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1. intreduction

The classical theory of numerical metheds for par-—
tiai gifferential equations is concerned to & large
extent with problems of consistency, stability and
convergence of algorithms. while these aspeeta of the
theory are ugeful in establishing the validity of
differcpee approximations, they fail to provide guen-
titative measures of crrors which may be uysed in
practice to characterize the effect of truncation.

Nor do they provide relevant criteriz whereby a speci-
fied acouracy roeguirement in a numerical sclution may
be converted into the choicc of algorithms and/or the
choice of grid sizes. When ane attempts to develoD
such criteria, one readily finds out that they are
very much dependent vpen the initial and boundary con-—
ditions of the proklem: by centrast, the classical
properties of cengistency, ctability &nd convergense
depend vpon thoge initial/boundary ¢onditiong in &
much weaker sense. It also becomes readily @pparent
that something other than the conventional tools must
be uged to perform such quantitative erzor analyses.
one approach to this problem, which has proved 4o be
neeful in several case studies, is putlined in the
remainder of this paper.

2. Models of computaticnal processes

In attempting to predict the magnitude of errors
resulting from the use of difference methods for
partial differential equations, it iz justified to use
"medels™ which are only appyoximptions af these
methods, inasmach as {(a) these wodels are analytically
mare tractable than the acstual computation and (i) the
predicted errors are reasonable approximations of the
actual errors.

A= & case in point, consider the simple sdvection
eguatian
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where truncation errors are dus to nen-zero spatial
increments &% and NON—ZEero time incrementd At. We
use this eguation here strictly as an example, sSUg-
gesting that similar prosaduras are applicable £o
more complex cases. AS @ prelude to analysing these
errors one may poustulate the following principle of
independence: wWhoh Errors are »umall" one may analyse

separately the of fect of each discretimation (i.c.
spage into 0%, and time into ob)} and ardd the indivi-
Jual contridurtions to sbtain an gstimate of the
glebal error. For iark of Space. We shall not ela-
bozate upon the validity of this principle, except

to the extent of indigating that it is based on
exactly the same premises as those used in the
clessical error theory of experimental physics [11.
A3 a cunsequenge of this viewpoint, we may derive two
"models” of (2)

1} Model to be used in the analysis of errors due
to AxF0

This model 1s obtained by letting a0 in {2}

au 1 - u
o,y n+l n-1

3t ThN =0 (3)

un(t) = u(xn,t)

2] Model to be used in the analysls of errors due
o At#ED

Thisz model is obtained by letting Ax+Q in {2):
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Note that these models ((3)=(d) above or other) are
nat intended to yield information abeout the pumerical
stakility of the algorithms analysed. The assumpticn
of smellness of the errors is eguivalent to restrict=

,ing the analysis to algoritmmg which are known (by
other means)! to be numerically stable.

3. Analysis by the use of a freguency method

|

one of the ways in which the error due to replace-
{ ment of (1) by either (3} or (4) may be apalyzed is by
assuming & sinusoidal boundary condition

ulo,t) = A-sin Ot (5}
frem which the exact sclutlon of {1} iz known to be:

ule,t) = A-sin Gt = x/V) ‘ {6)

golutiens of the models {3} and (4) in response ta
this boundary condition are expressikle 2150 in
sinusoidal form, Bus with an amplitude A* and phase
velooity V* which are in general nhot equal to A and V.
The guantitative aspect of the frequency approach Stems
from the fact that non-ginuscidal solutions may be
synthesized by the suwperposition nf simwscidal salu-
tions. It sheuld be noted ip passing that there are
other ways in which the models {3} and (4) may ke uaed:
step echanges in the boundary copdition nu{o,t) leasd to
aolutions analytically ewxpressible in term3 of fessel
functions for (3) and in terms of Laguerre funetions
for (4). .



Freguency Analysis of Ax-related errors

Let E* {4} be the pumerical s5tep pransfer function

of the model (3), defined as:

2 olt Gnnd (1))

E* (&) = o(ft(un(t” 7
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with &= Tt

To ohtain an expression for E*{4), wa take the Laplace
Transform of (3}, thus cbtaining: :
FE
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-A-E*H)—l]*d‘(-:(un{tl) =0 (8]
By solving the characteristie eguation In (8} {and by
eliminating the unstabkle root which would correspond
to ufw,t) = =), we find:

A, bx i A, hx 2 1
- o )
It may also be shown (see e.g. [z]} that ah eguivalent
expression to (9) is:

A Ax
v

B+ (&) = - (2}

) (10}
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By contrast, the exact step tranafer function E{4)
defined as the counterpart of (7) for the exact equa-

tion 1is:
y  olptule ) debe
El4} E w =@a v {11}
ot n'
We may rewrike (6} as:
wlx ,t) = A - sin (0t -~ {12)
where the ampliiude A and phase“f’n are, respestiveldy:
A- AfEGERIT 2 A
n (13}

¥ - “n-gE (il = n-@-beAV e Tm AV

By constrast, the solution of the model (3) of the
numerical approximation ie:z

u () = A*_ - sinfll-t - ‘P° } {14}
n n Tk

wharpe the amplitude and phase are now:
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Fig. 1

Fxact solutlon

of Equation (1)
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1t is also useful to define the phase velocity V*
of numerical sclutions by the identity:

‘un(t) = AT gin ﬂ(t-xn/\l*)

which by comparison with (14) and (15) yields:

yr = - fx
LE* (i) (17}
Using the expressien {10) for EX (4} we find the
gnalytical expression (valid for @-Ax/VZ1):
¥* = v+ () = R-bx/arc sin (- Ax/V) {18}

As we may observe, the velosity y* ie (by contrast
with V) a function of the frequency 0.

Differcnces Betwsen E* and E on the ape hand, and
v+ and V on the other hand Gcscribe the amplitune and
phase velocity errors due to Ax#® in the numerical
a]ggruximation. These ere illustreted graphically in
Figqures 3 and 4. about these figures we may make the
fellowing cbaervations:

a) The amplitude e¥ror in numerical sinusoidal
solutions of (1) docscribed by the model [3) iz equal
to zerp when 9-Ax/V = 1. For larger walues of
8%/, the amplitude of sinnsoidal seluticns docays
rapidly &g ong moves awsy frow the boundary x = 0
where the boundary condition ulo,t) = A-sin(Qt) is

- applied.

B} Under the same ronditilons v*/7 is close to l
for sufficient emall QAx/V. The phase valosity
error V*{i] - VvV becomes noh=negligible when QAx/V
teeomes 1arger than abeut .5. The phase velocity
axror for Gax/v < n/2 is pegative. wNumerical
cinusnidal compohents in that range travel slover
thapn the exact welocity V. Non—constancy of the
phase velogity V* is respemsible foxr a phencmencn
of spuricus dispersion in the sclution, and appears
mugt clearly when sharp variations im u are pres=nt.

£ JiEd-1

A y i o

+5 \\\ .l..-ﬁ
] _

.?“' .u-dx/VT a

. ¥ig. 3



v ¥y
v / v
] ] ,f g -0
™~/
Vv |
A -t
] o . - -!

E
TS ¥al
Fig. 4

Analysis of At-related errors

We may likewise oxpress the exact solution {8} at the

discrete instants tj - 5.4t

i, t)) = Avsin@(i.pt = xV) (19
To fipd the response of the model (4) to the boundary
condition (5) we seek by identification a solution af
tha form:

o e By sineqee? - Box) (20)
It is reascnably straightforward to substitute (20) in
{4). COme obiaing an expressien containing terms in
sinf (t1-Bx) and in cosl (£3-Bx) .  Equating these twe
groups of terms to &e¥o provides wg with two eguations

dn-n
A* [copftaz-1] + VAL 70 (6 co=fat + (1-8})

(1)
- UBAt A¥sin RAt = £
A"sin QAL + VAt %;rain Qat
+ VEQA: M@ costit = {1-8)] = C (22
which may be solved into
[§. &)= {1 - cesbée) (1-26) "
A" dx -2 (23)
[1+2{8 -8%) (cosldt = 1}]-VAr
=in ﬁbt
o 2 (24)
{1+ 2(8-8") lgos Aot — 1)] VAt

) Ap* .
The function (%? an ) Tepregents & SPUT1QUS variation

of the amplitude with x due to At #0, Thip t&rm would
he equal to zers if there were ho amplitude erray,
whilst B contains a measure of the phase error of
numerical solutions dus to the same factor.

To obtain a more useful expregsion, we cbserve that
rewriting (20) in the form:

ad (x) = A(x) sin (e - %V (25)

|

defines implicitly the numerical phase velocity
VE{R) as:

[1 + 2(8-8°) {eos [9AL)=1) 10t
sin{Rat)

1
yE{l) = i v (263

Amplitude and velocity eXrrors corresponding te
(23) = (2p) are illustrated in Fig. [(5).
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As we may observe, errors becomes non-negligible in
this case when Q4t>.5

4. hn example and numerieal verification

An example of the preceding theories was provided
in the process of developing a Computer program te
compute tidal flews in the Delaware sstuary. The
| equations under consideration are well known (see
‘e.g. ref. [4,5]). )

' conservatien of Mass: L1 E—{h'v) =0 27 .a)
Bt 3x
Conservation of Momentum:
2 m
v E] v k 2 - (27.b)
CEptylEp 30 S gis - ;;{vl =g ¥) = Gth,v)

iwhere h = height
v = velocity
5 = slope
g = agceleration of gravity
k,ml,m2 = positive constants describing the frigtien

force

&Tha problem at hand congisted in having te c¢hoose the
largest values of Ax and At sueh that numerical solu-
‘tiens with an aceuracy of a few percent {i.e. consis=
‘tent with the kind of accuracy one deals with in this
kind ef work) would he ohtained.

' The system of equation (27) is guasi-linsar and
hyperbolic. What plays an jdentical role to the
velocity V in the precading sections of this paper ig
not the wvelocity vix,t) of the water, but the
velocities Vg and v, of the twe wave eguations

which are ebtainad by transforming (27} inko its
characteristic form
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