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Abstract. For circuit classeR, the fundamental computational problétin-R asks for the minimuni-size of
a Boolean function presented as a truth table. Prominent examples of this problem MatD&IF, which asks
whether a given Boolean function presented as a truth table keren DNF, andMin-Circuit (also called MCSP),
which asks whether a Boolean function presented as a truth table haskaBsinéean circuit. We present a new
reduction proving tha¥lin-DNF is NP-complete. It is significantly simpler than the known reduction of Masek [30],
which is from Circuit-SAT We then give a more complex reduction, yielding the result BiatDNF cannot be
approximated to within a factor smaller thédpgN)?”, for some constant > 0, assuming that NP is not contained
in quasipolynomial time. The standard greedy algorithmSer Coveis often used in practice to approximaitkn-
DNF. The question of whethevlin-DNF can be approximated to within a factor@flogN) remains open, but we
construct an instance &in-DNF on which the solution produced by the greedy algorithi{#ogN) larger than
optimal. Finally, we turn to the question of approximating circuit size for slightly more general classes of circuits.
DNF formulas are depth two circuits of AND and OR gates. Deptircuits are denoted b9(C§. We show that itis
hard to approximate the size ACS circuits (for large enougHt) under cryptographic assumptions.
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1. Introduction. A fundamental computational problem is to determine the minimum
size of a Boolean function in some representation, given a truth table for the function. Two
prominent examples afdin-DNF, which asks whether a Boolean function presented as a
truth table has &-term DNF; andVin-Circuit (also called MCSP, for Minimum Circuit Size
Problem), which asks whether a Boolean function presented as a truth table haska size
Boolean circuit. By varying the representation class, we can obtain a hierarchy of problems
betweenMin-DNF and Min-Circuit, including such problems aglin-AC®, Min-TC, and
Min-NC.

The main focus of this paper is thé&in-DNF problem.Min-DNF is the decision version
of finding the smallest DNF formula consistent with a truth table, where the size of a DNF
formula is considered to be the number of terms in it. This is a classic problem in com-
puter science and circuit design. Heuristic approaches to solving this problem range from the
Karnaugh maps of the 1960'’s to state-of-the-art software packages (cf. [14]).

Masek provedvin-DNF to be NP-complete in the 1970’s [30]. This result was cited by
Garey and Johnson [21] and is widely known, but Masek never published his proof. More
recently, Czort presented a modernized, more readable version of Masek’s proof [15] (see also
[39]). Masek'’s proof is by direct reduction fro@ircuit-SAT, using gadget constructions, and
even in Czort's version it is long and involved. We present a new, simple NP-completeness
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2 MINIMIZING DNF FORMULAS

proof for Min-DNF by reduction from3-Partite Set Cove(or, more particularly, fron8D-
Matching.

It is well-known thatMin-DNF can be viewed as a special caseSeft Coverand that
the greedySet Coverlgorithm can be applied tdin-DNF to produce a DNF wittD(logN)
times as many terms as the optimal, whiris the size (number of entries) of the input truth
table. This prompts the question of whether a better approximation factor can be achieved.
Czort considered this question, but showed only that unlesdNIP, the size of the smallest
DNF cannot be approximated to within alditive constantk [15]. We also give a more
complicated reduction (again from a restricted versioSef Coverthat allows us to prove
the following inapproximability result foMin-DNF: If NP is not contained in quasipolyno-
mial time, thenMin-DNF cannot be approximated to within a factor smaller tHagN)? for
some constant > 0, whereN is the size of the input truth table.

There is a gap between o((logN)?) inapproximability lower bound foMin-DNF,
and theO(logN) upper bound of the gree@et Covenlgorithm. Closing this gap remains an
open question. We do, however, construct an instanddimfDNF for which the greedyset
Coveralgorithm produces a DNF formula that l@glogN) times as many terms as the opti-
mal. The greedyset Covemlgorithm is commonly used as a heuristic for solviviotn-DNF
in practice. We also prove d»(+/logN) inapproximability lower bound foMin-DNF under
the additional assumption that a restrictiorS&ft Coveis Q(logn)-hard to approximate.

Although the generaMlin-DNF problem is NP-hard, fok = O(,/logN) it is tractable
[22]. Using a simple padding argument, we show hardness resulkdifeDNF wherek =
o(logN). The question of whetheavliin-DNF is tractable fokk = logN remains open. This
guestion was posed in [22]; a negative result would imply thabitegm DNF cannot be
learned with membership and proper equivalence queries.

In addition to our results foMin-DNF, we also prove a result faviin-ACY for all suf-
ficiently larged. Under cryptographic assumptions, it is known tNaih-Circuit, Min-NC!
andMin-TCj are not polynomial-time approximable [4]. (This is stated explicitly ¥tin-

Circuit and Min-NC? in [4], while it is only implicit for Min-Tcg— because the argument
presented in [4] makes use of tl€® pseudorandom function generator of [31]. All of this

can also be viewed as being implicit in the work of Razborov and Rudich [36], and related
results were also presented by Kabanets and Cai [25].) We extend the hardness results for
Min-TCS to obtain new hardness results fdin-ACP, under cryptographic assumptions. This

still leaves open the interesting question of whetW@r-Circuit (or the other problems) are
NP-complete. Kabanets and Cai [25] give evidence that such a reduction will not be straight-
forward.

The organization of this paper is as follows. In Section 2 we define the relevant mini-
mization problems and present necessary background. In Section 3 we present our new proof
that Min-DNF is NP-hard. In Section 4 we present our hardness results for approximating
Min-DNF. In Section 5 we give our construction of the instancéifi-DNF on which the
greedySet Covemrlgorithm produces af(logN) factor approximation. Section 6 concerns
the fixed parameter versionsiin-DNF. Our hardness results fMin—Acg appear in Section
8. Conclusions are in Section 9.

A preliminary version of this paper appeared in [3]. Feldman independently proved
an Q((logN)?) factor inapproximability result foMin-DNF [20] using related techniques.
Feldman’s result is based on the assumpRgANP, rather than on the assumption that NP is
not contained in quasipolynomial time. Feldman also proved new results on proper learning
of DNF, which are discussed in Section 7.

2. Preliminaries. We begin with a few definitions. The sft, ..., n} is denoted byn].
We use the bitwise ordering on vectors: fow € {0,1}", we writev < w if v < w; for all
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i €[n. LetVh={X{,...,%}. A prime implicant Tof a functionf (x;,...,X,) is a conjunction

of literals over the variable¥, such thafT =1 =- f = 1, and removing any literal frorfi
violates this property. (In the literature, prime implicants are sometimes aalletrms3.

A DNF formulaover the variable¥, is a formulag = T, VT, V... T, for somek, where
T,,..., T, are each conjunctions of literals ovwgy. EachT; in ¢ is atermof ¢. Every Boolean
function f can be expressed by a DNF formula in which every term is a prime implicant of
f. Thesizeof a DNF formula is the number of terms in it; for a Boolean function or partial
function f, dnf-siz¢ f) denotes the size of the smallest DNF formula consistent Withhe
class of Boolean circuitﬁcg consists of all deptld circuits of AND and OR gates with
arbitrary fan-in.

The classicSet Coveoptimization problem is, given inpyt”, % ), where7 is a finite
universe, and” is a collection of subsets @, find a smallest subcollectigs C .7, such
that that the union of the sets#iequals?Z . Itis NP-hard to approximat8et Coveto within
a factor smaller thaologn, wherec is a constant and is the size of the input (cf. [6]). On
the other hand, there is a simple greedy algorithm that achiev€$lagn) approximation
for Set Covef24, 28, 13].

Forr a positive integer, theUniform Set Coveproblem is as follows: on inpyh, k,.7)
wheren andk are positive integers an#’ is a set of subsets dfi], each subset having size
determine whether there is a subcollecti§rC . of size at mosk whose union ign]. The
r-Partite Set Coveproblem is a restriction: on inpuh, k,,.”) wheren andk are positive
integers/1 is a partition of[n] into r sets, and” is a collection of subsets ¢fi, where every
subset contains exactly one element from each of the sétsdétermine whether there is a
subcollectiors’ C .7 of size at mosk whose union ign]. The3D-Matchingproblem is the
NP-complete restriction 8-Partite Set Covewherek =n/3 (cf. [21]).

We consider a general family of computational problems of the fistimR(S)where
the input is a Boolean function with input representation figrand the output should be a
minimum representation of the function froR1 For exampleMin-DNF(tt) is the problem
of determining a smallest DNF representation of a Boolean fundtionn variables, iff is
presented as a truth table of sixe= 2". Our default input representation will be the truth
table representation and when we wilitin-R, rather thanMin-R(S) we will assume the
default input representation.

We focus primarily on DNF minimization. We consider the following four variations:

Min-DNF(A): The input is a total Boolean function, specified by explicitly listing all 1's of
the function. That isA C {0,1}" is the input, and we look for a minimum DNF
that realizes the total functiofl,, wheref,(a) = 1 for a € A, and f,(b) = 0 for
be {0,1}"—A

Min-DNF: In the full-truth table version, the input is the entire truth tablef of{0,1}" —
{0,1}, and we look for a minimum DNF that realizes the function

Min-DNF(A,B} The input is a partial Boolean function, specified by listing the 1's and O’s
of the function, and we look for a minimum DNF that is consistent with the input.
That is,A,B C {0,1}" is the input, and we look for a minimum DNF that realizes a
function f : {0,1}" — {0,1}, wheref(a) =1 forac Aandf(b) =0 forb € B.

Min-DNF(*): The input is a partial Boolean function, specified by the entire truth table of
f:{0,1}" — {0,1,x}, wheref(a) = * means that the value dfis not defined on
a. We look for a minimum DNF that realizes a functiéh: {0,1}" — {0,1}, where
f'(a) =1 forac f~1(1) and f'(b) = 0 for b € f~1(0). Note that as in th¢A, B)
version, the input here also specifies a partial function, but now the partial function
is specified by a2sized input, regardless of the size of the domain of the partial
function.
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The decision versions of the above problems ask, given a funttonl a natural number
k, whether or not there is a DNF formula realizifighat has at modtterms. All decision ver-
sions are easily seen to lie in NP. It is also easy to seeMiaDNF is a special case dflin-
DNF(*) and therefore reduces Min-DNF(*), andMin-DNF(*) reduces taMin-DNF(A,B)
Also Min-DNF reduces toMin-DNF(A). Thus NP-hardness 8in-DNF implies NP-hardness
of all other versions. The first three of the above problems are covered by Czort [15] in an
excellent survey of previous related work. There is a hodgepodge of interesting but incompa-
rable hardness results that are known for versions of DNF minimization, dating back to the
1960’s. The simplest of these is the NP-hardness ofAhB) version due to Pitt and Valiant
[34]. As shown by Czort, there is also a clean NP-hardness proof éftiesion that follows
from a reduction of Gimpel. Masek [30] proved the NP-completene&imfDNF. In terms
of inapproximability, Pitt and Valiant's proof of thg\, B) hardness result preserves solution
values and thus shows the NP-hardness of achieving a facimpproximation. Neither of
the other two NP-hardness proofs (for heersion or forMin-DNF) give much in the way
of inapproximability results.

A starting point for this paper is the well-known observation Mat-DNF easily reduces
to Set Coverand in fact can be viewed as a special casgatiCoverGiven the truth table of a
Boolean functiorf overn variables, all prime implicants df can be generated in tim&%®).
Each prime implicant can then be viewed as a subsgddf}" (corresponding to those inputs
that satisfy the prime implicant). Thus given all of the prime implicants, finding a smallest
DNF is equivalent to finding a smallest cover for these prime implicant sets. Applying the
standard greedy algorithm f&@et Coverit follows that Min-DNF can be approximated to
within a factor ofO(logN), whereN is the size (number of entries) of the truth table.

For a partial Boolean functiofi, the prime implicants of are the prime implicants of
the total functionf’ that satisfies’(X) = 1 iff f(X) =1V f(X) = *. Every partial functionf
has a smallest consistent DNF whose terms are prime implicarfitsTdfe greedySet Cover
algorithm can also be used to approximita-DNF(*) in the same way that it is applied
to Min-DNF, except that it chooses sets that cover the maximum number of 1's of the input
function (i.e. it ignores’'s when greedily choosing sets).

The pseudocode for applying the gree8gt Coveralgorithm toMin-DNF and Min-
DNF(*) is shown below. The input is the full truth table of a Boolean function or partial
function f.

1: 7 :={T|Tis aprime implicant off }

2 @0:=1

3: while ¢ does not cover all 1's of do

4. letT € 7 cover the most uncovered 1's bf
5 @:=0VT

6: end while

7: returng

FIG. 2.1. Greedy Min-DNF and Min-DNF(*) algorithm

3. Simple proof that Min-DNF is NP-complete. Our new proof thaMin-DNF is NP-
complete is a modification of the reduction of Gimpel mentioned above, which was was used
by Czort to prove the NP-completeness of gheersion of DNF minimization [15].

We start by briefly describing Gimpel’s reduction. It can be viewed as consisting of two
phases. In the first phase, an instaneé % ) of Set Covelwover the ground se¥ = [n| is
mapped to a partial functioh, as follows. First, both the sets as well as the ground elements
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are mapped to truth assignments{y1}", such that a set covers a ground elemeritjrif
and only if the assignment corresponding to the ground element is less than the assignment
corresponding to the set (where comparison of assignments is with respect to the bitwise
ordering of the vectors). Each ground elemiest]n] is mapped to the assignment that is all
zero except for bit, which is 1. Each set is mapped to the assignment corresponding to the
characteristic function of the set. The 1'sfoére those assignments corresponding to ground
elements; the's of f are those assignmentssuch thatx <  for somef corresponding to
a set; and the remaining truth assignments are zeroés lbfcan be shown that the size of
the minimum DNF consistent with the partial functiéns equal to the minimum size of the
cover for the input instance &et Cover

In the second phase of Gimpel’s reduction, the partial funcfios mapped to a total
function, g. We give the details of below in Section 3.2. The truth table size bfand
g are exponential in the size of tf&et Covelinstance from the first phase. Thus Gimpel's
reduction does not give a hardness resulMar-DNF. As Czort notes, it does, however, give
a hardness result fdin-DNF(A), provided that we begin the reduction not from the general
Set Coveproblem, but fronB-Uniform Set Cover

Our reduction proving thamin-DNF is NP-complete also has two phases. The first
phase is similar to that of Gimpel. The main difference is that we need a much more compact
mapping from the sets and ground elements of3aeCoveinstance onto truth assignments,
to ensure that the size of the truth table for the resulting function is only polynomial in the
size of the inputSet Covelinstance. To do such a compact mapping in a simple way, we
reduce fronB-Partite Set Coverather than fron8-Uniform Set CoverThe second phase of
our reduction is essentially identical to Gimpel’s.

3.1. Reducing3-Partite Set Coveto Min-DNF(*). In the first phase of our reduction,
we reduce-Partite Set Coveto Min-DNF(*). We note that our reduction froBtPartite Set
Coverwould also work fron3D-Matching We use the following lemma, which is implicit
in Gimpel’s reduction:

LEMMA 3.1. Let. be a set of subsets @f]. Lett>0and letV={V':i € [n]} and
W = {wA: Ac .} be sets of vectors frof0, 1}! satisfying
(*)ForallA ¢ .7 andic [n],i € Aiff v <wA
Let R= {x € {0,1}' | x¢ V and for some v& W, x < w}. Let f be a partial function with
domain{0,1}! such that fx) = 1if x €V, f(x) = * if x € R, and fx) = 0 otherwise. Then
. has a cover of size m if and only if there is an m-term DNF consistent with f.

Proof. Foru e {0,1}!, let D(u) = {w: w < u} and letz(u) denote the DNF term
/\i:ui=0 —x;. Note thatD(u) is exactly the set of satisfying assignmentg @f). For a set) of
vectorsD(U ) =,y D(u). By (*), we have thaV C D(W). Also, f(x) = iff xc D(W) —V.

Given a covefs C . of sizem, them-term DNF whose terms arfer(w®) |[C € €'} is
easily seen to be consistent with Conversely, supposgis anm-term DNF consistent with
f. For each ternt € ¢, let u(t) be the maximal vector satisfying Since¢ is consistent
with f, we have thati(t) € D(W), so there must be a s&tt) € .# for whichu(t) < wS?),
We claim that{S(t) : 7 € ¢} is a cover of~. Let j € [n]. We must show tha} is covered.
The consistency af implies thatv! is satisfied by some term € ¢. This impliesvl < u(rj ).
Thusvi <w™%), which by (*) impliesj € S(t;). O

The reduction fron8-Partite Set Coveto Min-DNF(*) is given in the following lemma.

LEMMA 3.2. There is an algorithm that takes as input an instafog, M,.7) of 3-
Partite Set Cover and outputs an instance of Min-DNF(*). The instance of Min-DNF(*)
defines a partial function f on @gn) variables, such that the size of the smallest DNF
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consistent with f is equal to the size of the smallest cover for the input 3-Partite Set Cover
instance. The algorithm runs in time polynomial in n.

Proof. Given an input instancén, k,M,.#) of 3-Partite Set Coverthe algorithm pro-
duces an indexed set of vectdfs= {V :i € [n]} andW = {w": A c .} all of the same
(small) lengtht satisfying the condition (*) of Lemma 3.1. We will specWyand then define
W according to the rule that fek € .7, w” is the bitwise OR of V' : i € A}. This guarantees
the forward implication of condition (*) for any choice ¥f; it is the backward implication
that requires some care in chooswig

Let q be the smallest integer such t}"(%i;z) >n. Thusq= O(logn). Assign to each
i € [n] a uniqueg-bit Boolean vectob(i) containing exactlyy/2 1's. Fori € [n], write I (i)
for the index of the block of1 that contains. Lett = 3g. We will consider the-bit vectors
in V andW as being divided into 3 blocks of sizg Fori € [n], letV be equal to 0 on all
blocks but block1(i); on blockI(i) it is b(i). To see that the backward implication @)
holds, letA € .# andi € [n] and assume that < w". ThenA contains one elemeiiftwith
MN(i’) = N(i) and so we must hav&i) < b(i’), which impliesi =i’.

V andW can be generated in tin®Y). The partial functiorf will have domain{0, 1}!.
The lemma then follows immediately from Lemma J11.

3.2. ReducingMin-DNF(*) to Min-DNF. As mentioned above, the second phase of our
reduction is taken from Gimpel. We describe the phase here, and will build on it later in order
to prove inapproximability results. The second phase of Gimpel's reduction maps a patrtial
function f to a total functiorg. The variables underlyingareV (the variables of) plus two
additional variablesy; andy,. The total functiorg is defined as follows:

if f(X)=1andy,=y,=1

if f(X)==andy,=y,=1

if f(X) ==y, = p(X), andy, = -p(x)
otherwise

g(Xy1Y,) =

OFr P, P

where p(X) = 0 if the parity ofX is even, andp(X) = 1 if the parity ofX is odd. Let
s= |f~1(x)|. The following lemma is implicit in Gimpel's reduction (cf. [15]).

LEMMA 3.3.dnf-sizég) = dnf-sizéf) +s.

Proof. The idea behind the proof is as follows. The key observation is that every DNF
for g requiress distinct terms to cover the inputs of the third type in the definitiog above;
these terms can simultaneously cover all inputs of the second type, but not those of the first
type. The remaining terms of the DNF must therefore cover the terms of the first type; and
may optionally cover the terms of the second type; they thus constitute a solution to the
Min-DNF(*) problem forf. It follows thatdnf-siz€¢g) = dnf-siz¢ f) +s. We now prove this
formally.

We first show thatinf-siz¢g) < dnf-siz¢f) +s. Supposep is a minimum-size DNF
consistent withf. Define a DNFy with terms of two types: first, for every inpaitc f~1(x),
W contains the tern(/\i:xiﬂ)(i) A (/\i:).q:0 ﬁxi> AYp_p(z)- These terms cover all inputs of the
second and third types in the definitiongf Second, for every terri of ¢, v contains the
termT Ay; AY,. These terms cover all inputs of the first type in the definitiog.of

Finally, suppose thaty,y, satisfiesy. Then one of the following three conditions holds:
(L)X e f71(x), y, = p(X), andy, = —p(X), (2)X € f~1(x), andy, =y, = 1, (3)X satisfiesp
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(and thust € f~1(1)U f~1(x)) andy, =y, = 1. In all three cases we hag&xy,y,) = 1, and
thusy is consistent witly. The number of terms iy is | ~1(x)| + |@| = dnf-sizéf) +s.

We now show thatinf-sizég) > dnf-sizéf) +s. Suppose thaty is a smallest DNF
for g. We assume without loss of generality that each terny @ a prime implicant of.
We begin by proving that, for everyc f~1(x), v contains the tern(X) ANYo_pz) where

t(X) = (/\i:xi:lxi) A (Ai:x‘izoﬁxi)' The proof is as follows. Lex € f~1(x), and suppose
that the parity oK is odd: the case of even parity is symmetric. [Lebe a term ofy that is
satisfied byx10 (where 1 and O are the valuesygfandy, respectively). If, for some index
i, T does not contain the variabig letX' be obtained by flipping thieth bit of X. Thenx'10
falsifiesg (sinceX has even parity), but satisfi@s contradicting the assumption thetis
consistent withg. ThusT contains each of the variabl&s, ..., x,. In addition,T contains
the variabley,, as otherwis&00 would satisfyT. Finally, sinceT is a prime implicant of,
we have thal =t(X)y,.

We now prove that there exists a subform@af v and a DNFy’ over thex variables
that is consistent witl, such thaty = \/TEW, (T NYq /\yz). Let ¥ be the subformula of

v consisting of those terms that are satisfiedxy for somex € f~1(1). Each term of
¥ containsy, AY,, since flippingy; ory, produces an input that falsifigs It follows that
V= VTev/’ (T AY; AY,) wherey' is a DNF. It remains to show that’ is consistent withf .

For everyX € f~1(1), there is a term ofy satisfied byX11, and thus there is a corresponding
term of y' satisfied byX. On the other hand, eve®c f~1(0) must falsifyy’, as otherwise
X11 would satisfyy.

It follows from the above thai consists of the termigx) AYo_ o) for eachx € f~1(x),

together with the subformulgr. These components are pairwise disjoint. Siptés consis-
tentwith f, ¥ contains at leasinf-siz€ f ) terms, and thus the size pfis at leastinf-sizé¢ f ) +
s.0

It follows that there is a polynomial-time reduction fravtin-DNF(*) to Min-DNF. Com-
bining this with the previous reduction froBPartite Set Coveto Min-DNF(*), it follows
thatMin-DNF is NP-complete.

4. On the Approximability of Min-DNF. Although the two-phase reduction above
proves the NP-completeness\in-DNF, it does not give us inapproximability results. There
are two problems. First, the reduction begins with an instan8eR&#rtite Set Covera prob-
lem that can be approximated in polynomial time to within a factor (& fiL8]; to obtain
inapproximability results we need to reduce from a problem that is difficult to approximate.
Also, the second phase of the reduction, figin-DNF(*) to Min-DNF, is not approximation
preserving.

We replace the first phase of the reduction with a reduction that exploits properties of the
Set Coveinstance obtained by the PCP-based inapproximability results of Lund/Yannakakis
and Feige [29, 19]. We then modify the second phase to make it approximation preserving.
The final two-phase reduction gives an inapproximability factd® @logN)”) assuming that
NP is not contained in quasipolynomial time.

In Appendix A we also present a modified version of the first phase of the reduction,
which reduces from-Uniform Set Coverather than fron8-Partite Set CoverThis allows
us to obtain an inapproximability result fin-DNF by applying known inapproximability
results forr-Uniform Set Cover However, the result we obtain fdin-DNF is weak (inap-
proximability to within a factor ofQ(loglogN)). Nevertheless, the reduction itself may be
of independent interest, since it requires a different technique to reduceafumiform Set
Coverrather than from-Partite Set Cover
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4.1. New reduction toMin-DNF(*). In this section we present a reduction that follows
the PCP-based inapproximability results et Covel29, 19]. We will closely follow the
Lund/Yannakakis reduction, as presented by Khot [26].

An instance ofLabel Coveris denoted by? = (G,L,,L,,MN) whereG = (V,W,E) is
a regular bipartite graph,, andL, are sets of labels, and = {TE"W}(V,W)eE denotes the
constraints on each edge. For every elge) € E we have a mag,w: L, — L,. Alabelling
l:V —L;, W— L, satisfies the constraint on an edgew) if mw(l(v)) =I(w). Given an
instance.Z, the output should be a labelling that satisfies the maximum fraction(@RT
of edge constraints.

THEOREM4.1.[29, 26]There is a constant€ 1 such that it is NP-hard to solve the fol-
lowing gap version of Label Cover. The inputis an instate- (G= (V,W,E),[7],[2], {ﬂ"W}(v‘W)eE)
of Label Cover. The instance should be accepted if QPI= 1, and the instance should be
rejected if OPT.Y) is at most c.

Note that the reduction is froftlax3SAT(5the problem of maximizing the number
of satisfied clauses in a 3CNF formula where each variable occurs in exactly five clauses).
The vertices inv correspond to then clauses, and the vertices W correspond to tha
variables. Using Raz’s parallel repetition theorem [35], we can amplify the gap, obtaining, for
any positive integek, an instance?” = (G' = (V/,W',E’),[74], 24, {Tyw } (v w)cer)» Where
IV/| = |V[FandW'| = |W/|¥, such that OPT.Z) = 1 implies OPT.#") = 1, and OPTZ) < ¢
implies OPT.Z") < 277, wherey > 0 is an absolute constant. Note that the sizes of Woth
andW’ aren®®), wheren is the number of variables in thdax3SAT(5)nstance.

DEFINITION 4.2. A partition systen#”?(m, h,t) consists of t partition§A;, A, ), ... (A, A,)
of [m], with the property that no collection of h sets, with at most one set from each partition,
covers all offm].

LEMMA 4.3.[29] For every h and t, there is an efficiently constructible partition system
2 (m,h,t) with m= O(2"hlogt).

We now review the reduction from theabel Coverinstance?”’ to aSet Coveinstance
(.7, ). First, the universé/ is as follows. Let = 2¥, leth be a parameter to be determined
later, and letm = m(t,h) = O(2"hlogt) be the parameter specified by Lemma 4.3. For each
edgee € E’ we associate a subunivergég = {(e,i) | i € [m}. The entire universé” is the
disjoint union of theseE’| subuniverses. Associated with each edge a partition system
Z(m,h,t) over %, with one partition associated with each of the possible labdls.iThus
each labeb € [t] corresponds to a partitiofA5, AS) of %. The size of the entire universe
is nPM20(W " The set systens” is the union of two collections of sets(v,a), for each
vertexv € V/ and each labe € [75]; andS(w, b), for eachw € W’ and each labed € [24]. In
particular,

S(v,a) = A swh) = |J AW
w; (v,w)eE’ v:(v,w)eE’

The following lemma is implicit in [29, 26].

LEMMA 4.4, [29, 26]If OPT(.¢’) = 1then(”,% ) has a cover of siz&/’| + |W'|. If
OPT(.Z") < 1/(2h?) then every cover of, % ) has size at least(fV’| 4 [W'|)/16.

Choosingh < 27/2-1/2 we obtain a gap dfi/16 for theSet Coveinstance from the %
gap of theLabel Coveiinstance. Fok = O(loglogn) sufficiently large, we havgz | = 20,
and thus the gap i©(log|%|). The size of theSet Covelinstance is quasipolynomial in
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n. Thus a polynomial-time(h/16)-approximation algorithm foBet Covercould distinguish
between the cases OP®’) = 1 and OPT.Z’) < 2" in time 2*°¥°9) implying that NP
is contained iDT IME (2P°109(N)),

We now show how to reduce instancesS#t Coverof the above form taMin-DNF(*)
instances. By the observations in Section 3.1 it suffices to define three sets of vectors,
{ugj | (&) e #} {tva|ve V', a€ Ly}, and{t,, |we W', be L,} such that the following
conditions hold: (1)uy; <ty iff (ei) € S(v,a), for all (e,i) € %,veV andac L,; and (2)

Ugj <t,piff (e)i) € S(w,b), for all (e,i) € %, we W, andb € L,. Letr € O(log|V’|) be such

that (r;z) > max(|V'[,|W']). Our function will have variable$x,,...,x } U{x,...,x} U

{yalace Ll} U{y, | be L,}. Thus the number of variables @(log|V'| + |L;| + |L,|) =
O(klogn+ 74).

We assign to eacki € V’ a unique sef, C {1,...,r} of sizer/2; and similarly each
w e W' is assigned a unique s8 C {1,...,r} of sizer/2. For eachv € V' andac L,
we define a Boolean vectay, as follows. The vectok, 5 has zeroes corresponding to those
variablesx, such thati € S;; and it has a zero correspondingy@ The remaining bits of
tvq are ones. We similarly define, for eashe W' andb € L,, a Boolean vectot,,, having
zeroes corresponding to those variablesuch that € Sy, and a zero correspondlng ¥,
and whose remaining bits are ones.

We now describe, for eade,i) € %, a Boolean vectou,;. Suppose that = (v,w), and
let S(Vv al)v cee aS(Va ak) andS(W, b1)7 ERRR) S(\Nv b()

be all of the sets in”” containing(e,i). Thenu,; has zeroes in the positions correspond-
ing to the following variables: (1) Variables, wherei € S, (2) Variables, wherei € Sy,
€)) Variablewai, where 1< i <k, and (4) Variableg/bi, where 1< i < £. The remaining bits
of ug; are ones.

LEMMA 4.5.Forall (ei) e #,veV,weW, ac L, and be L,, the following condi-
tions hold: y; <tyaiff (i) € S(v,a) and y; <t iff (e,i) € S(w,b).

Proof. Suppose first thate,i) € S(v,a), wherev e V' anda e L,. Thene = (v,w) for
some vertexv € W'. The zeroes of, 5 are in positions corresponding to variableswhere
i € S, and in the position correspondingyg Sincee = (v,w), the vectom,; has zeroes in
the positions corresponding to variableswherei € S;, and sincge,i) € S(v a) the vector

; also has a zero in the position corresponding4o Thusu,; < tya. The case where
(e |) € S(w,b), wherew e W’ andb € L, is symmetric.

Now suppose thae,i) ¢ S(v,a), wherev € V' anda € L;. Suppose thag¢ = (V,w). If
V' # vthen there exists an indgxc S,\ §,; andu,; has a one in the position corresponding
to x;, while t,5 has a zero in the same position, and thys# tya. So assume that = v.
By definition oft,a, we know thatt,, has a zero in the position correspondingyto But
sincee = (V,W), u,; has a zero in this position iffe,i) € S(v,a); and as we have supposed
that(e i) € S(v,a) |t follows that the position inu,; corresponding tg, is set to one. Thus

i £ tva. The case wherge,i) ¢ S(w,b), wherew e W' andb € L,, is symmetricO

By the results of Section 3.1, the vectars;, tya, andt,,, yield an instance oMin-
DNF(*) onO(klogn+ 7k) variables whose optimum is equal to the optimum for the instance
(&, %) of Set Cover

THEOREM4.6. If NP ¢ DTIME(2POVIod(M) then there exists an absolute constént 0
such that no polynomial time algorithm achieves an approximation ratio better(tbgii)®
for Min-DNF(*), where N is the size of the input truth table.

Proof. Let f be the partial function specified by our reduction. Claims 4.4 and 4.5,
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together with the results of Section 3.1, imply that Min-DNF(*) instance has the following
properties: if OPTZ’) = 1, thendnf-sizéf) < |V/| + W/|; and if OPT.#") < 2~ 7%, then
dnf-sizéf) > h(|V'| + |W’|)/16, whereh = Q(2"/?). Let us takek = loglogn, and thus

h = Q((logn)?/?). LetN be the size of the truth table fér The number of variables dfis

logN = O(klogn+ 75) = O((logn)'°97), and thus the gap Is/16 = Q((logN)¥/(21°97)_ The
truth table has sizeP2¥1°9" and can be generated in time polynomial in its size. The theorem
follows by takingd = y/(2log7). O

4.2. Approximation-preserving reduction from Min-DNF(*) to Min-DNF. We mod-
ify the reduction from Section 3.2 to make it approximation preserving. fLie¢ a partial
Boolean function over variables, ..., x,. Lets=|f~1(x)|. We construct a new total func-
tion g’ such thatinf-siz€g’) = s- dnf-sizé¢f) +s=s- (dnf-siz¢f)+1). Lett =n+1, and let
SC {0,1} be a collection of vectors, each containing an odd number of 1's. Wetautlv
variablesz,,...,z, and define

if f(X)=1,y;,=Yy,=1,andze S
if f(X)=xandy,=y,=1

if f(X)=x,y, = p(X), andy, = ~p(x)
otherwise

gd(XyY,2) =

O FR P, P

LEMMA 4.7.dnf-sizég') = s-dnf-sizéf) +s

Proof. For binary vectow, we use (W) to denote the terrﬁ/\i:wizlwi) A (/\i:wi:O ﬂwi).

We first show thatnf-sizég’) < s-dnf-siz¢f) +s. Suppose thap is a smallest DNF
consistent withf. Define a DNFy with terms of the following two types. First, for every
input X € f~1(x), v contains the tern(X) AYp_p(x)° These terms cover all inputs of the
second and third types in the definitiong)f Second, for every ter of ¢ and every vector
Z€ S y contains the ternT Ay, AY, At(Z). These terms cover all inputs of the first type
in the definition ofg’. Finally, suppose thaty,y,Z satisfiesy. Then one of the following
conditions holds: (1} € f~1(x),y, = p(X), andy, = —p(X), (2) X f~1(x), andy, =y, =1,
(3) X satisfiesp (and thusk € f~1(1)U f~1(x)),y, =y, =1, andZ€ S In all three cases
we haved'(Xy,y,2) = 1, and thusy is consistent withy’. The number of terms iny is
|f=2(%)| +|o|-|S = s- dnf-sizéf) +s.

We next show thadnf-siz€g’) > s-dnf-sizé ) +s. Suppose thay is a smallest DNF for
d. The same reasoning used in the proof of Lemma 3.3 shows that, forsegefy?(x), v
contains the term(X) AYp_p(x)° We now argue that for eacghe S there exists a subformula

v, of v, and a DNFy; over thex variables and consistent with such thaty, = VTG’,, (TA
Z

Y1 AY,At(2). LetZe S and lety, be the subformula of consisting of those terms that
are satisfied by11z for somex € f~1(1). Each term ofy, containsy, Ay, At(2), since
flipping eithery, ory,, or any bit ofZ produces an input that falsifigs. It follows that
v, = \/TGW% (T Ay, AY, At(2)) whereys; is a DNF. It remains to show that, is consistent

with f. For everyx € f~1(1), there is a term ofy that is satisfied bg11Z, and thus there is
a corresponding term af; that is satisfied by. On the other hand, eve®/e f~1(0) must
falsify y;, as otherwis&11Z would satisfyy.

It follows from the above that consists of the termigX) AYo_p) for eachx € f~1(x);
and of the subformulag,, for eachz € S. These components are pairwise disjoint. Sipge
is consistent withf it follows thaty;, contains at leasginf-siz¢ f) terms, and thus the size of
y is at leass- dnf-sizé¢f) +s. 0O
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The results of Section 4.2, together with Theorem 4.6, yield the following hardness result
for Min-DNF.

THEOREM 4.8. If NP ¢ DTIME(2P°Y09)) then there exists a constapt> 0 such that
no polynomial time algorithm achieves an approximation ratio better tthagN)” for Min-
DNF, where N is the size of the truth table.

4.3. Animproved hardness result under additional assumptionsin this section, we
prove anQ(+/logN) hardness of approximation result fdfin-DNF under the additional
assumption that a restriction 8&t Covers Q(logn)-hard to approximate.

DEFINITION 4.9. The f-Frequency Bounded Set Cover problem is the restriction of Set
Cover to instances where each element occurs in at m@gtskts, where n is the total size
of the instance.

Itis well-known ([23]) that a factof approximation forf -Frequency Bounded Set Cover
can be obtained in polynomial time. Thus fbe o(logn), f-Frequency Bounded Set Cover
is not as hard to approximate as the gen&eat Covemproblem. On the other hand, the
reduction of Lund and Yannakakis showing @flogn) hardness of approximation f&@et
Cover produces an instance @ ((logn)®)-Frequency-Bounded-Set-Coydor some con-
stantc, which implies anQ(logn) hardness result for that problem. We conjecture fhat
Frequency-Bounded-Set-CovieNP-hard to approximate within a factor better thiginn,
for f = c¢,Inn and some constants,c,. Resolving this conjecture is an interesting ques-
tion in its own right, since it postulates a frequency threshold (within a constant factor) for
hardness. Assuming that the conjecture holds, we can prog¥ @fogN) hardness of ap-
proximation result foMin-DNF using a simple, randomized reduction.

THEOREM4.10. If there exist constants @nd ¢, such that it isNP-hard to approximate
(¢, Inn)-Frequency Bounded Set Cover to withigirm, then there exists a constant such
that no polynomial-time algorithm for Min-DNF achieves an approximation ratio better than
C3v/10gN unlessNP C DTIME(2POW0M)),

Proof. Assume that there exist constamtsandc, as in the lemma. We prove an
Q(y/logN) hardness of approximation fadin-DNF(*); the reduction from section 4.2 ex-
tends the same resultkéin-DNF. Let (.7, % ) be an instance dt, Inn)-Frequency Bounded
Set Coverof sizen. The idea of the reduction is as follows. First, we will map each set
Se .7 to a subsef (S) C [b], for a suitably chosen parameter Second, we define vectors
wS € {0,1}P for eachS e .7, by lettingw® have zeroes in those positions contained (8)
and ones elsewhere. Finally, we define vectdrs {0,1}P for eachx € % having zeroes in
the positions contained iR, where

R= U f(9

Sc.7xeS

and ones elsewhere. If the vectors satisfy the conditifor wS < xe Sforallxe %
andSe ., then by Lemma 3.1 we can construct an instanddiofDNF(*) overb variables
whose optimum is equal to the optimum fa¥’, % ). Notice that the definition af* implies
that the “if” part of the condition is always satisfied. For the “only if” part to hold, it is
necessary and sufficient that for eve&guch thatx ¢ S, ux has a one in a position where
w® has a zero; that isf(S) Z F. ForSc .7, let f(S) be defined by choosing eacte [b]
independently with probabilitp. Fix an elemenk € %, and a seb < . such thak ¢ S. We
will show that the probability that(S) C K is small. For any choice dd, the probability that
f(S) C K is maximized wherx occurs in exactlyc, Inn sets (since it cannot occur in more
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thanc, Inn sets). As we wish to find an upper bound for the probability t{& C Fy, we

may therefore assume thabccurs in exactlg, Innsets. For K i <b, letX; be the indicator
variable for the everite F. ThenE[X] = 1— (1 p)%"", and lettingX = 3, % be the
size of, linearity of expectation implies

(1~ (- p)a")
1

EX]=b
~ b( _efpcllnn)

which can be made smaller th&mi4 by choosingp ~ In(4/3)/(c;Inn). The X’s are in-
dependent, and we apply the simplified Chernoff bour[X Br (1+ 8)E[X]] < 278X to
obtain

PiX > b/2] < 27P/4

Let us consider the casy| < b/2. Then the probability tha(S;) C Fx is

Pr[f(Sj) C Fy

IRl <b/2| < (1-p)*?
N <1_ In(4/3)>b/2

¢ Inn

< e—bln(4/3)/(ZClln n)

Choosingb = 8c, In?n, we have

Pif(S) C R < 2-b/4 | g=4In(4/3)Inn
< e73lnn
=1/

Applying the union bound, the probability that there exists an elemer# and a seS¢ .

with X ¢ S, such thatf (S) C F, is at most n. Thus with probability at least 4 1/n, we

can apply the construction of Lemma 3.1 to the vectdrandw®, to obtain an instance of
Min-DNF(*) over b = O(log?n) variables whose minimum DNF has the same size as the
minimum set cover for.#,%). The Min-DNF(*) instance has sizbl = 20 = 20(og’n),

and the probabilistic construction can be derandomized in quasi-polynomial time using the
method of conditional probabilities (see, e.g., [7]). It follows that there is no polynomial-
time algorithm forMin-DNF(*) which achieves an approximation ratio better tisgimn =
Q(,/TogN) unlessNP C DTIME (2Poledn)) [

Let Hypothesis 1 be the hypothesis that there exists constgetssuch that it idNP-hard
to approximatec, Inn)-Frequency Bounded Set Cover to witlfiy Inn). We gave a simple
argument showing that under HypothesisMin-DNF cannot be approximated to within a
ratio better than some constant timg®gN unlessNP is in quasipolynomial time. How
believable is Hypothesis 1? A recent paper [16] proves the following related result which
gives some evidence that Hypothesis 1 is true.

THEOREM4.11.[16] For some constart, (Inn)¢-Frequency Bounded Set Cover cannot
be approximated to within a factor of 2 unle@¥® is in quasipolynomial time.

Hypothesis 1 is stronger than the above theorem in two ways. First, Hypothesis 1 requires
that Frequency Bounded Set Coverile-hard instead of quasipolynomial-hard. The second
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difference is more substantial. Hypothesis 1 requires that the problem is hard for frequency
up to (Inn) instead of(Inn)é. It is possible that the above theorem can be improved to
prove Hypothesis 1. In any case, the above theorem gives an alternative pradirtHalF
cannot be approximated to within a ratio better thimgN)” for somey < 1, unlesNP is in
quasipolynomial time, whergis basically(e/2).

5. A tight example for the greedy algorithm. We show that there exist instances of
Min-DNF for which the greedySet Coveralgorithm achieves af(logN) approximation
ratio. Our approach is to take a standard worst-&steCoveinstance and to apply a version
of the reductions of Sections 3.1 and 4.2 to obtain firstia&-DNF(*) instance, and then a
Min-DNF instance. We then show that the greedy algorithm operates on the resditing
DNF(*) instance, and on the resultindjn-DNF instance, much as it does on the origiSak
Coverinstance.

5.1. Tight example for greedy onMin-DNF(*). The starting point is the following
Set Covelinstance, on which the gree@et Covemlgorithm has worst-case behavior. The
instance consists o — 1 pairwise-disjoint set§,, ...,S,, ;, such that§| = 2'; and of two
additional set§, andT,. For each se§, the sefl, contains half of the elements &), while
T, contains the other half. On this set collection, the greedy algorithm chooses the cover
consisting of all the set§, while the optimal solution consists only &f andT,.

Let % be the underlying universe. We define three sets of vediatsec %}, {s | 1<
i <m—1}, and{t° t'}, over{0,1}2™1) such that the following three conditions hold for all
ec andall1<i<m-1: (1) v << iff e€ §; (2) V¥ <t0iff ec Ty; and (3) Ve <tliff ec
T,. The vector§V® | ec % } are defined according to the set in which they occur, as follows:
each elemert € § is assigned a unique vectdtfrom the set{x10™'x01™ | x € {0,1}'}.

The vectors{s | 1 <i < m—1} and {t°t'} are defined as followss = 1'10™'1'01™;
t0=01m1™1, andt! = 1™101™M. The sefT, is defined afe € % | v® <t°}, and the seT,

is defined aje € % | v® < t1}. Itis easily verified that the se8, ..., S, ;. To, T; have the
required structure: namel§,, ..., S, , are pairwise disjoint has size D andT, andT, are
disjoint, each consisting of half of the elements from each of theS;ets , S, _;. Conditions
(2) and (3) hold by definition, as does the “if” direction of condition (1). For the “only if”
direction of (1), note that it € S; for j # i, then either bitj + 1 or bit (m+ 1) + (i +1)
witnesses the fact that £ <.

The partial Boolean functiofii is defined as in the reduction from Section 3.1: the ones
of f are the vectors®, for eache € 7 ; the stars off are those remaining inpugssuch that
X < & for some 1< i <m-—1, orXx <t% orx <tl; and the remaining inputs are zeroes. The
following general lemma shows that the prime implicant$,ofiewed as sets and considering
only the ones of that they cover, have exactly the same structure as the original set system.

LEMMA 5.1. Let.” be a set system over univergé such that no set in” contains
another set in7. Let{V®|ec %} and {w® | Sc .7} be sets of Boolean vectors such that
the following condition holds for all € % and all Sc .#: v& < wSif and only if ec S. Let
f be the function obtained from¥” as in Lemma 3.1 using the given vectors. Then the set of
prime implicants of f is exactlyt(w®) | Sc .}.

Proof. We first show that each term(w®) is, indeed, a prime implicant df. Suppose,
on the contrary, that there is an implicanof f that subsumes(wS), for someSe .#. Note
that all variables it are negated. Lal be a maximal truth assignment satisfyingSince
f(d) = 1, there is a se® € .7 such thatll < wS; that is, for each indek if w® = 0 then
u; = 0. By our choice ofi we have thaty, = 0 iff the literal —x; occurs int, and by definition

w® = 0 iff the literal -, occurs int(w®). Thus for each indek if the literal -x. occurs in



14 MINIMIZING DNF FORMULAS

7(wS) then it also occurs im. As botht andz(wS) consist exclusively of negated literals,
we haver = 7(wS); and sincer subsumes(wS) we have

WS = 1 = (W)
Foreachec U,ec S <= v <wS, andv® < wP iff @ satisfiest(w®). Thus,

ecS— V¥<ws — v¥<wS — ecS

That is,SC S, contradicting the assumption abo#t

We now show that every prime implicant bfis equal tot(wS), for someS< .. Lett
be a prime implicant of, and letli be a maximal truth assignment satisfyingThen there
existsS € .7 such thatl < wS, and thusaz® = 0 impliesu, = 0, and by the same argument
as before we have that each literat, occurring int(wS) also occurs inc. It follows that

T=1(WS).0

Lemma 5.1 implies that the prime implicantsfofviewed as sets, have exactly the same
structure with respect to the ones bhs the original set collection has with respectito
It follows that the greedy algorithm finds a solution of sike- 1, consisting of the terms
T(sY) A ... AT(s™ 1), while the optimal solutiong (t9) A 7(t1), has size two. As the instance
hasn = 2m+- 2 variables, the approximation ratio(i;— 1) /2 = (n—4) /4.

5.2. Tight example for greedy onMin-DNF. We now extend the construction of the
previous section to give an instanceMiin-DNF for which the greedy algorithm achieves an
approximation ratio o2(n) = Q(logN). The instance is obtained by applying the reduction
of Section 4.2 to the functiof from Section 5.1. As in the proof of Lemma 4.7, we t5&)

to denote the ternﬁAi:Wi:1V\Ii> A (/\i:wi:O ﬁwi).

LEMMA 5.2. Let. be a set of subsets 0f], and let f be a partial Boolean function,
such that¥ and f satisfy the conditions of Lemma 3.1. Let g be the total Boolean function
obtained by applying the reduction from Section 4.2 to f. Then the prime implicants of g
consist of exactly the following: Ay, Ay, At(Z), wherer is a prime implicant of f ande S,
and t(X) Ay, b(®) where f(X) = .

Proof. It is easy to verify that each term in the statement of the lemma is, indeed, a prime
implicant of g, noting that every prime implicant of f must cover at least one vector in
f~1(1), since each set in the original set system is non-empty.

We now argue that all prime implicants @fre of the above types. Letbe an implicant
of g: we will show thatr is subsumed by an implicant of one of the above two types. Let
Xy, Y,Z be an assignment that satisfies/NVe first consider the case whefX) = 1. From the
definition ofg, it is clear thatr containg(2), y,, andy,, as flipping the corresponding bits of
the assignment falsifieg Moreover, the portiony of T containingx-variables is an implicant
of f, and is therefore subsumed by a prime implicelndf f. Thust’ Ay, Ay, At(2) is an
implicant ofg, and subsumes. Now consider the case whefé¢x) = %, and assume without
loss of generality thak has even parity. Then must contairy, andt(X), as flipping any of
these bits falsifieg, and thuse is subsumed by(X) Ay,. O

The inputs tog are of the formXy, y,Z where the length of is n, and the length ot is
t =n+ 1. Each prime implicant of the second type in the statement of Lemma 5.2 covers
241 ones ofg and the ones covered by these prime implicants are pairwise disjoint. The
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prime implicants of the first type each cover at mdst'2< 2! ones ofg. Thus the greedy
algorithm begins by choosing all prime implicants of the second type. At this point, the
prime implicants of the first type corresponding to different valuesaaiver disjoint subsets

of the ones ofy, so let us only consider a particular valuezfthe choices made by the
greedy algorithm for other vecto?saare independent of its behaviour on this vector. Now the
uncovered ones @ that are covered by a term\y; Ay, At(Z) are precisely those whose
component is a one df, as the others are already covered by prime implicants of the second
type. Thus the prime implicants of this type chosen by the greedy algorithm are exactly
the set of prime implicants of the formAy, Ay, At(Z), wheret is a prime implicant that
would be chosen by the greedy algorithm on inputt follows that the greedy solution has
sizes(m— 1) + s= sm while the optimal solution has sizes2 s= 3s. As the instance has
n=2m+ 4+t variables, the approximation rationg/3= (n—t—4)/6 = Q(n).

6. Fixed Parameter Complexity. It is known that the decision problem “Given a truth
table of a Boolean functiofi, and a numbek, doesf have a DNF with at mostterms?” can
be solved in timep(N, 2"2), for some polynomiap, whereN is the size of the truth table [22].
(This follows easily from the fact that if is a Boolean formula that can be represented by
a k-term DNF formula, then there exist at mo&t@ime implicants off [12].) Thus,Min-
DNF is fixed parameter tractablfl7]. Moreover, because the size of the input truth table
is N = 2", wheren is the number of variables df, it follows that Min-DNF is solvable in
polynomial time for anyk = O(,/n).

It is an open question wheth&fin-DNF can be solved in polynomial time fde= n.
But by applying a simple padding argument, we obtain the following corollary to the NP-
completeness result fddin-DNF:

COROLLARY 6.1. If there exists some constaat> 0 such that NP is not contained
in DTIME(2°(™)), then for some constante 1, Min-DNF for k= nC is not solvable in
polynomial time (where n is the number of input variables of the Boolean function defined by
the Min-DNF instance).

Proof. BecauséMin-DNF is NP-complete, there exists a polynomial-time reduction from
problemsl1 in NP to Min-DNF. If the input tol is of sizen, then the input to the resulting
Min-DNF problem will be a truth table of size= O(n°) for some constarti > 1, defining a
Boolean function on logvariables. The parametkiin the derivedMin-DNF instance is no
more thars, since for any truth table, there is always a consistent DNF of size at most the size
of the truth table. Let > 1. Letm = st. Take theMin-DNF instance and form a netin-

DNF instance by padding the function in the truth table with- logs new dummy variables.
SupposeMin-DNF is solvable in polynomial time whek = n®, wheren is the number of
input variables of the Boolean function defined by Mie-DNF instance. Then the padded
instance ofMin-DNF can be solved in time polynomial if"2andM can be solved in time

b X o
200¢ wherenis the size of input té1. Forc > 2, this is less than2™), a contradictiond

7. Min-DNF and learning. One of the major problems in learning theory is to determine
whether DNF formulas can be learned in polynomial time. There are connections between
the complexity oMin-DNF and its fixed parameter versions, and the complexity of learning
DNF formulas. This connection is strongest for “proper” learning models. In such models,
any hypotheses used in the learning algorithm must be of the same type as the formulas being
learned by the algorithm. Thus if the task is to learn DNF formulas, hypotheses must be DNF
formulas. If the task is to learkiterm DNF formulas, then hypotheses muskkierm DNF
formulas.
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There has been a significant amount of research on leakaieagm DNF formulas for
small values ok in both proper and improper models (see e.g. [8, 10, 27, 22, 34]). Pitt and
Valiant showed that in the PAC model, unless RP=NP one cannotkearm DNF formulas
in polynomial time using hypotheses that &éerm DNF formulas (for constark) [34].

Their proof actually shows that the consistency problenkftarm DNF is hard. This problem
takes as input a partial Boolean function, specified by its 1's and 0's, and asks whether there
is ak-term DNF formula consistent with those entries. The work of Pitt and Valiant was
subsequently extended to obtain significantly stronger results on learning arbitrary length
DNF formulas in the PAC learning model [2, 20]. We note that our reductidviteDNF(*)

in fact implies that the consistency problem ksterm DNF is NP-hard fok = n, even when

the underlying function depends on only logf the n input variables (a log “junta”); this

in turn implies that proper PAC learning ofterm DNF formulas depending on lagf then

input variables is hard unless RP=NP.

Pillaipakkamnatt and Raghavan [33] showed that for semel and some > 1, log° n-
term DNF cannot be learned in the membership and proper equivalence query model unless
NP C DTIME(2°"™)). Subsequently, Hellerstein and Raghavan proved @aig®"¢ n)-
term DNF formulas cannot be learned in the same model; their proof involves a structural
property of DNF formulas and the result is without any assumptions [22]. (It can be improved
to Q(Iogz“).) It is open, however, whether logterm DNF formulas can be learned in
polynomial time in this modelk/Togn-term DNF can be so learned [10].

A polynomial-time algorithm for learning lagterm DNF formulas in the membership
and proper equivalence query model (i.e. with hypotheses that anedogn DNF formulas)
would imply a polynomial-time algorithm favlin-DNF for k= n[22]. The same proof shows
that for constant, a polynomial-time algorithm for learning 16g-term DNF formulas would
imply a polynomial-time algorithm foMin-DNF for k = n®. It follows that the result of [33]
mentioned above can also be derived from Corollary 6.1.

The relation between truth table minimization and learning with membership and equiv-
alence queries relies on the following observation: Given a truth table representing a function
f, one can simulate a membership and equivalence query algorithm for learning (a hypothe-
sis representing) by using the truth table to answer the queries. Feldman observed that one
can also use the truth table bto generate uniformly distributed examplesfofCombining
this observation with the hardness of approximatig-DNF he showed hardness of proper
PAC learning of min-DNF under the uniform distribution, with membership queries. More
specifically, he showed that for some> 0, unless P=NP, there is no polynomial-time algo-
rithm that PAC learns DNF formulas under the uniform distribution using hypotheses that are
DNF formulas of size at most” larger than the function being learned, even if membership
gueries are allowed [20].

8. Hardness ofMin—Acg. In this section we consider the problem of estimatiig-
ACY(f), the size of the smalle#(C) circuit for f, given as input itd(= 2")- bit truth table.
In [4] it was shown that neitheMin-Circuit(f) (the size of the smallest circuit) ndin-
NCY(f) (the size of the smalle®tC! circuit) can be approximated to within a factorhst—¢
in polynomial time unless Blum Integers can be factored in probabilistic polynomial time.
Here we prove an analogous result kin-ACC.

We consider algorithms that produce an estimate that is atMa'ast\Cﬁ(f) (e.g., algo-
rithms that actually produce a circ@tfor f and output the size @). We say that such an
algorithm is ai (N)-approximation algorithm if the output is no more thafN) Min-AC3 ().
Since for eacld > 2, everyn-variate boolean functiofi satisfies & Min-AC3(f) < nN, there
is a trivial nN-approximation algorithm. In this section, we show that for any 0 there is a
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d(¢) such that there is no polynomial tin@N*~?%)-approximation foMin-ACJ(f) for any

8 > 0, unlessm-bit Blum integers can be factored in probabilistic tinf& 2 We have not
computed the relationship betwedrand e, but we anticipate that this yields a meaningful
inapproximability result fod as small as 10.

The proof of this inapproximability result follows along similar lines as the related re-
sults in [4]. In those proofs, the pseudorandom function generator of Naor and Reingold is
used, which has the nice property that it can be comput@d:ﬁfor somed. Any test that can
distinguish random functions from functions generated by this generator can be used to factor
Blum integers. A good approximation Gf(‘,g circuit size can be used to distinguish pseu-
dorandom and random functions, since random functions require circuits of exponential-size,
whereas the pseudorandom functions produced by the generator havié@ﬁrtzirbuits. One
more ingredient is still needed, in order to obtain inapproximability resuIWIfDrAcg. This
ingredient is provided by Lemma 8.1, which shows that any function with Sh@circuits
has “relatively small’ACP circuits. (This property extends even to complexity classes seem-
ingly much larger tham C°.) Taken together, this means that a good approximatidkcﬁ)
circuit size yields a good enough approximatioth@S, circuit size, to yield subexponential
upper bounds on the complexity of factoring Blum integers.

Because of the way the various parameters involved interact, we see no simple way to
present the approximability result by merely appealing to results in [4]. Thus, we present the
entire proof below. First, we show that everything in NL #&? circuits of subexponential-
size.

LEmMMA 8.1. For every language? in NL, and for every, there exists a d such that
there are A@ circuits of size2™ that recognizeZ.

Proof. Consider an NL machingl running in timem= n®. On inputx, we want to find
out if M has an accepting path on To find an accepting path, it is sufficient to see if there
is a sequence gf/m configurations oM C,, ... ,C\/m, whereC, is the initial configuration of

M on inputx, ande_n is the accepting configuration, with the property that fof i< /m,

there is a computation path of leng{fm from C, to C, ;. We view the configuration§,
as “checkpoints” along the computation path. This approach to finding an accepting path is
straightforward to implement using a depth-th#&® circuit of size 2(vVmlogm)

If the number of checkpoints chosemi®/3 instead of,/m, then a similar strategy leads
to a depth-five circuit of size@m°loam - That is, the top level of the depth-five circuit
is an OR (over all the Qm*/logm) sequences of checkpoints), of the AND that each of
them!/2 — 1 pairs of adjacent checkpoints $is connected by a path of lengti?/3. This
latter condition can be checked by an OR over anotF's logm) sequences§ of mY/3
checkpoints, of an AND that each of tme*/3 — 1 pairs of adjacent checkpoints 8 is
connected by a path of length/3. Since the input head &fl can only move a distance of
mt/3 in m/3 steps, and each checkpoint specifies the position of the input head, the condition
that a given pair of checkpoints is connected by a path of lemgth depends only om?!/3
input variables, namely those centered around the two input head positions specified by the
checkpoints. Thus this condition can be expressed by a CNF formula of size exponential in
mt/3. (The depth can be optimized somewhat, using closure under complement and merging
adjacent layers — but we ignore such issues for now.)

Notice that, by increasing the depth from three to five, and decreasing the number of
checkpoints from/mto m/3, one is able to obtain smaller circuits. Iterating the above idea
gives depthd AC? circuits of size 2. This is basically a strengthening of Neponijés
Theorem [5, 32]. (The same claim, with an identical proof, holds for any language accepted
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by a nondeterministic machine running in polynomial time and using sp4te In particu-
lar, it holds for the complexity class LogCFIL)

DEFINITION 8.2. An integer M is called a Blum Integer if M PQ, where P and Q
are two primes such that 2 Q=3 mod 4 The Blum Integer Factorization problem is as
follows. Given a Blum Integer M find the primes P and Q suchthat® < Q and M= PQ.

THEOREM 8.3. For everyd > 0 and € > 0O there is a depth d such that i® is an
algorithm that approximates Min-/lglo within a factor of N=9 (where N= 2" is the size of
the input truth table), then Blum Integer Factorization is in BPTIZE )% (where m is the
number of bits of the integer to be factored).

Proof. We follow the proof given in [4]. In [31] a pseudo-random function ensemble
{fmr (%) :{0,1}" — {0,1}}, , is constructed with the following two properties:

e There is a polynomial siz€CP circuit computingfy, (), given anm = 2n bit in-
tegerM, a 4% + 2n-bit stringr, and ann-bit stringx. This means that there is a
constantd’ such that for each, there is a deptlt threshold circuit of size at most
nd that takes as inpw, r,x and outputsf,, , (x).

e For every probabilistic Turing maching” running in timet(n) with oracle access
to fy,, of query lengttn, there exists a probabilistic Turing machine running in
timet(n)n®® such that for every@bit Blum integetM = PQ, if |Pr[.# s (M) =
1] — Prl.#™ (M) = 1]| > 1/2, whereR, is a uniformly distributed random function
ensemble, and the probability is taken over randoind random bits of#, then
Prl«7(M) = (P,Q)] > 1/2. In other words, if# can distinguish the pseudorandom
function ensemble from a truly random function “efficiently”, then Blum Integers
can be factored “efficiently” on a probabilistic machine.

Let 6 > 0 ande > 0 be given as in the theorem. Lgt=nf andQ = 29. By the first
property of the ensemble together with Lemma 8.1, theralisizch that for each sufficiently
largen, there is a deptls- ACY circuit that takes as inpil, r, x and outputsfy, (x) and has

size at most f/z; for n sufficiently large this quantity is at mo&®/2. In particular for each
choice ofM € {0,1}?" andr € {0, 1}4”2+2”, we can hardwire the values bf andr to get a
circuit of size at mosQ®/2 for the functionf, .

Forye {0,1}9 lety € {0,1}" be the concatentation gfwith 0"~9. For any functiorh
defined on{0, 1}", leth be the function defined of0,1}% by h(y) = h(¥).

Suppose tha# is a function as in the hypothesis of the theorem. We now construct an
oracle Turing machine# which takes as input anzbit integerM and has oracle access to
% and to am-variate boolean functiog, and reliably distinguishes the case that f,,,
from the case tha is truly random. By the second property of the pseudo-random function
generatorfw, whenM is a Blum integer, this will be enough to factt.

On inputN, .# queriesy(y) for all y € {0,1}™, thus constructing the truth table fig(sf
sizeQ). . then submits the truth table gfté the approximation algorithr#, and accepts
if and only if the approximate circuit size forréturned by is greater tha'—9/2,

Now assume that the answer returnedZgyis within aQ'~? factor of the true answer.
If g= fy,, theng (and thereforeg) has a circuit of size at mosd®/2 and so# always
returns a value less tha@d/2Ql% = Q1-%/2 and.# rejects. On the other hand, df is
taken uniformly at random fron#,, then the distribution of is uniformly random fronzz,
and thus with extremely high probability requird€{ circuits of sizeQ/q > Q'~%/2 (since
most functions require circuits of this size), and this condition cauget accept. Hence
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IPrl.sz s (M) = 1] — Prl.zRo (M) = 1]| > 1/2, for sufficiently largen. Thus,.# can
distinguish the pseudorandom function ensemble from a truly random one with probability
greater than 1/2, and thus Blum Integers can be efficiently factored probabilistically.

O

COROLLARY 8.4. For all 6 > 0 and all € > 0 there exists a d such that Min-,gc
cannot be approximated to within a factof®¥ in BPP unless Blum Integer Factorization is
in BPTIME(2™).

9. Discussion.There are close connections between the hardness of function minimiza-
tion problems and related learnability results. In addition to the connections discussed above
in Section 6, we mention two others: the complexityMih-DNF(DNF) and approximating
Min-DNF(DNF) has been shown to be related to the problem of learning DNF with proper
membership and equivalence queries [11, 22, 1], and results on learning circuits [9] yield
positive results for approximating circuit minimization (cf. [38]). At a basic level, learning a
formula or circuit involves gathering information about it, and then synthesizing or compress-
ing that information to produce a compact hypothesis. The need for compactness provides
the connection to minimization. In many learning problems one can distinguish between in-
formational complexity (the number of queries or sample size needed), and computational
complexity (the amount of computation needed to process the information). Information
about a formula or circuit typically consists just of input/output pairs. Truth table minimiza-
tion problems are relevant to the computational hardness of learning; even if you have all
input/output pairs, the question is whether you can compact that information in polynomial
time.

The NP-hardness of proper PAC learning DNF andMtii-DNF are known. On the
other hand, very strong inapproximability results are known for both proper PAC learning
and the function minimization problem for complexity classes startingGt However,
these latter results rely on cryptographic assumptions, and are not known to hold under NP-
hardness assumptions. Thus an important open question is to resolve the NP-hardness of both
learnability results as well as function minimization results above for classes that are stronger
than DNF.

Another open problem is to close the approximability gapvian-DNF.
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Appendix

Appendix A. Reduction from r-Uniform Set Cover

The following lemma describes a modified version of the reduction given in Section 3.1.
Whereas the reduction in that section is fr8rPartite Set Coverthe reduction here is from
r-Uniform Set Cover(all sets in the input set cover instance are of size Because the
reduction here is not from a partite versionS#t Coverit requires different techniques than
the reduction in Section 3.1.

LEMMA A.1. There is an algorithm that takes as input an r-uniform collection of sub-
sets.” over [n]|, and produces the truth table of a partial Boolean function f such that the
minimum size of a cover @i with .~ is equal to the minimum number of terms in a DNF
consistent with f. The algorithm runs in tingel.#|)°(") and the number of variables of f is
O(rlog(n|.)).

Proof. Let ther-uniform collection” over[n] be given.
As in the proof of Lemma 3.2, we produce two indexed sets of vebters(V :i € [n]}
andW = {wA: A c .7} of lengtht satisfying the propertyx) that for allA € .7 andi € [n],
i € Aifand only if V <w”. Again, we specify/ and then defin® according to the rule that
for Ac .7, wh is the bitwise OR of V' : i € A}. The construction of partial functioh, given
V andW, is then the same as in the proof of Lemma 3.2, and again it follows that the size of
the minimum DNF consistent with is equal to the size of the minimum cover[of by ..
We now describe the construction\df Let P be the set of pair§j, A) with A< . and
j € [n] —A. The desired conditions on can be restated as specifying that for(allA) € P:
C(j,A): There is a bit positiom € [t] such that/, = 1 andvi, = 0 for all
€A
If we choosevl,... V" of lengtht at random where each bit is 1 independently with
probability 1/r, then for each(j,A) € P the probability thatC(j,A) does not hold i1 —

1

11— 4Nt < e /¥ so the probability that?,...,V fails to meet the requirements is at

most|Ple /3 < |.#|ne /3", Thus ift > 3r(14In(].#|n)) this random choice succeeds with
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probability more than 1/2. This is enough for a randomized reduction. To make it determinis-
tic, we derandomize this construction using the method of conditional probabilities (see, e.g.,
[7]). This is routine but technical so we provide only a sketch.)Xgt A) be the random vari-
able that is 1 ifC(j,A) fails. We want to choose', ...,V so thatX = Z(LA)EPX(LA) =0.
The above argument says that under random chigiggX] < 1/2. The key point for de-
randomizing is that if we fix any subset of the bitsvh...,V' then it is straightforward to
compute the conditional expectationXfgiven this fixing in time(|.#|n)°Y)). We can then
use the method of conditional probabilities to fix these bits one at a time always choosing the
value of the bit that does not increase the expectation. Once all bits are fixed we must have a
good choice foW.

ClearlyV andW can be constructed in time in tinja|.”|)°™% with t = O(r log(n|.~|)).
Since the truth table has sizg Butputting it takes timén|.~|)°"). 0

Combining the above reduction with the modified reduction fidm-DNF(*) to Min-
DNF in Section 4.2 yields a reduction fromUniform Set Coveto Min-DNF. Settingr =
logN, whereN is the truth table size, one can then apply inapproximability results-for
Uniform Set Covef19, 37] to show thaMin-DNF cannot be approximated to within a factor
of Q(loglogN) in polynomial time unless NP is in randomized quasipolynomial time.



