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This section is related to the previous lecture.

Lemma 1.1 Let C be a circuit such that C = Vi_,g;, where the g;’s are N\ gates querying
disjoint sets of input variables. Suppose C takes n input variables. Then

| Procioy[C(z) = ®(x)] — %| < 1/2",

Proof: If some input variable is not queried at all, then it is easily seen Pryefo13[C(z) =
®(z)] = 1. So we may assume that the A gates partition the input variables.

We proceed by induction on r. The case where r = 1 is easy to verify. Assume it holds
for r — 1 and we show for r.

We assume ¢, has fan-in m (1 < m < n). Let yo € {0,1}™ be the string such that
gr(y0) = 1. Let {yo,y1,...,yam_1} be an enumeration of {0,1}™ such that for 0 < ¢ <
27t — 1, ®(y2i) # D(y2ir1). We observe the following facts.

Fact 1: 1
Prze{o,l}"—m,ye{o,l}m[C(zay) = @(Zy) | y ¢ {yovyl}] = 9

since C(z,y2) = C(2,y2i41) = Vit qi(z) for all 1 <¢ < 2m71 — 1.

FaCt 2: Prze{071}n—m7ye{071}m[0(27y) = @(Zy) | Yy = yo] = 5

Fact 3:
1
|P7°ze{0,1}"—m,ye{o,1}m[C(Zay) = @(Z?/) |y =] — §|
1
= |Prze{071}n_m[0’(z) = @(z)] — §|

S ]_/2’17,—’177,7

where C' = ViZ{g;, and the equality follows from the induction hypothesis.

It is then not difficult to verify that these facts complete the proof of the lemma. a
Theorem 1.1 IfC is a depth-2 circuit with bottom fan-in t = t(n) < n/64, where t(n) — oo

as n — oo, then

PTmE{O,l}"[C(JB) = @(m)] < 1/2 4 1/2n/16t‘
Proof: Let s = [n/32t],1 = |n/64t] + 5. Then

n—1l+s n — |n/64t] n — n/64t 8 1

8t 8(|n/32t] + [n/64t])t ~ 8(n/32 + n/64) Lo

)7
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which 1s bigger than 2.5 for sufficiently large n. Therefore for any constant ¢, (%)3 > 2°2°

for sufficiently large n. It is then easy to verify that
log(?)+n—1—s>log(i,)+n—1+ slog8t+ c. (1)

Observing the fact that for any set R and any positive integer a, the number of z € R
such that K(z|y) > log|R| — a (K-random) is at least (1 — 1/2%)|R|, we can see that
with probability at least 1 — 1/2* a randomly chosen restriction p € R!is K-random and
thus satsfies the hypothesis of the Switching Lemma by (1). By exercise Problem 1, the
corrsponding C|, can be computed by an V of disjoint A’s each of fan-in at most s. Applying
Lemma 1.1, we then have

Prye oy penilCl,(al,) = ®(x],) | pis K-random] < (1/2 +1/2). (2)

Now we can see that

Prme{0,1}n[0(213) = @(iﬂ)] PrmE{O,l}",pERl[C(x) = @(m)]

< Prme{0,1}",peR’[C|p($|p) = ®(z|,) | pis K-random] +
Pr cpi[p is not K-random]
< (1/2+1/2Y +1/2°
S 1/2 + ]_/211/16157
where the second inequlity follows from (2). O
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For the following discussion, a circuit on n input variables has boolean inputs 1, s, ..., @,,
Z1,%g,...,%, at the bottom level and has A,V as the only internal gates. A family of circuits
1s sequence (7, Cs, ... of circuits where each C; is a circuit on 7 input variables.

For any fixed positive integer k, we define AC} to be the set of languages that are accepted
by families of circuits of polynomial size and depth k; and we define

AC® = |J ACY.
k

For any positive integer p, AC°(p) is defined in the same way as that of AC° except that we
allow the presence of the mod, gates in the circuits, where mod,, is defined to be

1 if p| ¥t @, ie. Y0, 2 =0 (mod p)
modp(21, 23, -, Tn) = { 0 otherwise.

A probabilistic circuit on n input variables is a circuit that has additional r(n) auxiliary
boolean input variables (random input bits) 4 = y1,¥s,. ... Y at the bottom level besides
the original n input variables together with their negations. 7(-) usually depends on the
function that the circuit computes. In the following discussion, r(n) will be n®®).



We say that a language L is accepted by a family C of probabilistic circuits if for some
fixed k, any sufficiently large n and any = € {0,1}", C,, € C satisfies the property that

P’“ﬁe{o,l}'%")[cn(iﬂa?j) # xr(z)] < n_k7 (3)

where xr(z) is the characteristic function of L.
Our goal 1s to prove the following theorem.

Theorem 2.1 Suppose p is a prime and L € AC%p). Then L is accepted by a depth-2
family of probabilistic circuits with one mod, gate at the root and og?Mn gates each of
fan-in 1log®® n.

Proof: Fix n. Let C be the circuit on n input variables that belongs to the family of circuits
that accepts L. We want to construct a probabilistic circuit C” on n input variables out of
C such that it satisfies both property (3) and the requirement of the theorem.

First we apply the following two-step procedure to the circuit C'.

Step 1: Replace each A gate with V and — gates using De Morgan’s Laws. Then replace
all the — gates with mod, gates, observing that for any = € {0, 1}, mod,(z) = .

Step 2: Replace (bottom-up) each V(z1, 22, ..., 2,) with the following subcircuit:

For 1 <i < m,let B; = z;Ab; where b; is an auxiliary input variable. For 1 < k < m?~!,
Ay is the A of a distinct (p—1)-tuple (B;,, By, ..., B;,_, ) where 1 <iy,45,...,45_1 < m.
Let D = mody(Ay, As, ..., Appr—1). The desired subcircuit is then defined to be the
mod,, of the A of [logn independent copies of D.

By examining Step 2, we observe that if there are d B;’s that evaluate to 1 then there are
dP~! Ay’s that evaluate to 1. By Fermat’s little theorem, d?~! = 1 (mod p) for all d that is
not a multiple of p. Then it is not difficult to see the fact that if V(z1, 22,...,2zy) = 1, then
gate D outputs 0 with probability at least 1/2, and in the case that V(z1,22,...,2m) = 0,
D always outputs 1. Therefore, in the former case, the final subcircuit outputs 1 with
probability at least 1 — 1/n! while in the latter case it outputs 0.

Note that if in Step 2 we replace n® V gates by the corresponding subcircuits, then by
choosing | > k + a, the resulting circuit gives the same answer as the original circuit with
probability at least 1 — 1/n*.

To prove the theorem, now it suffices to show that any constant depth and polynomial size
circuit C” on n input variables with A gates of fan-in O(log n) and mod,, gates is equivalent
to a depth-2 circuit C’ on n input variables with one mod, gate at the root and all A gates
of fan-in O(logo(l) n). To show this equivalence, we will apply two operations Swap and
Change to the circuit C”.

Swap: The Swap operation transforms the gates G of the form A of O(log n) mod, gates to
gates of the form mod, of n®0°¢™ A gates each of fan-in O(log n).

Suppose for 1 <i < g= O(logn) G; = mod,(z1, %2, .., %in;), Where each n; = nP,

and G = AL, (G;). Noticing that for any nonnegative integer a, 1 — a?~! = 1 (mod p)



iff @ =0 (mod p), we have

G=1 <= AL D 2zr=0(modp) =1
k=1

— 1-I,(1- (Z z@k)p_l) =0 (mod p)
k=1

Note that this polynomial on Boolean inputs can be written as a sum of terms, in the
form 37 ¢; ?(p_l) z1j, where each ¢; is in {0,...,p — 1}, since we’re only interested in
the value mod p. Since multiplication on Boolean inputs is computed by AND gates,
this can thus be computed by a mod, of n®1°¢™ A’s each of fan-in O(logn). This

provides us with the transformed gate G.

Change: The Change operation transforms the gates G of the form mod, of mod,’s to gates
of the form mod, of N’s.

Suppose for 1 < i < q, G; = mody(zi1, zi2,- -, %in;) and G = mod,(Gy, G, ..., G,).
Then G = 1iff 3i_, (X7, 2;)?~" = 0 (mod p). The expansion of the sum corresponds
to the transformed gate G which we describe below in words:

for each 1 <7 < ¢, and for 1 < k < nf™", let G}, be the A of a distinct (p — 1)-tuple
(Zigi» Zigas - - -+ %ig,_y) Where 1 < g1,95,...,p—1 < m;. The transformed gate is then

defined to be the mod, of all the G .

It is not difficult to verify the fact that by repeatedly applying these two operations to
C", we can obtain the final circuit C’ of the desired form. This completes the proof of the
theorem. O



