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ABSTRACT

Recent analyses of spurious phehomena nesr interfaces and boundaries of numerical
approximations of hyperbolic equations have produced a host of interesting, concrate
results which are reviewad in this paper.

What characterizes these analyses is that they rely on tools of mathematical physigs, in
particular in the systematic use of Fourier transforms and the concept of sinusoidal wave
propagation this leads to a description of numerical inaccuracy in terms of dispersion, and

a description of spurious numerical solutions in terms of wave packets and group
velocitias.

it is in providing the mathematics heeded to describe spurious reflection at numerical

boundaries and at interfaces in mesh refinement that the most applied results of this theory
are obtained,



1, INTRODUCTION

Recent analyses of spurious phenomena near interfaces
and boundaries of numerical approximations of hyperbolic
equations have produced a host of interesting, concrete results
which are reviewed in this paper.

What characterizes these analyses is that they rely on
tools of mathematical physics, in particular in the systematic
use of Pourier transforms and the concept of sinusoidal wave
propagation. This leads to a description of numerical inaccuracy
in terms of dispersion, and a description of spurious numerical

solutions in terms of wave packets and group velocities.

It iz - in providing the mathematics needed to describe spurious
reflection at numerical boundaries and at interfaces in mesh r;finéﬁant
that the most applied results of this theory are obtained. This is

illustrated in the last four sections of the paper.



Since hyperbolic equations describe propagation in continuous
media, it is the case that t‘heir numerical discretizations
describe propagation in the periodic structure obtained when a
continuum is discretized and modeled by what is called a lumped
parameters system. One finds in the development of
applied mathematics and physics a large and jinteresting succession
of uses of such semi-discrete models. Ome of the first is possibly
that of Newton [Principia, Book II, (1686 3], in his attempts
to find a physical model for the propagation of sound.

In the first half of the sighteenth century, Johann and Daniel
Bernouilli used similar discrete models to desﬁribe vibrating
strings, and d'Alembert used this approach, passing to the limit,
to "invent" (in his own words) partial differential equations.

The relation of trigonometric series with propagation in
continua and in their discrete models was well known in the
eighteenth century. This was used, among others, by Euler and
Lagrange. The name of Fourier, which was later to be attached to
those series, came when he proved that their applicability
was less restricted than was believed, while he was applying them,
-also using discrete models at first, to solve the diffusion equation
which he had just discovered.

Crystal_lattices offer a physical example of discrete
conducting media. Sinusoidal wave propagation through such
structures and many of the attending developments in Fourier analysis

had been well established by the end of the nineteenth century.



Many of these developments are reported in Brillouin (1246). Numerical
discretizations of partial differential equations have created new families
of similar periodic structures. It thus comes as no surprise that applying
Fourier snalysis to study their properties proves to be a very fruitful
endeavor.

An important property of discrete media is that they are dispersive;
that is, the phase velocity of sinusoidal waves depends on frequency. The
concept of group velocity, which plays a primordial role in signal and
energy propagation through dispersive media emerged in the nineteenth
century. It had been used conceptually by Hamilton (1839), was known to
Rayleigh (Theory of Sound - 1877) and was fully investigated in the early
part of this century with publications of Sommerfeld (1912, 1914) in
prominent place. Here also, this classical result from mathematical
physics has provided the starting point for the investigation of a host
of interesting aspects of propagation properties of numerical discretizations

of hyperbolic equations.



2. SEMI-DISCRETIZATIONS

Consider as a model of hyperbelic equations the simple advection

equation:
Yy o ()
t X
and a regular division of the X axis:
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The set notation:

{ Un (£)}

is used to describe semi-discrete functions which are nmeant to

approximate U :
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We shall examine two basic methods of approximation, namely

a) that obtained with classical finite differences:
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at 2h
b) that obtained with the linear finite-element Galerkin method:
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and analyze propagation properties of the corresponding seolutions,

A remark about (4) is in order: these are semi-discrete approximations
(or semi-discretizations) of equation (1). Since numerical calculations
are fully discrete, (time is discretized as well), the question of the
validity of (4) as models arises. But it is the case that when fully
discrete calculations are carried out with a courant number (ﬁﬂcﬂé/’71 )
which is reasonably small { say £ .1) then the error introduced by time
discretization becomes negligible, and (4) are indeed legitimate

models of the computational process.

We note in passing that those models are sometimes called
tmethod of lines" approximations. The term was first coined by

Russian mathematicians in the 1940's. See e.g. Faddeyeva (1549).

While the analysis in this paper is restricted to semi-
discrete models of computational processes, most results extend

easily to full discretizations (See [321).



3. ENERGY
An important property of solutions of hyperbolic equations
iz that they chey an encrgy conservation principle. E.g..,

it U(x,})is a solution of the advection equation (1), then
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Mathematical tractability is simplified when ” U ”2 is finite,
i.e., when U is in a[e . This implies that U('—"ar:?) 4:)-‘- O

thus that (5) vanishes and conservation of energy

”U ”2 = c'_an&-lﬂﬂ..“', (6)

follows. Multiplying each equation of (4) by u.-n. and summing over
all M shows that a discrete form of energy is conserved by mumerical

solutions that are in ‘62 . Viz.
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in the finite difference approximation (4-a), and

2
ﬂu.‘;l!fi %Hd Z‘{' (2 Un + Un U.nﬂ):f:ans&ané (7b)

with the linear finite element Galerkin approximation (4-b).



Distribution of energy on the X axis is described by the

local energy density functions
U @x4) 1* 8
in the exact case, by
u2
and
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in the discrete cases. Energy propagation for solutions of the
exact equation (1) is a simple collective displacement at the

uniform veleeity C:
U (x,4) 12 = [ U(x-<t,0)]% (10)

But energy propagation in the discrete equations is not as simple.
The discrete approximations introduce spurious dispersion, and
energy propagation is no more a uniform displacement.

The mathematics which describe wave propagation in dispersive
media are based on Fourier analysis. Some of the basic concepts

that are relevant will be described in the following sectionms.



4. t-FOURIER ANALYS;S

We define the +-Fourier transform of U, (t)as
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and that of U(JC -H as

Nt
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¢ U is a solution of (1), then

U(g Q)=Ulof) e (13)

For each Q, this describes harmonic (or sinusoidal) wave

propagation at a constant amplitude
-~ N
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at a spatial frequency

W = Q/C- (15)
with a wavelength
A = .‘ZTT/a_) QTTc:/_(?_ (16)

To find the analog = of this in the semi-discretizations, we seek
fundamental solutions of (4), i.e., solutions for which the ratio
-~
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is independent of rt
s

(17)

It is found that E. must satisfy a characteristic .equation,



