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Abstract

We show that there are families of polynomials having small depth-two arithmetic circuits that cannot
be expressed by algebraic branching programs of width two. This clarifies the complexity of the problem
of computing the product of a sequence of two-by-two matrices, which arises in several settings.

1 Introduction

Then'* Iterated Matrix Multiplication polynomial of degre¢ denoted IMN,,, is the multilinear polyno-
mial with d?n variables that is the result of multiplying d-by-d matrices of indeterminates. This family
plays a central role in the study of algebraic complexity. Ben-Or and Cleve showed that,/idMomplete
(under projections) for the class of polynomials that can be expressed by arithmetic formulae of polynomial
size [5, 6]. This class is sometimes denoted VVNI2] (as the analog of the Boolean class N@ the
setting of algebraic complexity initiated by Valiant [18]) and is also sometimes denotg(twiPesponding
to the subclass of Valiant's class VP of polynomials of polynomial degree that have arithmetic circuits of
polynomial size, where we restrict the circuits todgressions

It is natural to wonder if Ben-Or and Cleve’s construction is optimal, in terms of dimension. That is:
What can one say about IMM,?

There are some indications that IMM should be nearly as powerful as IM. For instance, Ben-
Or and Cleve’'s completeness argument proceeds by showing that arithmetic formulae can be efficiently
evaluated by a restricted type of straight-line program with three registers (and this translates into an im-
plementation with 3-by-3 matrices). In the original conference publication of their results [5], Ben-Or and
Cleve credit Coppersmith with the observation that if the underlying ring is commutative and has an element
% such tha% +% = 1, then in factworegisters suffice to evaluate any arithmetic formula (albeit via straight-
line programs that do not immediately lend themselves to implementation as JMbmputations).

Perhaps the first study of the complexity of evaluating IbjMarose in the work of Lipton and Zalcstein
[11], who (in modern terminology) showed that the word problem over the free group with two generators
(also known as the two-sided Dyck language) i?A€ducible to the problem of determining if a product of
n two-by-two integer matrices evaluates to the identity matrix. Since the two-sided Dyck language is hard
for NC! [15], this gives a lower bound on the complexity of evaluating IMMnstances.

*Supported in part by NSF Grants CCF-0830133, and CCF-0832787.
TSupported in part by NSF Grants CCF-0830133 and CCF-0832787.



This lower bound is rather close to the best known upper bound. The problem of evaluating integer
instances of IMM,,, is complete for the Boolean complexity class GapN@ (consisting of functions that
havearithmeticcircuits of polynomial size and logarithmic depth), and every problem in this latter class has
Booleancircuits of polynomial size, bounded-fan-in, and defttiog n log* n) [10]. The closeness of these
bounds has led some researchers to wonder whether the classes of functiodsaimdNEzpNC are in fact
equal [2], in which case IMM,, and IMMs ,, would be interreducible under ACeductions.

The NC'-hardness of IMM,, over the integers holds even for restricted cases of the problem. In [3],
it is asserted that counting paths in planar width-two graphs (a restricted case ef,/ldNér the integers)
is hard for NC under ACC reductions. (Mahajan, Saurabh, and Sreenivasaiah [13] have identified and
corrected an error in the proof of this claim in [3].)

On the other hand, there have also been indications thatlM8hould be weaker than IMM,. Ben-

Or and Cleve point out that problems over GF(2) having what they called “LBS” straight-line programs
(i.e., restricted straight-line programs which they used as a tool in presenting their completeness result) that
use only two registers translate into permutation branching programs of width three [6], which Barrington
showed require exponential size in order to compute the AND function [4]. However, this does not strictly
rule out more general computations over IMM

The AC’ reductions from problems in NCto IMM,, are not projections, which are the usual type
of reductions that are used in studying algebraic complexity classes. To illustrate the difference, consider
functions in the class GapACthis class consists of functions computed by polynomial-size constant-depth
arithmetic circuits over the integers, where the input variables take only Boolean inputs. Gaphc® C
NC! [1], and hence any bit of any functiofi € GapAC’ can be computed by an AQeduction to the
problem of multiplying a sequence of 2-by-2 integer matrices. However, any such furfctian also be
viewed as a polynomiaf (z1,...,x,) in its input variables, and the AQeduction does not allows us
to obtain f from IMM, .. by substituting field elements and the variablgs. . ., z;, for the variables of
IMM, even though this is possible for IMM,.. It follows from our main result that, even for fairly simple
functionsf € GapAC, no such reduction is possible — even if we allow projections to arbitrarily large IMM
instances, and even if we greatly enlarge the type of substitutions that are considered (beyond the projections
that are usually considered in the framework of Valiant's complexity classes).

1.1 Algebraic Branching Programs

If we expand the notion of projection, to allow not only variables and field elements to be plugged in for
the variables of a polynomial, but also allow variables of IMM instances to be replaced by arbitrary linear
expressions, then we obtain an alternative characterization of algebraic branching programs, which were
introduced by Nisan in order to study the complexity of determinant and permanent computations in various
settings [14].

Definition 1 An Algebraic Branching Prograraver some field& and variables{z; | 1 < ¢ < n}is a
layered directed acyclic graph with a single source verend exactly one sink vertex The layers are
numbered a8, 1,2, ..., d; let V; denote the set of vertices in tith layer. The source (the sink, respectively)

is the unique vertex i (V,, respectively). Edges exist only between vertices in adjacent layers (i.e., each
edge(a, b) hasa € V; andb € V;1, for somed < i < d). Each edge: is associated with a linear function

l. overF in the variables{z; | 1 < i < n}. Every directed patlp = ejes ... e represents the product

fp = H§:1 le;. For every vertex, the polynomial represented by denoted byf,, is Zpepw fp,» Where

P, , is the set of all paths frora to v. The output of the algebraic branching programfis Thewidth of

the program ismax; |V;|.



It follows from [6] that polynomial-size algebraic branching programs of width three (or of any constant
width w > 3) characterize exactly the polynomials in VNCAIgebraic branching programs of constant
width have been studied by several authors; we cite some recent examples [9, 8]. We show that width three
is optimal; the expressive power of width two algebraic branching programs is severely limited.

Theorem 2 Letl(z) be an arbitrary linear functionyk > 8, the polynomialf (z) = Zle Z2i—122; +(T)
can not be computed by algebraic branching programs of width two over anyHielthis implies that
IMMs,, is not complete for VNEunder regular projections (defined in Section 2).

The limitations of width-two algebraic branching programs were also explored by Saha, Saptharishi and
Saxena [16]. They considered “degree-restricted” algebraic branching programs (meaning that, if the output
polynomial has degree, then no intermediate polynomial in the branching program has degree greater
thann). Their Theorem 16 shows that degree-restricted width-two algebraic branching programs compute
polynomials only if they belong to an ideal generated by at most five linear forms (and thus they cannot
compute the polynomiaf in our Theorem 2 [17]). We do not know whether width-two algebraic branching
programs can be simulated by width-two degree-restricted branching programs. Thus our Theorem 2 is
incomparable with [16, Theorem 16]; their result applies to a larger class of polynomials, but relies on the
degree restriction.

1.2 Organization

The remaining part of the paper is organized as follows: Section 2 provides the formal definitions and
terminology that we use. In Section 3, we study homogeneous projections (defined in Section 2),0f IMM
and prove a structural theorem for this type of computation as well as an impossibility result. Finally, we
extend these results to more general settings in Section 4.

2 Preliminaries

Let the underlying field b&. Let¢(Z) € F[z] be a multivariate polynomial over a set of variabiesA
projectionp on ¢(Z) is an operation to generate new polynomials; a projection is described by a set of
assignmentgz; < v;}, where the values; come from a particular set (to be specified later), and each
variablez; € T appears at most once on the left-hand-side of a ruje farthermore, variables on the left-
hand-side never occur on the right-hand-side. We get the new insgémnjg by replacing all occurrences
of z; in ¢(Z) with its counterpart; and leaving untouched those variables that are nat We may simplify
q(T)|, according to the commutative polynomial ring algebra. In this way, we say;tfal, is obtained
from ¢(z) under the projectiomn.

Let H be the set of homogeneous linear tefus z; | ¢ € F*,i € N} whereF* is the set of units (i.e.,
non-zero elements). L&tbe the set of simple linear ters - z; + w | ¢ € F*,i € N,w € F} andL be the
set of general linear terr{$ ;" | ¢;-xzi+w | n € N, ¢;,w € F}. We define a projectiop = {z; < v;} to be
ahomogeneous projectiahVi, v; € HUF. Itis asimple projectiorif Vi, v; € SUF. If Vi, v; € L, thenpis
aregular projection We mention that the most restrictive of these three types of projections, homogeneous
projections, are the usual types of projections studied in algebraic complexity [18, 6].

Considern square matrices of dimension twe,, mo, ..., m,, the entries of which are distinct vari-
ables. The1, 1)-entry of their produc{]"_, m; is a multi-linear polynomial, denoted as IMJ], which is
called thenth iterated matrix multiplication polynomial of dimension twihe matrixim;|,, is obtained from
m; under the projectiop, which means that the entries of; are substituted by the corresponding values
in p. Given a polynomialf (Z), it is easy to see that(z) is obtained from IMM ,, under some projection



pifand only if f(Z) is the(1, 1)-entry of [["_, m;|,, and moreover, the variables appearingrifj, belong

to the set{x; | ; occurs inf(Z)}. Note thatf(Z) is computable by some algebraic branching program
of width two if and only if there exists € N such thatf(Z) can be obtained from IMM,, under regular
projections.

Let M be a set of square matrices of dimension two. We say a polyngftialis computable by\/ if
there is an integer and a projectiorn such thatf (z) = IMM 5 ,,|,, and furthermoreyi < n, m;|, € M. In
other words,f(Z) can be computed by the product of matricedin

Let Hy«o denote the set of square matrices of dimension two with entries HamF. Similarly, let
Sax2 (Raxe, respectively) denote the set of square matrices of dimension two with entrieSfrofm (L,
respectively). ObviouslyHlsyo € Soxo € Royo.

We divide all square matrices of dimension two whose entries belorigitto three groups, Indg,
Idg and Pdg. The matrices in Indg are callatierently non-degenerate matricaad their determinants
evaluate to a fixed elementi#t while Idg consists oinherently degenerate matricesth zero determinants.
Pdg = Raxo \ (Indg U Idg) is the set ofpotentially degenerate matrice©bviously the determinants of
matrices in Pdg are nonzero polynomials of degree at least one.

Our results deal with some simple degree-two polynomials; the following facts are easy to verify.

Fact 3 Over any fieldF, z1x2 + z324 is an irreducible polynomial.

Fact 4 LetF be any fieldx > 2 and let/(z) be an arbitrary linear function. TheElexgi_lxgi +1(7)is
an irreducible polynomial, and furthermore, its degree-two homogeneous part is irreducible as well.

We group the variablesy; 1 andx; together, and call each the othgvartner variable

Definition 5 In a regular projectionp given by{z; < wv;}, the partner variablescy;_1, z; are called
matchedf

e Both ofxy; 1 andxy; appear on the left-hand-side.
o {vgi_1,v2i} NTF # 0.
It is convenient to consider a restricted class of projections:

Definition 6 A regular projectionp given by{x; < v;} is well-formedif every left-hand-side variable;
is matched.

We will make use of the fact that any projection can be “extended” to obtain a well-formed projection.
However, we must first be precise about what it means for one projection to be an “extension” of another.
(To see what the issue is, consider the projecfien« x3, x2 < x4}. The partner variables; andz, are
not matched, since neither of them is assigned a field element. Thus we need to consider how to “extend”
projections, by not only adding new rules, but also by changing existing rules appropriately.

Definition 7 A regular projectionp is an extensionof a projectionp’ if there is a projectiorp” such that
/ /!
p=pop.

Thus to continue the example above, the projectibr= {27 «— x3,29 «— x4} can be extended by
p” = {x4 < 0} to obtain the projectiop = {x1 «— z3, 29 < 0,24 < 0} (which is still not well-formed).

Proposition 8 Any regular projection of sizk with [ unmatched left-hand-side variables can be extended to
a well-formed regular projection of size at mast- [. Thus any regular projection of sizecan be extended
to a well-formed regular projection of size at ma@st
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Proof: The proof proceeds by induction énThe basis, wheh= 0, is trivial.

Now consider a regular projectignwith [ unmatched left-hand-side variables, where we inductively
assume that any regular projection of siZewith I’ < [ unmatched variables can be extended to a well-
formed regular projection of size at mdst+ I’. There are two cases:

Case 1:If there is an unmatched variahlewhose partner variablg does not appear on the left-hand-
side of any rule, then then we simply add the ryle- 0. (If y appeared on theght-hand-side of any rule,
then any such rule must also be simplified by settirig zero. Such changes do not increase the size of the
projection.) This yields a projectiopl with at most/ — 1 unmatched variables, where we have added one
rule. (It is possible that there will bewerthan! — 1 unmatched variables, if there were some unmatched
variablez such that: < ¢ - y was a rule.) Now the claim follows by induction.

Case 2: If Case 1 does not hold, then there must be a pair of unmatched variables that are partners
(without loss of generality call them; andzs) such that the projection has rules — v, andxzy — vo,
where{vi,v2} NF = (. Sincep is aregular projectiony; is of the formey + 3", _; cxyx, where none of the
variablesy; appear on the left-hand-side of any rulgirNote that the rulg; < (—1/c1)-(co+>_p_; ckUk)
has the effect of setting; to 0. Letz be the partner variable gf ; note that: does not appear on the left-
hand side of any rule (because otherwise Case 1 would have applied). Thus removing thesuig and
adding the rules; <« 0,y1 < —1/c1 - (co + Y _p_; ck¥k), 2z < 0 has at most — 2 unmatched variables
(sincex; andx, are now both matched, as aye andz), and it has two more rules than As above, it
is now necessary to simplify any rule in whigh or z appeared on the right-hand-side, but this does not
increase the size of the projection. Now the claim follows by induction. O

The definition of “well-formed projection” is designed to make the following proposition obvious:

Proposition 9 Letk,n € N, withn — & > 2. Consider the polynomial}"_, z2;_122;. Then under any well-
formed regular projection of size2k, f(7)|, = E;’;l’“xgi,lxzi +[(Z) (up to re-numbering the variables) is
also an irreducible polynomial, wheig¢z) is a linear function. Furthermore, its degree-two homogeneous
part is also irreducible.

In this work, we will show that certain constant-size polynomials are not computable by various families
of matrices over any algebraically closed field. By the following fact, we may as well assume that the
underlying fieldF is algebraically closed.

Fact 10 LetF’ be the algebraic closure d and letM be a set of matrices. For any polynomif(z), if
f(z) is computable by/ overF, then it is computable by/ overF’ as well.

3 IMM ., under homogeneous projections

In this section, we will show that the computational power of the far{iilyM  ,, | n € N} under homoge-
neous projections is very limited.

Recall thatH o denotes the set of square matrices of dimension two with entriesHrani. We will
show that it causes no loss of computational power, if we restrict the type of matrices that arellised in
computations. First, however, it is very useful to observe Higt, computations correspond exactly to a
type of straight-line programs.

Let . be a set of allowable straight-line program instructions (rules), ani!leenote the contents of
the registerR; at timet. A straight-line progran® over the rule set using2 registers (-SLP) is a sequence
of pairs of instructions fronu, denoted a$(s!,s4) | 1 <t < |P|, (s, sb) € u}, where|P| is the size of the
program.P computes a functiop(z) in the natural way: Initially,R) = 1 and R) = 0. At thet-th step,R;

is updated according to the rude The final outpup(z) is stored asR‘lpl. In this section, we consider only



instructions that come from the sefy, , = {(R{™' « a-R{+b-Rb, Ry™" — o’ -R{+V"-RY) | a,b,a’, b €

HUTF, t € N}. Under these assumptions, eaghis a polynomial over the variableds:; | j € N}. Itis

not hard to see thaIH2x2-SLPs and IMM ,, under homogeneous projections compute the same set of
polynomials. (Similar observations were made by Ben-Or and Cleve [6].) Furthermore, for any subset
N C Hsyo, there is a corresponding rule se C I, such that a polynomiaf (z) is computable by

N if and only if there is aun-SLP for it. Hence, given an arbitragyy-SLP P, we may abuse the notations

and identify theith pair of instructions with its matrix representation$,, which means thaP can also be
characterized by a sequence of matrifes, | 1 < i < |P|}.

3.1 Classification ofH,, N Indg

Now, we present a collectigmy of rules (corresponding to a subgétof matrices inHs ) which we claim
suffice to simulate any straight-line program using the r”ﬁﬁﬁxgmlndg- Leta,b,c,d € F*.

1. Transposition rule.
R R

1 given by matrix 01
Ry — R

10

2. Scalar rules.
R a-RY

P+l ; given by matrix a0
R5™ —b- Ry 0

b

3. Offsetting rules of degree one.
(a)

Rt a R +c- xRS

given by matrix @ ot
RSN — bR, Y

(b)

RItY —a-RY

i1 " , given by matrix a 0
Ry —c-x;- RU+b- Ry c-

4. Offsetting rules of degree zero.
(a)

R «—a R, +c¢- R,

RS — b Rb

given by matrix [ g Z }

(b)

Rl qa-RY
R ¢ Rl +b- RS

S O
[ I

given by matrix [ Z

5. Other non-degenerate linear transformations.

R a- R +c- RS

R d- R, +b- R}

. . a c¢
given by matrix [ d b}

whereab — cd # 0.



Observation 11 Any straight-line program USingnggmlndg can be simulated by a straight-line program
usinguy. That is, without loss of generality, one can assume that any straight-line profrdmas the
following properties.

¢ Ifthe transposition matrix is ever adopted Byit is applied only once as the final pair of instructions.
(This is because we can cancel adjacent transpositions, and shift any single transposition toward the
end of the program via the following transformation:

_vu—i_uv 0 1]
2y |y =z 1 0|

01 u v| |z Y 0 1
10 y z| |v owu 10
e The following matrices need never appear, because they are transpositions of rujegand trans-
positions introduced in this way can be eliminated).

0 a 0 a c a 0 a c-x; a
b 0|’ b c¢|’|b O|’|b cm |’ b 0
e This leaves only the rule sgty.

3.2 Structure of g, ,~Indg-SLPs and its implications

Definition 12 Let ded f) denote the degree of the polynomjal For any straight-line programP, let
deg P, t) = deg R!) + deg R}) bethe degree of” at timet. We call degP, 0),deg P, 1),...,ded P, |P|)
the degree sequence Bf

An ordered pair of non-negative integefs , t2), wheret; + 1 < to, is called amesain the degree
sequence oP if there exists! > 0 such that

e Forall t; < t' < t9,ded P,t') = d;
e deg P, t1) < d;
° deg(P, t2) < d.

The numberl is calledthe heightof this mesa.

Fact 13 The operations in Observation 11 that simplify the straight-line progrdardo not change the
height of any mesa in which the operations are applied.

Now we are ready to show our structural theoremyfgy, ,-indg-SLPS-

Theorem 14 If a polynomial f is computable by, 5 N Indg, then there is @Hzxzmlndg'SLPP for f
with the property that there are no mesas in the degree sequere of
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Proof: By our assumption, there is somegy -SLP P’ computingf. If P’ does not contain any
2x2nindg

mesas in its degree sequence, then we are done. Otherwise, we will show how tarbbiaim P’ by a

series of transformations. At every step, we turn the curf&érinto an equivaleanMlendg-SLP while

reducing the total height of all mesas by at least one. Ultimately we will obtﬂjﬁﬁwmdg-SLPP with

the desired property. Hence, it suffices to verify the correctness of a single step.
Let (¢1,t2) be the first mesa in the curreRt andd be its height. There are three cases to consider.

1. dedRi'™!) > deg R ).
We claim that the only instruction that can produce this outcome atitime is the degree-one offset-

ting rule 3(a). Rule2 is impossible since it only scales the registers by a constant factor respectively.
Rule3(b) implies that degR’ t!) = deg R""); there are two subcases to consider:

e Ifdeg(R!') > deg RY'), then degR! ™) < deg R5' ™), a contradiction to our assumption that
deg Rt > deg RY ).

e If deg(RY) < degRY), then degRy ™) < deg RY). This contradicts our assumption that
deq P, t;) < deg P, t; + 1).

For similar reasons, one can show that rulés) and4(b) are not applicable either. There are two
cases that arise, in dealing with rdle

o If deg(RY) # deg RY), then under rules, deg R: 1) = deg RY*), which contradicts our
assumption that dég’ ') > deg R t);

e If deg(R}') = deg RY'), then degP’,t;) > deg P’,t; + 1), which contradicts our assumption
that(¢1,t2) is a mesa.

Vip <t < t9, deg P’,t') = d and degF’,t2) < d implies that rules}(b), 4(b) and5 are impossible
at timet’ (and at timet,), since under our assumptions they would increase the degrie while
maintaining the degree d®,. Hence, for allt; < ¢’ < to, the product]_[f:tlJrl mip, is an upper
a gy +w
0 b
polynomial. In other wordsR! = a - R + (g» +w) - RY andRY = b- RY. Since de¢P’,t5) <

d = deg P, t; + 1), it follows that degR’') < deg R}'™') andg;, = 0. Thus, we can replace the
whole computation between andt¢, by a simple application of rule or 4(a) while avoiding the
mesa(ty, to).

2. dedR'™!) < deg Ry ™).
This is completely analogous to cake

triangular matrix of the forrr{ ] , Wherew € T, a,b € F* andgy is a linear homogeneous

3. degR}'™!) = deg Ry ™).
We argue that neither of rul&@§a) and3(b) can happen at timg + 1. We study the reasons f8(a)
and those foB(b) are symmetric.
e If deg(R!') < degRY), then degR™") > deg R%Y*), a contradiction to our assumption
deg Rit1) = deg RE ).
o If deg(R!') > deg RY'), then degP’,t; + 1) < deg P, ;) since degRy) = deg RY'™™).
This contradicts our assumption that, t2) is a mesa.



Furthermoreyt; < t' < to, deg P’,t") = d implies that rules3(a) and3(b) are impossible at time

t' (and at timet,). Thus, we obtain that for ath < ¢’ < t», the product]_[f:tlJrl mb, is a non-
degenerate linear transformation, which can be captured by one of the other rules or their transposed
counterparts. The analysis of this case can now be completed similarly tol Cageppealing to

Observation 11 and Fact 13.

In all cases, we are able to reduce the total height of all mes@shwy at least one, which concludes our
proof. O

Corollary 15 If a polynomialf(z) is computable b2 N Indg, then there existsmzxzmmdg-SLP for
f(x) with a monotonically nondecreasing degree sequence.

The analysis in the proof of Theorem 14 also allows one to draw the following conclusions:

Fact 16 For anyMH2X2m|ndg-SLPP, VO < t < |P|, ifdeg P, t) > deg P,t — 1), then only one of the
following two scenarios can happen.

e If either3(a) or 3(b) is applied at time, then|deg RY) — deg(R%)| = 1.
e If the other rules are used at timiethen degR!) = deg R}).

Lemma l7 If Pis aNnggmlndg'SLP with a monotonically nondecreasing degree sequence, then for all
0 <t<|P|, |deg R}) — deg R,)| < 1. Furthermore, we can assume that (JIEQP‘) > degR‘zpl).

Proof: The first part follows naturally from Fact 16. It suffices to justify the second claim. Suppose there is
no presence of rulgin P. Letr = degR‘lpl). If deg(R‘zpl) = r + 1, then from the time’ when de@R‘f')

is increased te + 1, the polynomial inR; will change only by multiplication by a nonzero field element.

This is because of the monotonicity of the degree sequence. Hence, we can skip the steps following time
t’ and substitute them by an appropriate scalar matrix instead. Then the dedtesvitfremain no more

thanr in the newa-SLP. The argument in the case when rukgppears is completely symmetric. O

Theorem 18 Let f(7) be a polynomial of total degree at least two whose highest-degree homogeneous part
is irreducible. Thenf (Z) is not computable b¥ls . N Indg.

Proof: The proof is by contradiction. Suppose there exis%wmmdg-SLPP for f(z). By Corol-

lary 15 and Lemma 17P has a monotonically nondecreasing degree sequence, ahﬂ'fibg: deqd f)

while deg{R'QP‘) < deqf). If deg(R'f‘) < deqf), the analysis of Theorem 14 and Fact 16 reveals that
the highest-degree homogeneous parff f) contains a linear factor and hence, is reducible, which is
a contradiction to our assumption. So assume(BéFd) = ded f) and without loss of generality, as-
sume thatRy's degree reaches dgf first, at some time,, and thatR;’s degree is raised to deg)

at some timet > t,. Thus all of the highest-degree monomialsiff come frome - z; - R°~'. For

any polynomialg, let H;(g) denote the degreé-homogeneous part of polynomigl An easy induc-
tion shows that, for alk’ such thatty < ¢ < t, Hyeq ) (R divides Hyeq ) (R5). By Fact

16, rules3(a) and 3(b) can not be applied at timé Since the degree sequence is stable from then
on, they will not happen afterwards either. Hence, by the linearity of the remaining rules, we claim that
vt <t <|P|, Ja,b e F*, Hdegf)(Rﬁ') = aHdegf)(Rg’) = bHgeg ) (Ry '), which we argued above is
divided bfdeegf)_l (Rl~1). This is a contradiction to our assumption that it is irreducible. This concludes
our proof. O

Remark 19 The proof of Theorem 18 reveals thaffifz) is computable by > N Indg, then the highest-
degree homogeneous partfft) can be completely factored into homogeneous linear polynomials.



3.3 Limitation of MHQXQ'SLPS

First, by the following lemma, we can assume without loss of generality that fomﬂg¥2-SLPP and any
inherently degenerate matrix in P, the entries ofn all belong toF.

Proposition 20 If a matrix m € Hsyyo N ldg contains at least one entry frof, thenm can be factored
into a product of matrices, exactly one of which, denotedhasbelongs to Idg and furthermore, atb;’s
entries are fronF.

Proof. If m has a zero column, then without loss of generalityis either[ a;i 8 } or [ Z;CZ 8 ]
]

" a-x; 0 z; 0 a 0 . a-x; O xz; O a 0
wherea,b € F andweF.[ w 0}_ [ 0 1] [w O]Wh”e[b'x]‘ 0]_ [ 0 xj] [b 0}
In both cases, we obtain the desired factorizationiolThe case where: has a zero row is symmetric.
For the other cases, it is not hard to see that under our assumptican be turned into a matrix with
either a zero column or a zero row via multiplication by a non-degenerate linear transformation. Our proof
is completed by referring to the previous case analysis. O

Note 21 The statement of Proposition 20 can be generalized for matric8g.in N Idg and Ry« N Idg
with almost the same proof. Hence, we can assume that fopgg%-SLP QLR2X 2-SLP, respectivelyp
and any inherently degenerate matrixin P, the entries ofn all belong toF.

Lemma 22 If a nonzero polynomialf (z) is computable by a straight-line prografi, then P does not

contain any matrix of the fornE 8 8 ]

Proof: SupposeP does have at least one such matrix, then the product of matricBsewvaluates to

[ 8 8 } , a contradiction to our assumption abgiyt). )

Given a projectiorp and a straight-line prograf® = {m% | 1 < i < |P|} computing a polynomial
f(z), we obtain the straight-line program|, = {m%|, | 1 < i < |P|}, which is a new straight-line
program (not incorporating any simplifications). Moreov@f, computesf(Z)|,. Note that this definition
applies for any type of projections. In the remaining part, by Propositions 8 and 9, the polyrdmijal
considered will be nonzero under any regular projection of size at most four, which leads to the following
lemma.

Lemma 23 There does not exist a matrix iR such that all of its entries belong . This implies all
matrices inP must contain an entry frorf.

Proof: SupposeP does have one such matrix, and without loss of generality, assume that it has the form
[ C1T1 C2T2

], whereVl < i < 4,¢; € F* and thez;’s need not be distinct. Consider the projection
C3T3 C44

p={z; — 0]1 < i < 4}. Thenf(7)|, is nonzero whileP|, contains{ 8 8 ] in contradiction to
Lemma 22. O
Lemma 24 For any matrixm € P which belongs td, > N Pdg, there exists a homogeneous projecgion

of size at most three such that, is degenerate and all of the entriessnl|, belong toF. Moreover, there
is a well-formed homogeneous projectipof size at most six extendipg
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Proof: The determinant ofn, denoted aslet(m), is a polynomial of degree at least one. Sifités
algebraically closed, the variety dkt(m) is always non-empty and furthermore, by Lemma @3,(m)
contains at most three variables. This provides us the projection promised in the first claim. Proposition 8
implies the correctness of the second claim. O

Definition 25 We call such a well-formed homogeneous projecti@s in Lemma 24 a@egenerating pro-
jectionfor the potentially degenerate matrix.

Lemma 26 Let f(Z) be a polynomial and® be one of itsuHQXQ-SLPs. Suppose that there exidts<

t < |P| such thatm!, is a potentially degenerate matrix. Letbe one of its degenerating projections. Let
P" = P|, and letR!(P’) be the contents aR; at timet in P’. Then up to the permutation of the indices,
only one of the three following cases will happen.

1. R{(P") = RL(P') = 0 and f(T)|, = 0. This is the uninteresting case and we ignore it in the
remainder of the proof.

2. Rt(P") e F*and RL(P') = w - Rt (P') for somew € F.
3. RY(P') is a polynomial of degree at least ong},(P’) = w - R{(P’) for somew € F, and f(z)|, is
divisible by R} (P’).

Proof: Our assumption is thath!,, is a degenerate matrix; let us say that i{ia , Whereab — cd=0.

C
b
Assume for now that # 0. (The case where = 0 is easier.) Letf andg be the polynomials given
by R{™'(P') and Ry ! (P’), respectively. Thus!(P') = af + cg and R5(P') = (b/c)(af + cg). Thus
RL(P') is a multiple of R} (P'), and an easy induction shows tHak(P’) will stay as a common factor of
both registers from that point on (and tha$(P’) also dividesf (Z)|,,. O

Corollary 27 If f(Z)|, is a nonzero irreducible polynomial and the other hypotheses of Lemma 26 hold,
thenR! (P') = c¢- f ()|, for somec € F*.

Definition 28 Let f(z), P, m} and P’ satisfy the conditions of Lemma 26. If under the degenerating
projectionp, case2 of Lemma 26 happens, then we gak cutting projection form’, in P. If instead we
have case, then we calp a finishing projection forn?, in P.

Observation 29 Let f(Z) be a polynomial such that under any well-formed homogeneous projectén
size at most sixf (7)|, is always a nonzero irreducible polynomial. Litbe ay,, ,~SLP for f(7), and
let m%,, p and P’ be the corresponding objects as in Lemma 26. We will show how to obiqj@QQQ-SLP
for f(Z)|, from P as follows:

e If the projectionp is a cutting projection forn}, in P, then we can simply ignore the instructionsfth
before timet (including thet-th instruction), and concatenate a single instruction, which is a linear
transformation from the initial conditioiR?, RY) = (1,0) to the current statugR} (P’), R, (P")),
with the remaining segment &f. This produces @y, ,-SLP of size at most’| — ¢ + 1 for f(z)],.

e If p is a finishing projection fom!, in P, then by Corollary 27,R! (P’) is a nonzero multiple of
f()|, and moreoverR: (P') = a- RE"Y(P') +b- RY"1(P'), wherea,b € HUT, since by Lemma
24, all of entries inm}\p are field elements. We claim that onexcdnd b must be a unit. Otherwise,
f(@)], # 0 while R} (P") = 0, a contradiction.Therefore, we can throw away the portioPohfter
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timet (including thet-th instruction) and generat&;’s contentsi} (P’) by an offsetting matrixn’
at timet, as follows:

We have thaf?} (P’) is some non-zero multiple ¢{7)|,, sayR: (P") = s - f(Z)|,. We also have that
R{(P') =a- RN (P') +b- REH(P'). If ais aunit, then the desired outpyfi{)|, is produced by

the assignmenk! (P') « (a/s)- R (P') + (b/s)- RL(P"), which can be accomplished by a rule

of type 3(a) or 4(a) (since we do not care what value is placeBdh If b is a unit, then the desired
assignment instead is produced by a transposition of a rule of type 3(b) or 4(b). Thus, in either case,
we obtain aupy, ,-SLP of size at most+ 1 for f(Z)|p.

Definition 30 Let f(Z) be a polynomial and” be one of itsuH2X2-SLPs. We classify the potentially

degenerate matrices’, in P, if they do exist, according to the following criterion:7if’, has at least one
finishing projection, themn}, is good Otherwise,m/’, is bad

In the same spirit, we can classify inherently degenerate matriqqﬁ[g%-SLPs. In this case, we can
consider the degenerating projection to be the empty set. The following lemma is essentially a variant of
Lemma 26. Hence, we omit its proof.

Lemma 31 Let f(z) be a nonzero polynomial under any well-formed regular projection of size at most four
and P be one of itsuH2X2-SLPs. Suppose that there exits< ¢ < |P| such thatm!, is an inherently
degenerate matrix. Lat € F. Then up to the permutation of the indices, only one of the two following
cases will happen.

1. R} e F*and R} = w - R} for somew € F.
2. R! has degree at least on&! = w - R, and f(7) is divisible byR!, wherew € F.

Furthermore, Iff (%) is a nonzero irreducible polynomial, then in the second c&%ex ¢ - f() where
c e,

Definition 32 Let f(Z) be as in Lemma 31 and Iét be one of itspy, ,-SLPs. Letn, be an inherently
degenerate matrix irP if it exists. If the first case in Lemma 31 happens, then we saynthas bad
otherwise, it iggood

Note that the notions of badness and goodness apply only to potentially and inherently degenerate ma-
trices.

Observation 33 Let p be an arbitrary homogeneous projection and &t = P|,. If m!, is bad in P,
thenm?,, can not be good irP’ (This is because, ifn}, is bad, then under any extensionzofat timet

both registers compute field elements which are constant polynomials with no variables). More precisely,
m',, either stays as a bad matrix or becomes an inherently non-degenerate matrix. Furthermore, inherently
non-degenerate matrices will never be turned into some other type by any projection.

Now we are ready to present our main impossibility theorem of this section.

Theorem 34 If k > 8, thenf(Z) = Zle x9i—1T2; IS not computable b¥l,.o. That is, for every:, f(T)
can not be obtained from IMy4, under homogeneous projections.

12



Proof: We prove the theorem by contradiction. Suppésis auH2X2-SLP for f(Z). We define the se¥
of time steps as:

G = {t | m% is a good matri¥.
There are two cases to consider.

e The first case is that = (). Define the seB similarly as:
B = {t | m% is a bad matri.

If B is empty as well, therP is indeed WHQXQmIndg'SLP- By Fact 4, the highest-degree homoge-
neous part off () is irreducible, and by Theorem 18, we have reached a contradiction. Otherwise,
lettp = max(B). Note that, by Proposition 9, the output at tifdd is a non-zero polynomial under
any well-formed regular projection of size at most six, which meansmﬂg{ cannot be bad, and
hencetp < |P|. Letp be one of the cutting projections m’}f?. ConsiderP|, and the polynomial
f(Z)|, it computes. Since the size pfis bounded by six, by Proposition $(7)|, is again an ir-
reducible polynomial and moreover, its degree-two homogeneous part is irreducible. Fsueti
thattp <t < |P|, mﬁ; is an inherently non-degenerate matrix. By the first item of Observation 29,
we now have &y, ,~Indg-SLP for ()], which is a contradiction to Theorem 18. Notice that by

Proposition 9, the above arguments apply to any polynomial of the Efr:nl x9i—122; + () where
[(z) is an arbitrary linear function.

e We assume that’ # (). Lettg = min G. Suppose first thah’j.?" is an inherently degenerate matrix.
Sincemtﬁ is good, we have by Lemma 31 that, at timge registerR; computes a nonzero multiple
of f. Hence by the second item of Observation 29 with (), we obtain a nevyuHQXQ-SLP for f(7),
consisting of only the matrices befote — none of which are good. This brings us back to the first
case and a contradiction.

Otherwise, assume thﬁtﬁf is a potentially degenerate matrix andjpdie one of its finishing projec-
tions of size at most six. Considét|, and the polynomialf ()|, it computes. By the second item
of Observation 29, we obtain a neyH2X2-SLP P’ for f(7)|, and furthermore, by Observation 33,
P’ does not contain any good matrices. Hence, this reduces us to the first cas¢(singés of the
form Z?Zl xoi_1T2; + L(T) wherel () is an arbitrary linear function. It is not hard to see that we will
arrive at a contradiction fof (z)|,,, which completes our proof.

The proof of Theorem 34 leads to the following corollary.
Corollary 35 If k& > 8, thenf(z) = Zle Z9;—1T2; + I(T) is not computable b¥l, o, wherel(T) is an
arbitrary linear function.

4 Extensions to simple and regular projections

In this section, we show that in the seemingly more powerful models, it is still hard to compute simple
polynomials. We start by extending the result of Section 3 to the case of simple projections. Then by similar
techniques and some extra observations, we will prove that certain polynomials are not regular projections
of IMM 4 ,,, and thus, they are not computable by algebraic branching programs of width two.

13



4.1 Impossibility result for simple projections

In order to show that an analogue of Theorem 18 holds in the setting of simple projections, we first show
that, for nondegenerate matrices, the simple case reduces to the homogeneous case.

Lemma 36 Every matrix inSo2 N Indg can be represented by a product of matriceBl» N Indg.
Proof: Letm be a matrix inS,y and

C1,1Y11 T w11 C12y1,2 + w12
C2,1Y2,1 T W21 C22Y22 + W22

Whereci,j,wm cF andyi,j S {xk | ke N}
We say that the variable;, = y; ; occurs inm if ¢; ; # 0 and thaty; ; is anoccurrence forr,. Assume
thatm € Sox2 N Indg and consider the following cases.

1. If there are no occurrences of any variables, theiis a linear transformation ovéf. Som €
Hs«o N Indg.

2. If there are at least three distinct variables occurringrirthendet(m) is a nonzero polynomial and
m € Pdg, a contradiction to our assumption.

3. If there is only a single variable; occurring inm, then obviouslyx; has either two or four occur-
rences inm which can be divided into two subcases.

¢ If x5 has two occurrences im, then these two occurrences can not be placed at the diagonal
or anti-diagonal positions. Hence, without loss of generality, assumerilints the following
form.
w1,1 w1,2
21Tk + W21 C22Tf + W22

m =

wherecy 1 # 0 andcey 2 # 0.

The determinant of is equal t0(0272w171 — 0271w172)xk + (U)Llwz’g — w172w2,1), then by our

assumptiongs pwy 1 — ciwi2 = 0. If w11 = wi2 = 0, thenm € Idg, a contradiction to
our assumption. If exactly one of them is equal to zero, thea Pdg, a contradiction as well.
Hence, we can assume t@f = o2 =d # 0. Then,

w
>

m — w171 0 1 d
o C2,1T + w21 W22 — dwz,l 01

W2 — dwz,l 75 0 SinCEdet(m) 75 0.

So
w1,1
: 0 0
=] i Lo 1)
T 'U)272 - de,l wlgfde’l 0 1

This verifies thatn is a product of matrices ifily«2 N Indg.

e If x5, has four occurrences in, then assume: has the following form.

m— | CL1Tk +wi1 122k + w12
C2,1T) + W21 C22Tk + W22
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where each; ; # 0.
The determinant of: is equal tq6171$k+w1,1)(6272$k —|—U)272) — (6172$k —|—w172)(02,1xk—|—w2,1).
Becausen € Indg,c11c22 — c12¢21 = 0. Letd = 2—? = Zi—f #£ 0. Then, there exists,v € F
such that

o CL1Tkr +wi1 u ] [ 1 d ]

21Tk + w21 U 0 1

Obviously the first matrix belongs to Indg because its determinant belorijs téence by the
first subcase, it is a product of matricestny > N Indg, so ism.

4. If there are exactly two distinct variableg andx; occurring inm, then they must have the same
number of occurrences im. Letc; ; € F*. Itis clear that for alk,,v € F, up to the permutation of
rows and columns, the following matrices can not belong to Indg.

C1,1%TEr + w11 U C1,1%k + w11 U
C21%j + w21 v v C2,1%5 + Wa 1

Hence, each aof; andx; has two occurrences. Without loss of generalityhas the following form.

m— | CL1Tk +wi1 122k + W12
C21%5 +Wa1 C22%; + W22
Sincedet(m) € F*, we havecy 1co0 — c12021 = 0. Letd = 2—? = ij—f # 0. Then, there exists
u,v € F such that ’ '
C11Tr + w11 U 1 d
m =
C2,1T5 + w21 U 0 1

This implies thatn can not be an inherently non-degenerate matrix, a contradiction.

In conclusion, we have proven our claim that every matri%dig, NIndg is equal to a product of matrices
in Hs o N Indg. O
The preceding lemma, together with Theorem 18, immediately yield the following corollary:

Corollary 37 Let f(Z) be a polynomial whose highest-degree homogeneous part is irreducible.fTihgn
is not computable b§,.> N Indg.

Next we show how to adapt the machinery in Section 3.3 and prove a similar impossibility theorem in
terms of simple projections.

Theorem 38 Let!(7) be an arbitrary linear function. It > 8, thenf(z) = Zle Toi—1x2; + |(T) is not
computable bys 2, namely, for any:, f(z) can not be obtained from IMb/}, under simple projections.

Proof: [Proof sketch] We prove the theorem via contradiction. Suppose ther@gic,xaQ.-SLPP for f(z).
Similar to Lemma 23, we prove the following lemma.

Lemma 39 There does not exist a matrix in P such that each entry of contains a distinct variable.
This implies that all matrices if* must contain at most three variables.
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Proof: Suppose the statement is not true, and without loss of generalii-y,[ R
C3T3 — W3 C4T4 — W4

whereV1l <i < 4,¢; € F*,w; € F and thex;s are all distinct. Consider the projectipn= {z; < ’é’— |1<

i < 4}. Then f(z)|, is nonzero whileP|, contains . By Propositions 8 and 9((z) is nonzero

0 0
under any regular projection of size at most four. Thus by Lemma 22, we have reached a contradittion.

A direct consequence of Lemma 39 is an analogue of Lemma 24. The proof of the following lemma
proceeds in the same way as that of Lemma 24, so we omit it here.

Lemma 40 For any matrixm € P which belongs t&,+2 N Pdg, there exists a homogeneous projecgion
of size at most three such that, is degenerate and all of the entriessnl|, belong toF. Moreover, there
is a well-formed homogeneous projectignf size at most six extending

The notions of degenerating projections, and of good and bad matrices, thus carry over also to the setting
of simple projections, and the rest of the proof follows exactly as in Section 3.3. |

4.2 Impossibility result for regular projections

Letm € Ry be of the following form:

| hatwiy L twipe
log +wo1 loo+wop

wherew; ; € F and thel; ;'s are homogeneous linear forms{iy_;_; cyz; | n € N, ¢, € F}. We will pay
attention to the rank of the subspace spanneflby| i, j € {1,2}}, denoted as(m), which in some sense
characterizes the number of “independent variables” among flse

The following lemma illustrates the sense in which we can treat linearly-independent homogeneous
linear forms as independent variables.

Lemma4l Letly,ls,...,I; be linearly independent homogeneous linear forms, andviet. ., w; be
elements off. Then there is a regular projectiop of sizek such that, for alli, /;|, = w;. (Thus we can
think of p as a “projection” of the form{l; «— w;}.)

Proof: The homogeneous linear formis of the form} "%, ¢;x;, where each; € F*. Start building the
projectionp with the rulez; « (w1 — >°7_, ¢jz;)/c1. This clearly has the effect thatl, = wi. If &k = 1,
then the construction ends here.

Otherwise, lety, = Zg‘;l d;yj, where eacli; € F*}. If the variablex, appears as one of the variables
y;, then replacer; with the expressiofw; — Z}‘:Q c;xj)/c1 and simplify. By linear independence, there
must still be some variable remaining in the resulting expression. Without loss of generality, let the resulting
expression be of the fonE?l2 a;jxzj. Then we add a new rule; «— (ws — Z}ig a;jxj)/as (and if this
variablexy occurs in the right-hand-side of the rule for, then substitute this expression in foy in that
rule, and simplify). At this point, we havg|, = w; andiz|, = ws.

We continue in this way for all of the remaining linear forms. The crucial observation is that there will
always be a variable in each linear fotpy when we first consider it, because of linear independence.

Our next lemma is a generalization of Lemma 36.

Lemma 42 Every matrixm in Rox2 N Indg can be represented by a product of matriceRlin- N Indg.
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Proof: The correctness of the following claim is easy to verify.

If »(m) = 0,3 or 4, then the proof is completely analogous to the corresponding cases in Lemma 36,
where we do our case analysis based ©n) instead of the number of variables that occurin

If »(m) = 1, then there exists a homogeneous linear fésuch that all; ;s in m are multiples of.
By treating! as a single variable, the analysis of the third case in Lemma 36 reveats flkat product of
matrices fromHs o N Indg as well as matrices having the following form:

el e

Thus the case whef(m) = 1 is completed by appealing to the following claim:

Claim 43 Any matrix having the following form can be expressed as the product of matriéks smIndg.
c 0 c 1
I 1710 ¢

Proof: We prove the claim by induction on the number of variables appearihglin/ contains at most
one variable, then the claim follows from Lemma 36.
Otherwise] is of the formdz; + I’. Observe that

c 0] |ed O d 0
[l c’}_[azl 1]x[l’ c’]'
(The other case is similar.) The claim now follows by induction. O
If r(m) = 2, then letly,ly € {l;; | i,j € {1,2}} be a basis. If every; ; is a multiple of either;
or Iy, then the proof of the fourth case of Lemma 36 provides us a contradiction. Thus, we only need to
consider the case where there is at leastlbae(l; ; | i,j € {1,2}} andc, ¢’ € F* such thal’ = cly + /Iy,

which means that is a non-trivial linear combination df andi,. Therefore, without loss of generality, we
assume that: has the following form.

wherec, ¢ € F* andl € L.

. I+ wi lo + w12
o Cll + Cllg + w21 dll + d/lz + w2,2

wherec, ¢ € F*,d,d’ € F.
But then the degree-two homogeneous pardi@f(m) is equal todl3 + (d' — c¢)lyls — 13, which is
nonzero since’ # 0. This contradicts our assumption thate Indg. O
The preceding lemma, together with Theorem 18, immediately yield the following corollary:

Corollary 44 Let f(Z) be a polynomial whose highest-degree homogeneous part is irreducible.fThen
is not computable bR,y N Indg.

Now we are ready to prove our main theorem.

Theorem 45 (Theorem 2 restated)If & > 8, then f(z) = Zlexgi,lxzi is not computable bRsy,
namely, for any:, f(Z) can not be obtained from IMb}, under regular projections.

Proof: [Proof sketch] The proof is by contradiction. Suppdses aug, ,-SLP for f(z).
By Propositions 8 and 9,(z) is nonzero under any regular projection of size at most four, which leads
to the following lemma.
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Lemma 46 For any potentially degenerate matrix’, in P, r(m’,) < 3.

Proof: Supposer(m',) = 4, then there exists a regular projectiprof size four such that1 < i,; <
0 0
00
aforementioned property ¢f(7). O

2, l;; = —w; j. In other wordsm’, |, = [ ] By Lemma 22, we have reached a contradiction to the

Lemma 47 Any potentially degenerate matrix’, in P has a regular projection of size at most three such
thatm’,|, is degenerate and all of the entriessim|, belong toF. Moreover, there is a well-formed regular
projectiong of size at most six extendipg

Proof: det(m’,) is a polynomial of degree at least one. by Lemma 46, after some suitable linear transfor-
mation, det(m%,) can be viewed as a polynomial in at most three “new” variables that are linear forms in
terms of the original set of variables. SirEés algebraically closed, this provides us the desired projection
p. The second part of the claim follows from Proposition 8. O

By Lemma 47, we can define degenerating projections in terms of well-formed regular projections. Note
that the proofs of Lemma 26 and Corollary 27 hold, regardless of the type of projections. Thus we can also
extend the definitions of cutting and finishing projections to well-formed regular projections. The following
observation is a slight variant of Observation 29.

Observation 48 Let f(7) be a polynomial such that under any well-formed regular projectiaf size at
most six,f (T)|, is always a nonzero irreducible polynomial. LEtbe aug, ,-SLP for f(z) and letm!,

be a potentially degenerate matrix i?. Letp be one of degenerating regular projectionsmof, and let
P’ = P|,. Then, auR, . ,~SLP can be constructed fg(T)|.

e If pis a cutting projection for?, in P, this case is identical to the first case in Observation 29.
e If pis a finishing projection fom?, in P, this case is identical to the second case in Observation 29.

Now the remaining part of proof proceeds exactly as in Section 3.3, since it does not depend on the type
of underlying projections at all, namely, regardless of whether they are homogeneous, simple or régular.
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