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Theorem  Let , = {4;(p,q)} U {B;(7,7)} have a resolution
refutation of length n, then there is a interpolant C(p) such that

A A3 = C(7)

and

C(#) = ~ \(By(7.7)

and C(p) has circuits of size O(n).

Proof of theorem

For each expression F in our resolution refutation, we will have a gate
Cg in our circuit. (The circuit Cg for the final clause in the refutation will
be the circuit C(p)) as follows.

1. E = Ai(7,q), then Cg is the constant 0.
2. E = B;(p,7), then Cp is the constant 1.
3. E=FUG from (FU{p;},GU{p:})
Cp == (i A Crugy) V (i A Caugny)
4, E=FUG from (FU{¢},GU{g})

CE L= CFU{q,’} \ CGU{E}



5. E = FUG from (F U {r;},GU{7})

Cg = Crupry N Cougrny

(Note, output circuit Cg has input only for 0, 1, p;, 7;).

In order to finish the proof of the theorem, we must prove the following
lemma. (This is clearly sufficient to prove the theorem, since the output gate
of this circuit of Cg, and 7(0) = L for every 7. Note that a truth assignment
7 is the same as an input assignment to the circuit Cg.)

Lemma If 7 is a assignment such that 7(E) = L, then
T(Cg) =1L = Fi7(4)=1

T(Cg)=T=3Ji7(B;)=1

Note CE does not compute F).
P
Proof

1. If E = A;(p,q), then 7(Cg) = L. The hypothesis of the lemma is that
7(A4;(p, ) = L, so the claim holds trivially in this case.

2. E = B;(p,7), then 7(Cg) = T and 7(B;(p,7)) = L, similar to case 1.
3. E=FUG from (F U {p;},GU{p})
Cg = (i A Crugpy) V (pi A Cougpry)

If 7(E)= 1 then 7(F) =7(G) = L
If 7(Cg) = L, then



= 1 and 7(GU{p;}) = L. By induc-
L.

= 1 and 7(FU{p;}) = L. By induc-
L.

case a: T(p;) = T, then 7(Couz;)
tion hypothesis, 3¢ 7(A;) =

case b: 7(p;) = T, then 7(Crugpy)
tion hypothesis, 3¢ 7(A;) =
If 7(Cg) =T, then
case a: 7(p;) = T, then 7(Coupy) = T and 7(G U {p;}) = L. By induc-
tion hypothesis, 3¢ 7(B;) = L .
case b: 7(p;) = T, then 7(Crugpy) = T and 7(F U {p;}) = L. By induc-
tion hypothesis, 3¢ 7(B;) = L .

4. E=F UG from (F U {¢},GU{G})
CE L= CFU{q,’} \ CGU{E}

If 7(E) = L then 7(F) =7(G) = L.
If 7(Cg) = L, then 7(Crugeny) = 7(Couggy) = L.
case a: 7(¢;) = T, then 7(Couggy) = L and 7(G U {g}) = L. By induc-
tion hypothesis, 3¢ 7(A4;) = L .
case b: 7(g) = T, then 7(Crugy)) = L and 7(F U {¢;}) = L. By induc-
tion hypothesis, 3¢ 7(A4;) = L .
If 7(Cg) = T, then at least one of 7(Cruyy) and 7(Ceugyy) 1s true.
Also, at least one of 7(F U {¢}) and 7(G U {g;}) is true. Note that:
If 7(FU{¢}) = L and 7(Crugyy) = T, then by inductive hypothesis,
3j By(p,7) = L.
If 7(GU{G}) = L and 7(Ceuqgy) = T, then by inductive hypothesis,
3j B;(p,7) = L.
Thus we need only worry about the cases where

case a:

T(F U {Ql}) =1, T(CFU{qz'}) =1 T(GU {E}) = TvT(CGU{E}) =T



case b:
T(FU{a}) =T, 7(Crugey) = T; 7(GU{G}) = L, 7(Cougy) = L
but note Cruyey), Couggy, and B;(p,7) don’t have ¢; as a vari-

able. Thus if ’( ) = L oifr(g)=T and 7 = 7/ on all other
T4 T otherwise

variables, then we have that

case a: 7' (Cru(gy) = L (since 7(F) = 7'(F) = Land 7(FU{¢;}) = T
and 7(F U {¢;}) = T. By induction hypothesis, 35 7/(B;) =
1, and 7'(B;) = 7(B;).

case b: Similar to case a.
5. E = FUG from (F U {r;},GU{7})
Cg = Crupriy N Coupny

This is similar to case 4.

Theorem(monotone)

Let , = {4;(p, 9} U{B;(p,7)} have a refutation of length n, where
either the p variables occur only positively in the A;’s or they
occur only negatively in the B;’s. Then there is a monotone circuit

C(p) of size
O(n)

such that for every 7,
T(C(p) = L = Fi 7(Ai(p, Q) = L

T(C(p)) =T = J3 7(Bj(p,7)) = L




Note: in order to get a monotone circuit, we need to assume that the p;’s
either appear only positively in A; or only negatively in B;.

Proof  We present the proof only in the case when the p;’s occur only
negatively in the B;’s; the other case is similar.

We will build a circuit C'g for each expression F in the resolution refuta-
tion.

1. E = Ai(p,q), then Cg is the constant 0.
2. E = B;(p,7), then Cg is the constant 1.
3. E=FUG from (FU{p},GU{p}
Cg = Crupy V (2i A Cougry)

4. E=FUG from (FU{¢},GU{G})

Cg ::= Crugey V Couigny
5. E = FUG from (F U {r;},GU{7})

Cg == Crupy N Cougmy

Clearly, Cg is a monotone circuit of size O(n). As in the proof of the
preceding theorem, we base our proof of correctness on a lemma that we prove
by induction. The statement of the lemma for this monotone construction
1s more complicated than the statement of the corresponding lemma in the
preceding result. (Thanks to Sam Buss, for providing this corrected lemma,
based on a paper of Pudlik.)

For any clause E appearing in the refutation, define two “sub-clauses”
E4 and EP as follows. E“ is the disjunction of all the literals occuring in E
that involve g-variables and p-variables; that is, all of the literals involving
r-variables are “erased”. E® is the disjunction of all of the literals occuring

1To prove the theorem when the p;’s occur only positively in the Aj’s, define Cg to be
(pi V Crugpiy) A Caugpry in this case.



in F that involve r-variables and the negative p-literals; that is, all g-variables
and all non-negated p-variables are “erased”. Note that E4 and E® are not
necessarily disjoint.>

Note that the following lemma is clearly sufficient to prove the theorem,
since 04 = 0P = O, and the output gate of the circuit is Cq.

Lemma(monotone)
T(EA) =landr(Cg)=L = Fir(4;)=1

T(EB) =land7(Cg)=T=Fi7(B;)=1

Proof of this lemma:
By induction on where E appears in the resolution refutation.

1. If E = A;(p,q), then for all 7, 7(Cg) = L, so only the first implication in
the Lemma needs to be considered. Note also that E4 = E, and thus if
the hypothesis for the first implication holds, then trivially 7(A4;) = L.

2. E = B;(p,7), then 7(Cg) = T and E = EB. Thus this is similar to
the previous case.

3. E=FUG from (FU{p;},GU{p:})
Cr = (Crupy) V (pi A Cougpry)

Case a: 7(E4) = 1 and 7(Cg) = L. We consider two cases, depending on
7(pi)-

>To prove the theorem when the p;’s occur only positively in the A;’s, define E4 to be
the result of erasing the r-literals and the positive p-literals from E, and define EZ to the
result of erasing the g-literals from E. The rest of the argument is similar.



Case b:

If 7(p;) = T, then 7((G U {m:})4) = 7(GA U {p}) = L. Also,
7(Cougpry) = L. Thus, by induction, there is some j such that
T(Aj) = 1.

If 7(p;) = L, then 7((F U {p;})4) = 7(FAU {p;}) = L. Also,
T(Crugpiy) = L. Again, the claim follows by induction.

7(EB)= 1L and 7(Cg) = T.

In this case, note that (F U{p;})® = FB and thus 7(FU{p;})® =
1. Since Cg = T, there are the following two cases.

If 7(Crugp;}) = T, then the induction hypothesis implies that for
some 7, 7(B;) = L.

Otherwise, 7(p; A Cougpry) = T. Thus 7((GU{pi})?) = L. Again,
the induction hypothesis yields the desired result.

4. E=F UG from (F U {¢},GU{G})

Case a:

Case b:

5. B =

CE L= CFU{q,’} \ CGU{E}

7(E4) = 1 and 7(Cg) = L.

Note that 7(Crugey) = 7(Couggy) = L. Also, either 7(FU{p;}) =
L oor 7(GU{p;}) = L. In either case, the induction hypothesis
yields that for some j, 7(4;) = L.

7(EB)= 1L and 7(Cg) = T.

Note that FZ = (F U {¢})? U (G U {})?, and thus 7((F U
{a})B) = 71((GU{g})P) = L. Also, since 7(Cg) = T, either
T(Cruggy) = T or 7(Couggy) = T. In either case the induction
hypothesis yields that for some j, 7(B;) = L.

FUG from (FU{r}, GU{r})

Cg ::= Crupry N Cougryy

This is similar to case 4.
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