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Abstract

Traditional collision intensive multi-body simulations are difficult
to control due to extreme sensitivity to initial conditions or model
parameters. Furthermore, there may be multiple ways to achieve
any one goal, and it may be difficult to codify a user’s preferences
before they have seen the available solutions. In this paper we ex-
tend simulation modelsto include plausible sourcesof uncertainty,
and then useaMarkov chain Monte Carlo algorithm to sample mul-
tiple animations that satisfy constraints. A user can choose the an-
imation they prefer, or applications can take direct advantage of
the multiple solutions. Our technique is applicable when a proba-
bility can be attached to each animation, with “good” animations
having high probability, and for such cases we provide a defini-
tion of physical plausibility for animations. We demonstrate our
approach with examples of multi-body rigid-body simulations that
satisfy constraints of various kinds, for each case presenting ani-
mationsthat are true to a physical model, are significantly different
from each other, and yet still satisfy the constraints.
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1 INTRODUCTION

Collision intensive multi-body simulations are difficult to constrain
becausethey exhibit extreme sensitivity toinitial conditionsor other
simulation parameters. Adding uncertainty to a model helps when
looking for animations that satisfy constraints [3], because it adds
physically motivated degrees of freedom in useful places. For ex-
ample, we can control tumbling dice by placing random bumpsin
specific places on the table, rather than by adjusting the initial con-
ditions of the throw. The bumpsare more effective becausea small
changeto a bump part-way through the animation has a limited ef-
fect on where the dice land, but a small changein the initial condi-
tions generally has an unpredictable effect. It is difficult to design
efficient control algorithms for the latter case.
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As discussed by Barzel, Hughes and Wood [3], adding random-
nessto a simulation gives additional benefits:

e The real world contains fine scale variation that traditional
simulation models generally ignore. We can use randomness
to model this variation by, for instance, replacing a perfectly
flat surface with one speckled with random bumps (the same
random bumpsused for control above). Animations generated
with the new model can more accurately reflect the behavior
of the world. In training environments, this results in the sub-
ject developing skills more compatible with the real world: a
driver trained on simulations of bumpy roads will be better
prepared for real world road surfaces.

o Visually, procedural animations can be more believable when
uncertainty is added. Without uncertainty, a perfectly round
ball dropped verticaly onto a perfectly flat table moves
strangely, asituation that may beimproved by slightly perturb-
ing the collisions to make the ball deviate from the vertical.

In a world with uncertainty, we generally expect a constrained
problem to have multiple solutions. It is difficult to know before-
hand what solutionsare available, which compoundsany difficulties
auser may havein codifying their preferences. Hence, it is perverse
to use a solution strategy that seeks a single answer, rather, we pre-
fer atechniquethat producesmany solutionsthat refl ect the range of
possible outcomes. While for feature animation a user is expected
to choose the one animation they prefer, other applications benefit
directly from multiple solutions:

e Computer game designers can use different animations each
time a game is played, making it less predictable and poten-
tially more entertaining.

e Training environments can present trainees with multiple
physically consistent scenariosthat reflect the physicsand va-
riety of the real world.

We generate multiple animations that satisfy constraints by ap-
plying a Markov chain Monte Carlo (MCMC) agorithm to sam-
ple from a randomized model. A user supplies the model of the
world, including the sources of uncertainty and the simulator that
will generate an animation in the world. The user also supplies a
function that gives higher values for “good” animations — those
that arelikely in theworld and satisfy the constraints. Finally, auser
must provide ameans of proposing a new animation given an exist-
ing one. The algorithm we describe in this paper generates an arbi-
trarily long sequenceof animationsin which “good” animationsare
likely to appear.

In this paper, along with the algorithm, we describe the sorts of
modelswe use and how we sample from them, discussing examples
from the domain of collision intensive rigid-body simulation. No
previous algorithm has been shown for the range and complexity of
the multi-body simulations we present.

2 RELATED WORK

The idea of plausible motion simulation, including the exploita-
tion of randomnessto satisfy constraints, wasintroduced by Barzel,
Hughes and Wood [3]. They show solutions to constrained prob-
lems where, for instance, a billiard ball is controlled by randomly
varying the collision normal each time it hits a rail. We extend



their work by introducing the idea of sampling (instead of search-
ing), giving a precise definition of plausibility, and by demonstrat-
ing MCMC's effectiveness on a wide range of difficult examples.

Motion synthesis algorithms aim to achieve agoal by finding an
optimal set of control parametersand (sometimes) initial conditions.
The goals described in the literature include finding good locomo-
tion parameters[1, 8, 14, 16, 23, 26] and finding trajectories that sat-
isfy constraints [2, 5, 9, 13, 15, 20, 32]. Some techniques|[2, 5, 9,
13, 15, 20, 32] exploit explicit gradient information, but fail if the
problem is too large (Popovi€ discusses ways to reduce the prob-
lem size [25]) or the constraints are highly sensitive to, or discon-
tinuous in, the control parameters. Randomized algorithms, such
as simulated annealing [14, 16] (not a panacea [10, 11]), stochas-
tic hill climbing [8], or evolutionary computing [1, 23, 26, 29], do
not require gradientsand may be suitablefor collision intensive sys-
tems — Tang, Ngo and Marks [29] describe an example. Most of
these methods return a single “best” animation, and hence may ig-
nore other equally good, or even preferable solutions. The evolu-
tionary computing solutions can exhibit variations within a popula-
tion, which Auslander et. al. [1] refer to as different styles, but the
number of examplesis limited by the population size.

Multi-body constraint problems are good candidates for a De-
sign Galleries[21] interface, in which auser browses through sam-
ple solutions to locate the one they prefer. Our work addressesthe
sampling aspect of a Design Galleries interface for multi-body con-
strained animations, but we do not consider other aspects of thein-
terface.

3 ANIMATION DISTRIBUTIONS

The MCMC agorithm distinguishes itself from motion synthesis
approaches by generating multiple, different, “good” animations
that satisfy a set of constraints, but no “best” animation. To gen-
erate multiple plausible constrained animations, we must provide a
model of the world defining:

e The objects in the world and their properties, including the
sourcesof uncertainty.

e Thesimulator for generating animationsin the world.
e The constraints to be satisfied by the animations.

For example, in a2D animation of a ball bouncing on the table, we
might have uncertainty in the normal vectorsat the collision points,
aconstraint on the resting place of the ball, and a simulator that de-
termineswhat happenswhen a 2D ball bounceson atable with arbi-
trary surface normals. Wewill use this example, from [3], through-
out the next two sections.

A simulator used with our approach need not be physically accu-
rate, or even physically based. Our 2D ball simulator is obviously
non-physical, and the simulator we usein other examples has some
problems with complex frictional behavior (section 5.2.3). In any
case, we assume that if the simulator is given a plausible world as
input it will produce a plausible animation, according to some defi-
nition of plausibility (see section 3.3).

3.1 Incorporating Uncertainty

We define a function, p.,(A), representing the probability of any
possible animation A that might arise in the world model. Intu-
itively, p., (A) should be large for animations that are likely in the
world, and low for unlikely animations. For the 2D ball example,
Pw,batt(A) should be highiif al the normal vectors used to generate
the animation were close to vertical, and low if most of them were
far from vertical. Let us further insist that p.,(A) be non-negative
and havefiniteintegral over thedomain implied by therandom vari-
ablesin the model, so that we can view p.,(A) as an unnormalized
probability density function defined on the space of animations.
Expanding on the 2D ball example, let us describe the direction
of the normal vector for each collision ¢ as an independent random

variable, §;, distributed according to the (bell-shaped) Gaussiandis-
tribution with standard deviation of, say, 10.0 degrees. In that case

we get:
0; \?
Pw,balt(A) x H e_% (m)

which is the product of density functions for each collision normal.
Note that we are ignoring normalization constants, an omission we
justify in section 4. Also, we couldin principle measure areal table
to infer the true distribution of surface normals, and usethat instead.

3.2 Constraints

If werestrict our attention to animations that satisfy constraints, we
are concerned with the distribution function p., (A|C), which isthe
conditional distribution of A giventhat it satisfiesthe constraints C'.
For the 2D ball example, if we want the ball to land in a particular
place, we could generate samples from p., yau(A|C) using an in-
verse approach: join the ball’s start point to its end point using ase-
guenceof parabolic hopsand then infer which normal vectorswere
required to generate such atrajectory. However, using this approach
we cannot directly ensure that the animation we generateislikely in
the world, becauseit is difficult to know which hopsto useto get a
set of likely normal vectors.

Unfortunately, it isfrequently impractical to sampledirectly from
pw(A|C), becausethereis no way to find, without considerable ef-
fort, any reasonableanimation in which the constraints are satisfied.
For example, in multi-body simulations a forward simulation ap-
proach doesn’t work because no published algorithm can directly
specify a set of control parameters leading to satisfaction of multi-
body constraints, without doing some form of iterative, expensive
search. The inverse approach also looks intractable: it is not clear
how to set trajectories for all the participants such that, for instance,
objects do not passthrough each other.

In such cases (like al the examples in this paper), we expand
pw(A) toinclude aterm for the constraints, resulting in afunction
p(A). Thenew intuition is that p(A) will be large for animations
that are likely in the world and satisfy the constraints, and small for
animations that are either implausible in the world or don’t satisfy
the constraints. We will refer to p(A) as the probability of an ani-
mation. Note that now even animations that don’t satisfy the con-
straints have non-zero probability, so if we sample from p(A) we
may get an animation that doesn’t satisfy the constraints, which we
must discard.

For the examplesin this paper, we define:

p(A) o puw(A)pc(A)

where p.(A) depends only on how well the animation satisfiesthe
constraints. If wewant our 2D ball to land at a point whosedistance,
d, from the origin is small, we can define
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which is the Gaussian density function with standard deviation o 4,
which we discuss in section 5.1. This function gives higher val-
uesfor distances near zero, and lower values as distancesincrease.
Hence, for the 2D ball example:

Poan(A) e_%<%)2 H e‘%(mfu)?
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This paper describes a technique for generating animations such
that those with high probability will appear more frequently than
those with lower probability, but even some low probability events
will occur — asin the real world, unlikely things sometimes hap-
pen. In other words, we will sample according to the distribution
defined by p(A).



3.3 What does “Plausible” mean?

The restrictions on p(A) are quite weak, so we can describe many
types of uncertainty and awide variety of constraints. By phrasing
the problem as one involving probabilities, we can leverage awide
range of mathematical tools for talking about plausible motion, and
make strong statements about the properties of the animations we
generate (see section 4). We can also outline what it meansto be
physically plausible:

A model, including its simulator, is plausible if the im-
portant statistics gathered from samples distributed ac-
cording to p(A) are sufficiently close to the real world
statistics we care about.

Thisisavery general definition of plausibility, becausewe say noth-
ing about which statistics we might care about, or what it meansto
besufficiently close. For example, to validate a pool table model we
could run simulations of virtual balls on atable, and analyze video
of real ballson areal table, then compare statistics such ashow long
aball rollsbeforecomingto rest. For entertainment applications, we
would careless about the quality of the match than if weweretrying
to build atraining simulator for budding young pool sharks.

Our measure extends the traditional graphics idea of plausibil-
ity — “if it looks right it is right” — by allowing for definitions
of statistical similarity other than a user’s ability to detect a fake.
However, for many applications, particularly involving motion, a
viewer’s ability to distinguish real from artificial remains the pri-
mary concern[17].

4 MCMC FOR ANIMATIONS

We usethe Markov chain Monte Carlo (MCMC) method [12, 19] to
sample animations from the distribution defined by p(4). MCMC
has several advantagesfor this task:

¢ MCMC generates a sequence, or chain, of samples,
Ag, A1, Az, ..., that are distributed according to a given
distribution, in this case p( A).

e Apart from theinitial sample, each sampleis derived from the
previous sample, which allows the algorithm to find and move
among animations that satisfy constraints.

o |f available, domain specific information can be incorporated
into the algorithm, making it more efficient for special cases.
On the other hand, the algorithm does not rely on any specific
features of a model or simulator, allowing its application in a
variety of situations.

Our MCMC agorithm for generating animations beginswith anini-
tial animation then repeatedly proposes changes, which may be ac-
cepted or rejected. Explicitly:

initialize( Ag)
simulate( Ao)
repeat
propose( A, A;)
simulate( A.)
u — random(0, 1)
if u < min (17 p-p(’,if)g(ﬁjﬁf})
Ai-l-l — Ac
else
Aig1 — A

PO N OUuR~WNE

o

Line 1 givesinitial valuesto all the random variables in the world
model. On line 4, a new animation, A, is proposed by making a
random change to the previous animation, A;. The details of this
change are application specific. For example, in the 2D ball model
of section 3 it might involve, for each normal, choosing to changeit
with probability one half and, if it is to be changed, adding a ran-
dom offset uniformly distributed on (-5, 5) degrees (for reasons

discussedin section 5.1). The probability of making changesis de-
fined by thetransition probability, ¢( X |Y"), whichisthe probability
of proposing animation X if the current animationis Y. For the 2D
ball, the transition probability is:

w1+ () (=)

where n is the total number of collisions (assumed fixed) and & is
the number of collisions that were changed. The first factor is the
probability of choosing the particular set of normals to change, and
the second factor codesthe probability of choosing a particular off-
set for each normal that is changed.

Thetransition probabilities, along with the probabilities of the an-
imations, are used in computing the acceptance probability, which
is the probability of accepting the proposed candidate (line 7):

. p(Ac)g(AilAc)
Paccept min <17 p(Az)q(Ac|A;)>
Often, as in the 2D ball example, the transition probabilities are
symmetric — ¢(X|Y) = ¢(Y|X) — and will cancel. Note also
that only the ratios of probabilities appear, so we can use functions
that are only proportional to true probability density functions (sec-
tion 3.1).

The proposal mechanism is one of the key factors in how well
the algorithm will perform in a particular application. In practice,
proposals are designed through intuitive reasoning and experimen-
tation, using past experienceasaguide. In section 5 wedescribethe
motivation for our proposal mechanisms.

The MCMC algorithm guarantees that the samples in the chain
will be distributed according to p(A), as the number of samples
approaches infinity and provided certain technical conditions are
met [12]. Hence we can be certain that the samples our algorithm
generates truly reflect the underlying model, and if this model is
plausible (section 3.3), the collection of sampleswill be plausible.
It is also the case that the samples in the chain will never satisfy
the constraints if the underlying model says they cannot be satis-
fied. For instance, if a bowling simulator cannot capture complex
frictional effects, animationsthat bowl! the seven-ten split can never
befound (see section 5.2.3).

MCMC has been used in graphicsto generate fractal terrain that
satisfies point constraints [28, 31]. The samples generated by an
MCMC algorithm may also be used to estimate expectations, asin
Veach’sMetropolis algorithm for computing global illumination so-
lutions [30]. In this paper we are not concerned with expectations,
S0 we can use short chains, just long enough to satisfy a user with
several different animations

5 EXAMPLES

We are interested in four things when designing an MCMC algo-
rithm for generating animations:

o |sthe motion plausible? We assume that the simulator pro-
duces plausible motion, so we are left to ensure that the dis-
tributions we use for the model are reasonable.

e How long doesit take to find a sample that satisfies the con-
straints?

e How rapidly does the chain move among significantly differ-
ent samples, or mix? Chainsthat mix faster are desirable be-
causethey produce many different animations quickly.

e How many of the samples satisfy the constraintswell enough
to be useful?

Thefollowing examples discussissuesin building models, defining
constraints and selecting proposal strategies, all of which influence
the behavior of the algorithm.



5.1 A 2D Ball

Inthe 2D ball exampleof section 3 aball bounceson atable, starting
in afixed location and undergoing, for simplicity, afixed number of
collisions. For each collision we specify a random normal vector.
The aimis to sample these normal vectors such that the ball comes
to rest closeto aparticular location. Asa specific case, we will drop
the ball from above the origin at a height of 4.5 D, where D is the
diameter of the ball, use five collisions, and specify that it come to
rest near z = D on the sixth collision.

The simulation model is: the ball moves ballistically between
each collision, when the velocity of the ball is reflected about the
corresponding normal vector and the normal component of velocity
isscaled by % Thismodel isnot physically plausible(for instance,

we are ignoring rotation effects), but for this examplewe value sim-
plicity.
5.1.1 Uncertainty and Constraints

The probability of an animation isdescribedin section3.1, but prob-
abilities (the values of density functions) can bevery large numbers,
so in practice we work with their logarithm. In this case, with z the
horizontal position of the sixth collision:

1/z—D\? 1 8; \?2
log(p(A))__E( o4 ) _5125<10.0) +C

for some constant C', which will cancel out when computing the ac-
ceptance probability.

Thevalueof the constraint standard deviation, o 4, hasamajor ef-
fect on the samples generated by the chain. Say we choose a small
value for o4, corresponding to a very tight constraint because only
values of z very closeto D give high valuesfor p(A) and al other
landing points have very low probability. From the initial anima-
tion, the chain will move to some high probability animation close
to the constraint. But, once there, almost ho new proposals are ac-
cepted (most candidates will be far from the constraint and have
very low probability) and the user seesfew different animations—
an undesirable situation.

Alternatively, say we choose alarge value for the standard devi-
ation, corresponding to a weak constraint. Then p(A) is relatively
highfor awiderange of landing positions. Theresultisundesirable:
the chain will contain many high probability animationsthat are far
from the constraints.

Hence we must choose avalue for o4 that is high enough to pro-
mote different samples but low enough to enforcethe constraint. In
this example we use a value of 0.1 D, where D is the diameter of
the ball, which, as figure 2 shows, leads to the generation of very
different samples that generally are close to the constraint. In this
case, the algorithm is not very sensitive to the exact value for o4
(anything within afactor of fiveworksfine) and it is possibleto ex-
perimentally evaluate a few values on short chains and choose the
best, which in this case took only a few minutes.

In other applications there is no guarantee that we can achieve
both good constraints and good mixing. In such casesthe algorithm
must run for many iterations to generate different samples, which
may take prohibitively long. The tumbling dice example of sec-
tion 5.4 is aborderline examplein which we can satisfy constraints
but mixingis poor. In such casesit is possibleto run multiple chains
in parallel.

5.1.2 Proposals

The proposal mechanism, which specifiesnormal vectorsfor acan-
didateanimation, A., giventhosefor the current animation, A;, pro-
vides a means of moving around the space of possible normal vec-
tors:

for j=1to5

Ac.mormal[j] — Ai.normal[j]
if random(0, 1) < 0.5
Ac.normal [j] — Ac.normal[j] 4 random(—5,5)

This proposal changes some of the normals by an amount between
minus one half and half their standard deviation of 10.0 degrees.
For good mixing it is important to allow more than one normal to
be changed at once, because the effect of each change on the land-
ing position (and hence the constraint) can then cancel. The alter-
native, changing only one normal, makesit very difficult to change
the first collision normal, because any but the smallest change will
move the ball far from the desired landing position, and hence be
rejected. The size of the offset we add is chosento allow both small
changesand relatively large changes, but not so large asto shift the
normals too far from their mean in one step, which would reduce
their probabilities and result in rejection of the candidate animation.

5.1.3 An Example Chain

Figure 1: Three sample paths from the 2D ball example, plotting
the trajectory of the center of the ball (although the plot is 3D, the
ball moves only in 2D). The green target is centered on the con-
straint. Each red arrow is located at a collision point and indi-
catesthedirection of the normal vector used at that point. Note that
in each example one of the earlier normals pushesthe ball toward
the constraint, and later normalsrefinethe final position. One ball
bouncesslightly away fromthe constraint before moving toward it,
which is not implausible.

We ran the MCMC algorithm and generated a chain containing
one thousand samples (many of these are repeats, arising when a
candidate is rejected). Figure 2 plots the horizontal resting posi-
tion of each sample. Thefirst sample wasinitialized with randomly
chosen normals, and came to rest a long way from the constraint.
But within twenty iterations the chain moved toward a good loca-
tion. The bumpiness of the graph indicates good mixing, because
flat spots would indicate many repetitions of one sample as candi-
dates were rejected. The majority of animations have the ball com-
ing to rest within 0.1.D of the desired position, indicating that o 4 is
sufficiently small to enforce the constraint.

Three (randomly chosen) samples from the chain are shown in
figure 1. They do not differ greatly from what one would expect:
the ball tendsto take an early bouncetoward the constraint and keep
moving in that direction, with later collisions adjustingit’s final po-
sition.

5.2 Bowling

In this scenario the aim isto animate any particular ten-pin bowling
shot (a goal suggested by Tang, Ngo and Marks [29]). The physi-
cal model is implemented by an impulse-based rigid-body simula-
tor [6]. We model the bowling ball, the lane with simplified gutters
and sidewalls, and the pins. All themodelsare roughly based onthe
rules of bowling, including variations allowed by those rules (see
appendix A.1 for details):

e Theball issimulated asasphere, with variableradius, density,
initial position, initial velocity and initial angular velocity.
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Figure 3: Frames from three bowling examples. The initial conditions for the ball and the pin locations are random variables. Given an
initial and final pin configuration, the MCMC algorithm samples particular values for the randomvariablesthat lead to the desired shot. In
this case, we demanded a strike, a six-seven split and the corresponding spare.

e The lane is fixed with regulation length and width, and in-
cludes rectangular gutters and side walls starting in line with
the front pin.

e Each pin, of fixed shape and mass, has its initial position on
the lane perturbed by a small random amount.

The coefficients of friction and restitution between al the compo-
nents are fixed. The probability p.,(A) is proportional to the prod-
uct of the distribution functions for each of the random variablesin
the model.

5.2.1 Constraints

The simulation begins with a subset of pins specified by the user,
so we can specify the initial conditions for bowling spares. The
user also setsthe constraint by stating which pins should be knocked
down and which should remain standing. We are unableto propose
candidates for the MCMC algorithm that are certain to satisfy the
constraints (section 3.2), so we assign non-zero probability to every
possible outcome, but assign higher probability to those outcomes
that are closer to the target, and the highest probability to outcomes
matching the target. This is achieved with the Gibbs distribution
function:
pe(A) x Artm

for some constant A > 1 with & the number of pins that end up
correctly standing or knocked down, and m the number of standing
pins that have not moved far beyond their initial position. Anima-
tions that do not meet the goals will sometimes appear in the chain

(they have non-zero probability), but these would not be shown to
auser. The samplesthat remain are correctly distributed according
tothe conditional probability p( A|C'), thedistribution of animations
inwhichthe constraintsarefully satisfied. Theconstraintinvolvesa
term derived from the pins' final position because some simulations
result in the pins being pushed but not knocked down — behavior
we wish to discourage.

The value of A affects the proportion of animationsin the chain
that must be discarded for not satisfying the constraints. High values
for A give animations satisfying the constraints much higher proba-
bility, making them morelikely to appear in the chain. But the chain
mixes better if some*“bad” animations appear. Say only perfect an-
imations appear, then getting to a significantly different animation
reguires making a big change that also happensto get all the pins
correct, whichisunlikely. If some pinsare not correct, abig change
only hasto get the same number of pins correct, and they can be dif-
ferent pins. A low valuefor A makesit easier to accept an animation
with someincorrect pins, make big changes, and then move toward
adifferent, fully correct state.

For this example, we used A = ¢?-*, which gives awide variety
of animations that satisfy the constraints. Animations that improve
the constraints are favored enough to ensure that good animations
come up often, but not so much as to inhibit mixing.

Our use of the Gibbsdistribution was motivated by other applica-
tions of the MCMC algorithm, such as counting the number of per-
fect matchingsin a graph. It is known [18] that there is an optimal
A that balances the concerns outlined above, but that the algorithm
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Figure 2:  The resting position of the first one thousand samples
in a chain for the 2D ball example. The roughness of this graph
indicatesgood mixing, and most samplesare closeto the constraint
(the majority within 0.1). The position of the first few samples
are far fromthe constraint (off the graph), but the chain movesto
sampleswithin twenty iterations.

isrelatively insensitive to its exact value. Experience suggeststhat
many applications may exhibit similar behavior [27]: there existsa
range of valuesfor A that give the chain good properties, and one
such value may be found through experiment. Our results are con-
sistent with this (also see section 5.3).

5.2.2 Proposals

Our proposal mechanism for bowling randomly choosesto do one
of several things:

e Samplenew valuesfor all the random variables.
e Changethe radius, density or initial conditions of the ball.
e Changetheinitial position of some pins.

The details are given in appendix A.2.

Thefirst proposal strategy, which changesevery random variable
in the simulation, serves to make very large changesin the simu-
lation. These are desirable as a means of escaping low probability
regions, which we discussin more detail in the next example (sec-
tion 5.3). The other transitions are based on ideas similar to those
in section 5.1: we must move around among possible valuesfor the
random variables, and we wish to do so with both large and small
steps, but not so large as to make the new value highly unlikely un-
der the model.

5.2.3 Sample Animations
We tested this model with three sets of constraints:

¢ Bowl astrike.
e Bowl aball that leaves a six-seven split.
o Bowl the spare that knocks down the six-seven split.

Frames from example animations appear in figure 3. The strike ex-
ample is the easiest, because strikes are quite likely given our sim-
ulator. Bowling the six-seven spare is not difficult either, because
the various solutions probably form a connected set in state space,
so once a single solution is found, the others can be explored effi-
ciently. Bowling the ball that leaves a six-seven split is the hardest
example, intuitively becauseit is hard to knock down the pins be-
hind the six pin while leaving it in place.

We also attempted to bowl the seven-ten split (figure4). Thisshot
dependson the precisefrictional properties of the ball and lane. Our
simulator’s friction model could not capture the required effect (we
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Figure 4: The seven-ten split, in which the aim is to knock down
both the seven and ten pins in one shot. The technique used by
bowlersrelies on the fact that a bowling ball will slide while spin-
ning about aninclined axis, then, at some point, friction will cause
the ball to grip, converting the angular momentum of the spin into
linear momentum acrossthe lane (dashedline). The seven pin must
be struck behind its center of mass, so that it initially moves away
fromtheten pin (dotted line), bounces off the wall and moves back
acrossthelaneto hit the ten pin. Our simulator cannot model fric-
tion well enough to simulate this shot (we are not aware of any that
can).

are not aware of any that can), so we could not make the shot. This
demonstrates that the MCMC algorithm will only generate samples
that are plausible accordingto our model (section 4). Our simulation
model saysthat balls never take really big hooks, so we never see
animationsinvolving big hooks, regardless of the constraints.

5.3 Balls that Spell

In these experimentswe drop a stream of ballsinto abox partitioned
into bins so that, when everything has come to rest, the balls form
letters or symbols (figure 5). Details of the model appear in ap-
pendix B.1. We don’t care which ball ends up in which designated
bin. We use an impulse-based rigid-body simulator, asin the bowl-
ing example.

The uncertainty in this world arises from the shape of the parti-
tionsand the location from which each ball is dropped. Thetop sur-
face of the partitions dependson a set of partition vertices, each of
which is randomly perturbed about a default position. Each ball is
dropped from arandom location.

The constraint weimposeis that, when all the balls have cometo
rest, each ball isin a designated bin. We fix the maximum number
of balls, so if each ball falls into a designated bin there can be no
ball in an undesignated bin. We face a situation in which we cannot
propose animations that are certain to completely satisfy the con-
straints, so, as for the bowling example, we use the Gibbs distribu-
tion for the constraint probability p.(A) oc A*, where k isthe num-
ber of ballsin designated bins at the end of the animation.

To facilitate mixing we allow the number of balls in the simula-
tion to vary between zero and the minimum number required to form
the word, by flipping each ball between active and inactive states:
inactive ballsdo not take part in the simulation. If all the designated
binsarefilled, removing aball freesup abin for another ball to move
into, making a significant change to the animation. Removing the
ball entirely, rather than just having it go into an undesignated bin,
reducesthe amount of interaction between the balls, possibly mak-
ing it easier to make acceptableproposals. It also speedsthe simula-
tion when balls that aren’t contributing anything are removed. Our
initial experimentsused afixed number of balls, and the chainfailed
to mix well.

The probability of an animation dependson how many balls are
participating, theinitial locations of the balls and the offsets of each
partition vertex (see appendix B.1).

5.3.1 Proposals
The proposal algorithm we use performs one of five actions:
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Figure 5: Two examples of the spelling balls model, in this case
spelling “ HI” in a seven by five grid. The shape of the boxesis al-
lowedto vary slightly, asaretheinitial conditionsof each ball. Our
algorithm chooses box shapesand ball initial conditionsthat lead
to the formation of a specific word.

e The change-all strategy: change al the partition vertices and
changeall the balls.

Change a subset of partition vertices.
Change an active ball.
Activate some balls (possibly none).

[}
[}
[}
¢ Deactivate some balls (possibly none).

The change-all strategy appears as a means of escaping from low
probability regions (figure 7). When an animation is found that sat-
isfies the constraints, subsequent animations tend to also satisfy the
constraints, but their probabilities degrade. This occurs becausethe
reduction in probability for a partition vertex change may be quite
small, and such proposalsare likely to be accepted. The downward
trend can continue, moving the chain into aregion of low probabil-
ity. Then, a change-all proposal can reset all the partition vertices
to much higher probability values, and even though the constraints
are no longer satisfied, the net changein probability will be positive
and the proposal will be accepted. This change-all effect isgood for
mixing, becausethe next fully correct samplewill generally bevery
different from the last.

The second and third proposals are designed to move around the
state space by modifying balls or partitions, similar to proposalsin
previous examples. The proposals to activate or deactivate some
balls let us change the number of ballsin the simulation. The pro-
posal strategy we use makes the probability of adding or deleting
any given ball independent of the maximum number of balls. We
first tried aproposal that choseasingleball and flippedits status, but
if the maximum number of ballsin the scenariois large, the proba-
bility of removing a ball goes up as more balls are activated while
the probability of adding a ball goes down, making it difficult to get
all the ballsinto the simulation.

The considerationsin choosing avalue for A in this example are
identical to those in the bowling example (a balance between good
animationsand good mixing), with an additional requirement dueto
the change-all effect: the constraint probability should be balanced
against the model probability (in this case the probabilities of the
partition vertices). If theconstraint probability istoo high, almost no
changein partition vertices can overcomeawell satisfied constraint.
Good balance is achieved when a much better set of model values
can overcome a constraint that is satisfied but uses poor model pa-
rameters.

Asaspecificexample, we choseabin designationthat spells“HI”
on a seven by five grid (figure 5). Weused A = ® for this word.
A plot of k£, the number of designated bins that are filled, for each

Number of correct balls: lanbda=5
T T T T T

A
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Figure 6: The number of correctly positioned balls for each of
twenty thousand iterations of the “ HI” model, with A = ¢°. The
maximum number of correct balls is ten. The chain finds its first
good animation after around six thousand iter ations (we have seen
chains that find good animations within one thousand samples).
This graph indicates good mixing becausethe chain spendsonly a
short period of time near similar solutions, then makes significant
changes before rapidly moving to a new good solution.
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Figure 7: The value of log(p(A)) at each iteration of the chain
in figure 6. The graph is quite bumpy, indicating good mixing.
Thedashed vertical lines correspondto all the iterationswherethe
number of correct balls drops sharply (figure 6), yet all those it-
erations show a sharp rise in probability. This effect, due to the
change-all proposal strategy, is discussed in the text.

iteration of an example chain is shown in figure 6. The important
feature of this graph is that the chain tends to rapidly reach correct
spellings, stays there for a short period, then drops back to incom-
plete spellings. The twenty thousand iterations shown here took a
few hours to compute on a 200MHz Pentium Pro PC.

The change-all effect is evident in this chain. Figure 7 plots
the probability of the sample for each iteration. Places are marked
where there is a sharp reduction in the number of correct balls, and
these correspond to sharp increasesin probability. At each of these
sharp changes, achange-all proposal hasbeen acceptedthat replaces
a poor set of partition vertex offsets with a much more likely set,
even though this breaks the constraint.

We experimented with different values of A, both higher and
lower, but they lead to less satisfactory chains. Valuesof A that are



too low result in chainsthat havetrouble finding correct animations,
because the chance of accepting a poor proposal (from the point of
view of the constraints) is too high. Values of A that are too high
make it less likely that a change-all proposal will be accepted, and
also make it hard for the chain to abandon poor near-solutions. It
takes only a few thousand iterations to see enough of the chain to
know how lambda should be changed, and the range of acceptable
values is reasonably large (our experiments show that chains with
X = €°*! are not much worse than thosefor A = ¢°) so little time
must be spent in tuning parameters.

We also performed a larger experiment, with 30 of the 105 bins
on afifteen by seven grid to be filled (figure 8). In this example we
used avalue of A = €7?° after experimenting with other values
of A between six and eight. The higher value for A is required be-
cause there are more partition vertices and more balls. The greater
number of partition vertices allow the change-all proposal to remain
effective at higher A values, so we still see adequatemixing. In fact,
higher A valuesare required to make it harder for a change-all pro-
posal to succeed, so that the chain has enough time between major
changesto converge to good animations.

5.4 Random Tables with Dice

This summarized example demonstrates objects bouncing on aran-
dom table, coming to rest in constrained configurations. Dice are
used as random number generators in the real world because they
are exceptionally hard to control [3], yet our techniqueis capable of
finding animationsin which dice cometo rest near a particular place
with a particular face showing.

The 2D ball example (section 5.1) used a very simple table
model, with two main drawbacksdue to the use of independent nor-
mals at each collision:

e An object bouncing in place will appear to have the table
changeunderneathit asadifferent normal vector is chosenfor
each collision.

e Nearby points on the table are not correlated, as points on a
real, bumpy table would be, which reduces the plausibility of
the animations.

In this examplewe useacontinuous, bumpy surfacefor thetable.
Rather than describe random normals directly, we specify arandom
b-spline surface via control points on a grid with fixed spacing but
random vertical offsets. We can also specify random restitution and
friction values at the control points, to beinterpolated by the spline,
thus extending the model to include the concept of springy or sticky
regions on the table (such as spilt beer). The b-splines defining the
table shape and properties define random fields over the surface. In
principle, we could measure real tables, model their particular ran-
dom fields, and use those in our simulation.

Thesimulator used in this example simulates only one object at a
time bouncing on the random b-spline surface. It uses special tech-
niques to manage the large number of control points required for a
table with fine bumps.

In this example, constraints can be defined for any aspect of the
object’s 3D state at any point in time. Initial conditionsfor the ob-
ject are specified by constraining its state at the start of the simu-
lation (¢ = 0). The probability of an animation in this world con-
tains componentsfor the control vertices defining the table’s shape,
friction and restitution, and a component for each constraint on the
object.

An animation generated from this type of scenario is shown in
figure 9. Each of six diceis dropped and told to land in a specific
place showing a specific side up. The dice are treated individually
and do not interact — the table is not the same for each die. It took
an hour or so of processingtimeto find agood animation for eachdie
(afew hours for the complete animation). However, the chain does
not mix well, so it takes many hours to find significantly different
animations.
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Figure9: A composite of six sample animations showing the con-
trol of a single bouncing die. Each die in the image was animated
separately. Each had a different target location and desired side-
up, but started with the same distribution on initial conditions.

Proposals were made by changing one control point at atime, or
oneinitial condition component at atime, or everything at once, the
choicebeing made according to user supplied relative probabilities.
Changeswere made by adding a random offset to the current value,
resulting in symmetric transition probabilities.

The ability to make changes at any point in the simulation,
through the surface control points, makesit easier to find good ani-
mationsin thisworld. Control points near thefirst few collisionsget
the die somewhere close to the target, and later collisionsrefine the
location. Thisis not an explicitly coded strategy, rather it emerges
naturally from the chain. However, a better proposal strategy might
make explicit use of the behavior.

6 FUTURE WORK

The modelswe use arise naturally in the real world, and we provide
a means of verifying the plausibility of simulations. With further
work it should be possible to experimentally obtain more accurate
models, and test simulation algorithms on such models, to obtain re-
sults like those of Mirtich et. a. [22].

It isan open problem to determinethe difficulty of aparticular ex-
amplewithout experimentation. Computationtime can beadversely
affected because the simulation itself is slower, or more iterations
are required to find good animations, or both. For example, our
bowling and spelling ball examples take comparabletimes to com-
pute, the former due to slow simulation and the latter due to diffi-
cult constraints. Simulation time dominates the cost of each itera-
tion, soit is reasonableto spend more time making better proposals
to improve mixing and hence reduce the total number of iterations.
For example, in the bowling simulation we might bias changesin
the ball’s initial conditions according to which pins were knocked
down.

Constraints in our approach are specified as probability density
functions, which allows almost any type of constraint. In particu-
lar, it might be possibleto constrain collisions or other eventsto oc-
cur at specifictimes (or frames). Thiswould allow physically-based
animations to be choreographed to music, or collisions to occur at
frame boundaries.

Popovic et. al. [24] describean interactive algorithm for manipu-
lating colliding bodies. Asthey suggest, asystemmight bedesigned
to take asinput animations generated by our MCMC approach and
allow usersto fine tune the outcome as desired using local, interac-
tive operations.
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Figure 8: Ballsthat spell ACM. The box contains 105 bins, of which 30 are designated to contain balls. We show two animations, one on
each row, generated from a single chain. Each has the bins being filled in a different order, evidence that the chain producesa good mix of

samples.

We have only touched on the possibilities of plausible motion
with constraints, focusing entirely on rigid body dynamics. Our
techniques may also work in other domains that are hard to con-
strain, including group behaviors [4] and deformable objects [8].
Another goal isto developreal time systemsinwhich specificevents
are forced to occur in a plausible manner. For example, in a com-
puter game we might like the monster to surprise the player in a
particular way, with a plausibility model that takesinto account the
viewer’'s knowledge of the monster’s state and how it moves[7].
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A Bowling Details

A.1 Uncertainty model

Our bowling model is derived from data found online
(http://www.brittanica.com). The sources of uncertainty in
the model are:

Ball radius Distributed uniformly on[rmin, rmaz ), Wherer,,qz is
specified by the rules of the game (approximately 11cm) and
Tmin = 0~87ma.r-

Ball density Distributed uniformly on  [pmin, pmaz), With
prmaz = 1440 kg m ™ and pomin = 0.8pmaz.

Ball initial position Fixedin line with the end of the lane, at some
point uniformly distributed across the width of the lane, and
at aheight distributed accordingto ®(1.1r.m,4z, 0.17mas ), the
distribution defined by the Gaussian density function with
mean 1.17,,4, and standard deviation 0.17 44

Ball initial velocity The component down the lane (measured in
ms™') is distributed according to ®(7.0,1.0). The compo-
nent across the lane is distributed according to (0.0, 0.1).
Thevertical component is set to zero.

Ball initial angular velocity About a vertical axis (measured in
rad s™1), distributed according to (0.0, 0.2).

Each pin Fixed shape and mass, offset from its proper location on
thelanein arandomdirection by adistancedistributed accord-
ingto ®(0.0,1.0) (mm).

With these distributions:;

) 1{%2=1.17max 1 P 2
pw(A) x € 2< 0.1rmax ) e~ 2(v==T) 6_5(0.1) X

pins

where z . is the ball’s height abovethe lane, v, and v, are the ve-
locity components down and acrossthe lane, w . is the angular ve-
locity about the vertical axis, and d; isthe distance of pin : from its
center location. The above formulafor p.,(A) isvalidif all the uni-
formly distributed variables are within their range, and all the fixed
variables havetheir correct values, otherwise p.,(A) = 0. We can
ignore the uniformly distributed variablesin computing p.,(A) be-
causetheir distribution function is proportional to one.

A.2 Proposals

Our proposal mechanism samples avalue u, uniformon [0, 1), and
then:

e if u < 0.05, we sample new values for all the random vari-
ables.

e if 0.05 < u < 0.125, we change the radius of the ball by
adding an offset distributed accordingto ®(0.0, 0.04r 45 ). If
theradiusliesoutsidetheallowablerange, wewrap it back into

the range.
e if 0.125 < w < 0.2, we change the density of the ball by

adding an offset distributed according to ®(0.0, 0.04pmaz ),
wrapping to keep p inside the allowable range.

e if0.2 < u < 0.4, wechangetheinitial position of theball. We
add a horizontal offset distributed according to ®(0.0,0.2w)
(w thewidth of thelane), wrapping if necessary, and add aver-
tical offset distributed according to ®(0.0, 0.057 a4z ).

e if 0.4 < u < 0.6, wechangetheinitial velocity of the ball.
To its component down the lane, we add an offset distributed
accordingto ®(0.0, 0.5). Toitscomponent acrossthelane, we
add an offset distributed accordingto ®(0.0,0.05).

e if 0.6 < u < 0.8, we changetheinitial angular velocity by
adding an offset distributed according to ©(0.0, 0.1).

o otherwise, for each pin, with probability % changeitslocation
by moving it in a random direction by a distance distributed
accordingto ©(0.0,0.5) (mm).

All of these proposalsare symmetric, so there is no need to compute
the transition probabilities (they cancel when computing the accep-
tance probability).
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Figure 10: The dimensions and tesselation for the box in the
spelling ball example.

B Spelling Ball Details

B.1 Model details

Each bin hasaside length of 20mm, and each partition is 2mmthick
and 12mm high (figure 10). The floor beneath each bin is domed
to help the balls come to rest, and the box in which the bins sit is
36mm deep. Each partition vertex isoffset in arandom direction by
adistance distributed according to ¢(0.0,0.1) (mm). Each ball is
dropped from rest at a uniformly randomlocation within arectangle
72mm above the bottom of the box and centered aboveit. Thesize
and density of the balls is intended to resemble marbles.
The probability of an animation is:

FTT -3 (k) 17 2
o L)

Vv

where k is the number of designated binsthat arefilled, V isthe set
of partition vertices, x, is the offset distance of vertex v (in mm),
a is the area of the rectangular region from which the balls may
be dropped and B is the set of active balls, which can vary in size
for different animations as balls are activated or deactivated. In this
case we must include aterm for the uniformly distributed drop po-
sition of each ball because the number of balls can vary.

B.2 Proposals

Our proposal mechanism uniformly samplesarandom « € (0, 1],
and then applies one of four strategies:

o if u < 0.04, wechangeall the partition vertices, giving them
new randomly chosen offsets, and change all the balls, giving
them anew active status and a new initial position.

e if 0.04 < u < 0.36, for each partition vertex, we randomly
decide, with probability 0.02, to changeits location by adding
an offset in arandom direction with length distributed accord-
ingto ©(0.0,0.05) (mm).

e if 0.36 < u < 0.68 we uniformly randomly select an active
ball to change, and offset its starting position in a random di-
rectionfor adistancedistributed accordingto (0.0, s), where
s isthe bin size. We wrap the edges of the region from which
balls may be dropped.

e if 0.68 < u < 0.84, for each enabled ball we uniformly sam-
plev € (0,1] and disablethe ball if v < 0.25.

o otherwise, for each disabled ball we uniformly sample v €
(0,1] and enablethe ball if v < 0.25.



