Measure and Sampling

Many applications in graphics require “fair” sampling of unusual spaces,
such as the space of all possible lines. For example, we might need to gen-
erate random edges within a pixel, or random sample points on a pixel that
vary in density according to some density function. This chapter provides
the machinery for such operations: basic measure theory and probability
theory. These two areas are closely related, and some would argue they
are really one area, so the discussion will not be tightly segregated. These
techniques will also prove useful for numerically evaluating complicated
integrals using Monte Carlo integration, also covered in this chapter.

14.1 Integrals and Measure

Although the words “integral” and “measure” often seem intimidating, they
relate to some of the most intuitive concepts found in mathematics, and
they should not be feared. For our very non-rigorous purposes, a measure
is just a function that maps subsets to R™ in a manner consistent with our
intuitive notions of length, area, and volume. For example, on the 2D real
plane R?, we have the area measure A which assigns a value to a set of
points in the plane. Note that A is just a function that takes pieces of the
plane and returns area. This means the domain of A is all possible subsets
of R?, which we denote as the power set P(R?). Thus, we can characterize
A in arrow notation:

A:P(R*) — RT.
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