse, no single
model can be expected to apply to all natural materials of
interest. In this respect, phenomenological models are to
be preferred in practice.

What is required is a principled method to summarize
BRDF data in such a way that the symmetries (certainly
Helmholtz reciprocity, often isotropy) are automatically
respected when the description is coarse grained. This
suggests a development in terms of orthonormal functions
1998 Optical Society of America
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on the direct product of the hemisphere (here denoted
HS2) with itself (denoted HS2 3 HS2). Such a basis
should have a notion of order that naturally relates to an-
gular resolution such that coarse graining (or smoothing)
can be carried out through truncation or low-pass filter-
ing. Whereas attempts have been made to use the
spherical harmonics for this purpose, this remains at best
a rather artificial device since the spherical harmonics
are a complete orthogonal basis on the full unit sphere S2

instead of on the hemisphere HS2.
Since many bases for functions on HS2 3 HS2 can be

constructed, one may ask which one is the ‘‘best.’’ To this
question there cannot be given a general answer, since
the set of possible functions (BRDF’s) to represent is ex-
tremely large and it is not a priori clear what criterion is
to be preferred. In practice, most natural materials have
BRDF’s that depend only slowly on the directions, sug-
gesting that an orthonormal basis whose members have
significant variations on only a limited range of scales is
to be preferred. In that case omission of high-frequency
components is likely to lead to efficient and good repre-
sentations. Moreover, the representations will be slowly
varying, which is indeed a requirement in cases where in-
terpolation (or even moderate extrapolation) is at-
tempted.

2. REPRESENTATION OF BIDIRECTIONAL
REFLECTION DISTRIBUTION
FUNCTIONS
A. Construction of an Orthogonal Basis for the
Hemisphere
In optics, one often uses a complete, orthogonal basis on
the unit disk D2; that is,

Un
m~r, f! 5 A2~n 1 1 !

p
Rn

m~r!cos mf, m > 0,

(1)

Un
m~r, f! 5 A2~n 1 1 !

p
Rn

m~r!sin mf, m , 0,

(2)
where the Rn

6m(r) are the Zernike polynomials.9 Here
the total order is n, whereas the upper index m denotes
the azimuthal order. For the odd orders n, the index m
may take any one of the values m 5 2n, 2n
1 2,..., 21, 11,..., n 2 2, n, and for the even orders
the values m 5 2n, 2n 1 2, ..., 22, 0, 12,..., n 2 2, n.
Thus there are n 1 1 distinct Zernike polynomials of the
order n and thus (n 1 1)(n 1 2)/2 distinct polynomials
up to (and including) order n. The polynomials are even
or odd according to whether umu is even or odd. They con-
tain only even or odd terms in r. The Zernike polynomi-
als are closely related to the Jacobi polynomials, which
are a terminating hypergeometric series. A closed ex-
pression for the Zernike polynomials is

Rn
6m~r!

5 (
s50

~n2m !/2

~21 !s ~n 2 s !!

s!S n 1 m
2

2 s D !S n 2 m
2

2 s D !
rn22s.

(3)
In Eq. (1) we have adjusted the definition such that the
basis is orthonormal; that is,

E
D2

Un
k~r, f!Um

l ~r, f!dA 5 dnmdkl , (4)

where dA is the area element of the unit disk. Notice
that these functions naturally factor in a radial and an
azimuthal part and that the azimuthal part reflects the
properties of the rotation group faithfully: The azi-
muthal parts are simply the elements of the Fourier ba-
sis.

To avoid unduly long expressions, it is useful to intro-
duce the azimuthal wave function azm(f) defined as

azm~f! 5 2sin mf, m , 0,

azm~f! 5
1

A2
, m 5 0,

azm~f! 5 cos mf, m . 0. (5)

Of course, this can be avoided by using the complex de-
pendence exp(mf) instead; however, we prefer to work
with real-valued functions throughout. Notice that we
have

E
2p

1p

azn~f!azm~f!df 5 pdnm . (6)

We will also have frequent occasion to use the relation

azn~f 1 p! 5 H azn~f!, n even

2azn~f!, n odd
. (7)

It is easily possible to use this basis for the unit disk D2

to construct a basis for the hemisphere HS2; after all, the
disk and the hemisphere are topologically equivalent and
geometrically very similar. Notice that the area element
of the disk in the conventional polar coordinates is dA
5 rdrdf, whereas the element of solid angle on the
hemisphere in the conventional spherical polar coordi-
nates is dV 5 sin u du df. Because of the identity

2 sin
u

2
dS 2 sin

u

2 D 5 sin udu, (8)

from elementary differential calculus we can easily estab-
lish a relation. Notice that we have

E
0

p/2

Rn
k SA2 sin

u

2 DRm
k SA2 sin

u

2 D sin udu 5
dnm

n 1 1
.

(9)

Let U(r, f) 5 R(r)F(f) be a function on the unit disk
and W(u, f) 5 U(u)C(f) a function on the hemisphere.
Then

U~u! 5
1
2

RSA2 sin
u

2 D , (10)

C~f! 5 F~f! (11)

defines a relation such that

E
D2

U~r, f!dA 5 E
HS2

W~u, f!dV. (12)
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What happens here is that we essentially use the area-
true mapping of the sphere on the plane that is due to
Lambert. When we apply this to the basis for the unit
disk D2, we obtain a complete, orthonormal basis for the
hemisphere HS2. The basis functions are (see Figs. 1 and
2)

K n
l ~u, f! 5 An 1 1

p
Rn

l SA2 sin
u

2 Dazl~f!. (13)

By construction we have

E
HS2

K n
k~u, f!K m

l ~u, f!dV 5 dnmdkl . (14)

Thus the basis is orthonormal. The basis is also com-
plete because its preimage on the unit disk is complete.

Because we have constructed a complete, orthonormal
basis on the hemisphere with desirable symmetry proper-
ties (the azimuthal dependence respects the structure of
the group of rotations about the polar axis), we are now
able to represent arbitrary scalar functions of directions
at one side of a planar interface. This system should
have many applications in radiometry (and transport
theory in general). In this paper we will use it to con-
struct practical representations for BRDF’s.

B. General Surface-Scattering Modes
As noted earlier the BRDF is defined as the radiance of
the remitted beam divided by the irradiance caused by
the incident beam6:

f~u i , f i , ur , fr! 5
dNr~ur , fr!

dHi~u i , f i!
, (15)

the subscripts denoting the incident (i) and the remission
(r) directions. Because of its definition the BRDF may
become singular, especially in the case of grazing inci-
dence. A common example is the case of perfect specular
reflection. In such cases it is often preferable to work
with the function

g~u i , f i , ur , fr! 5 f~u i , f i , ur , fr!cos u i , (16)

which is the remitted radiance that is due to irradiance
by a collimated source of constant intensity. In such
cases we may seek a development of the function g in-
stead of the function f in terms of a complete orthonormal
basis.

In developing the BRDF, we may simply set
Fig. 1. Contour density plots of the orthonormal basis functions K n
l (u, f) for even orders n up to 4. From left to right and top to

bottom, the plots show K 0
0, K 2

22 , and K 2
0 (top row); K 2

2, K 4
24, and K 4

22 (center row); K 4
0, K 4

2, and K 4
4 (bottom row). The odd orders are

shown in Fig. 2.

f~u i , f i , ur , fr! 5 (
mknl

anm
kl

K n
k~u i , f i!K m

l ~ur , fr! 1 K n
k~ur , fr!K m

l ~u i , f i!

~2 1 2dnmdkl!
1/2 . (17)
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Fig. 2. Contour density plots of the orthonormal basis functions K n
l (u, f) for odd orders n up to 4. From left to right and top to bottom,

the plots show K 1
21, K 1

1, and K 3
23 (top row); K 3

21, K 3
1, and K 3

3 (bottom row). The even orders are shown in Fig. 1.
We will refer to the functions

Hnm
kl ~u i , f i , ur , fr!

5
K n

k~u i , f i!K m
l ~ur , fr! 1 K n

k~ur , fr!K m
l ~u i , f i!

~2 1 2dnmdkl!
1/2 ,

(18)
as Helmholtz surface-scattering modes. In terms of the
Zernike polynomials and azimuthal wave functions, we
have

Hnm
kl ~u i , f i , ur , fr!

5
1
p F ~n 1 1 !~m 1 1 !

2 1 2dnmdkl
G1/2

3 FRn
k SA2 sin

u i

2 DRm
l SA2 sin

ur

2 Dazk~f i!azl~fr!

1 Rm
l SA2 sin

u i

2 DRn
k SA2 sin

ur

2 Dazl~f i!azk~fr!G .
(19)By construction one has

E
Hs23Hs2

Hnm
kl ~u i , f i , ur , fr!

3 Hn8m8
k8l8 ~u i , f i , ur , fr!dV idVr 5 dnn8dmm8dkk8d ll8 .

(20)
Although the functions K n

k(u i ,f i)K m
l (ur ,fr) represent

a complete orthogonal basis for the direct product of the
hemisphere with itself, the Helmholtz surface-scattering
modes are a basis of the subspace of functions to which
Helmholtz reciprocity pertains. (One can easily show
that the direct sum of the mutually orthogonal linear sub-
spaces of symmetric and antisymmetric combinations
spans the space.) In developing any empirically deter-
mined BRDF (which might violate Helmholtz reciprocity
due to scatter in the data) we automatically project on
this subspace and thus discard components that violate
Helmholtz reciprocity as noise. The development yields
the closest function that fits the data yet respects reci-
procity in the least-squares sense. We obtain the coeffi-
cients in the development through projection on the
Helmholtz surface-scattering modes:

anm
kl 5 E

Hs23Hs2

f~u i , f i , ur , fr!

3 Hnm
kl ~u i , f i , ur , fr!dV idVr . (21)

The list of coefficients $anm
kl % represents the bidirec-

tional surface-scattering spectrum, or (upholding the tra-
dition set by the BRDF) the BSSS. The BSSS character-
izes the bidirectional surface reflection in a way that is
reminescent of the Fourier spectrum in the sense that in-
creasing order stands for increasing resolution. Thus the
low-order spectrum yields the overall properties, whereas
the high-order spectrum specifies detail. For empirically
determined BRDF’s the BSSS will be very noisy at the
high orders, and in most cases a truncation (smoothing)
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will improve the description. Here we meet with the
most obvious advantage of the spectral representation:
It is trivial (indeed automatic) to obtain summary de-
scriptions that respect the data and Helmholtz reciprocity
at the same time. Such summary descriptions represent
the best estimates in the least-squares sense.

The BSSS can be naturally factored into polar and azi-
muthal parts. The order nm refers to the polar part.
For each order nm there are (n 1 1)(m 1 1) azimuthal
spectral components. We define the total order N as N
5 max$n, m%. There are (N 1 1)2(N 1 2)2/4 spectral
components of total order N. Thus the number of spec-
tral components that we have to reckon with rises very
steeply (asymptotically with the fourth power) with the
total order indeed. A rough estimate of the resolution ob-
tained with the BSSS truncated at total order N is e
' 4/(N 1 1). For total order 8 we find e ' 25°. This
is close to the practical limit in most applications.

C. Surface-Scattering Modes for Isotropic Scattering
When the surface may be regarded as isotropic, the num-
ber of independent spectral components is drastically re-
duced. In the case of isotropic scattering, the azimuthal
dependence is only on the absolute difference Df ir 5
ufi 2 fru of the azimuths of the incident and remitted
beam directions. Thus the azimuthal dependence is as
cos mDfir . Of course, Helmholtz reciprocity also applies
(it applies in any case), and thus we have to select a basis
for the subspace of Helmholtz surface-scattering modes
with the desired azimuthal symmetry. The required
complete and orthonormal basis is (see Table 1)

Inm
l ~u i , ur , Df ir! 5

1

2p F ~n 1 1 !~m 1 1 !

Anm
l G 1/2

3 FRn
l SA2 sin

u i

2 DRm
l SA2 sin

ur

2 D
1 Rm

l SA2 sin
u i

2 DRn
l SA2 sin

ur

2 D G
3 cos lDf ir . (22)

Anm
l 5 H 4 if ~n 5 0 ! or (~n 5 m ! and ~l 5 0 !)

2 if (~n 5 m ! or ~l 5 0 !)

1 otherwise
.

(23)
Table 1. Isotropic Surface-Scattering Modes up to Order 4

I 00
0 ~u i ,ur ,Df ir!

a 5
1

2p

I11
1 ~u i ,ur ,Df ir! 5

2A2
p

sin
ui

2
sin

ur

2
cos Df ir

I 20
0 ~u i ,ur ,Df ir! 5

1
p
A3

2 S 2 sin2
ui

2
1 2 sin2

ur

2
2 1D

I 22
0 ~u i ,ur ,Df ir! 5

3
2p S 4 sin2

ui

2
2 1DS4 sin2

ur

2
2 1D

I 22
2 ~u i ,ur ,Df ir! 5

6A2
p

sin2
ui

2
sin2

ur

2
cos 2Df ir

I31
1 ~u i ,ur ,Df ir! 5

4A2
p

sin
ui

2
sin

ur

2 S3 sin2
ui

2
1 3 sin2

ur

2
2 2Dcos Df ir

I33
1 ~u i ,ur ,Df ir! 5

16A2
p

sin
ui

2
sin

ur

2 S3 sin2
ui

2
2 1DS3 sin2

ur

2
2 1Dcos Df ir

I 33
3 ~u i ,ur ,Df ir! 5

16A2
p

sin3
ui

2
sin3

ur

2
cos 3Df ir

I40
0 ~u i ,ur ,Df ir! 5

1
p
A5

2 S 12 sin4
ui

2
1 12 sin4

ur

2
2 6 sin2

ui

2
2 6 sin2

ur

2
1 1D

I 42
0 ~u i ,ur ,Df ir! 5

1
p
A15

2 S 2 sin2
ui

2
1 2 sin2

ur

2
2 1DS24 sin2

ui

2
sin2

ur

2
2 6 sin2

ui

2
2 6 sin2

ur

2
1 1D

I 42
2 ~u i ,ur ,Df ir! 5

4A15
p

sin2
ui

2
sin2

ur

2 S4 sin2
ui

2
1 4 sin2

ur

2
2 3Dcos 2Df ir

I 44
0 ~u i ,ur ,Df ir! 5

5
2p S 24 sin4

ui

2
2 12 sin2

ui

2
1 1DS24 sin4

ur

2
2 12 sin2

ur

2
1 1D

I 44
2 ~u i ,ur,Df ir! 5

10A2
p

sin2
ui

2
sin2

ur

2 S8 sin2
ui

2
2 3DS8 sin2

ur

2
2 3Dcos 2Df ir

I44
4 ~u i ,ur ,Df ir! 5

40A2
p

sin4
ui

2
sin4

ur

2
cos 4Df ir

a For numerical work these functions would be written in Horner’s normal form in terms of the parameters sin2 ui and sin2 ur .
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Fig. 3. Example of an IBSSS, illustrating a layout that permits a quick overview of the spectral composition of an isotropic BRDF. The
order n runs from left to right (the numbers on the top row), and the associated order m runs from top to bottom (the numbers in the
column on the right). The azimuthal order l also runs from left to right but starts anew for every new order n. The magnitude of the
spectral components is given by the gray level; medium gray (background) defines the zero level.
We may develop BRDF’s as

f~u i , ur , Df ir! 5 (
nml

anm
l Inm

l ~u i , ur , Df ir!, (24)

with

anm
l 5 E

Hs23Hs2

f~u i , ur , Df ir!

3 Inm
l ~u i , ur , Df ir!dV idVr . (25)

We obtain the isotropic bidirectional surface-scattering
spectrum (IBSSS); see Fig. 3.

The restrictions on the indices are

n > 0, 0 < m < n, 0 < l < m

~n 2 l !, ~m 2 l ! even; (26)

thus there are not nearly as many spectral components in
the IBSSS as there are in the BSSS. There exist only 5
spectral components of total order 2 (instead of 14), 14 of
total order 4 (instead of 55) and 55 of total order 8 (in-
stead of 295). The spectral components up to total order
4 are listed in Table 2. It will thus be much easier to in-
terpret the IBSSS than it will be to interpret the BSSS.
In most cases it will be advantageous to split the BSSS
into an isotropic part (essentially the IBSSS) and an an-
isotropic part. One expects the contribution of the aniso-
tropic part to be typically much smaller than that of the
isotropic part.

3. APPLICATIONS
A. Modal Descriptions
In order to describe BRDF data intuitively, one often uses
a modal description, where the modes or lobes have some
immediate physical relevance.10–16 Easily the best-
known instance is the description of smooth interfaces be-
tween air and some opaque dielectric bulk material in
terms of a specular lobe and a Lambertian scattering.
Here the specular lobe is thought to arise from Fresnel re-

Table 2. Values of n, m, l for Isotropic Surface-
Scattering Modes up to Order 4

Spectral
Component Order

n 0 1 222 333 444444
m 0 1 022 133 022444
l 0 1 002 113 002024
flection at the interface, whereas the Lambertian compo-
nent is thought to be due to radiation that has suffered
multiple scatterings in the volume of the material. For
rough interfaces, where vignetting becomes relevant, one
often adds a backscatter lobe, which is thought to be due
to the fact that no cast shadow should be visible from the
direction of the incident beam. Such modal descriptions
are intuitive and are closely related to idealized surface
models. It is clearly important to establish a connection
between the BSSS and such modal descriptions.

1. Lambertian Lobe
The BRDF for a Lambertian surface17 of unit albedo is a
constant that is equal to 1/p. In this case we can write
down the BSSS by inspection because the Lambertian
BRDF is in the direction of the zeroth-order surface-
scattering mode and orthogonal to all others. The only
nonvanishing spectral component at order zero equals
1
2 A2.

Thus the dc term of the BSSS is simply the Lambertian
lobe itself. Reversing this, the Lambertian BRDF is sim-
ply the lowest-order approximation of any BRDF. Of
course this fits in very well with conventional practice.

2. Specular Lobe
For a perfect mirror the BRDF becomes singular, and we
prefer to use the function g(u i , f i , ur , fr) defined above.
We have12

g~u i , f i , ur , fr! 5
d~ur 2 u i!d~f i 2 fr 1 p!

sin ur
.

(27)
The delta functions specify the reflection law, whereas the
factor is needed to take care of the fact that the radiances
of the incident and reflected beams are equal.

Because of the delta functions in the integrand, it is an
easy matter to do the integrals in order to find the spec-
tral components:

E
Hs23Hs2

g~ri , rr!Hnm
kl ~ri , rr!dV idVr . (28)

Integrating over the delta functions yields

1
p F ~n 1 1 !~m 1 1 !

~2 1 2dnmdkl!
G1/2

3 E
0

p/2

sin uRn
k SA2 sin

u

2 DRm
l SA2 sin

u

2 Ddu
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3 E
0

2p

~azk~f!azl~f 2 p! 1 azl~f!azk~f 2 p!!df

5
~21 !k

p
dnmdkl . (29)

Thus we find that—as expected—the spectrum is isotro-
pic. All (isotropic) spectral components except those of
the form $n, n, k% vanish, and the absolute values of the
nonvanishing spectral components are all equal to each
other. Thus the specular lobe has a flat IBSSS diagonal
spectrum, much like the Fourier spectrum of an impulse.
The simplicity of the result of course derives from the as-
sumption of an ideal specular surface: In the case in
which the reflection coefficient depends on the direction
(as in Fresnel reflection), the expressions become more
complicated (though the integration is still quite feasible).

We add that the even components of the form $n, n, 0%
can be written in terms of Legendre polynomials since we
have the identity

R2n
0 ~r! 5 Pn~2r2 2 1 !. (30)

This makes the purely diagonal spectra especially simple
to analyze.

In Fig. 4 we plot the approximations to the ideal-mirror
BRDF obtained through truncation of the development af-
ter order 0, 1, 2, 4, 6, 8, or 16. For the lowest order we
have simply the Lambertian (totally diffusing) surface:
The reflected radiation is isotropically distributed, and no
specularity is apparent. As the higher orders are added,
we first see an asymmetry developing (more radiation is
returned in the general direction of the reflected beam)
and then an obvious mode, centered on the ideally re-
flected ray. As higher and higher orders are added, it is

mainly the angular width of this lobe that changes: It
becomes narrower and narrower as the order increases.
Owing to the abrupt truncation, there is some evidence of
the expected ringing effect. It is evident that dropping
the high-order terms in the series leads to a rather grace-
ful degradation of the ideal-mirror BRDF.

In Fig. 5 we plot the approximation truncated after or-
der 8 for various angles of incidence. As is evident from
these figures, this approximation indeed follows the law
of specular reflection quite well. The ringing caused by
the abrupt truncation of the series is seen to depend on
the precise geometry. Notice that severe ringing may
produce negative spurious lobes. This is indeed to be ex-
pected from any linear method. Such problems do not
arise in the case of realistic BRDF’s of practical interest.
In extreme cases such as truly specular surfaces, physical
models are of course the more logical choice. The width
of the lobe depends on the order at which the series is
truncated: Of course an infinite number of terms would
be required to capture true specularity. As in Fourier
synthesis, there is a simple relation between width and
order.

3. Backscatter Lobe
Consider an ideal backscatter: The remitted beam is in
the direction of the incident beam and has the same radi-
ance. Approximate examples are retroreflective surfaces
coated with glass beads or corner cubes as are sometimes
used for traffic signs in some countries. The BRDF is
similar to that of a perfect mirror, except for the fact that
we have to change the reflection law into a retroreflection
law:

g~u i , f i , ur , fr! 5
d~ur 2 u i!d~f i 2 fr!

sin ur
. (31)
Fig. 4. Truncated series of the ideal mirror with the addition of a small Lambertian component. Orders 0, 1, and 2 are depicted on the
top row, orders 4, 6, and 8 on the bottom row. The angle of incidence is 45° for all plots. Notice the pronounced specular lobe for orders
2 and higher, growing narrower with increasing order. Also notice the ringing due to abrupt truncation of the series (the small spurious
lobes in directions other than that of the reflected ray). Such ringing can be damped through a more gradual attenuation of the am-
plitudes, just as with the familiar Fourier series.

Fig. 5. Truncated series of the ideal mirror with the addition of a small Lambertian component for only terms of order 8 and lower.
The angle of incidence is 67.5° (left), 45° (middle), and 22.5° (right). Notice that the approximation neatly satisfies the reflection laws
and that the precise structure of the ringing depends on the geometry (angle of incidence).
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Fig. 6. Truncated series of the ideal retroreflector with the addition of a small Lambertian component for only terms of order 8 and
lower. The angle of incidence is 67.5° (left), 45° (middle), and 22.5° (right). Notice that the approximation neatly satisfies the ideal
backscatter laws and that the precise structure of the ringing depends on the geometry (angle of incidence).
Again, owing to the presence of the delta functions in the
integrand, we can immediately carry out all the necessary
integrations:

E
H S23HS 2

g~ri , rr!Hnm
kl ~ri , rr!dV idVr (32)
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~2 1 2dnmdkl!
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u

2 D
3 Rm

l SA2 sin
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2 Ddu (33)
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1
p

dnmdkl.

(34)

We find that—as expected—the spectrum is isotropic.
All (isotropic) spectral components except those of the
form $n, n, k% vanish, and these nonvanishing spectral
components are all equal to each other. Thus the back-
scatter lobe has a flat IBSSS diagonal power spectrum.

The properties of the backscatter development are very
similar indeed to those of the ideal mirror (as was to be
expected given the similarities of the structure of these
BRDF’s). In Fig. 6 we plot the approximation obtained
by truncation of the series after order 8 for various angles
of incidence. As is evident from these plots, the approxi-
mation has a well-developed backscatter lobe centered
about the direction of ideal backscattering.

B. Smoothing of Bidirectional Reflection Distribution
Function Data
BRDF data can be smoothed by truncation of the BSSS.
A problem that might occur is ringing, when the spectrum
actually extends beyond the truncation order. In such
cases a low-pass BSSS filter is to be preferred. Examples
of ringing can be easily illustrated with the BSSS of the
perfect mirror. Because the specular BSSS is flat, trun-
cation at any order will result in more or less serious ring-
ing effects. This is clearly visible in Figs. 4–6.

We have used truncation of the BSSS to smooth a large
body of empirical BRDF’s (approximately 50 natural ma-
terials). A full description of the data is available.1

These data have been made publicly available on the in-
ternet at www.cs.columbia.edu/cave/curet. Each BRDF
is represented as a list of 205 data items, and each data
item holds the BRDF values in three broad spectral
bands. Full photometric and geometric calibration is
provided.

All BRDF’s in the CURET database were fitted to order 2
(5 free parameters) and order 8 (55 free parameters).
The results of the fit are also included in the database.
Many BRDF’s are well represented by the order 2 fit, and
all BRDF’s are accurately fitted by the order 8 fit. The
conclusion is that it will rarely be necessary to consider
total order in excess of 8 in the BSSS; in most cases order
2 or 4 will amply suffice. The data have also been fitted
with a model of the physics5 that assumes a Lambertian
surface on the microscale but surface modulations
(V-shaped grooves in all directions) on the macroscale.
The model accounts for self-occlusion, shadowing, and in-
terreflections. Many of the natural materials can be fit-
ted quite well by this simple model, but others clearly vio-
late the assumptions and are not represented very well.
When the model applies, the BRDF’s are represented
with fewer free parameters than are required for the phe-
nomenological description. However, the phenomeno-
logical description captures all cases without fail.

C. Extrapolation from Plane-of-Incidence Data
In many cases of practical interest, only BRDF data for
plane-of-incidence geometries are available. In such
cases, one would like to (or one might have to) extrapolate
the data to include cases where the incident and remitted
beam fail to be co-planar with the surface normal. In
such cases, one may project the data on the basis and thus
obtain an estimate of the BSSS; however, many spectral
components will turn out to be identically zero because no
data projects on them. We may assign these spectral
components random values and still end up with a valid
BSSS in the sense that the data do not allow any infer-
ence concerning these components. Clearly the choice of
least commitment is to be preferred; thus we assign zero
value to these spectral components. The BSSS then al-
lows us to extrapolate from the data in a unique manner.
Notice that such an extrapolation depends on faith rather
than on physics: When available at all, a model of the
physics is always to be preferred. However, a least-
committed phenomenological extrapolation is often the
only way out. It is indeed widely used in practice when
arbitrary surfaces are treated as Lambertian, with an al-
bedo obtained from only a few measurements or only one
measurement. This corresponds to truncation after the
first term in the present representation. Thus our
method can be seen as a refinement of a method that is
already widely used in practice without any formal back-
ing.

We used this type of extrapolation in a recent study on
the BRDF of velvet. Only plane-of-incidence data were
available. These could be very accurately fitted with to-
tal order 8. A large number of spectral components were
indeed trivially identically zero (because the data were
limited to the plane of incidence), but many others were
found empirically to be negligible. A very good fit was
provided with only about a dozen spectral components.



J. J. Koenderink and A. J. van Doorn Vol. 15, No. 11 /November 1998 /J. Opt. Soc. Am. A 2911
This description lets us extrapolate BRDF values to arbi-
trary (out of the plane of incidence) geometries.

D. Summary Description of Physical Models
Physical models of realistic surfaces will often result in
very complicated BRDF’s, usually with nonanalytic com-
ponents. This is almost a necessity because such models
(except in very simple cases such as scattering from shal-
low Gaussian random surfaces) have to incorporate the
geometry of vignetting (cast shadow and visual occlusion),
which results in nonanalyticity.13,14,18 Typically solu-
tions are patched together from a number of cases among
which one decides on the basis of source and viewing ge-
ometry. The sheer complexity of such models usually
makes their actual formal representation irrelevant; one
uses only their numerical predictions. In such cases it
might well be preferable to compute the BSSS of the
model (numerically of course) and replace the model with
a standard approximation in terms of surface-scattering
modes.

Of the many expressions that have been proposed to ac-
count for the scattering of radiation by natural surfaces, a
great many can be exactly represented in terms of
BSSS’s. The simplest example is of course Lambert’s law
(a constant); another well-known instance is Öpik’s for-
mula (or rather Minnaert’s generalization of it)8,19:

f~u i , f i , ur , fr! 5
k 1 1

2p
~cos u i cos ur!

k21

~0 < k < 1 !. (35)

Clearly the BSSS terminates, and thus the representa-
tion in terms of surface-scattering modes will be exact.
This is also the case for many reflection models in com-
mon use in computer graphics today.20,21

For other well-known models such as those of Beck-
mann and Spizzichino10 and Torrance and Sparrow,16 the
BSSS does not terminate and an infinite series is re-
quired. In such cases good approximations can be ob-
tained by truncation or low-pass filtering.

4. DISCUSSION
We have presented a novel method to represent bidirec-
tional surface-scattering data that has a number of ad-
vantages. It is a rational method that automatically
guarantees that the symmetries of the physics are re-
spected (Helmholtz reciprocity and perhaps isotropy) and
that yields a spectral description graded with respect to
angular resolution such that smoothing results from trun-
cation or low-pass filtering. Immediate application areas
include the representation, smoothing, and extrapolation
of empirical data. (Summary) data representation might
indeed be a primary application area. We believe that
the resulting spectrum (BSSS) is of considerable impor-
tance in its own right and can be used advantageously to
characterize BRDF data when surface analysis is the is-
sue. Current methods are based on an informal decom-
position into modes (Lambertian component, specular
lobe, backscatter lobe, and so forth). Using the BSSS al-
lows much more precise language. Moreover, the con-
ventional modes can easily be identified in the BSSS.
For instance, the dc term is simply the Lambertian lobe,
the reflection lobe appears as a flat spectral distribution,
and so forth. Thus the spectral interpretation need not
be less intuitive than the modal analysis and is clearly to
be preferred.

When the hemisphere of directions is tesselated into
equal-area faces [one possibility is through barycentric
subdivision of the (triangular) faces of the regular
(hemi-)icosahedron], the integrals turn into summations
and the description in terms of surface-scattering modes
can be formalized as simple linear algebra in which
BRDF’s occur as matrices that can be implemented as
lookup tables. The theory developed in this paper can be
immediately converted into such discrete formalizations
that might be highly desirable in computer graphics ap-
plications.

We have put this theory into practice in the analysis of
a large body of BRDF data on a variety of natural and
synthetic materials (building materials, foodstuffs, plant
canopies, cloth, paper, etc.). Data and results of the
analysis (including BRDF fits with the surface-scattering
modes discussed in this paper) are available as a public
database (www.cs.columbia.edu/cave/curet). Excellent
fits are obtained in all cases; typically order 4 (or less) suf-
fices, but in some cases order 8 is required for the data to
be fitted within the empirical tolerances.
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