
The Recursion Theorem and G¨odel’s Incompleteness Theorem

In these notes, we show how to use the Recursion Theorem to prove the
stronger version of G¨odel’s Incompleteness Theorem.

LetM1 be the Turing machine that takes as input the pair(M, j) and performs
the following operations:

• Letψ = ¬∃vVALCOMPM,j(v).

• Search for a proof in PA ofψ. If such a proof is found, halt and output “1”.

Remark: Note thatM1 halts on input(M, j) if and only if there is a proof in
Peano Arithmetic of the statement that means “M does not halt on inputj”.

Now let σ be the function that takesi as input, and outputs the code forM1,
with “ i” hardwired in for the variableM , and with “i” also hardwired in for the
variablej. That is,σ takesi as input produces as output a program (i.e., an index
for a Turing machine) that performs the following operations:

• Letψ = ¬∃vVALCOMPi,i(v).

• Search for a proof in PA ofψ. If such a proof is found, halt and output “1”.

Note that this program does not look at its input. That is, eitherMσ(i) halts for
every inputx, or it runs forever for every inputx.

Now let i be an index (guaranteed to exist, by the Recursion Theorem) such
thatφi = φσ(i). Isφi defined?

Note thatφi(x) is defined only ifMi halts on inputx, which happens if
and only ifMσ(i) halts (and this does not depend onx). Looking at the pro-
gram σ(i), Mσ(i) halts if and only if there is a proof in PA of the statement
¬∃vVALCOMPi,i(v). If PA is consistent, this happens only if machineMi does
not halt on inputi. That is, we have concluded that ifφi(x) is defined for somex,
thenφi(x) is defined foreveryx, which in turn implies thatφi(i) is notdefined (if
PA is consistent). This is a contradiction (if PA is consistent).

Thus we must conclude thatMi does not halt foranyx, includingx = i. Thus
¬∃vVALCOMPi,i(v) is true. But sinceMi andMσ(i) compute the same partial
function, this means thatMσ(i) does not halt, which (looking at the code forMσ(i))
means that there is not a proof in PA of the sentence¬∃vVALCOMPi,i(v).

That is, assuming PA is consistent,¬∃vVALCOMPi,i(v) is a true statement
that is not provable in PA. And since the proof of the Recursion Theorem allows
us to construct this value “i”, we have a completely explicit example of such a
sentence.
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