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2 . E. Allender and M. Koucky

1. INTRODUCTION

There is consensus in the research community that one of the most challenging and im-
portant open problems in computer science is to prove that various computational prob-
lems require large circuits in order to be computed. However, there is also a great deal of
pessimism in the community, regarding the likelihood of proving such lower bounds on
circuit size anytime in the near future. One goal of this paper is to suggest that there might
be some reason to be more optimistic about prospects for circuit size lower bounds; we
show that in certain settings, superpolynomial bounds would follow as a consequence of
some very modest-sounding lower bound results (such as a lower bound of §i2&).

Of course, a confirmed pessimist would say that this is merely evidence that even these
modest-sounding lower bounds are likely to remain beyond our reach.

1.1 The Quest for Circuit Lower Bounds

This paper focuses primarily on the task of proving superpolynomial lower bounds for
various well-studiedestricted classesf circuits, such as NE TCY, and CC[6]. The
reader can find definitions of these classes in Section 2, along with a brief discussion of
their importance and significance. Here, we recall just a few salient facts:

—Although it seems at first to be an absurdly weak class’[€the class of problems
that can be solved by constant-depth polynomial-size circuit families@b4@ gates)
has not yet been shown to have less computational power than NP. Some theoreticians
suspect that Cg6] cannot even compute thend function [Barrington et al. 1990;
Hansen and Kougk]. Showing that AiD (or any other problem in NP) lies outside of
CC°[6] would constitute a significant advance in complexity theory.

—The “majority function” MaJ, which determines if more than half of the input bits are 1,
is the canonical representative of the complexity clas®, BGnsisting of the problems
computed by constant-depth polynomial-size threshold circuits. Separating the com-
plexity classes T€and CC[6] is equivalent to proving a superpolynomial lower bound
on the size of C€6] circuits computing MJ.

—NC! is the class of Boolean functions that can be represented by Boolean formulae
of polynomial size. NC has several natural problems that are complete under very
restrictive notions of reducibility; we mention in particular the problem of evaluating a
Boolean formula, which we denote by BFE. Separating the complexity classeandC
TCC is equivalent to proving a superpolynomial lower bound on the size of constant-
depth threshold circuits computing BFE.

The problem of separating these and other circuit complexity classes has remained open
for more than two decades. This in itself would be cause for some discouragement about
the prospects for progress. Additional grounds for despair were provided by Razborov and
Rudich [Razborov and Rudich 1997], who showed that, if a class of cir€uisstrong
enough to compute pseudorandom function generators, then a wide variety of proof tech-
niques areéncapableof proving a given problem is too difficult to be computed by circuits
in C. Since there are constructions of pseudorandom function generators computable in
TC? that are conjectured to be cryptographically secure [Naor and Reingold 2004], this
has been viewed as constituting a significant barrier to progress on proving circuit lower
bounds.
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Amplifying Lower Bounds by Means of Self-Reducibility . 3

Although superpolynomial circuit size lower bounds have proved elusive, there has been
significant work proving more modest lower bounds. For examplst&tf presents a
nearly-cubic lower bound on the formula size for a certain functicasield 1998]. Nonlin-
ear lower bounds on branching program size have been presented [Ajtai 1999; Beame et al.
2003]. The time-space tradeoff results that are surveyed by van Melkebeek [van Melkebeek
2007] give run-time lower bounds of the fom for small-space computations.

However, none of these lower bounds has led to superpolynomial lower bounds. More
to the point, there was no expectation that a circuit size lower bound of therfocould
possiblyyield superpolynomial circuit bounds. In this paper, we show that there are several
settings where precisely this sort of “amplificaticc@noccur.

Moreover, in Section 8 we show that the work of Razborov and Rudich on “Natural
Proofs” [Razborov and Rudich 1997] poses no barrier to proving weak lower bounds of
the formn®. This can be viewed as holding out some hope of separating circuit classes by
proving circuit lower bounds using “natural” proof techniques.

1.2 Our Contributions

The main tool allowing us to obtain our results is self-reducibility of problems. We show
that many problems in and around NGuch as BFE, MJ, AND, and many others) are
strongly downward self-reducibleThen we show that, for any strongly downward self-
reducible set, a lower bound of sizé implies a superpolynomial size lower bouhd.

In particular, we obtain the following corollaries:

Corollary If there is some > 0 such thatAND requiresCC [6] circuits of sizen! <, then
AND ¢ CC°[6].

Corollary If there is some > 0 such thatM AJ requiresCCP[6] circuits of sizen!*<, then
CC°[6] # TC .

Corollary If there is some > 0 such thatBFE requiresTC? circuits of sizen!*¢, then
TC? # NCL.

Let us examine this third corollary more closely. It is interesting to recall that some
non-linear lower bounds for BFRre known. Impagliazzo, Paturi, and Saks showed that
any depthd TCP circuit for PARITY must haver!'t<¢ wires [Impagliazzo et al. 1997]
(whereeg = Q(1/(2.5)9)). Since there is a trivial reduction from PARITY to BFE (see
the detailed definition of BFE in Section 2), the same size lower bound holds for BFE. In
order to separate Tfrom NC!, it would suffice to improve this to a lower bound of size
n!'*¢ wheree doesnotdepend oni.

One might reasonably wonder whether it is overly optimistic to expect to prove constant-
depth circuit size lower bounds that do not depend on the déptiMost circuit size
lower bounds in the literature (such as those of [Furst et al. 1984; Yao 12&5atH1988;
Razborov 1987; Smolensky 1987]) do degrade with depth. For instance, the parity func-
tion requires deptld ACP circuits of size2“’("1/(d71)>, and this is nearly optimal [&tad
1988]. However, it is important to note that there are exceptions to this trend; Rossman
recently proved that, for every constantthe k-clique problem requires ACcircuits with
w(n*/*) gatesndependentf the depth [Rossman 2008].

1A special case of this general observation (relating only to regular sets) also appears in a survey article by the
second author [Kougk2009]; the present article expands significantly on the related results of [IKQDE].
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4 . E. Allender and M. Koucky

Clearly, no proof of T€ # NC! can follow from a PARITY lower bound such as the
bound of Impagliazzo, Paturi, and Saks [Impagliazzo et al. 1997], and equally clearly, their
argument does not yield a lower bound on the size of dép@iC’[6] circuits computing
BFE (since CE€[6] circuits of linear size compute PARITY). In fact, there seem to be no
known superlinear lower bounds for BFE on degtGC|q] circuits for anyg with at least
two distinct prime factors. We now turn to the question of obtaining lower bounds for
CC%[q] and the related class A(g], in order to discuss some of our other theorems.

Fortnow showed that SAT does not have logspace-uniforrh®i€uits of sizen!'to()
[Fortnow 2000]. (Several improvements of this result of Fortnow are presented in [van
Melkebeek 2004, Theorem 1.5].) Since we are able to show that modest lower bounds
for BFE would yield superpolynomial lower bounds, it is natural to wonder if the same
situation holds for SAT. That is, if one could build on the Fortnow lower bound, and show
that SAT requires Ag6] circuits of sizen!-%!, would it follow that NP # AC°[6]? We
know of no such implication — and in Section 5 we show that the approach that works
for BFE cannot transfer directly to SAT. More specifically, in Section 5 we show that all
strongly downward self-reducible sets lie in (uniform) NC. Thus, in order to demonstrate
that SAT has the sort of self-reducibility properties that would enable us to amplify modest
lower bounds to superpolynomial lower bounds, one would have to first prove that P=NP.
(It is still conceivable that one could proceed by arguing thatP = AC°[6], thenSAT
has the desired type of self-reduction, but we have not been able to construct such an
argument.)

It is interesting to note that Srinivasan has shown [Srinivasan 2003] th@{mah )
lower bound on the running time of algorithms that compute weak approximations (of the
form n'—°(1)) to MAX-CLIQUE would imply P # NP. Using his techniques, we show in
Section 6 that if NP= AC°[6], then there are AG6] circuits of sizen!'+t°(!) that compute
n'—°(M_approximations to MAX-CLIQUE. We also use a similar argument to obtain lower
bounds on the running time of any algorithm reducing MAX-CLIQUE to the problem of
computing approximations of MAX-CLIQUE.

Even though we do not know how to separate NP fron? [8Cby presenting a lower
bound of the form for the size of AC[6] circuits for SAT, we would nonetheless like
to be able to present such a lower bound (as an illustration that current techniques can
provide the sort of modest lower bounds that would separate fi@n ACP[6] if such
bounds could be proved for BFE). Although we can not provide such a lower bound, in
Section 7 we do provide a lower bound analogous to the Impagliazzo, Paturi, and Saks
bound mentioned above; we show that, for evérthere is a constamt; such that depth
ACP[6] circuits for SAT require size!*<d,

2. PRELIMINARIES
2.1 Circuit complexity classes

This paper focuses on Boolean circuits and in particular on the circuit claSahCits
subclasses. Let us remind the reader of the main definitions, and present some notation.
For more background on circuit complexity, the reader is referred to the text by Vollmer
[Vollmer 1999].

For a functionf : {0,1}* — {0,1} and an integer. > 1, f,, : {0,1}" — {0, 1} is the
restriction of f to inputs of sizen.

We begin our discussion of circuits by considering a special case: formuBsokan
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formulain n variableszy, xo, . . ., x,, IS a rooted tree where each internal node is labeled
by some function such asNd, ORrR or NOT and each leaf is labeled either by one of the
input variableszy, ..., x, or by a constant zero or one (false or true). Given an input
x € {0,1}™, one can inductively assign a value to each node of the formula as follows:
each leaf labeled by a variable gets the value of that variable, each leaf labeled by a constant
gets the value of that constant, and each internal node gets the value of the function that
labels it applied to the values of its children. In case where the function labeling a node
is not symmetric the order of the children has to be specified. The vautpu) of the
formula on inputz is the value of the root node. Hence a Boolean formula naturally
computes a functioff : {0,1}" — {0, 1}. The nodes of the formula are generally referred

to asgates The in-degree of a gate is called fem-in. In addition to the elementary
functions AND, OR, and NoT, we will also consider gates computing the functiomM
(which evaluates to one if and only if the strict majority of its inputs is one) and the-y!
function for an integeg > 2 (which is one if and only if the number of its inputs set to
one is not divisible byy). The MoD-2 function will also be referred to as the PARITY
function @ function). Sometimes we allow a more complex function to be computed by
a gate; a node of a formula can be designated awrarle gate Typically all the oracle
gates in a given formula will compute the same Boolean fungjion{0, 1}* — {0,1},
although we allow a single formula to have oracle gategfpandg,,. for m # m'. The
oracle should be viewed as a parameter for the formula; for a fungteomd formulag

with oracle gates, thearmula ¢ with oracle forg is the formulap where each oracle gate
computes the function. For a set4, anoracle gate forA is an oracle gate computing the
characteristic function ofl.

A Boolean circuitis a generalization of a formula where instead of a rooted tree we allow
an arbitrary directed acyclic multi-graph. (We allow multiple edgeswives) between
nodes.) The nodes of out-degree zero are the output nodes. This way a circuit can compute
a functionf : {0,1}™ — {0,1}™, for integersn, m > 1. In circuits we also allow oracle
gates to have several distinct output bits (wires) thus allowing us to have oracle gates for
functionsg : {0,1}™ — {0, 1}’”' for m’ > 1. (The tree-like nature of formulas imposes
the restriction thatn’ = 1 in a formula.)

Thedepthof a circuit is the length of the longest path from an input node to an output
node. Thesizeof a circuit is the number of its wires, which is the number of edges in it.
We will frequently refer also to theumber of gates a circuit,

A circuit computes a function on a fixed number of variables. To compute a function
f:{0,1}* — {0, 1} by circuits we need an infinite family of circuits”,, },,>1, where
for eachn > 1, circuit C,, computesf,,. One may abuse notation and say tlias com-
putable by circuits with property(n). Such an expression means that there is a family of
circuits{C), },>1 Where eaclC,, has propertyy(n) and computeg,,. Similarly, asymp-
totic statements should be interpreted with respect to the input sizef ésgcomputable
by polynomial-size constant-depth circuiteans that there is a circuit famifyC), },>1,
polynomialp(n) and constand, such that eact,, computesf,, and has size at mogtn)
and depth at most. Similarly for formulas.

In addition to functions over the binary alphabjé, 1}, we also consider functions
over an arbitrary alphabét. In such cases we assume that there is some fixed encod-
ing Bin : ¥ — {0,1}* of symbols fromX into fixed-length binary strings; circuits for a
function over the alphabet operate on inputs encoded symbol-by-symbol by Bin. (The
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6 . E. Allender and M. Koucky

string homomorphism Bin extends in the obvious way to a function:Bii — {0, 1}*.)
Furthermore, a circuit for a function with non-Boolean output produces a binary encoding
of the output symbol. The definitions of computability by circuits and of all the other terms
extend naturally also to this case, however we only require that a circuit computing func-
tion f defined onx* operate correctly on binary strings corresponding to binary encodings
of strings from¥*. Thus, on inputs that do not correspond to binary encoded strings from
¥*, the circuit may give an arbitrary output. For example a funcifon¥* — {0,1}
is computed by a circuit familyfC,, },,>1 if for somek > 1 there is a binary encoding
Bin : ¥ — {0, 1}* such that for each > 1, and each input € %", C,,(Bin(z)) outputs
fn(x). Inthis case the size of the input is considered taf@though its binary encoding
has lengthkn. Oracle gates for a function over an arbitrary alphabetlso operate on
binary encoded strings froii, and on invalid inputs we assume that they output all zeros.
(We state this convention only in order to make such oracle gates unambiguous; none of
our results depends on it.)

A languageA is a subset ok* for some finite alphabet. Every language naturally
corresponds to its characteristic functign : ¥* — {0,1} defined byya(z) = 1 if
and only ifz € A. Vice versa, every function intf0, 1} corresponds to a language. We
will identify languages with their characteristic functions. We say £t recognizedby
{C\ }n>1 ifits characteristic function is computable B¢, } ,>1.

This allows us to define the following classes of functions.

—NC? is the class of functions computable by polynomial-size constant-depth circuits
built using fan-in two AND and Cr gates and unary T gates.

—AC? is the class of functions computable by polynomial-size constant-depth circuits
built using unbounded fan-in b and Cr gates and unary &I gates.

—CC%q] is the class of functions computable by polynomial-size constant-depth circuits
havingonly unbounded fan-in MD-¢q gates.

—AC]q] is the class of functions computable by polynomial-size constant-depth circuits
of unbounded fan-in AD and CrR gates and unary &r gates, along with unbounded
fan-in MoD-¢ gates.

—CC is the union of all the classes €[g] (for ¢ > 2).

—ACC is the union of all the classes A@] (for ¢ > 2).

—TC is the class of functions computable by polynomial-size constant-depth circuits of
unbounded fan-in MJ gates and unary &It gates.

—NC! is the class of functions computable by circuits of fan-in twepAand Qr gates,
and unary T gates, having dept(log n).

—NC is the class of functions computable by circuits of fan-in twebfand Cr gates,
and unary NbT gates, having deptf (log” n) for a constant.

Some authors define these classes in termamjuagesnstead offunctions and use
notation such as FACor FNC', etc., to refer to the associated class of functions. We
prefer the simpler notation, and are confident that no confusion will result. We use the
names of the function classes to denote also the corresponding circuit families; e.g., we
refer to “ACY circuit families” or more succinctly to “A€ circuits”.

As presented, these classes moauniformi.e., it is not required that there be an easy
way to construct the circuits for inputs of lengthWe shall also need to consider logspace-
uniform and Dlogtime-uniform versions of these classes [Barrington et al. 1990]. A circuit
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family {C,, } ,>1 is logspace-unifornif there is a procedure that runs in logarithmic space
and on inputl™ it outputs the description af’,. A circuit family {C,, },>1 is Dlogtime-
uniformif there is a procedure that on input, i, r, 7, s, t), wheren, i, j, r, s are integers
encoded in binary andis a gate type (e.g., ¥D, OR, NOT, oracle input, 0,1), runs in
time linear in its input size and accepts if and only if the gat€pfhaving labeli is of
typet and itsr-th child is thes-th output bit of the gate labeled In case of the gaté
being an input gate, the procedure accepts if gdékes the value of the-th input bit.
Furthermore, the procedure acceptsi, j, s, output) if and only if the s-th output bit of
gatei is thej-th output bit of the circuit’,,. We also require that the procedure accepts the
input(n, 4, d) if and only if d is equal to the fan-in of the gate 6f, having label; without
this condition it is not always clear that Turing reducibilities defined in terms of uniform
circuit families are closed under compositibithus, for example, Dlogtime-uniform AC
is the class of functions computable by Dlogtime-uniform families of ACcuits, or more
precisely, the class of functions computable by some Dlogtime-uniform family of circuits
of polynomial-size and constant-depth that are built using unbounded faninad Cr
gates and unary &It gates.

A string w € {0,1}* of lengthn is the binary representation of an integer =
S, 2" "w;. The logarithm base two is denoted log.

We use the following convention throughout the paper. Whenever we refer to some real
valuea (such asa = logn ora = n¢) in a context where there should be an integral
quantity (for instance: “a string of lengtif) the reader should read it 4s].

2.2 Reductions and complete problems

The reader is probably familiar with the notion of polynomial-time many-one reducibility
<P . Polynomial-time reducibility is an extremely useful tool for classifying NP-complete
problems and more generally for classifying the complexity of problems that are not be-
lieved to lie in P. However, it is of no use at all in identifying important distinctions among
different problems in P. For that, it is necessary to use a more refined tool, suctas AC
reductions.

For languages! and B we write A<’ B if there is a function- € Dlogtime-uniform
ACY such that, for alke, z € A if and only if r(z) € B. More generally, for any class of
functionsC, we say thatd<¢ B if there is a function € C such that for any, ya(x) =
xa(r(x)). The functionr is called themany-one reduction ofl to B. We say thatd
is complete forD under<¢, reductions ifA € D and for any languag® € D, B<¢ A.
(Note, we require onljanguagedo reduce tad; otherwise no language could be complete
for a class that contains any non-Boolean function.) AlthougH Aguctions may seem
to be quite restrictive, most natural examples of NP-complete problems remain complete
under<2¢ reductions. For any clagsthat is closed undex™” reductions, e.g. N&
any language that is complete Bunder<¢” reductions is also complete unde}'’
reductions [Agrawal et al. 1998; Agrawal ].

Note that we have definex_;i{jlCO reducibility for uniformreductions. IfA is complete
for any of the uniform circuit classesthat we consider under uniforri*€” reductions,

—m

oy s . . . 0
then it is also complete for the correspondimanuniformclass under nonuniforma ¢

2There are additional conditions that are required, in order to obtain a satisfactory definition of unifdrrélC
refer the reader to the work of Ruzzo, who gives a uniformity condition with the desirable property that uniform
NC! corresponds to logarithmic time on an alternating Turing machine [Ruzzo 1981].
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reductions. (See the discussion before Proposition 2.3.)

NC! has several natural and important problems that are complete guﬁ&érreduc—
tions. We give detailed definitions of three such problems: the word problem over the
permutation grougb’s on five elements [Barrington 1989], the Boolean Formula Evalua-
tion problem [Buss 1987], ang¢-connectivity on directed graphs of width 5.

(1) The word problem ove$s. The word problem over the permutation gratipis the

task of evaluating the product of a sequence of permutations. More generally we define the
word problem over a finite monoitl/ first. A monoid} is a finite set with an associative
binary operation and identity elemeny;. We denote the operation 8f multiplicatively.

The word problem ovel is the functioni¥,; : M* — M that assigns to each sequence
mi,ma, ..., my, Of elements from\M their productm = mims---m, over M. The

empty sequenceis assigned the identity elemeht;. The word problem oves is the

word problemWs, over the permutation groufs = { permutations on five elements

}. The binary operation 085 is the composition of permutations; the identity element

of S is the identity permutation. (The word problem ov&rcan also be presented as a
languageconsisting of those pair@n, (m1,...,m,)) for whichm = myms ---m,,, and
technically it is this language that is complete for ]l\llﬂhdergﬁlc0 reductions — but this
language has the same complexity as the functional version of the problem that we have
presented, and that version is more convenient to work with; working with the language
would rather obscure things.)

(2) Thes-t-connectivity problem on directed graphs of widthThis is an NC-complete
variant of s-t-connectivity. We say that a directed graplof widthk if its vertices can be
partitioned intdayerswhere each layer is of size at mdstthe layers are linearly ordered
and every edge goes from vertices of one layer to the vertices of the next layer. Every
two consecutive layers of a widthdirected graph form a bipartite graph and this bipartite
graph can be represented by a« 5 adjacency matrix. Thus a width directed graph
with n + 1 layers can be described by a sequence 6f x 5 adjacency matrices. The
s-t-connectivity problem on directed graphs of width 5 is the problem of deciding whether
a given vertexs in the first layer is connected by a path to a vert®f the last layer in a
width 5 directed graph. It is more convenient for us to work with the following functional
version of connectivity (which has the same complexity as the decision problem), where we
ask about connectivity between all vertices of the first and last layerss et{0, 1}°*°

be the set of binary x 5 matrices. We define W5-STCONN ¥* — ¥ as follows.

For Ay, Ag,..., A, € ¥, W5-STCONNA;4;...4,) = A, whereA € X represents

the connectivity between the first and last layer of a width 5 directed graphmwitht
layers with adjacency matrices;, Ao, ..., A,. Itis a standard fact that is equal to the
productA; A, - - - A, over the ring({0, 1}, OR, AND) — and this could also be taken as

a formal definition of W5-STCONN. Moreover, one can view W5-STCONN as a word
problem over the monoifl, where the binary operation is matrix multiplication over the
ring ({0, 1}, OR, AND) and the identity element & is the identity matrix. This view of
W5-STCONN will also be useful for us. Clearly, the word problem a¥elis a special
case of W5-STCONN.

(3) The Boolean Formula Evaluation problenRoughly speaking, the Boolean Formula
Evaluation problem is the set of formulas that evaluate to true. We will make use of its
variant where we focus only on balanced formulas (that is, formulas whose graph is a
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completebinary tree of depthl). Input instances thus consist of a string26fzeros and

ones representing the values that label the leaves of the formula, along with a sequence
of 2¢ — 1 labels for the internal nodes of the tree. Bet= {0,1,A,V,®}. The set BFE
consists of all of the “well-formed formulas” over alphabgthat evaluate to 1.

In order to simplify the proof that our construction in Proposition 3.9 is Dlogtime-
uniform, we choose a particular encoding that will be convenient. The “well-formed
formulas” consist of strings of the formz such that for soméd, x is a string of length
24in {0,1}*, andwv is a string of lengt2? — 1 in {A,V, ®}* representing the labels of
the internal nodes of the formula, given in the order specified by the following recursive
definition.

If d = 1, then there is only one internal node, so there is no need to specify the order.

If d = 2, then the label of the root is listed first, followed by the label of the left child,
and then by the label of the right child.

If d > 2 andd = 2¢ — 1, then the2® — 1 labels of the subtre® of depthc containing
the root are given first, in the order specified for trees of deptithis is followed by
2¢ encodings of the subtrees of depth- 1 whose values feed intd' (starting from the
leftmost subtree), in the order specified for trees of depthl.

If d > 2andd = 2¢, then the2¢ — 1 labels of the subtreé€ of depthc containing the root
are given first, in the order specified for trees of depthhis is followed by2¢ encodings
of the subtrees of depthwhose values feed int6 (starting from the leftmost subtree), in
the order specified for trees of depth

The reader may wonder if it is necessary to be so particular about our encoding of the
problem BFE. To some extent, the choice of encoding is crucial. For instance, if a formula
were not encoded as a formula, but instead were encoded as an unsorted list of gates and
edges, then it is an easy exercise to show that evaluating a formula is complete for L, using
the fact that determining whether a vertegccurs before a vertexin a directed line graph
presented as an unsorted list of edges is complete for L [Etessami 1997]. Thus it is at least
important that the formulas in BFE be presented as parenthesized expressions or some sim-
ilar encoding. The general (not-necessarily balanced) Boolean formula evaluation problem
is in NC! [Buss 1987], and thus there are “ef'ficieliti‘}fjU reductions from the general for-
mula evaluation problem to the balanced encoding that we have chosen for BFE, but the
reductions that one obtains from known N@lgorithms (e.g., [Buss 1987; Buss et al.
1992; Buss 1993]) do not appear to be computablirimar-sizeAC? circuits. This is one
reason why we do not know how to obtdimear-sizestrong downward self-reductions for
the general Boolean formula evaluation problem, such as we present for BFE. The reason
why we include® as an operation in BFE is so there will be a linear-size reduction from
PARITY to BFE, so that the non-linear PARITY lower bounds [Impagliazzo et al. 1997]
will immediately carry over to BFE.

Even in this restricted form, BFE is complete for NgSee, for example, the proof of
Lemma 7.2 in [Barrington et al. 1990].)

PROPOSITION 2.1. [Barrington 1989; Buss 19875, , BFE, W5-STCONNare prob-
lems complete foKC! under<N¢’ reductions.

—m
The problem W5-STCONN remains complete for Nftlirected edges are permitted
both directionsbetween adjacent layers, as well as in the undirected case. The arguments
that we present for W5-STCONN also carry over to these variants, with minor technical
modifications.
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10 . E. Allender and M. Koucky

Although NC' has several natural complete problems ungﬁ?o reductions, many of
the other complexity classes we consider (such &5 AC[¢], and ACC) are not believed
to haveanycomplete problems undejﬁ}lco reducibility. Some of them do, however, have
complete problems under A€Turing reducibility. Our main theorems rely on different
variants of Turing reducibility, and thus we need the following general definition.

For any circuit complexity class, we defineC-Turing reducibility. Letf andg be two
functions. We say that<%.g if there is a family of circuits of polynomial size computing
f, where the circuits haveracle gatedor the functiong in addition to the collection of
gates that is provided in the definition of the circuit classThe family of circuits is called
thereduction off to g. We say thaff is complete forD under<¢. reductions iff € D and
for any functiong € D, g<%.f. Itis an easy observation that languages complete fdr NC
under<AC’ reductions are also complete for NGnder<4¢" reductions.

PROPOSITION 2.2. —MAJ is complete folf C® undergl}CO reductions.
—Mob-q is complete foAC?[¢] under<4C” reductions.

—AND is complete foACC® under<$¢” reductions.

Turing reducibility will be used in the next section, in order to define downward self-
reducibility.

Reductions can be either uniform or nonuniform. The reader can verify that all of the
examples of reductions that we present in this paper are Dlogtime-uniform. It is worth
observing that ifA is complete for any of theniform classes that we consider under
uniform géncu or <% reductions, then it is also complete for the correspondarguniform
class under nonuniform reductions of the same type. For examgbeisifin nonuniform
NC!, then there is a nonuniform family of Boolean formulag, }..>1 acceptingB. The
setD = {(¢,z) : a Boolean formula) given in infix notation evaluates to 1 ar} is in
uniform NC! [Buss 1987; Buss et al. 1992] and thus there is a uniform reduction ffom
to A. Composing this uniform reduction with the nonuniform reductiorBofo D that
mapsz to (¢|,, ) yields the desired nonuniform reduction Bfto A. Note that, for
this example, it is important tha is presented in terms of Boolean formulae, instead of,
say, logarithmic depth Boolean circuits, since it is not known whether logarithmic depth
Boolean circuits can be evaluated in N@ similar construction works also for constant-
depth circuits. As an example we briefly explain the case dfgCIf B is in nonuniform
CC%[q] then it is accepted by a family of G| circuits of depthd and size at most”
for somek,d > 1 and anyn > 2. Without loss of generality one may also assume that
these circuits are layered and between any two gates there is at most one wire. Consider
the setD = {(C, z) : C'is a CQ|g] circuit of depthd encoded by a sequence|of® x |z|*
adjacency matrices, one for each level of the circuit, suchdfia) = 1}. Clearly,D has

3In this paper, we do not make use of NCuring reducibility, and indeed this definition would need to be
modified in order to coincide with the definition of N€Turing reducibility as studied by Cook [Cook 1985] and
Wilson [Wilson 1990] and others. In defining AGeducibility, each oracle gate is considered to have depth 1,
as in our definition, but in defining NiCreducibility, Cook and Wilson felt that it was more in keeping with the
flavor of bounded fan-in circuits to define the depth of an oracle gate to be the logarithm of its fan-in. Using
their convention, an N&-Turing reduction could have oracle gates of only bounded fan-in, which is not a very
useful notion. In contrast, our definition yields exactly the type of ®NIring reducibility” that we need in our
definition of “pure self-reducibility”.
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Amplifying Lower Bounds by Means of Self-Reducibility . 11

uniform CC[q] circuits of depthO(d) and sizen®*). Hence it reduces tel. SinceB
nonuniformly reduces t® by transitivity it also reduces nonuniformly té.

Since completeness results carry over from the uniform setting to the nonuniform setting,
we will henceforth slightly abuse notation and simply say that adsist“complete under
< reductions” even whed is a nonuniform class, without explicitly mentioning that the
reductions must be nonuniform in this case.

The following fact about Dlogtime-uniform Turing reductions is not entirely obvious,
and thus for completeness we provide a proof. Let circuit fafiily} be a Turing reduc-
tion of f to g, and let{D,,} be a Turing reduction of to k. The compositionof these
reductions is the reduction gfto h that results by replacing each oracle gat€’pthaving
fan-inm by D,,.

PrROPOSITION 2.3. For any of the classeS defined in this section, the composition of
two Dlogtime-uniform<$. reductions is a Dlogtime-uniformi$. reduction.

PROOF Let{C,} and{D,} be two Dlogtime-uniform families of reductions. Define
a new family{ E,, } whereE,, has the following gates:

{i : i is a non-oracle gate @f,, }U

{(#,m, j) : ¢ is an oracle gate af}, that has fan-inn andj is a gate ofD,,, }.

Since the definition of Dlogtime-uniformity ensures that it is easy to recognize the fan-in
of an oracle gate, it is routine to establish that the farhijy(with the obvious connections
among gates to implement the composed reduction) is Dlogtime-uniform. For all of the
polynomial-size circuit classe&defined in this section, it is immediate that the resulting
reduction{ E,,} is also a<$. reduction. O

3. DOWNWARD SELF-REDUCIBILITY

In this section we define downward self-reducibility and present several examples of down-
ward self-reducible functions. Intuitively, a function is downward self-reducible if it can
be efficiently computed from its own values at shorter inputs. We give a formal definition
next.

A C self-reduction forf is a family of oracle circuits witnessing tha&$. f, where on
inputz, the oracle circuit does not feed inputnto any of its oracle gates.

Self-reducibility sometimes also goes by the name “autoreducibility.” The term “self-
reducibility” is more common in those settings (as here) where interest centers on routines
that enforce the condition thatis not queried, by ensuring that all queries have length
shorterthan the length of.

Definition 3.1. Letf : {0,1}* — {0,1}* be afunction, and lef be a class of circuits.
Let s(n), m(n) : IN — IN be functions such that for all, m(n) < n. We say thatf,
is downward self-reducible tg,,(,,) by aC reduction of sizes(n) if there is a family of
C oracle circuits{C,, },>1 computingf such that for each, C,, uses its oracle gates to
query f on inputs of size at most(n), and has at most(n) wires.

Most of the self-reductions that we present consist of almost no hardware other than
oracle gates. We call such reductions “pureuae self-reduction forf is an NC self-
reduction for f, i.e., a self-reduction where thanly gates are oracle gates, as well as
bounded fan-in AID and Cr gates and unary 8T gates.
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12 . E. Allender and M. Koucky

Definition 3.2. Letf : {0,1}* — {0,1}* be a function. Let(n),m(n) : N — IN
be functions such that for all, m(n) < n and letd > 1 be an integer. We say th#}, is
downward self-reducible tg,,,,,) by a pure reduction of depthand sizes(n) if there is a
circuit family {C,, },,>1 such that for each, C,, computesf,,, is of depth at mosd, size
at mosts(n), and consists of fan-in two WD and Cr gates, unary NT gates and oracle
gates that compute functigfion inputs of size at most.(n).

We use the term “pure” rather than simply calling themN€ductions, since the term
“NC” usually refers to computation in which the output depends on at mgist bits of
the input, and pure self-reductions do not share that property.

We will almost exclusively be interested in functions that are downward self-reducible
to inputs of size at mosti(n) = n¢, for somee > 0. This notion of downward self-
reducibility is essentially identical to what Goldwasseéal. call “strong downward self-
reducibility” [Goldwasser et al. 2007]. Hence, fifis downward self-reducible td,. by
a pure reduction for some > 0, we will also call itstrongly downward self-reducihle
(Similarly, if f is downward self-reducible tg¢,- by aC reduction for some class, we
will say that f is C strongly downward self-reducible.) For our purposes however, it is
important to pay close attention to the size and depth of the reduction.

The rest of this section is devoted to showing that the following problems are strongly
downward self-reducible: KD, Wj;, MoOD-¢, W5-STCONN MAJ and BFE. We also
present somewhat weaker downward self-reducibility results for various types of iterated
matrix multiplication problems.

We start with an example that may seem trivial, but is nonetheless useful.

PrRoOPOSITION 3.3. Forany0 < ¢ < 1, AND,, is downward self-reducible t&ND,,
by a Dlogtime-uniform pure reduction of depit{1/¢) and sizeO(n). Similarly for OR.

PrRoOOF Consider the AD function. The idea of the proof is simple: form a tree of
depthO(1/¢) from AND,,. gates and assign to each leaf one of the variables. However,
e andn may be arbitrary so this construction may not be uniform. Thus to provide a
Dlogtime-uniform construction one has to be careful about the details. We provide a more
detailed construction below to demonstrate the necessary techniques. A reader familiar
with the issues of uniformity may want to skip the rest of the proof. Let an integatisfy
2k=1 < 1/e < 2. If n < 42" then a tree of AID,, gates can be used to compute®,. So
assume for the rest of the proof that- 42" Pick the largest integer> 1 such thak’ <
n!/2" and the smallest integer such that, < (2¢)™. We will use AND,: gates to build
the circuit. We will label gates of the circuit by labels frdii 1, . .., m} x ({0,1}¥)™. Not
all labels will be valid; some labels will be unused. We describe the valid labels together
with the associated gates next. kgt no, ..., n,, € {0,1}¢ be such thatyns - --n,, is
the/m-bit binary representation of — 1 padded with leading zeros if necessary. Consider
W1, Wa, . .., Wiy € {0, 1Y, w = wyws - - -w,, andd € {0,1,...,m}. (d, w) represents a
valid label in any of the following cases:

(1) Ifd =0andw; = wy = --- = w,, = 0° then(d, w) is the label of the single output
AND,: gate with inputs from gates labeled b, w/ ws - - - w,, ) for anyw} € {0, 1}*.

(2) If 0 <d < m,wws---wy precedes or is equal to,ns - - - ng in the lexicographical
order andwgy1 = wgr2 = - = w,, = 0 then(d,w) labels an AID,. gate with
inputs from gates labeled Wyl + 1, wiwy - - - wawy, Wat2 - - wy) foranyw), | €
{0, 1},
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B) f0o<d<m,wiwsy - -wyg_1 = ning---ng_1, ng precedesvy in the lexicographi-
cal order andvgy; = wgi2 = - - - = w,, = 0° then(d, w) labels a gate with constant
one.

4) If d = m, wyws - --w,, precedes or is equal te;ns - - - n,, in the lexicographical
order then(d,w) labels an input gate associated with thén input variable, where
1 — 1l is represented by in binary.

No other label is used. Sineeis a constantk is also a constant. One can verify easily
from the description of the gate labeling that the connectivity language for the circuit with
respect to this labeling is decidable by a Dlogtime procedure. (Giviarbinary, one can
find £ andm in time linear in the binary representationrafIncrementing and decrement-
ing a number in binary representation can also be done in time linear in the length of the
binary representation. All other operations are clearly in linear time assuming our Dlog-
time machine has at least two tapes.) One can also easily verify that the described circuit
computes exactly AD,,.

We claim that it contain®(n) wires. Indeed, the number of wires between bottom level
of AND gates and inputs is at maost+ 2¢. The layer one up contains at mest2 + 2°
wires, the next one/(2¢)2 + 2¢, and so on. Thus the number of wires in the circuit is at
most2n + (m + 1)2¢. Sincee < 1, we have thakt > 1 and hence’ < \/n. Furthermore,
2m=1) < n so,m < 1+ logn. Thus the number of wires in the circuit is bounded by
2n+/n - (2 +logn). ]

The case of AD and Cr can be further generalized to word problems over finite
monoids.

PrRoOPOSITION 3.4. For any finite monoid/ and any0 < € < 1, (Wyy),, is downward
self-reducible tad W), by a Dlogtime-uniform pure reduction of depfi{1/¢) and size
O(n).

The proof is essentially the same as fav\and Cr; one uses gates computifigy, on
inputs of size< n€ and constants for the binary encodinglgf. If for an integery > 2 we
consider the monoid, = ({0,1,...,¢—1}, +(mod q)) then we obtain the next corollary.

CoOROLLARY 3.5. For any0 < ¢ < 1, (Mob-q), is downward self-reducible to
(MoOD-q),- by a Dlogtime-uniform pure reduction of depth{1/¢) and sizeO(n).

ProoF. Clearly, MoD-¢q can be computed using’z, . The other way around is also
true: one can computé’z_ using MoD-q. The proof of the corollary consists of showing
how (Wz,). can be computed using gates fd1ob-¢), and then applying the previous
proposition oni¥z, . A reader familiar with the issue of conversion betwg&top-q),
andWz, may want to skip the rest of the proof.

Letb > 1 be a constant, Bin Z, — {0,1}" be an arbitrary injective function, and
¢ > 4q be an integer. We show how to u@idop-¢), gates to computéVz, ), encoded
by Bin. Letxy,zs,...,2¢ € Z, be an inputto¥z, andyi, ...,y be its encoding by
Bin. We will build a circuit that takeg;, . . . , yg as its input and outputs - - - z;, where
z1 -+ - 2 is the encoding oEle z;(mod ¢) by Bin. The circuit will be of constant depth
(depending only on Bin ang) and useD(¢) bounded fan-in AD, OR and NOT gates and
g MoD-q gates of fan-irf. The circuit computes as follows.

Letm = [¢/q] — 2. Partition arbitrarily{1, ..., ¢} into non-empty set§;, Sz, ..., Sm
of size at mosRq. Sincel > 4q, this is possible. For eache {1,...,m}, letw; =
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14 . E. Allender and M. Koucky

12 es; 25(mod @) ()a=3 e, @ (modq) Clearly,> ", 325, (wi); = Zle x;(mod q). Asq
andb are constantp,ws - - - w,, can be computed from, . . . , ys, by a circuit of constant
depth usingD(¢) fan-in two AND and Cr gates and unary &It gates.

Forj = 0,...,¢ — 1, let g; be a MoD-¢ gate of fan-in¢ that takes as its input the
string wyws - - - w,,071977 padded with zeros to the length &f Clearly, g; evaluates to
zero if and only ifzfz1 z; = j(modgq). Hence, the output ofo, ..., gs—1 uniquely
determinest:1 zi(mod g). The output ofgo,...,g,—1 can thus be processed by a
constant size circuit consisting of bounded fan-ingA OR and NOT gates to compute
Bin(Zf:1 zi(mod ¢)). This gives the desired circuit for computing’z, ), encoded by
Bin. (For/ < 4q one can build a constant-depth circuit computiiigz, ), using fan-in
two AND gates and unary dIr gates.)

By Proposition 3.4, there are constahts and a function Bin Z, — {0, 1}* such that
for all n large enough, there is a circdt, of depth< k/e with < kn wires that computes
(Wgz,)n encoded by Bin using fan-in twodo and Cr gates, unary NT gates and gates
for (Wz,)e encoded by Bin, fof < n¢. TakeC,, and replace each gate fdi’z_ ), by the
circuit constructed in the preceding paragraph to obtain a cié€Guitcomputing(Wz, ).,.

The circuitC), consists of fan-in two AD and QR gates, unary NT gates andMoD-q),
gates, forl < n°. Since each{iVz, ), gate of fan-in¢b is replaced by a constant-depth
circuit that use$)(¢) wires, the depth and the number of wires(¢ff are only a constant
factor larger than that af’,,.

If we encode an inputy, vs, . .., v, € {0,1} symbol by symbol by Bin and we feed the
resulting string into the circuif;, we obtain)_;" ; v; = j(mod ¢) encoded by Bin. From
this encoded value one can decode the output 0bM on inputuvy, .. ., v,. Hence using
O(n) additional fan-in two AID and Cr gates and unary &It gates one can convert the
circuit C), into a constant-depth circuit fgM oD-¢),,. The overall size of the circuit will
be linear inn.

One can verify that the construction can be made Dlogtime-uniform. Indeed, the circuit
computinglVz, using Mob-¢ gates can be made Dlogtime-uniform, and its gate labeling
can be concatenated with the labeling of gate€’jnto obtain a gate labeling of”..
Additional labels can be used for gates calculating the Bin encoding and decoding of input
and output ofC]. The details of these constructions are rather straightforward and we
leave them to the interested reader. m|

Because of the connection between W5-STCONN and word problems over monoids we
also obtain:

PrRoOPOSITION 3.6. Forany0 < € < 1, W5-STCONN, is downward self-reducible to
W5-STCONN,. by a Dlogtime-uniform pure reduction of deptt{1/¢) and sizeO(n).

We can prove a similar self-reducibility claim also fora¥l This time the proof is a
little bit more involved and uses the following lemma.

LEMMA 3.7. There is a constant such that for anyl < ¢ < m there is a Dlogtime-
uniform depthd circuit family with at mostlém gates (consisting of fan-in twdND gates,
unary NOT gates and oracle gates fol AJs,,,), taking as its input-bit binary represen-
tations of integerg, . . ., ¥, and producing as output a sequence of integgts. ., zy
each represented i+ log(m + 1) bits such thay; +yo + -+ ym = 21 + - - - + 2¢.
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PrROOF First, observe that we can computeid,,, and Cr,,, using a gate for MJs,,,
and constant§ and1. Forj = 1,....¢, letz; = 2°795"" (y;);. It follows from the
definition of binary representation that+y.+- - -+, = 21+ - -+2,. Thus we only need
to show how to compute thé + log(m + 1))-bit binary representation af, . . ., z, from
the binary representation gf, ..., y,. (Note each of the representationszef.. ., z,,
has/ of its bits always set to zero.)

Fix j € {1,...,4}. Letgs,...,gm be MAJy,, gates where fok = 1,...,m, g;, takes
as its input(y1),;(y2); - - - (Ym) ;1™ FT105=1. Clearly, the outpuy; - - - gy, is equal to
125 w)igm-2iZ Wi, Fork = 1,...,m — 1, letgl, = (g AND (NOT gj41)) and
g,, = gm- Theng, evaluates to one if and only ¥\" | (v;), is k. Hence, thé:-th bit of
thelog(m-+1)-bit binary representation 9F ;" , (y; ), is obtained by taking the ®of gates
inthe se{g;; k € {1,...,m} and theh-th bit of thelog(m + 1)-bit binary representation
of k is ong}. Thus to obtain théog(m + 1)-bit binary representation of"" , (y;); we
needm MAJs,, gatesyn — 1 AND2 gatesyn — 1 NoT gates andog(m + 1) ORr,, gates.
Hence, to obtain all thivg(m + 1)-bit representations of . , (y;); for different;’s we
need at most/m (non-input) gates in total. The desired binary representatior) @f
obtained by concatenating the binary representatiofs 8f, (y;); with 0/ on the left and
0°~7 on the right. Dlogtime-uniformity of the circuit is routine to establish. o

THEOREM 3.8. Forany0 < ¢ < 1, MAJ, is downward self-reducible thAJ,, by a
Dlogtime-uniform pure reduction of dep@(1/¢) and sizeO(n'*¢) consisting of a linear
number of gates.

PROOF First, we prove the claim far = 1/2 to illustrate the technique. For simplicity
and clarity we mostly ignore rounding issues. We can view the input Bbit integers
ai,...,ay,. TOo determine the output of My,, we will compute the binary representation of
the sum of these integers. The total sum will be obtained in several stages. Each stage will
take as an input a sequencegas, . . ., a,, of integers and convertit into a shorter sequence
of integershy, bo, . . ., by having the same sum, i.en’ < m anda; +as + -+ + a,, =
b1 + - - - + b, The first stage will start with the input as a sequence of 1-bit integers and
the last stage will output a single integer representing the total sum of the input bits. As no
integer at any stage can attain a value larger thare can always truncate any number of
more tharlog(n + 1)-bits to thelog(n + 1) least significant bits. (If convenient we may
also pad a binary representation of any number by leading zetog(to+ 1)-bits.)

Stage 1:n x 1-bit — (24/n + 6) x log(n + 1)-bits. This stage takes a sequence of bits
ai,az,...,an and outputdy, ba, ..., by my6. Partition{l,... n} into setsS, So, ...,

Sy /m+6 Of cOnsecutive integers, each set of size at most2. Using Lemma 3.7 compute
foreachj = 1,...,2y/n+6 in parallel the integel; = Eiesj a;. Outputhy, ..., by /g
padded tdog(n + 1)-bits. Lemma 3.7 (witlf = 1 andm = /n/2) provides a circuit with

at most2./n gates for computing eadl}, so in total we need(n) of AND;, NOT and
MAJ 7 gates for this stage.

Stage 2:(2v/n+6) x log(n+1)-bits — 5[log(n+1)] x log(n+1)-bits. This stage takes a
sequence dbg(n+1)-bitintegersiy, az, . . ., as, ;46 AN OULPULS1, b, . . ., b5 [10g(n+1)7-
Similarly to the previous stage divide thgs into five subsequences of size at mg4t/2
and using Lemma 3.7 (with = log(n + 1) andm = /n/2, truncating the outputs to
log(n+ 1) bits), compute for each of the subsequercgé: + 1)-bit integers representing
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the sum of thes;’s in that subsequence. Output all thBog(n + 1)] integers that were
obtained from the application of the lemma. Since each subsequence contains at most
V/n/2 integers, this stage requires at mo¥t,/n logn) many AND,, NOT and MAJ

gates.

Stage 3:5[log(n+1)] xlog(n+1)-bits — 3xlog(n+1)-bits. This stage getlog(n+1)-bit
integersay, az, . . ., sfiog(n+1)] @nd outputdy, by, bs. It proceeds as follows. We divide
the binary representation of eaeh i € {1,...,5[log(n + 1)]}, into blocks oflog logn
consecutive bits. Each block is regarded abg@log n-bit integer so we get integers
i1y @525 -« -y Qg ks wherek ~ 1og(n + 1)/ 10g logn andai = E?:l 2(k’—j)ﬂog log n] ;. j-

Forj = 1,...,k, we apply Lemma 3.7 on the sequenge;, az j, - - - , s[log(n+1)],j
to obtaind; 1, d; 2, .. ., d; 1ogl0gn, Whered 210814, - shloglosn ;- penote the
value of the suns;. The sequencé; i,d; 2, ..., d;og10sn representsoglog» integers,
each having)(loglogn) bits. Hence altogether they constitute ofilylog logn)? bits.
Hence, using a DNF formula of si2€ (o losm)* < 5,0(1) pyilt from no®) AND O (10g log n)2
gates and a singler) .y gate we can calculate from the sequedicg d; 2, - . ., dj 1oglog n
each bit of the binary representationsgf For all j we do the whole calculation in parallel.

Finally, eachs; represents a sum of at méglog(n+1)] integers each dbg log n-bits,
so it can be represented yg(5[log(n + 1)] + 1) + loglogn < 5 4 2loglogn bits. We
can form three integens,, b, b3 from sq, ..., s that represent the sum of thg's (see
Fig. 1). Formallyp; = 3=, 05 20818 215, wherej ranges fromi to k.

This stage involve® (log n/ loglogn) applications of Lemma 3.7 with parametérs
andm of order less thaitbg n, andk(5 + 2 log log n) DNF formulas of size:°(!). Hence,
it can be implemented by a constant-depth circuit consisting of a linear numbevmf, A
NoT and MAJ,.1) gates.

Stage 4:3 x log(n+1)-bits — 1 x log(n+ 1)-bits. Adding twon-bit integers can be done
by AC® circuits usingO(n?) many AND,,, OR,, and NOT gates (see, e.g. [Volimer 1999,
Theorem 1.15]). Hence, adding thileg(n + 1)-bit integers can be done by constant-depth
circuits usingO(log” n) many AND1og(n+1)s ORiog(nt1) @nd NOT gates. Thus summing
the inputay, as, as of this stage can be done by a constant-depth circuit l.@(l‘]l%Q n)
many MAJo10¢ n) @nd NOT gates to obtain the final sum.

The resulting total sum obtained from Stage 4 of the circuit can be compared with the
binary representation af/2 by an AC? circuit consisting o (log? n) many ANDjog (1)
ORyog(n+1) @nd NOT gates or alternatively Mip (o, ) @and NOT gates. As each stage of
the computation can be done by constant-depth circuits consisting of a linear number of
AND;, NoT and MAaJ s gates the lemma follows fer=1/2.

For generak the computation proceeds similarly, but the first two stages are replaced
by a repeated use of a stage that reduces the input sequgmnsge. . . , a.,, to the sequence
b1,b2, ..., by, for m’ = (2mlog(n + 1))/nc. The reduction is done using Lemma 3.7
applied on subsequences®fs of lengthn®/2. Oncem’ < n°/2, a single application of
Lemma 3.7 producelsg(n + 1) integers that can be passed to the last two stages of the
above procedure. Clearly+ 1/¢ repetitions will suffice for the first stage, each repetition
requiring at most! ¢ - O(n¢) = O(n) gates for MAJ,., ANDy and NOT.

We have established that the self-reductions have a linear number of gates, but it remains
for us to prove the size bound 6f(n' <) by counting the number of wires. There &)
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log log n loglogn loglogn log logn log logn log logn
aq ‘ aj a2 a13 4.4 1,5 .k
a2 ‘
+ + + + + +
delogn ‘

b, 00 0 %M 00 ...

7 -
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Fig. 1. Adding(kloglog n)-bitintegersai, az, ..., aclogn: b1 + b2 +b3 = a1 + a2 + -+ + dciogn-

gates, each having fan-in at mest Thus the total size i©(n'*¢). Dlogtime-uniformity
of the circuit is routine to establish. ]

We have seen thatMD, OR, MOD-¢q, and MaJ are all downward self-reducible. We saw
also that downward self-reducibility holds for the word problem over any finite monoid,
which yields self-reductions for some of the standard complete problems fbr M@
word problem ovelS;, and W5-STCONN. We thank Mario Szegedy for pointing out that
BFE (another standard complete problem for')s also downward self-reducible:

PropPOSITION 3.9. Forany0 < € < 1, BFE, is downward self-reducible tBFE,,c by
a Dlogtime-uniform pure reduction of depth(1/¢) and sizeO(n).

ProoF We will show that there is a constantind an oracle circuit familyC,, } ,>1
such thatC), is a pure reduction of depthand sizeO(n) reducing BFE, to BFE,,,1,2,
where no path from a leaf to the root@f, encounters more than two oracle gates.

We first show that this suffices to prove the proposition. Note that if we replace each
oracle gate for BFE, in C,, by the oracle circui€’,,,, we obtain a Dlogtime-uniform family
of pure reductions of deptdc and sizeD(n) reducing BFE, to BFE¢,,1,4, where no path
from a leaf to the root of’,, encounters more than four oracle gates. (Notice, each oracle
gate for BFE,, usesO(m) wires and is replaced by a circuit having al&¢m) wires.
Thus, the size of the circuit gets at most multiplied by some constant.) By induction, we
obtain, for everyk, a Dlogtime-uniform family of pure reductions of degttf — 1)c and
sizeO(n) reducing BFE, to BFE;,, .+ -
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Thus, in particular, for of the form1/2*~! there is a Dlogtime-uniform family of pure
reductions of deptti2® — 1)c = O(1/¢) and sizeO(n) reducing BFE, to BFE,., since
4kn1/2" < /2" for all largen. The theorem follows, since everys within a factor of
2 of some smaller number of the fortyi2¢—1.

We now proceed to prove the claim, by presenting the circuit fafidily}. BFE contains
only inputs of length of the formn = 29+ — 1 for some integed, so assume has this
form. Assume thad is odd; the construction is simplerdfis even. Let us denote the first
2¢ — 1 input symbols by, and the lasg? input symbols byz.

The output gate of”,, will be an AND gate of fan-in two, where one childchecks if
the input is a well-formed formula, and the other childvaluates the formula, assuming
that it is well-formed. We considérfirst.

The gateb is an oracle gate that has as its input the striag, wherev’ consists of the
first 2(4+1)/2 _ 1 symbols ofv, andz’ is a string of2(¢+1)/2 symbols consisting of the
outputs of oracle gatds, for 1 < i < 2(4+1/2_|f the input stringuz is well-formed, the
stringv’ encodes the subformula of the formulhaving depth roughly half of the depth of
v and containing the output gate @fand the oracle gatés will evaluate the subformulas
of v that feed intow’. More precisely, the oracle gaigwill take as input a stringv;, «; ),
whereuw; is thei-th block of length2(¢=1/2 — 1 afterv’ in v, andz; is thei-th block of
length2(@=1/2 in z. It is immediate that the gateproduces the desired output, if the
input is a well-formed formula. A routine calculation shows that the queries have length
bounded byin!/2.

We now turn to the construction of the subcirauthat tests if the input is well-formed.
Recall that the input is well-formed if and onlyif€ {A, Vv, ®}* andz € {0,1}*. This
is simply an AND of n conditions (call thena;), where each conditioy can be computed
using NC circuitry. We need to evaluate thisNd using oracle gates for BEEwhere
m < 4n'/2. To do this, we first use another layer of N€ircuitry to halve the fan-in of
the unbounded fan-in Wb that we need to compute; we compute conditighsiefined
by c;. =cogj1Negjforj=1,...,(n—1)/2 andcznﬂ)/2 = ¢,. Note that the input is
well-formed if and only if BFEv"”z") evaluates to true, where’ consists of the bits;;
andv” = A(®=1/2_ This well-formed instance of BFE can be evaluated using queries to
BFE,, for m < 4n'/2, using the same construction as was used for thelgateevaluate
a formula.

To complete the proof, we merely observe that the number of wires is easily seen to be
linear inn, and we note that Dlogtime-uniformity is routine to establish. o

Indeed, we point out that any problem that is complete for a complexity class that has
a strongly downward self-reducible complete problem must be strongly downward self-
reducible. See Proposition 5.3.

Another problem for which we can prove downward self-reducibilitytésated Ma-
trix Multiplication. Let IMM,, 4, : {0,1}"4*¢ — {0,1}4*n(¢+logd) pe the problem of
computing the product of. d x d matrices, with each entry being a non-negatigit
integer. Define thenodularversion of the Iterated Matrix Product to be the function
MIMM,, 4, : {0,1}"4 s _ {0, 1}9" 54 computing the Iterated Matrix Product mod-
ulo some integeg > 2. Finally, we will also need to consider tiB®oleanlterated Matrix
Product problem BIMM 4 : {0,1}"4" — {0,1}" which is the Iterated Matrix Problem
over the ring({0, 1}, OR, AND).
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The following proposition is immediate using the same technique as in Proposition 3.3:

PropPOsITION 3.10. For any0 < e < 1 and anyn, d,q > 1, mIMM,, 4 , is downward
self-reducible tanIMM .« 4 , by a Dlogtime-uniform pure reduction of depth{1/¢) and
size O(nd? log q) using O(n) oracle gates fomIMM, 4, n/2 < ¢ < nf. Similarly
BIMM,, 4 is reducible toBIMM ,,c ; by a reduction of deptiD(1/¢) and sizeO(nd?)
usingO(n) oracle gates.

The following more interesting lemma will be useful in the next section.

LEMMA 3.11. There is a universal constantrgr such that for any) < ¢ < 1 and
anyd(n) < n, IMM , 4., is downward self-reducible M, 4., - by a Dlogtime-

uniformTC?-reduction of deptl®(1/¢) and sizeO(d(n)? - n3+2¢crr) usingO(n?) oracle
gates.

Here,ccrr is a specific constant that can be determined from a paper of Hesse et al.
[Hesse et al. 2002]. The exact value®frr is not important for our purposes, but we
estimate thatcgrr < 10.

PROOF. Hesse et al. [Hesse et al. 2002] give Dlogtime-uniforn? T@cuits with
O(n°crr ) wires that do the following tasks:

—take as input twa-bit integersa andb, and output: mod b. (Call this circuitA,,.)

—take as input an-bit integera, and output itsChinese Remainder Representatioe., a
sequence of pairs(a;, b;) of O(log n)-bit numbers where, = a mod b; and allb; are
distinct primes depending only on (Call this circuitB,,.)

—take as input: pairs(a;, b;) of O(log n)-bit numbers and output an(n log n)-bit num-
bera satisfyinga; = amod b; and0 < a < [], b;, if the b; are distinct primes. (Call
this circuitR,,.)

Letn be large enough and sét= d(n). Using these three circuit families we can reduce
IMM , 4., to the problem of computin@(n?) instances of mIMM, 4,4, in parallel for

O(n?) distinct primeO(log n)-bit numbersy;. Namely to compute the iterated product,

we first compute the Chinese Remainder Representation of each input matrix; this gives us
O(n?) instances of mIMM 4 ,. to solve. Next, we compute the iterated product mod each

of the ¢; (thereby obtaining the output in Chinese Remainder Representation). Finally,
we convert the answer to binary representation. The following three steps describe the
computation in more detalil.

Step 1. We convert the input matrices/;, Ms, ..., M, into 2n? > n(n + logd) se-
quences ofl x d matricesM; ;, M j,..., M, ;, j € {1,2,...,2n?} as follows: For
eachi € {1,...,n} andk, £ € {1,...,d} we apply the circuitBy,> on the entry(M;) ¢
of M, padded by leading zeros 2o? bits, to obtain((M; 1)k.e, 1), (Mi2)k.e,q2), - - -,
((M; 2n2)k,e, q2n2). That is, each matri¥/; ; consists of the entries af/; modulo the
O(log n)-bit primeg;. This step consists of - @ copies of circuitB,,2 So it can be done
by a TC circuit of sizeO(d?*n! T2¢crr),

Step 2.Foreachj € {1,2,...,2n%}, we compute the produdf; of matricesM; ;, M- ;,
..., M, ; modg;. Todo so, we use the pure self-reduction of mIMM,, to MIMM,,< g ,.
given by Proposition 3.10. However as we do not have oracle access to mIMM we
replace each oracle gate for mIMM, , n¢/?2 < ¢ < n¢, by a small sub-circuit consisting
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of an oracle gate IMM, , giving an intermediate matri/ followed by an application
of the circuit A,z on each entry of\/ (padded by leading zeros &¥2 bits) to obtain
M mod g;, i.e., the result expected from the oracle gate mIMp, . Thus, to computéV;,
we use a T€ circuit with O(n) oracle gates for IMM 4 ¢, n/? < ¢ < n¢, O(nd?) copies
of Ayp2, andO(nd? logn) wires for the original self-reduction. In total to implement
this step we nee@(n?) oracle gates for IMM 4, andn? - O(nd? log n + nd?n2ccrr 4
d*n?¢) = O(n3+2¢ccrrg?) wires.

Step 3.From the previous step we obtain matridég NV,, . .., No,,2 Which represent the
productN of matricesiMy, ..., M,. Here,N; = Nmodg;. Foreachk, ¢ € {1,...,d}
apply the circuitRs,2 on (N1)k.¢,q1), (N2)ke,q2), - - - s (Nan2) k.0, ¢2n2) t0 Obtain the
entry Ny, of N. This step required? copies ofR,,2, o in total it uses)(d?n2ecrr)
wires.
The desired circuit for IMM 4 ,, is obtained by combining the above three steps. Clearly,

the circuit will useO(n?) oracle gates for IMM g, ¢ < n® and O(d?(n3+2eccrr
plt2cerr)) wires. O

4. AMPLIFYING LOWER BOUNDS

In the previous section we have established several downward self-reducibility results. In
this section we show that any problem that is downward self-reducible in this way has
circuits of polynomial size of some type if and only if it has very small circuits of that
type. Thus, if a small circuit size lower bound can be proved for any such problem, it can
be “amplified” into a superpolynomial size lower bound.

The general form of our claims is:

If a function f is computable by polynomial-size circuits of ty@¢hen for any
€ > 0, f is computable by circuits of typ@ usingO(n'*<) gates and wires.

The circuit types we will consider are ACACC®, CC°, TC? and NC circuits. The
functions f we will consider will typically (but not always) be complete for some com-
plexity class. For example M is complete for T€ (undergl}co reductions), and the
word problem forSs is complete for NC, and so on. The consequence of our claim is
that establishing a lower bound 6f(n!*<) for somee > 0 on the number of wires or
gates necessary to compytavould separate some of the circuit classes. The following
proposition summarizes known relationships between these circuit classes.

ProPOSITION 4.1.
ACY C ACC? C TC? C NC!

CC’ C ACC’, cC’ ¢ AC®

Except for the proper inclusion ACC ACC [Furst et al. 1984; Yao 1985;astad 1988]
which also implies C€ ¢ ACY the precise relationship among A& C’, TC” and NC
is not known, and any separation or collapse would constitute major progress in theoretical
computer science. Separation of, say’T@m NC! would typically entail showing that
no polynomial-size T€ circuit family can compute some chosen function from'N@/e
show that this same separation follows already from a much smaller lower bound.
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THEOREM 4.2. LetC be one of the circuit classes considered above (and the class of
associated functions), anfibe a function. If for some, ands(n) : N' — N/, for every
0 < € < €, fn is downward self-reducible tf,. by a pure reduction of depifi(1/¢) and
sizeO(s(n)), and f has polynomial-size circuits of tyggk then for every’ > 0, f has
circuits of typeC of sizeO(s(n)n<).

PROOF. Assume thaf,, has circuits of typ€ with n* +k wires. Lete = min(¢'/k, €p).
Consider the reduction df, to f,,. thatis of sizeD(s(n)) and hence has at maS{s(n))
oracle gates. If we replace each oracle gatefforby the circuit of typeC of sizen* + k,
we obtain a circuit of typ€ for f,, with O(s(n)n*) = O(s(n)n¢") wires. The claim fol-
lows. (Technically, clas§ may not allow for bounded fan-in®o, ORr or NOT gates which
may appear in the pure reduction hence, one needs to simulate such gates by constant-size
circuits of typeC. However, this simulation does not affect the size bound by more than a
constant factor.) ]

By analyzing the depth of the circuits constructed in the proof of Theorem 4.2, one can
observe that i€ is a class obounded depthbircuits, thenf has circuits of typ&€ having
depthO(1/€') andO(s(n)n¢) wires. For most of our arguments, for any < 1, either
s(n) = nors(n) = n'*e, This yields the following corollary.

COROLLARY 4.3. (1) If for somee > 0, W5-STCONNrequiresCC? circuits with at
leastQ(n!*¢) wires, thenCC® # NC!. The same is true witACC® andTC? in place
of CCY, and withBFE andWs, in place ofW5-STCONN

(2) If for somee > 0, MAJ requiresCC circuits with at least2(n!*<) wires thenCC® #
TC?. The same is true witACC? in place ofCC.

(3) If for somee > 0, AND requiresCC’ circuits with at least)(n'*€) wires thenCC® #
ACCO,

Contrast this with the situation for SAT; if SAT is in PCwe have no way to bound the
numberk such that T€ sizen” is sufficient to compute SAT. (Although, as we mentioned
in Section 1.2, Srinivasan has shown that #PNP then there are algorithms running in
time n'*¢ that computaveak approximationto MAX-CLIQUE [Srinivasan 2003]. See
also our Section 6.)

Although stated as a sequence of implications, the preceding corollary is really a se-
guence ofequivalencessince W5-STCONN is complete for NClmdergﬁLC0 reduc-
tions, MaJ is complete for TGunder<NC’ reductions, and AD is complete for ACE
under<9°° reductions. Thus, for example, W5-STCONN is in ACE and only if
NC! = ACCO.

We remark that, since our self-reductions are Dlogtime-uniform, one can compute a
constantk” such that, for example, if BFE is in Dlogtime-uniform T¥CQhen it has T€
circuits withO(n'*¢) wires where the uniformity machine runs in tili€log n. (We have
not computed the value d — and indeed this value may depend on minor details of
the particular formulation that is used in defining Dlogtime-uniformity — but we anticipate
that K’ = 4 is sufficient; the self-reductions haveeryregular structure, and th@(log n)
running time of the “original” T® circuit family ends up being simulated only to determine
the structure of circuits for inputs of size for small values ot.)

Sometimes concrete lower bounds are easier to prove for specially-constructed sets,
rather than for the standard complete sets for a complexity class. The following corol-
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lary shows that we can also “amplify” lower bounds for such specially-constructed sets,
since if one can show that a specially-constructed set lies ih, H@n typically one can
determine some upper bound on the defith) of the NC' circuits computingf.

COROLLARY 4.4. Let f be computable bNC! circuits of depthd(n). If f does not
haveTC' circuits of sizeO(34™)) thenTC® # NC'. The same is true witACC® and
CC in place of TC.

PROOF. If f has NC circuits of depthi(n), then it has a balanced formula of sizé™),
and thus there is a reduction ¢fto instances of BFE of siz2?(™). If TC® = NC' then
evaluating Boolean formulae of lengtrcan be done by TCcircuits of sizeO(¢!*¢) for
any choser > 0, by Corollary 4.3. The claim follows. |

The technique is applicable also to other circuit classes, so if we pick a fungtion
from e.g. TC and we know that it is computable by T@ircuits of sizeO(n*), then if
TC? = ACC® then for every > 0, f is computable by ACEcircuits usingO(n*(1+¢))
wires. So proving af(n*(1+<)) lower bound on the size of ACQircuits for f separates
ACC? from TCO.

This technique is applicable, to a certain extent, also to classes larger tHarFiist,
let us consider NL. Boolean iterated matrix product BlIMMis complete for NL. We
do not know how to work directly with BIMM ,,, and thus we work with slightly smaller
matrices instead.

THEOREM 4.5. If NL C NC! then for anye > 0, BIMM ,, , rezw is computable by
NC! circuits of sizeO(n'*€). The same is true wit€C’, ACC?, and TC? in place of
NC!.

Note, one can replace the dimension bo@r&s" in the theorem by any other function
from n°()). The contrapositive may be more informative; if one can show for some

that BIMM,, , sz requires NC circuits of sizeQ(n'*) then one has shown that NG

NL. Unlike the earlier theorems in this section, we obtain only an implication, and not an
equivalence — since BIMI\, sz is not known (or believed) to be complete for NL. Note
that this result is for N€ circuit size; it does not seem to translate into a useful statement
aboutformulasize.

ProoF Since BIMM, ,, is in NL, our assumption implies that BIMM,, is computable
by NC! circuits of sizeO(n*) for somek > 0. Lete > 0 and sete = ¢/k. Then
BIMM, . .. is computable by NE circuits of sizeO(n<*) = O(n) and hence we
conclude that BIMM , iz is computable by NE circuits of sizeO(n) for any ¢ <
nE (Here, we are taking advantage of the fact that°s™ grows more slowly than
n® for anye > 0.) By Proposition 3.10, BIMM ,vrzw is downward self-reducible
to BIMM,,.. , === by a pure reduction of siz&(n22vI°e™) with O(n) oracle gates for
BIMM , 5 mzw, £ < n® . We can replace each oracle gate by an Nicuit of sizeO(n®),
yielding an NC circuit of sizeO(n22VIog™ 4 . n¢) = O(nl+). o

We now turn to the complexity class #L (the class of functions that count the number
of accepting paths of NL machines). This is the largest complexity class that we know
how to address using these techniques. Iterated Matrix Multiplication,|MMis a prob-
lem complete for #L (see [Allender and Ogihara 1996]). IMMrs= ,, is @ subproblem
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not known (or expected) to be complete for #L, but also not known to lie in any smaller
complexity class.

THEOREM 4.6. Let ccrr be the constant from Lemma 3.11. #if C TCO then it
follows thatlMM , , oz ,, is computable by C° circuits of sizeO (n?“cr=+4). The same
is true withNC! in place of TC.

Thus to separate #L from TGt suffices to show a lower bound of(n?¢crr+4) on the
size of TC circuits computing IMV, , sz ,,. Similarly for NC'.

ProoF Since IMM, ,, ., isin #L, by our assumption, IMM, ,, is computable by TC
circuits of sizeO(n*) for somek > 0. Choose = 1/k. Then IMM, ¢ e e IS COMputable
by TC' circuits of sizeO(n*) = O(n) and hence IMM. , s+ . is computable by TC
circuits of sizeO(n).

By Lemma3.11, IMM, , 1z, is downward self-reducible to IMM , ez ,,. by TC?
circuits of sizeQ(22VIe " . p2cerrt3) < O(p2ccrrt4) There are)(n?) oracle gates in
this reduction, and each gate for IMM, 2= ,,. can be replaced by circuits with(n)
wires, yielding TC circuits of sizeO(n?¢crrt4 4 pd) = O(n2ccrrt4) This yields the
bound for T circuits in the statement of the lemma.

To prove the claim regarding NCircuits, it suffices to remark that eachAv} gate
in the TC reduction above can be replaced by Né@rcuitry of sizeO(¢). (This follows
from the fact that MuJ is computable by NEcircuits of linear size [Vollmer 1999, Lemma
2.11.1].) The depth of the circuit increases by a factor of at r@gkig ) and the size by
at most a constant factor. O

,ne

The preceding two theorems do not make use of problems that are knowodmbéete
for well-known complexity classes, and thus we obtain amlglicationsregarding NL and
#L, instead ofequivalentistatements concerning whether these classes collapse with NC
However, it is worthwhile noting that IMM 5 ,, is complete for GapNE[Caussinus et al.
1998] (the class of functions over the integers, computable by polynomial-size arithmetic
formulae). All functions in NC are in GapNC, and it has been conjectured that GagNC
coincides with NC [Allender 2004]. GapNC€is the only well-studied complexity class
not known to be contained in NCfor which we can present a complete problem that is
strongly downward self-reducible.

THEOREM 4.7. GapNC C TC? if and only if IMM,, 5,, has TCY circuits of size
O(n?¢ccrrt3) The same is true witNC! in place of TCP.

PROOF. Letus prove the first equivalence. Assume that GapNTC°. Since IMM, 3 ,,
is in GapNGC, there is somé& > 0 such that IMM, 3 ,, has TC circuits of sizeO(n*).
Lete = 2ccrp/k. By Lemma 3.11, IMMN, 3 ,, is downward self-reducible to IMM 3 .
by TCP circuits of sizeO(d?n3*2¢crr) with O(n?) oracle gates. Replace each oracle gate
in the reduction by the TCcircuit for IMM ;¢ 3., of SizeO(n*) = O(n?¢crr) to obtain
a TC circuit of sizeO(9 - n3T2¢crr 4 p3p2corr) computing IMM, 3 ,,. This shows one
implication. The other implication follows from the fact that IMM_,, is complete for
GapNC under<2¢’ reductions.

The equivalence for NCfollows from the first one by an argument similar to the proof
of the previous theorem. ]
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5. LIMITS ON DOWNWARD SELF-REDUCIBILITY

In the previous section we have seen that downward self-reducibility provides us with an
interesting tool for the study of circuit classes. We have shown that in order to separate
circuit classes such as A€@nd NC, quadratic lower bounds for the circuit complexity
of certain NC-complete problems would suffice. What about separating AMo@n, say
NP? That should in principle be a much easier task. Can we use the technique of downward
self-reducibility to establish an analog of Corollary 4.3 for AC@rsus NP?

The following theorem shows that there are significant obstacles to overcome before
such an approach can work. Namely, in order to establish that a problem is strongly down-
ward self-reducible, one must already have an efficient algorithm for the problem.

THEOREM 5.1. Letf : {0,1}* — {0,1}* be a functionand > 0.

(1) If fis strongly downward self-reducible, thghe NC and f hasCC°[q] circuits of
sizeQ”J, whenever > 2 is an integer with at least two distinct prime factors.

(2) If fis TC strongly downward self-reducible, thghe NC and f hasTC" circuits of
size2™’

(3) If fis strongly downward self-reducible via polynomial time Turing reductions fhen
isinP.

PROOF We prove the second claim first.

2) Letn > 2. In order to build a circuit forf,,, start with the T€ circuit of depthd
and sizen” that reduceg,, to f,., for somee < 1. If we replace each oracle gate in this
circuit with the circuit that reduceg, to f,,)., the depth of the new circuit i#® and the
size is at most* + n* - n<*. We repeat the process until the oracle gates are of iz
at which point we replace the oracle gates by circuitry of §i&) computingf on small
inputs. The number of stages@log logn); thus the depth ig@(eslosn) — 1660 p,
The size of the circuit is polynomially bounded b - n® - n€’% ... < p*/(1=9)_ Finally,
replace each MJ gate by an NC circuit. It is easy to verify that the resulting circuit
is logspace-uniform if the self-reduction circuits are. This establishesfthatNC. In
order to see thaf has TC circuits of size2”‘i, merely follow the same iteration process
as above, but continue for onfy(1) stages instead @ (log log n) stages. This results in
a TC oracle circuit with oracle gates fgf,, with m < n?. Now replace each oracle gate
with a DNF expression fof,,,. (Clearly, if the self-reduction is an AQircuit instead of a
TCO circuit, thenf has AC circuits of size2™’ )

1) The hypothesis for this implication is stronger than the hypothesis in part 2; we are
assuming a;l}co downward self reduction, rather thar:ﬁ%co reduction. Hence again we
can conclude thaf € NC. We obtain the upper bound pf on CCq| circuit size in a
similar way. We use the same iterative procesgd¢t) steps and obtain an oracle circuit
with oracle gates forf,, with m < n°, where all of the other gates have fanéi1).
The DNF expression fof,,, can be computed by C@] circuits of sizeO(2™), by using
CC%q] circuits of size2™ to compute each KD of fan-inm [Barrington et al. 1990]. At
most one of these WD gates will evaluate to 1, and hence taking thedAq of these AD
gates computes the DNF fgy,.

3) Again we use the obvious recursive algorithm. We run the Turing reduction and
whenever it asks an oracle query about a smaller instan¢enaf recursively invoke the
reduction on the smaller instance. If the reduction runs in tike* ) then the total running
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time of the algorithm will be bounded by -n<* - n< . .. < nk/(1=€) Sincee is constant,
the time is polynomial. ]

As a corollary, using the fact that every problem inNE€reducible viag%CO reductions
to BFE, we obtain the following upper bound on the complexity of problems ih, M@ich
appears to be a new observation.

COROLLARY 5.2. For everyd > 0 and every integeg > 2 with at least two distinct
prime factors, every problem NC! hasCC’[q] circuits of size2™’ .

Speculation: Although Theorem 5.1 suggests that we abandon any attempt to show
that SAT has the downward self-reducibility property, it does not exclude the following
approach for trying to prove an analog of Corollary 4.3 for NP. (Such an analog might,
for instance, state that if NB TC then SAT has T€ circuits of sizen®.) Rather than
trying to present a self-reduction for SAInconditionally perhaps one can start with the
assumptiorthat NP C TC® and construct a downward self-reduction of SAT (or some
other specially-constructed set in NP) and conclude that under this assumption SAT has
almost linear size T€circuits.

This is the appropriate time to observe that if NPTC?, then SAT certainly does have
the strong downward self-reducibility property; this follows from Proposition 5.3 below.
However, since one can say nothing about the size of this self-reduction (other than that it
is computed by an NCoracle circuit of polynomial size), this does not seem to allow us
to conclude that SAT has TQircuits of, say, quadratic size.

PROPOSITION 5.3. Let C be one of our constant-depth circuit classes. [feind g
be functions that are equivalent undef. reductions (i.e.f <$ g <$ f), and letf be
C strongly downward self-reducible. Theris alsoC strongly downward self-reducible.
Moreover, the size of the self-reductionfofan be determined from the sizes of the reduc-
tions betweerf andg and the size of the strong downward self-reductioifi.of

ProOOF The polynomial-size reductions betwegrand g each ask queries of size at
mostn”* for somek, for all n > 2. The strong downward self-reduction pfreducesf,,
to f,. for somee > 0. Let ¢ be such that’ < 1/(2k?). Let {C,,} be the circuit family
that is the/-fold composition of the downward self reduction pf By Proposition 2.3,
{C,} is aC downward self-reduction that, on inputs of lengthmakes no query of length
greater tharin®)<" < nl/(2%)_ If we compose the reduction frogto f with the reduction
computed by{C,, }, we obtain a reduction @f, to f,,1/x . Composing this reduction with
the reduction frony to g, we obtain a reduction gf,, to g,,1/2. This establishes thatis C
strongly downward self-reducible. ]

6. INAPPROXIMABILITY OF MAX-CLIQUE

In this section we adapt the technique of Srinivasan [Srinivasan 2003] to the setting of
constant-depth circuit classes, and also obtain a lower bound on the complexity of any
polynomial-time reduction of MAX-CLIQUE to the problem of computing approximations
to MAX-CLIQUE.

For functionsf : {0,1}* — IN anda : IN — NN, a functiong : {0,1}* — IN a-
approximated if g(z) < f(x)andf(z) < a(|z|)g(z) forall z € {0,1}*. MAX-CLIQUE
is the following computational problem: given an undirected gi@mtetermine the size of
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the largest clique idz. For simplicity we assume that is given by its adjacency matrix.
We say that theizeof G is the number of vertices i&. It is known [Zuckerman 2007]
(see also [HStad 1999; Feige and Kilian 1998; Khot 2001; Khot and Ponnuswami 2006])
that if for somee > 0 there is an'~¢-approximation to MAX-CLIQUE computable in P
then P= NP.

We use the technique of Srinivasan [Srinivasan 2003] to show the following statement:

THEOREM 6.1. Letk > 1 andlete = ¢(n) < 1 be suchthat(n) = w(loglogn/logn).
If MAX-CLIQUE is computable byAC®[q] circuits of sizeO(n*) then it follows that a
n'~<(")-approximation toMAX-CLIQUE is computable byAC®[q] circuits having size
O(n'*(E=De()) The same is true withiC® andNC! in place ofAC°[q].

It is interesting to note that the depth of tgn!*+(*—1e(n))_size circuits does not in-
crease while decreasirgn). As stated, the theorem holds only for nonuniform circuits,
but a uniform version holds for any functiefn) that is sufficiently easy to compute. To
prove the theorem we need the following simple lemma.

LEMMA 6.2. There is a constant > 0 such that for any, m > 1 there is a Dlogtime-
uniform constant-depth circuit of size at me8t/m consisting of unbounded fan-AND
and OR gates, and unanNoOT gates, that takes as its inpdtbit binary representa-
tions of integersy, . .., v, and produces as its output the binary representation ef

max{yl, Y2, .. aym}-

PROOF The computation of the circuit proceeds in three steps. We identify integers
0,...,2% — 1 with their ¢-bit binary representations.

Step 1: compute bitsbg, b1, ...,bye_y Whereb; = 1iff i € {y1,...,ym}. FOri =
0,...,2 —1andw € {0,1}*, let g;(w) be a circuit that evaluates to oneuifis the binary
representation of Clearly,g;(w) can be constructed from a singleiB, gate and at most
¢ NoT gates. Bith; is obtained by taking @ of g;(y;) for j = 1, ..., m. Thus to compute
bo, b1, ..., by, we nee®’ OR,, gates2‘m AND, gates andm NOT gates (as the T
gates may be reused by different gaigg, ) andg, (y,)). Hence, we need at ma%t2°¢m
wires for this step.

Step 2: compute the Suffix-OR” of by, b1, ...,bye_;. The suffix-Cr is a vector of bits
do,dy,...,dye_; With the property thatl; = 1 if and only if for somei’ € {i,i +
1,...,2¢ — 1}, by = 1. It can be computed by Dlogtime-uniform constant-depth cir-
cuits of sizeO(2¢) consisting of AID, OR and NoT gates of fan-in at most’, as was
shown by Chandra, Fortune and Lipton [Chandra et al. 1985].

Step 3: compute the outputz. Fori = 0,...,2° — 2 lete; = (d; AND (NOT d;41))
andey_; = dye_;. Hence, the-th bit of the/-bit binary representation af is obtained
by taking the @& of gates computing; for all those: such that the:-th bit of the /-bit
binary representation dfis one. This step requirgsOR,. gates, an®‘ — 1 AND, and
NOT gates.

Clearly, the combination of the above three steps gives a constant-d¥pth size
circuit that correctly computes Dlogtime-uniformity of the circuit is routine to establish.

ad

We continue with the proof of Theorem 6.1.
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PROOF. Let us assume that we have an%g circuit family of sizeO(n*) that com-
putes MAX-CLIQUE. We will build an AC[g] circuit family of sizeO(n'* =) com-
puting an' —“-approximation of MAX-CLIQUE. The computation of the approximation
proceeds as follows: we partition the vertices of the gi@phto n'—¢ partsVi, ..., V,1-.
of size at mostn¢]. Fori = 1,...,n'~¢ we compute in parallel MAX-CLIQUE of
G restricted toV;. Then we output the largest of these partial results. The correctness
of the algorithm follows from the simple observation thatifcontains a clique of size
f(G) then for some, V; contains at least(G)/[n'~¢] vertices of that clique and hence
MAX-CLIQUE of G restricted toV; is at leastf (G)/[n'~].

The size of a circuit carrying out the computation can be bounded as follows. We use
n'=¢ circuits of sizeO(n*) to compute the value of the' ~¢ MAX-CLIQUE subprob-
lems. This requires siz&(n'+(*~1<) in total. By Lemma 6.2 we can find the max-
imum of then!~< values in the ranggo,...,n°} by an AC circuit of sizeO(n'~ -
n¢ -logn®) = O(nlogn). Thus the size of the circuits is bounded Oyn!*(*—1¢),
Dlogtime-uniformity of the circuit is routine to establish. The case of Edd NC is
proven by essentially the same argument. ad

The technique from the previous proof can be also used to establish the following claim.

THEOREM 6.3. Let0 < ¢ < 1 andk < 1/e be constants. If there is a polynomial
time algorithm that solveMAX-CLIQUE,, using an oracle forn!~¢-approximation of
MAX-CLIQUE,,,, wherem < n*, thenMAX-CLIQUE,, is downward self-reducible to
MAX-CLIQUE,, .

PROOF. Inthe proof of Theorem 6.1 we have seen how to computéz-approximation
of MAX-CLIQUE,, by asking queries to MAX-CLIQUE.. If there is a polynomial
time algorithm that solves MAX-CLIQUE using an oracle forn!~<-approximation of
MAX-CLIQUE,, wherem < n, then we can combine it with the above reduction to
obtain the desired self-reduction. m]

This gives rise to what is perhaps the first example of a lower bound showing that there
is no “quick” reduction between two natural NP-optimization problems. For many natural
NP-complete problemd and B, very efficient reductions betweetand B are known.

(For example, for any problemd € NTIME (n1log®") n), there is a many-one reduction
from A to SAT that is computable in tim@(n log®") n) [Cook 1988].) It is easy to show
that if B ¢ NTIME (n*), then any reduction fron® to SAT requires time:* / log®" n

— but this does not provide any useful lower bound on the complexity of reducing nat-
ural problems to SAT, since no natural NP-complete problem is known to lie outside of
NTIME (n). There seems to be no pair of natural NP-complete problm@asd B known,
where a reduction from to B is known to require more than linear time (even under the
assumption that B NP).

In contrast to this, consider the problem of computingaapproximation to MAX-CLIQUE.
Zuckerman presents a deterministic polynomial-time Turing reduction from MAX-CLIQUE
to this approximation problem [Zuckerman 2007]. (More precisely, Zuckerman shows that
distinguishing graphs having ongmall cliques from graphs witharge cliques is com-
plete for NP under many-one reductions, i.e., that one can decide the membership of a
formula in SAT from the answer to an instance of an arbitraly<-approximation of
MAX-CLIQUE,,. The polynomial-time Turing reduction from MAX-CLIQUE follows
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from the trivial observation that MAX-CLIQUE is computable if® = PNP)) How
long must the queries in this reduction be? Assuming th&t®P, Theorems 6.3 and 5.1
tell us that the queries in this reduction must ask about graphs with atfeasttices. We
can state the following claim

COROLLARY 6.4. P = NP if and only if there is ane < 2 and a deterministic
polynomial-time Turing reduction frodd AX-CLIQUE to the problem of computinggn-
approximation tdMAX-CLIQUE that asks queries of size no greater theh

PrROOF One direction follows from the observation that if # NP then there is a
polynomial-time Turing reduction for this problem that asks queries of Gidg (or asks
no queries at all).

For the other direction: If there is a reduction from MAX-CLIQUE to the problem of
computing a/n-approximation to MAX-CLIQUE that asks queries only to graphs of size
n® for somea < 2, then by Theorem 6.3, MAX-CLIQUEIis downward self-reducible to
MAX-CLIQUE,,.,2. By Theorem 5.1, this implies that MAX-CLIQUE is computable in
polynomial time, and hence NP P. ]

Clearly, analogous statements can be provechfeapproximation for any value of
suchthad < e < 1anda < 1/(1 —¢); the case = 1/2 s likely to be of greatest interest.
Similar claims can be also proved for probabilistic reductions instead of deterministic ones,
under the assumption that SAT does not have probabilistic polynomial-time algorithms.

It is worthwhile mentioning that, in some sense, decreasing the size of the query length
in Zuckerman’s reduction [Zuckerman 2007] from MAX-CLIQUE to computing'a?-
approximation to MAX-CLIQUE is auniversalapproach to proving P= NP. If any
approach will work, then this approach will.

7. CIRCUIT LOWER BOUNDS

We observed in Section 1.2 that, although BFE requiresisizé&! on depthd TCP circuits
[Impagliazzo et al. 1997], no similar bound for AE®r even CClq] circuits is known.
Here, we present lower bounds of this sort for SAT.

We begin this section by showing that problems with small constant-depth circuits have
algorithms that run quickly and have small space bounds. Let T(B8R&(n)) denote
the class of problems that are computable by machines running inQiit{e) that use
space at mos(s(n)). (This definition is somewhat sensitive to the underlying model of
computation. We shall always refer explicitly to either the Turing machine model or the
random access machine model, to clarify which class is meant.)

A technical matter that must be dealt with in stating the following theorem, is that
Dlogtime-uniformity does not seem to guarantee that there is a quick way to enumerate, for
a given gate, the list of gateg for which there is a wire frong to 4. There are some stan-
dard techniques for ensuring that this property holds (see, e.g., [Allender and Gore 1994]),
but we note that these techniques seem to involve a polynomial blow-up in the circuit size,
which we would prefer to avoid. We believe that, for most uniform families of circuits
that are constructed, a quick enumeration of the inputs to a given gate will nonetheless be
possible. Rather than alter the definition of Dlogtime-uniformity, in this section we simply
say that a circuit family istrongly uniformif it is Dlogtime-uniform, and in addition, on
input (n, i, h), the name of the gatgthat is thei-th input to the gate i, having label
can be computed in timeg®™) n.
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THEOREM 7.1. If A has strongly-unifornTCcircuits of depth? with O(n'*¢) wires
then for even0 < 6 < 1+¢, A € TISP((n't¢ + nd)1og®W n nlte=010g9W p)
on random access machines adde T1SP((n't<t91og?M n, nlte=d10g%M p) on
Turing machines. The same is true wiG°[q] or CC°[q] in place of TC.

PROOF A naive recursive way to evaluate the circuit in sp&d@og n) would require
time O(n+9) logn). Since we can use more space we will use it to remember the com-
puted values of gates that have fan-in larger thAnThe faster algorithm then will also
recursively evaluate the circuit but whenever it computes the value of a gate with fan-in
larger tham? it records the value so such a gate will be evaluated at most once. On a ran-
dom access machine we will store the values in a binary search tree, on a Turing machine
we will store them in a simple list. Since there are at m@gt'*</n°) gates with fan-in
larger tham:? we will need space onlg(n!' <=9 logo(l) n). Finding the value of a gate
and whether it has already been computed will té)l(la)go(l) n) time on a random access
machine and)(n'*+<~?10g®? n) on a Turing machine. To bound the total time needed
to evaluate the circuit notice that we will have to recursively evaluate a tree of fan-in at
mostn? and depthi. To traverse the tree we will need to make' visits to the nodes.
Beside that we will have to evaluate the gates with large fan-in. Since there are at most
O(n'*¢) wires leading into them these gates will additionally cost at mtfst'*<) node
visits. This yields the claimed time bound. |

We need to make use of known time-space tradeoffs for SAT. The following theorem
is a special case of Theorem 1.3 in the excellent survey article by van Melkebeek [van
Melkebeek 2007]:

THEOREM 7.2. For every reale such thatl < ¢ < 5/3, there exists a positive real
such that SAT cannot be solved by both

(1) a co-nondeterministic machine with random access that runs indi(né) and
(2) adeterministic random-access machine that runs in tie'-®) and space)(n®).

Moreover, the constartapproaches 1 from below wherapproaches 1 from above.

THEOREM 7.3. For everyd > 1thereis a constard; > 0 such that SAT does not have
strongly-uniform deptll TCP circuits of sizeO(n'*¢¢). The same is true witAC°[g] or
CC%[q] in place of TC?.

PROOF Assume that the claim fails for some depith> 2; thus for every > 0, SAT
has strongly-uniform deptth TC° circuits withO(n'+€) wires.

Pick anye < 1/(3d — 1) andé = 3e. By Theorem 7.1, SAT is solvable on ran-
dom access machines in TISR{T + n94) log®™M) n, nTe=010g°M n) C TISP@! T2 +
ndote pl+2e=0) C TISP@!*+2¢ n'~<). Since this is true for at < 1/(3d — 1), we have
in particular that SAT is in DTIME¢®) on random access machines foratb 1.

For the rest of the proof fix some < 1/(3d — 1). In particular, we have SAT is in
TISP('?, n'~€) on random access machines.

By Theorem 7.2, if we let approach 1 from above, the value ©fin Theorem 7.2)
approaches 1 from below. Thus there is some valuesfl for whiche > 1 — ¢ (in the
statement of Theorem 7.2). Fix these values afide. Thus, we now have that SAT is in
TISP('-?, n°) on random access machines.
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At this point, by Theorem 7.2, we know that SAT is not both solvable by co-nondeter-
ministic random access machine in tir¢n°), and in TISP¢!'-5, n¢) on random access
machines. But we have already observed (three paragraphs ago) that SAT is in RFIME(
and thus it is solvable in co-nondeterministic timé:©). Thus we must conclude that SAT
is not in TISP¢!®, n¢). But this contradicts the conclusion of the preceding paragraph.
Cased = 1 follows from the case of = 2. a

8. THE NATURAL PROOFS BARRIER

Razborov and Rudich [Razborov and Rudich 1997] identified a significant obstacle to fur-
ther progress in proving lower bounds on circuit size, by observing that existing lower
bound arguments rely on the existence of an easy-to-recognize combinatorial property of
a functionf that (a) is shared by a large fraction of all functions, and (b) is shared by no
function that has small circuits of a given type. Razborov and Rudich showed that any
“Natural Proof” that follows this paradigm and shows that a function cannot be computed
by circuits of a clas€ constitutes a proof tha cannot compute pseudorandom function
generators. Itis not clear how significant an obstacle this poses for proving lower bounds
against AC@, since there is not much evidence that AC&rcuit families can compute
pseudorandom function generators. However, fof Tt@s is a serious impediment, since
Naor and Reingold have presented a good candidate pseudorandom function generator that
is computable in TE[Naor and Reingold 2004]. (The reader should keep in mind the dis-
tinction between pseudoranddamctiongenerators and pseudorandbitgenerators. Itis
known that there are no pseudorandomctiongenerators computable in AQLinial et al.

1993]; in contrast, if the Naor-Reingold generator is secure, then there are pseudorandom
bit generators computable in NGApplebaum et al. 2006].)

Itis premature to argue very strongly that we have identified a path around this obstacle.
After all, the only new lower bound that this paper offers is to be found in Section 7, and
that bound follows from known time-space tradeoff results. (These time-space tradeoffs,
in turn, rely on diagonalization, which lies outside the natural proofs framework, but only
gives lower bounds foaniformcircuit families. The natural proofs framework addresses
the problem of finding lower bounds fapnuniformcircuit complexity.)

However, we contend that it is at least plausible that a natural proof could form the
basis for a proof that NC# TC, even assuming that the Naor-Reingold generator is
cryptographically secure.

How?

A proof that NC # TC could conceivably consist of two parts:

(1) A proof that BFE requires TCcircuits of sizen!®, and
(2) Appeal to Corollary 4.3, to conclude that Ng TCP.

Let us assume for the moment that someone hands us a natural proofdfthaver

bound that takes care of the first part of this hypothetical argument. The entire two-part ar-
gument nonetheless fails to be a “natural” proof, because the proof of Corollary 4.3 centers
on strong downward self-reducibility, which is a combinatorial property that is shared by
only avanishingly small fractiorof all Boolean functions om variables, contrary to the
requirements of a natural proof. (Strictly speaking, the strong downward self-reducibility
property is not a “combinatorial property” in the sense of the Natural Proofs framework, as
it is a relationship between function values on different input sizes. However, all strongly
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downward self-reducible functions must have truth-tables of small Kolmogorov complex-
ity (since the truth-table of siz2" is determined completely by a truth-table of sizés),
and thus they constitute a tiny fraction of all functions.)

So now we are left with the question of whether it is reasonable to hope that a natural
proof could possibly show that BFE requires T@rcuits of sizen'.

First, we note that there are already examples of natural proofs that yield lower bounds
of the formn* for some fixedk. The parity lower bound of Impagliazzo, Paturi, and Saks
gives a lower bound of this form for BFE on T@ircuits of depthd [Impagliazzo et al.
1997]. Hastad gives a nearly cubic lower bound on formula sizasfed 1998]. These are
natural proofs.

Next, in order to directly address the question of what obstacles have been identified
by Razborov and Rudich that might block a proof showing that BFE requir€ireuits
of sizen!-?, let us examine their framework more closely, by recalling their definitions of
“natural” and “useful” combinatorial properties.

Let F,, denote the class of all Boolean functiofis : {0,1}" — {0,1}. A property
{T, C Fy}nen is QuasiP-naturalif there is a sub-property7,* C T, },en such that
for somee, ¢ > 0

D) T3] = [Ful/2", and
(2) there is a deterministic algorithm that given a truth-table of a fungtion{0, 1}" —
{0, 1} decides whethef,, € T) in time2"".

Furthermore, a propert§T,, C F,, } e is usefulagainst a circuit clasa if no sequence
of functions{ f,, € T, }»ew IS computable by circuits from.

Razborov and Rudich show that afuasiP-natural property that is useful against
TC? can be used as a subroutine to foil any purported pseudorandom function generator
that is computable in TC More generally, they show how to transform any natural lower
bound proof into a lower bound on the complexity of computing a pseudorandom function
generator. However it is absolutely essential for their argument, that theresingla
natural propertyl” that is useful against TCcircuits of sizen”* for everyk; lower bounds
for circuits of sizen”* for small fixedk translate into lower bounds for pseudorandom
function generators that are so weak as to be uninformative. More to the point, such natural
properties can easily be shown to exist.

To be concrete, let us exhibit an example of a prop&rty {7, },e that isQuasiP-
natural and useful against YQircuits of sizeO(n'-%). Our propertyT is defined as
follows:

T, ={fn:{0,1}" — {0,1}; f, does not have circuits of deplteg* n and
sizen? consisting of MaJ and NoT gateg.

It is a trivial exercise to verify thal™ is natural and useful against ¥@ircuits of size
O(n'-3). Of course, we are not able to establish that BFE has proferifyit does, then
by Corollary 4.3 NC # TCP. Clearly, this argument makes use of no special properties of
TC?; one can easily come up with@uasiP-natural property that will be useful against
any class of circuits of a fixed polynomial size.

However, the existence of propeffydoes not seem to imply anything very interesting
about the nonexistence of pseudorandom function generators (and consequently does not
yield interesting upper bounds on the complexity of factoring Blum integers, which would
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follow if the Naor-Reingold generator is insecure [Naor and Reingold 2004]). Thus it
seems to us that it is reasonable to hope for a “natural” proof that BFE satisfies property
T, which would then yield an “unnatural” proof of PG4 NC*, by Corollary 4.3.

9. CONCLUSIONS AND OPEN PROBLEMS

So are there reasons to be more optimistic about prospects for lower bounds? We are not
sure. The truth is that we do not understand computation. All the known lower bounds
essentially rest on information theoretic arguments and none of them reallgtakpsta-

tion into account. We realize that this is a vague statement; part of the challenge in seeking
lower bound proofs is to be able to say something more precise. For example we are unable
to handlerecursion so our bounds typically deteriorate with depth. Hence, the underlying
message of Razborov and Rudich — namely, that we need to go beyond combinatorial ar-
guments — is still a worthwhile message. We identify two still unresolved challenges that
we believe would advance our understanding of computation:

—Provef2(n?) lower bounds on the length of width 5 branching programs computing an
explicit function (by which we mean any problem in NP). It appears that nothing better
thanQ(n?/logn) is known [Neciporuk 1966; Razborov 1991].

—ProveQ(n!+1/V4) lower bounds on the size of depffCC[6] or TC circuits comput-
ing an explicit function.

Are there perhaps fundamental barriers that remain in our path, as we attempt to prove
circuit lower bounds?

One way to explore this question is to follow the lead of Razborov [Razborov 1995b],
who showed that (under cryptographic assumptions) the bounded arithmetic proof system
S2 cannot prove that SAT requires circuits of superpolynomial size. (In earlier work,
Razborov had argued that most existing lower bound arguments can be carried out in even
weaker systems [Razborov 1995a].)

Perhaps techniques similar to those of Razborov [Razborov 1995b], combined with our
observations, can enable one to prove $¥for a similar system) cannot prove that BFE
requires T circuits of sizen!'*<.

The most important and interesting question raised by this work is the question of
whether it can ultimately lead to separations of complexity classes. (This topic is also
discussed in a recent survey [Allender 2008].) However, a number of other questions nat-
urally arise. We close by listing two such questions.

—Are there sets complete for every level of the NC hierarchy that are downward self-
reducible to instances of siz&€? Or is there some fundamental reason why we were
unable to find a downward self-reduction of this sort for any problem that is complete
for NL or L? (In Theorem 4.5 we worked with a restricted version of the NL-complete
problem BIMM,; the restriction is not believed to be complete for NL.) Showing that
a complete set for L is strongly downward self-reducible (via a pure reduction) would
show that every problem in L has subexponential-siz€[@ircuits (by Theorem 5.1),
which would be a new upper bound. However, we know of no similar obstacle to show-
ing that sets complete for L or NL are AGtrongly downward self-reducible, or that
functions complete for #L are TCstrongly downward self-reducible. Note in this re-
gard that problems in NL have subexponential-siz& Acuits [Allender et al. 2008]
and functions in #L have subexponential-siz€’T@cuits [Allender et al. 2001].
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—If NP = TC?, does SAT have TCcircuits of quadratic size? If NEXE nonuniform
CC[6], does the standard complete set for NEXP havé[6Ccircuits of quadratic
size? (Even if arguments based on downward self-reducibility fail for problems outside
of NC, perhaps there is another approach that leads to the same conclusion.)
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