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Tchebycheff's Inequality is Best-Possible

n
Given x{n) = [xl,...,xn) s R" form the averape component m = Z xi/n,
i=1

n
and, for integer k x 1, the k" absolute moment oy = )} |xi-m|k/n5 Hzﬁﬂ)|h{5 U;/k

i=1
is a norm for R”. The Py describe how closely the x5 <cluster about m.
An elementary and widely known result (see even [11) is Tehebycheff's

theorem: denoting by IA the fupnction that is 1 when proposition A is true

and 0 otherwise, and by A, the proposition ”Ixi—ml = t|]§ﬁn3[h<" for t > 0

N e~1d

n
and x{n) « Rn, we have Nk(Eﬁn);t) = #{true Ai} =71 = |xi-n']kIA /(tkuk)

i=1 M im1 i
= n/tk so that
k
(1) F (xm);t) = 1/t
_ - - . _ I
F, = N /m is the fraction {x, : x4 m| =z tilx@ |l 3

Actually, (1) arises from the celebrated Tchebycheff inequality [2] whereby,

1/k
I-l-k ?

for a random variable X with E(X) = m and E(|X—m|kj= 1y |Ix1ly =

(2) pelxnl = € lIxfly 3 s 176

when P{X = xi} =1/n, i =4, ..., m, (2) collapses to (1)}.



-2-
Givenm, k, w_and t 2> 1, take POGm + ¢ [|X[|, } = 1/(2c%) =
P{X=m - t [[X{[, } and P{X=m} = (%2135 10 this case P{|X-m] 2 t Il 3 =

1/’tk which shows that (2) is sharp: that is,
(3) min [1/t* - P{[%m| 2 € X[} = 0, a1l ¢ 2 1,
the min being taken over all random variables X with E(X) = m.

In view of the way in which (1) arises as a special case of (2)

one might not expect it to be as tight an inequality as (2). Nevertheless,

it is best possible in the following sense,

Theoren. Given t 1 and an integer k = 1.
.. k
(4) lim inf [1/t° - Fk(fjn);t] = 0,
n> e
n 1 L
the inf being taken over all x(n) ¢ R with E—z X = m; i.e,, you can't

i=1

reduce the right hand side of (1) and still have it hold for all n.

Proof. if tk = 1 is rational, say R/S in lowest terms, let i/]
denote 2 R/S in lowest terms and choose x{i) ¢ R* such that Xy = aes = xj 2

x = = X, = ~t, and X, = 0, £ = 29 + 1, ..., 1 (note that i/2j = tk
j+1 L 2j 2 ‘e L] ¥ a
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Then m = O,]i;ﬂi)|!k = 1 and Fk(gji};t) = 23/i = I/tk so the expressiom in
square brackets in (4) is 0 for n = 1. OQtherwise take a sequence of

. k . . .
rationals r, + T . The ahove construction applies to each r; and this

establishes (4) in general. [I

. - - : !

Thus, without further information about those x(n) ¢ R’ under con-
sideration, one cannot in general improve upon {1) in describing how frequently
large |xi - m|'s can occur. It may therefore be reassuring to consumers of

{1) to know that this "rough" frequency bound is, in fact, quite excellent.

As a final remark, (I) can be generalized. 1In fact, if g > 0 1s a non-

. . +
decreasing function on R, then for t > 0

n
(5) lim inf [ } gClxg-n{)/etellxm ) - 8, (x(m);0)1 = 0.

T+ i=1
If glu) = uk, (5) becomes (4). An interesting extension is the case where

glu) = log(l + u).
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