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Theorem 1 Let p be a prime number and r be a positive integer which is
not a power of p. Under these conditions Modr does not belong to AC0 (p).

Claim 1 If the above theorem holds when (r; p) = 1 (i.e gcd(r,p) = 1), it
holds for any r which is not a power of p.

Proof: Assume that the above theorem holds when (r; p) = 1 . Let �r =
rp�, where (r; p) = 1 and � � 1. Suppose mod�r 2 AC0(p). Let X 2 f0; 1gn
be the input vector for which we want to compute

Pn
i=1Xi mod r. We replace

each Xi by p� copies of Xi. Call the modi�ed input �X( �X 2 f0; 1gnp�). It is
easy to see that

Pnp�

i=1
�Xi mod �r =

Pn
i=1Xi mod r. So modr 2 AC0(p). But

this is a contradiction. Hence mod�r does not belong to AC0(p).

We need the following lemma for proving the above theorem.

De�nition 1 Let X 2 f0; 1gn and let r be a positive integer. Let fri(X) = 1,
if
Pn

j=1Xj = i mod r. Otherwise fri(X) = 0.

Lemma 1 Let p be a prime number. Let r be a positive integer, (r; p) =
1. For any k let F0; F1; � � � ; Fr�1 be r n-variable polynomials over GF (pk)
(GF (pk) is the �nite �eld of pk elements), having degree � p

n. 9n0 such
that 8n > n0, for at least 2n

10
inputs x 2 f0; 1gn, 9i such that Fi does not

compute fri (i.e fri(X) 6= Fi(X)).

Proof: We need the following two facts from Field Theory for proving this
case.

Fact 1 If (r; p) = 1 (r 6= 1), 9k such that 9! 2 GF (pk) and ! 6= 1 and
!r = 1.
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Proof: Let f(x) = (x � b)2g(x) be a polynomial over GF (pk) (for some
k), with multiple root b. Now �f(x) = (x � b)2�g(x) + g(x)2(x � b) is the
derivative of f(x). It also has a root at b. This means that if a polynomial
has a multiple root then its derivative also has the same root. Next Consider
the polynomial q(x) = xr � 1. �q(x) = rxr�1. Since (r; p) = 1, �q has only one
root i.e 0. But q(0) 6= 0. So q and �q do not share any root. Hence q has
no multiple roots. Now There exists a k such that q(x) factors into r linear
factors (i,e of the form (x - a)) over GF (pk). This means q has r distinct
roots in GF (pk).

Fact 2 8k8l GF (pk) � GF (plk)

Proof: Let V be the vector space of dimension l over GF (pk). jV j = plk.
V is also a �eld under component-wise addition, although multiplication is
not, in general, componentwise. Nonetheless, if we let v = fXjX 2 V and
all but �rst component of X are zero g, it is easy to see that v is a sub�eld
of V and it is isomorphic to GF (pk).

Fact2 implies that we can assume that k (in the statement of Lemma 1)
is large enough such that 9! 2 GF (pk); ! 6= 1 and !r = 1 (since polynomials
over GF (pk) will also be polynomials over GF (plk) for all l > 0.

De�nition 2 Let A be the set of \good" inputs. i.e

A = fXjX 2 f0; 1gn and 8i Fi(X) = fi(X)g

We want to show jAj � 2n � 2n

10
.

Let F (X) =
Pr�1

i=0 !
iFi(X).

Claim 2 X 2 A ) F (X) = !
Pn

j=1
Xj

Proof: Let
Pn

j=1Xj = l + br; 0 � l < r. This means !
Pn

j=1
Xj = !l (since

!r = 1). Now fl(X) = 1 and 8i 6= l (0 � i < r), fi = 0. Since X 2 A,
8i (0 � i < r) fi(X) = Fi(X). Hence the result.

De�nition 3 ~A = fY 2 f1; !gn j (Y1�1
!�1 ; � � � ; Yn�1!�1 ) 2 Ag.
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De�nition 4 ~F (Y ) = F (Y1�1
!�1 ; � � � ; Yn�1!�1 ).

Claim 3 For Y 2 ~A; ~F (Y ) =
Qn

i=1 Yi.

Proof: By the previous claim, ~F (Y ) = !
Pn

i=1

Yi�1
!�1 . Consider !

Pn

i=1

Yi�1
!�1 .

If Yi = 1, !
Yi�1
!�1 = !0 = 1. if Yi = !, !

Yi�1
!�1 = !1 = !. So Yi = !

Yi�1
!�1 . Hence

the claim.

Each Fi(X) has degree � p
n. This means ~F (X) has degree � p

n.

De�nition 5 Let D = fg j g : ~A! GF (pk)g. i.e set of all functions from ~A
to GF (pk).

De�nition 6 A term (i.e of a polynomial) is called multilinear, if each vari-
able in it has degree 1. A polynomial is called multilinear, if each term in it
is multilinear. e.g X1X2 +X3X4X5 is a multilinear polynomial.

De�nition 7 H = f multilinear polynomials of degree � n

2
+

p
n

2
g.

Claim 4 jDj � jHj.

Proof: let g 2 D. For each Y 2 ~A � f1; !gn, de�ne tY (X) = tY (X1; � � � ;Xn) =Qn
i=1

�tY (Xi). Where, if Yi = !, �tY (Xi) =
Xi�1
!�1 , and if Yi = 1 then �tY (Xi) =

1 � Xi�1
!�1 . It is easy to see that tY (Y ) = 1 and 8X 6= Y tY (X) = 0. Let

�h =
P

Y 2 ~A g(Y )tY (X). Now it is obvious that 8Y 2 ~A �h(Y ) = g(Y ). But
�h may not belong to H. If �h does not belong to H, we extract a mem-
ber of H from �h as follows. Suppose �h contains a term t(X) = a

Q
i2T Xi,

where a 2 GF (pk), T � f1; 2; � � � ; ng and jT j > n

2
+

p
n

2
. We replace it by

�t(X) = a
Qn

i=1

Q
i2 �T (

!+1�Xi

!
), where �T = f1; 2; � � � ; ng � T . If X i 2 f1; !g,

(!+1�Xi

!
)Xi = 1. This means 8Y 2 f1; !gn, t(Y ) = �t(Y ). Let ~t(X) =

~F (X)
Q

i2 �T (
!+1�Xi

!
). But we know 8Y 2 ~A; ~F (Y ) =

Qn
i=1 Yi. So 8Y 2 ~A

t(Y ) = ~t(Y ). This leads us to replace t(X) by ~t(X). But degree of ~F (X) is

� p
n. As a result, degree of ~t(X) � p

n+n�jT j � p
n+n� n

2
�

p
n

2
= n

2
+

p
n

2
.
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Let us call the polynomial obtained from �h by making the above replacements
~h. Obviously ~h 2 H. Also 8Y 2 ~A g(Y ) = ~h(Y ) because �h and ~h agree on
~A. Let g1 and g2 be two distinct members of D. Consider the corresponding
polynomials (as de�ned above) ~h1 and ~h2. Since ~h1 and ~h2 agree respectively
with g1 and g2 on ~A, ~h1 6= ~h2. So we have a one-to-one mapping from D to
H. Hence the result.

Armed with this claim let us return to the proof of Lemma 1. For conve-
nience let F = GF (pk). Now jDj = jF jj ~Aj and

jHj = jF j# of multilinear terms of size �n
2
+
p
n

2 = jF j
Pb n

2
+

p
n
2
c

l=0

�
n

l

�

Using Stirling's approximation, 9n0 such that 8n � n0,
�

n

dn
2
e
�
� 2n 1p

�dn
2
e.

Also
Pbn

2
c

l=0

�
n

l

�
� 2n�1 and for l > bn

2
c;
�
n

l

�
is decreasing. So

Pbn
2
+
p
n

2
c

l=0

�
n

l

�
�

2n�1 + d
p
n

2
e( 2np

�dn
2
e) � 2n(1

2
+ 1

2
p

�
2

) � 2n(1
2
+ 1

2:5
) = 2n( 9

10
). So jDj � jHj �

jF j 9102n. But jDj = jF jj ~Aj = jF jjAj. Hence, jAj � 9

10
2n.

(Note added: We have just completed the proof of Lemma 1. However
it is worth noting that Lemma one holds not only if (r; p) = 1, but also for
any �r that is not a power of p. (Thus Claim 1 is not really needed.) To see
this, consider �r = rp�, where (r; p) = 1. Suppose Lemma 1 does not hold
for �r. This means there exists F0; F1; � � � ; F�r�1 that violate Lemma1. But if
this happens then F0; F1; � � � ; Fr�1 already violate Lemma 1 (for r, which is
relatively prime to n). Hence Lemma 1 holds also for �r.)

With Lemma 1 at our disposal, we can complete the proof of Theorem 1.
Suppose Modr 2 AC0(p). Now we can construct a contradiction to Lemma
1 as follows. By a corollary proved in the previous lecture, we know that
if Modr 2 AC0(p) then there exists a polynomial qn (of n variables) over
GF (p) of degree log nc (where c is a constant), such that for all but atmost
2n

nk
strings X 2 f0; 1gn, qn(X) = �Modr(X) (where �Modr is the characteristic

function for Modr). Let n1 be such that n1 > n0 (of Lemma 1) and 1

nk
1

� 9

10

and log nc � p
n. Consider n > n1. Let F0 = qn. Similarly let qn+i be the
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corresponding polynomial for n + i variables. We obtain Fi from qn+r�i by
setting the last (r � i) to 1. So we have F0; � � � ; Fr�1 such that 8n > n1, Fi

computes fi for more than 2n � 2n

10
inputs. But this contradicts Lemma 1.

Hence Modr does not belong to AC0(p).
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