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Abstract:  
In this paper, we analyze the node scheduling approach of 
topology control in the context of reliable packet delivery. In node 
scheduling, only a minimum set of nodes needed for routing 
purposes (usually determined by a minimum connected 
dominating set, MCDS) are kept active. However, a very low 
density resulting from switching off nodes can adversely affect 
the performance of data delivery due to three factors. First, our 
analysis shows that at low density, the average path length 
increases by a factor more than previously thought. Second, 
protocols such as the Hop-By-Hop Broadcast (HHB) reliability 
scheme (which relies on high network degree for optimum 
performance) suffer. Third, with limited buffers at nodes, the 
overhead is more pronounced to the extent of making the network 
unstable. Using probabilistic models, we derive the relationship 
between network density and overhead based on the above factors 
and find the density conditions for minimum power consumption.  
We also propose a, fully distributed and message-optimal node 
scheduling algorithm with a constant approximation bound based 
on the concept of Virtual Connected Dominating Sets. The 
scheme can asymptotically achieve optimal density conditions 
while adapting to different network parameters. 

Categories and Subject Descriptors 
C.2.1. [Network Architecture and Design]: Network Topology 

General Terms 
Algorithms, Performance, Design, Reliability, Theory 

Keywords 
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1. INTRODUCTION 
In infrastructureless ad hoc networks with battery-powered nodes, 
it may be difficult and expensive to replace or recharge nodes 
drained of energy. Minimizing the network power consumption is 
not only important for maximizing the network lifetime but also 
for improving the maintainability of the network. In this context 
topology control is one of the most important mechanisms used 
for reducing network power consumption.  

Topology control can be achieved either by transmit power 
control or node scheduling. In transmit power control the 
optimization problem is to find the transmission power (while 
maintaining connectivity) at which the power consumed is 
minimum ([1], [4], [5], [6], [7]). In node scheduling, nodes 

redundant for routing are switched on and off using a scheduling 
algorithm ([15], [17], [18], [19], [20], [34]).  

In this paper we focus on node scheduling to optimize the power 
consumed for Reliable Packet Delivery in ad hoc networks. 
Although similar studies have been done for the transmission 
power control ([4], [8], [9]), to the best of our knowledge this is 
the first attempt to analyze the behavior in the context of node 
scheduling. Most node scheduling algorithms find a minimum set 
of nodes required to maintain connectivity, usually with 
approximations to Minimum Connected Dominating Set (MCDS, 
[10], [11], [12], [13], [14]). MCDS minimizes the idle power 
dissipation and the power consumption from unnecessary 
reception of packets in nodes redundant for routing purposes. 

However switching off nodes can change the properties of the 
network graph and may actually increase the power consumption. 
The intuitive idea that minimizing the network density using 
MCDS may not achieve minimum power consumption forms the 
main motivation behind the analyses in the paper. We specifically 
highlight the adverse effects of keeping low network density on 
the overhead of reliable packet delivery and derive density 
conditions for scheduling nodes to minimize power consumption.  

Low network density may affect overhead of reliable packet 
delivery in three ways. First, at low density, the average hop-
length between nodes increases and may increase the power 
consumption. Second, many protocols such as the hop-by-hop 
broadcast (HHB) reliability protocol, [27] rely on high network 
degree (not available at low density) to reduce the overhead. 
Third, at low network density, the few active nodes become 
congestion points. If these nodes are memory constrained, this 
causes buffer overflow and hence increases overhead for reliable 
packet delivery, even leading to network instability. Thus network 
density plays a key role in the overhead of reliable delivery and to 
minimize power consumption we need to find the optimal density 
based on current network conditions. Further, given that we can 
find the optimal density we need a practical, distributed and 
adaptive algorithm which can achieve the required density. In this 
paper, we show how to find the optimal density and design a 
practical node-scheduling algorithm based on virtual dominating 
sets that achieves the desired density. 

The main contributions of the paper can be summarized as 
follows: We first analytically derive a relationship between the 
density of active nodes and the distribution of shortest path 
lengths (section 3). The analysis shows that the expression for 
path lengths used in prior work ([8], [20]) is not an accurate 
approximation at low densities. Next, we analyze the power 
consumption of reliable delivery and highlight the performance of 
the HHB protocol at different densities in section 4.1. We analyze 
the effect of constrained buffers in section 4.2. The results show 
that operating the network at low density is counter productive.  
Finally we propose a practical node scheduling algorithm based 
on the theoretical models developed in this paper. The proposed 
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algorithm can achieve optimal density conditions in a distributed 
manner while being adaptive to different network conditions and 
parameters (section 5).  Thus, the results in the paper provide 
design guidelines for both theoretical analysis and practical 
implementation on topology control using node scheduling. 

2. NETWORK MODEL AND ASSUMPTIONS 
We first describe the model and assumptions used in analysis of 
node scheduling. The nodes in the network are assumed to be 
distributed in a circular field of radius R according to a Poisson 
process. The methodology described can be easily extended for 
other network shapes and density distributions. The 
communication range of each node is fixed at r (no power 
control). We assume that the fraction of nodes kept active using 
some node-scheduling algorithm (possibly a connected 
dominating set) is also Poisson distributed (this assumption is 
relaxed). For a particular realization of the network, we assume 
that N nodes are uniformly distributed in the field and a fraction X 
of the N nodes form the active set. Thus we have: 

Avg. density, 2/ RNX πδ =  ,  Avg. degree= 12 −= rd δπ  ... 1 

The MAC layer is assumed to be based on TDMA scheduling 
[26] such that collisions and interferences do not occur. Channel 
error is a network-wide constant (f) and occur independently at 
each link. Generalization to non-uniform packet error rates (e.g. 
based on SNR) is part of future work.  

We use a simple traffic model where nodes generate a constant 
number of packets per unit time (λp) and send it randomly to some 
other node possibly multiple hops away from the source is. We 
assume a geographic routing protocol for packet forwarding. 

The energy consumption in node is divided in to four categories: 

ET Joules= Energy consumed per Packet Transmission 

ER Joules= Energy consumed per Packet Reception 

EI J /second = PI watts =Power consumption in Idle Mode 

ES J/second = PS watts =Power consumption in Sleep mode 

Etotal J/second = Ptotal watts = total power consumption 

Active nodes consume PI at all times even when receiving or 
sending packets (this corresponds to the power to keep the node 
circuitry running). Thus, the total power dissipation normalized 
with respect to the number of nodes in the network is: 

( ) )1(Re XPXPOEOEP SIcRTransTPTotal −+++= λ  ... 2 

OTrans=Total number of packets transmitted. 

ORec=Total number of packets received. 

OTrans denotes the expected number of packets transmitted over 
multiple hops including overhead due to retransmissions between 
a source and sink. ORec denotes the overhead when nodes in the 
neighborhood of the transmitting node receive all these packets.  

3. IMPACT OF DENSITY ON SHORTEST 
PATH LENGTHS 
In this section we study the relationship between the density of 
nodes active for routing and the average hop length between 
nodes. The results in this section highlight some of the 
inadequacies in papers such as [8] and [20] which approximate 
the hop lengths as  ry /  for transmission radius r and distance 
between nodes y. The analysis for average path lengths is similar 
to ones in [1] and [2] with some important differences. The 
derivations consider all forms of trajectories between source and 
sink in the probability distribution whereas in [1] and [2] the 
progress is assumed along a straight line joining the source and 
sink. We also take into account the unequal distribution of the 
distances between randomly chosen points in a circle (and hence 
unequal distribution of the hop lengths) for minimizing the power. 

To derive the analytical model for the average number of hops in 
the network as a function of density for a pair of nodes separated 
by distance y we assume a geographic forwarding scheme with no 
holes in the network. Thus a packet progresses to the node closest 
to the sink. I.e., all next hop neighbors lie in the intersection of 
two circles of radii r (communication range) centered at source 
and y (the distance between source and sink) centered at the sink, 
as shown in Figure 1. Let 

x = radial distance of the forwarded node next hop and sink 

z =radial progress from the source towards the sink =y -x  

The probability that the next hop node is at a distance larger than 
z (i.e., the CDF) can be shown to be:  
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by putting FZ (0) = 1 ( to account for the assumption that there are 
no holes in the network and there is at least one node closer to the 
sink). The PDF is simply given by: 
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Next we define h (y, z) = 1/(y-z), the hops per meter progressed at 
distance y. To compute the number of hops from source to sink 
we integrate the expected hops per meter over the distance y from 
source to sink. 

 
 
 
 
 
 
 
 
 

Figure 1 Computing the expected number of paths assuming a 
geographic forwarding scheme. 
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Finally to find the average all pair shortest paths, let fY (y) be the 
PDF of the distance between two randomly chosen Poisson 
distributed points inside the circular field. The expected number 
of hops is:  
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We still need to compute the function fY(y) (look ahead to 
equation 6) in order to complete the analytical model. To derive 
this, consider a parametric formulation of a d dimensional 
bounded region R and any point defined by the vector v[x1,…,xd]. 
The following theorem is used to compute the density distribution 
of distances between randomly chosen pair of points inside a 
bounded region. 

THEOREM 1: The density distribution of a pair of points with 
magnitude and direction given by a vector v in a bounded region 
R is proportional to the area formed by the intersection of R and a 
copy of R shifted by the vector v, (R[v]).  

Proof: Can be proved using simple area arguments (Figure 2). 

Although the theorem 1 is conceptually simple, it gives us an 
elegant way of handling any bounded region of different arbitrary 
shapes. Applying this principle to unit disks, we see that the 
intersection area is symmetric and equal along any direction of 
vector v. The overlap area of circles shifted by distance y is:  
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Now to find the density distribution of a pair of points with 
magnitude |v|=y, we use the parametric form of the vector 
v=[ysin(t), ycos(t)] and integrate along the entire circular region. 
In the parametric form for the distances, y is the first quadrant of 
the circle ( 2/π ) and the number of vectors with magnitude y is 
proportional to y. The integral of y from 0 to 2 is simply ( 2/π ). 
Hence the density distributions (PDF and CDF) is given by: 
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We use fY(y) given by equation 6 in equation 5 to compute the 
expected number of hops as function of density. For infinite 
network density, the above equation would tend to the trivial 
approximation of hop lengths using  ry / . However for 
networks with finite densities, the above formulation accurately 
estimates the path lengths. Figure 3, shows the number of hops 
between a pair of nodes for different densities from a randomly 
generated topology and compares with the analytical computation 
using equation 3. We see that the analytical model closely 
resembles the actual hops for the generated topology; thus, 
verifying our claim.  

An important observation is that the number of hops at low 
densities is large and has significant cost on the network 
overhead. In this case of the source destinations pair, with only 
10% of the nodes active, the hop lengths double and increase by 
30% with around 30% of the nodes active. Impact of this 
significant increase in hop length cannot be neglected especially 
for reliable transmissions. 

4. EFFECTS OF DENSITY ON RELIABLE 
DELIVERY OVERHEAD 
Reliable packet delivery is usually achieved by retransmissions of 
lost or corrupted packets. At low density the number of 
retransmissions for reliable delivery increases not only due to 
increase in path lengths but also due to the following factors: 

1. Reduced network degree at low densities: Many protocols in 
ad hoc networks exploit the broadcast nature of the wireless 
channel and high network degree to reduce their overhead (e.g., 
[24], [25] for routing and [26] for creating multicast trees). The 
Hop-by-Hop Broadcast (HHB) protocol described in [27] reduces 
the number of retransmissions for reliable delivery by exploiting 
the high network degree at high density. Low network density 
leads to a low network degree and may affect the performance of 
these protocols. This is analyzed in section 4.1. 

2. Increased traffic load in memory constrained nodes: When 
very few nodes are active for routing purposes, the traffic load in 
these active nodes increase since a fewer number of nodes have to 
share entire the traffic load. With limited memory capacity, it 
becomes difficult to handle the increased load at low density. The 
overhead of reliable delivery is severely affected since buffer 
overflow causes extra packet losses. The effect of memory 
constraints on the overhead is analyzed in section 4.2. 

Reliable delivery protocols are broadly divided into End-to-End 
Retransmissions (EER) and Hop-by-Hop Retransmission (HHR) 
schemes. The two factors described above affects the overhead of 
EER and HHR, such that the optimal density for minimum power 
consumption is much larger than the minimum required to 

 
 
 

 
 

Figure 2 The bounded region R shifted by 
vector v. The density of the parametric is 

proportional to the intersection area of the R 
and R[v]. 
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Figure 3 Comparison of the equation 3 

with actual hops between a pair of 
nodes. R=600m, r=40m, N=10000. 

 
 

    

 

 
Figure 4 The HHB scheme. Multiple 
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maintain connectivity. However, detailed analysis of the normal 
EER and HHR schemes is left out due to lack of space.  

Instead we concentrate on a concept known as Reliability with 
Hop-by-Hop Broadcast1 (HHB) from [27] which is affected more 
significantly due to node scheduling. HHB significantly reduces 
the overhead of reliable transmissions over EER and HHR 
schemes by exploiting the wireless broadcast in a dense networks. 
In HHB, higher the local density, the lower is the retransmission 
overhead. Thus it is very interesting in context of this paper since, 
it shows that density not only affects the number of hops between 
nodes but also the per hop retransmission overhead. 

4.1 Hop-by-Hop Broadcast Reliability (HHB) 
We now briefly describe the HHB protocol and analyze the effect 
of density on its overhead. Consider a source and sink node 
separated by h hops. When networks have high density, there are 
multiple next-hop nodes as shown in Figure 4. Since wireless is a 
broadcast medium, all the next-hop-nodes in the communication 
range can potentially receive a forwarded packet. This packet 
needs to reach at least one of these nodes so that it is forwarded 
with a gradient towards the sink. The probability of a packet 
being successfully transmitted to at least one of these nodes is 
higher than the probability of it being forwarded to one particular 
node2. The success probability of a packet getting forwarded is 
thus: 

p= probability to reach next hop= f-1 f-1 k(h) ≥  

k(h) = number of  next-hop nodes at the hth hop. 

HHB exploits this inherent redundancy in the wireless medium 
and the independent nature of signal corruption at the receivers to 
reduce the per-hop retransmission overhead. Higher the network 
density, higher would be the number of next hop neighbors and a 
packet would have a higher probability to be forwarded to the 
next hop. This leads to lesser number of retransmissions. 
Intuitively HHB protocol is exactly same as a normal HHR 
protocol but with lesser number of retransmission at each hop. For 
more details about the HHB protocol please refer to [27]. 

Next we compute the overhead for the HHB protocol. For this we 
first need to compute the expected number of next hop neighbors 
k(h), as a function of network density.  
                                                                 
1 Although HHB in [27] is intended to provide different levels of 

assurance in sensor networks, we can adapt the key ideas for a 
protocol employing HHB for reliable delivery of packets. 

2 The idea is analogous to diversity decoding with multiple 
wireless antennas to increase transmission reliability with the 
different nodes acting as multiple antennas for the same signal. 

Consider a node which is h hops away from the sink as shown in 
Figure 5. Since we assume a geographic routing scheme, the 
intersection area of circles centered at the source (radius r) and the 
sink (radius x) represents the area for all h-1 hop nodes.  Now y is 
equal to (h-1)z (where z is the expected progress E[fZ(z)] per hop 
computed from equation 3) since we are considering the region of 
h-1 hop neighbors. Also the source is h hops away from the sink. 
Thus x (as shown in figure) is given by: 

( ) 2/)1( 22 −+= hhzx  

The area of the shaded region is A=A1 + A2, where, 

[ ] [ ]2/)2sin(,2/)2sin( 2
2

2
1 bbyAaarA −=−=  ... 7 

( ) rxyxra 2/cos 2221 −+= − , ( ) xyrxyb 2/cos 2221 −+= −  ... 8 

The expected number of next-hop nodes at the hth hop is: 

)()( 21 AAhk += δ  ... 9 

We verify the analytical expectation of k(i) using simulations for 
20,000 nodes, randomly deployed in a 1000m2 field for various 
communication ranges in Figure 6. The results suggests that 
equation 13 is a good approximation of k(h) and may be used 
effectively to compute the overhead of HHB as follows. 

Next we use the analytical expression for the expected number of 
next hop neighbors to compute the overhead of the HHB protocol. 
Consider the ith hop between a source and sink separated by h 
hops. A packet is successfully forwarded to the next hop with 
probability ( )k(i)f-1  and the acknowledgement is received from 
the next hop with probability ( )f-1 . The number of 
retransmissions follows a geometric probability distribution of 
( )( )f-1f-1 k(i) . Hence the expected number of retransmissions is 

( )( )f-1f-1/1 k(i) . The probability of an acknowledgement packet 
being generated for any transmission is ( )k(i)f-1 . Hence the 
expected number of transmissions per packet is ( )k(i)f-2 . The 
total number of packet transmissions for a pair of points separated 
by distance y (and hence number of hops is h(y)) is: 
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The expected number of packet transmissions for all nodes in the 
network is given by equation 10 (using the equation 4, 5).  
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We have dTOTO TranscTransTrans == Re, where d is the average 
network degree. The expected power consumption is given by: 

( ) )1()]([][ XPXPdEEhOEPE SIRTHHBPHHB −+++= λ  ... 11 

For simple unicast HHR scheme, we can put fk(i)=1 in equation 10 
to model that packet is forwarded to only one node at each hop. 
Figure 7 plots the expected power consumption of the HHB 
method using equation 11. Figure 8 compares this with a hop-by-
hop unicast reliability (HHR) protocol. In the graphs the optimal 
density point is marked with a large dot. We see that at very low 
and very high density the consumption is high and the optimal 
density point lies somewhere in the middle. The HHR and HHB 
plots have essentially the same curves but the HHB method has 
significantly lesser power consumption. We also see that increase 
in channel error does not have a significant impact on the 
overhead in the HHB case. When channel errors are high, the 
optimal density point for HHB lies at a much higher density than 
for the HHR case. This is because in HHB a high density not only 
lowers number of hops but also reduces the per hop 
retransmission overhead by exploiting the higher network degree. 

4.2 Effect of memory constraints in nodes  
We now consider the effect memory constraints on the overhead 
of reliable delivery at different densities. The intuitive idea in the 
analysis is that with lesser active nodes, the traffic rates at these 
active nodes increase leading to buffer overflow and subsequent 
packet drops. This would increase the required number of 
retransmissions for reliable delivery. 

To find the overhead of reliable delivery in this case, we have to 
find the actual packet drop probability which now depends on the 
channel error rate, the buffer size at each node and the packet 
arrival rate. In a hop-by-hop reliability scheme, a node buffer gets 
occupied not only with new incoming packets but also with 
previously buffered packets which have not been reliably 
transmitted to the next hop. The holding time for such packets in 
the buffer actually depends on the rate at which packets are lost at 
the next hop nodes. A higher blocking probability at the next hop 
node thus increases the buffer occupancy at the forwarding node. 
Thus we need to find the buffer blocking probability at balance 
conditions for the network. 

Let us first look at how packet arrival rates at each node increase 
with reduction in network density. We assume that the 
distribution of packet destinations is uniform and each active node 
equally participates in the routing. We neglect edge effects. In the 
HHB scheme, each forwarding node is a source for a packet on a 
hop-by-hop basis irrespective of the original source of the packet. 
When a packet is generated (or forwarded), it is intended for one 

of the neighbors. Thus the average traffic volume at each node 
can be considered on a local basis. Based on the current network 
degree (from equation 1), the packet arrival rates at each node 
increases due to the decrease in network degree as follows.   

schedulednodeactualp
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p dd −= /λλ  

To solve the expected blocking probability at balance conditions 
we model the hop-by-hop retransmission scheme as a stable 
(arrival<transmission rate) store-and-forward queuing network 
([37]) Detailed derivations are left out due to lack of space. The 
blocking probability, b, at each node is given by the following set 
of equations.  
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M= # of memory slots available for buffering packets   

Now 
HoldT  is the holding time for a packet in the outgoing queue 

awaiting acknowledgements. Packets are buffered until they are 
successfully delivered to the next hop. The holding time in buffer 
for unacknowledged packets depends on the time required for 
expected number of retransmissions and one acknowledgement 
for a correctly received packet. If TTimeout is the mean timeout 
interval for a packet retransmission, TAck is the mean time for the 
arrival of an acknowledgement and b is the blocking probability 
under balance conditions, 

HoldT is given by: 

( )( )( )[ ] AckTimeoutHold TbfbfTT +−−−−−= )1)(1/(111  ... 13 

The blocking probability, b at balanced conditions is the solution 
to equation 12 and 13. Figure 9 plots the average blocking 
probabilities at nodes for different densities and buffer sizes. We 
assume that ttrans=10-3 and TAck=2 ttrans  and TTimeout0=0.02. We see 
that at low densities and for small buffer sizes, the network 
becomes unstable as blocking probabilities reach 1.0, i.e. 
incoming rate is more than outgoing rate. 

Finally to compute the retransmission overhead, we see that a 
packet is lost if there are channel errors or if the buffers are full 
and the packet is dropped at the receiver. The modified packet 
loss probability is given by equation 14 and is used for analytical 
computation of overhead under buffer constraints in equation 11. 

bfbff −+=′  ... 14 
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Figure 8 Power consumption for the HHR 
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The power consumption equation (equation 11) is plotted using 
equations 12, 13 and 14, in Figure 9, for different densities and 
buffer sizes. The optimal density points (shown by the big dots) 
increase as the buffer sizes reduce. Under memory constraints, the 
overhead at minimum density is now much higher than in the 
unconstrained memory case. Figure 9, also shows that network 
maybe even unstable at low density. 

5. ALGORITHMS FOR NODE SCHEDULING 
The results in the previous section highlight the main motivation 
for this paper, that many algorithms, which switch of all 
redundant nodes may not have overall optimal power 
consumption since it leads to very low network density. Our 
analyses suggest that optimal network density can vary widely 
depending on the network conditions. Thus we need an adaptive 
algorithm capable of scheduling nodes based on the current 
network conditions and parameters. The algorithm needs to 
maintain the following conditions on the active node set so that 
our analytical computations and assumptions in the previous 
sections can be used:  

1. Density Distribution: The distribution of the active node set 
should follow the analytical assumptions (Poisson distribution). 
Moreover, the protocol should be adaptive to local aberrations or 
non-linearity in node density.  

2. Connected Dominating Set: The active node set needs to be 
connected so that each node is reachable. 

In general the two conditions are difficult to achieve in 
conjunction for a real network. We have to relax one condition in 
order to guarantee the other one. For routing purposes, meeting 
the connectivity condition proves far more important while 
relaxing the first condition. In section A we propose an algorithm 
based on Voronoi aggregative processes (VAP), which guarantees 
the first condition while relaxing the connectivity condition. In 
section B, we propose an algorithm based on the concept of 
Minimum Virtual Dominating Sets (MVDS) which guarantees a 
connected set of nodes, while relaxing the distribution condition.  

5.1 Constructing Poisson Distributed Active 
Node Set (Voronoi Aggregative Processes) 
In this section we describe how the active node set can be chosen 
with a Poisson distribution at a desired intensity while generating 
a dominating set with high probability.  The results discussed in 
this section are useful to compare the properties of our proposed 
algorithm in section B. 

We consider two independent Poisson processes for the 
distribution of the dominating node set and the dominated node 
set forming a two level structure. For a particular realization of 
the network, we have N nodes uniformly distributed in the field 
and XN chosen randomly to form the active node set as follows.  

First, a fraction X of the N nodes are chosen randomly to form the 
active node set. Nodes which are not chosen, associate themselves 
with the closest active neighbor (within one hop). Next, nodes 
that remain uncovered by the set of active nodes are also added to 
the active node set. 

Let the fraction of nodes which were chosen at the 2nd step be Y. 
At the end of the algorithm, we have N(X+Y) nodes in the active 
set. The dominated nodes associate with the closest active 
neighbor creating a Voronoi tessellation with the first set forming 

the centers of the Voronoi cells. This is referred to as a Voronoi 
Aggregative Process related to Poisson distributions [21]. 

Now we started with a desired intensity level of X for the active 
node set and ended with an intensity level of X+Y. Ideally we 
want the achieved intensity to be equal to the desired intensity. 
We see that a node is chosen in the second stage if the distance to 
the closest Voronoi center is greater than the communication 
range.  If the communication radius is r, the probability p(r) that a 
node is covered by at least one dominating node is given by: 

)/exp()),(( 22 RXNrXYrp −=  ... 15 

Equating Y=p(r) and solving for r(X,Y) we get the required range. 

XNRYXYr /)ln(),( 2−=  ... 16 

Thus if we select a small value of Y, then for the communication 
range given by the above equation, we get a dominating set 
structure with density very close to X. To create the active node 
set, we impose a condition in the algorithm that a node attaches to 
a dominating node only if it is less than distance r(Y,X). We note 
however that the above is not possible if r(Y,X) is greater than the 
actual communication range r (which also means that the network 
is not covered and hence we do not consider this condition) 

Although this method gives us an active node set according to the 
required distribution condition, it cannot guarantee a connected 
set it is rendered useless for routing purposes and is meant only 
for comparison with the algorithm described in the next section. 

5.2 Scheduling with Virtual Dominating Sets 
To construct a connected dominating set at the desired density we 
use the concept of Virtual Dominating Sets (VDS). The concept of 
VDS was first introduced in [28] and was used for retrieving 
topology at multiple resolutions. In this paper we propose an 
algorithm for node scheduling closely related to the VDS concept 
and using their definitions on unit disc graphs. 

Consider a graph G (V, E(r)) where an edge exists between two 
nodes if their distance is at most r. For wireless networks, 
communication range, r defines the network graph. Consider the 
following definitions on G(V, E(r)): 

Virtual Edge Set (E(rv)): The subset of E(r) such that each edge 
in the set has endpoints at most distance rv apart. In this case, rv is 
called the Virtual Range. The subgraph G(V, E(rv)) is referred to 
as the virtual graph. 

Minimal Virtual Connected Dominating Set MVCDS(r): An 
MCDS on graph G (V, E(rv)). 

Figure 11 illustrates the concept of MVCDS. In the first figure, we 
have the virtual range equal to the communication range (r=rv) 
and the MVCDS is given by the three black circles. In the second 
figure, the virtual range is much smaller than the communication 
range and many of the edges of the original graph are missing 
(shown by dotted lines). The MVCDS is given by the four black 

 

 

 

 

Figure 11 MVDS (the black nodes) at different virtual ranges. 
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circles in this case. We see that a decrease in virtual range rv 
causes a decrease in the number of virtual edges and hence an 
increase in the cardinality of MVCDS(rv).  

We note here that the virtual range is not the reduced 
transmission range but simply a definition on the graph, which 
allows for variable cardinality of dominating sets. The 
transmission range still remains r although the dominating set is 
created with range rv. Intuitively, the virtual radius only acts as a 
control knob for the cardinality of the dominating set formed. 
Thus MVCDS is a relaxed optimization problem of the MCDS 
version and similar to Weakly Connected Dominating Sets 
(WCDS) [36]. However WCDS does not have a variable 
cardinality definition, which is important for node scheduling. 

Next we describe the construction of the MVCDS. Any node 
randomly decides to initiate the process (the initiator node). 
Nodes to be kept active are selected in layers i.e. first the nodes 
one hop away from the initiator are selected and then nodes two 
hops away and so on. We will see that this layered scheme is 
required for good approximation bounds for the MVCDS. 
However it also creates a uniformly distributed set of active 
nodes. This is useful since it prevents any bottlenecks from 
forming (if the structure and the routing paths are too skewed) on 
the node scheduled graph. 

1. The initiating node is the first node in the active node set and is 
colored black. The node then broadcasts a packet with its node id 
and color. All nodes which are within the virtual radius rv of the 
black node are the dominated nodes and colored gray and all 
other nodes are colored dark gray. 

2. A dark gray node changes its color to gray if it receives a 
message from a neighbor which has black color. Any node which 
becomes black, sends out a packet immediately to inform its 
neighbors which are colored according to step 1. If it does not 
receive any such message, it changes its color to black after a 
random delay based on its Id3 

3. A black node formed in step 2 is at most one or two hops away 
from another black node from a previous step (currently the 
initiator), which it considers its parent black node. There is at 
least one intermediate node to connect any such parent-children 
pair. The intermediate node in our algorithm is the one from 

                                                                 
3 E.g. the delay as a hash function on the node ID which will 

select a delay out of an O(n) time period. Note that this simple 
scheme would work without any time synchronization. 

which the current black node first received a packet from the 
previous hop. This intermediate node is also included in the active 
node set by including its ID when the black node forwards a 
packet. 

4. Next all nodes (black, gray and dark gray) forward the request. 
Steps 1,2 and 3 are repeated until all nodes are colored gray or 
black. In the end we are left with a set of black nodes and some 
intermediate nodes connecting each black node to a black node 
formed in the previous step. 

For a proper ordering of the layered coloring scheme (i.e., nodes 
with a lower hop distance from the initiator gets colored earlier) 
we use a forwarding delay for each node based on their hop 
distance from the initiator. Thus after the steps 1, 2 and 3, a node 
h hops away from the initiator forwards before a node h+1 hops 
away. The coloring sequence is illustrated in Figure 12.  

Based on the algorithm described we highlight the following 
properties of the VCDS. These are essential to derive the 
performance bounds for the algorithm 

1. No two nodes change color at the same time since timer delays 
are unique based on unique node Ids. Hence, no two black 
nodes are virtual-neighbors of each other i.e. the black nodes 
actually form a Maximal Virtual Independent Set (MVIS) 

2. The Virtual Connected Dominating Set (VCDS) consists of two 
sets of nodes, the MVIS (black nodes) and the connector node 
set. Each black node is connected to at least one black node 
through one connector node.  

3. A node may have multiple neighboring active nodes (black or 
intermediate node) since the set may be created with a virtual 
range smaller than the real range. Thus at small rv each node 
has a higher connectivity due to larger number of active nodes 
in its communication neighborhood. 

4.  Each node sends one messages after color changes and another 
after an intermediate node is selected. 

6. ANALYSIS OF THE VCDS 
We first briefly look at the worst-case combinatorial 
approximation bounds of VCDS algorithm. Although the main 
aim of using VCDS instead of CDS is to have variable cardinality 
dominating sets, we note that the algorithm described can be used 
to create a normal CDS as well (by using virtual radius equal to 
communication radius).  

 

 

 

 

 

 

 

 
Figure 12 Illustration of the VCDS algorithm. The larger and the smaller circles depict the communication and the virtual range. 

The coloring takes place in layers (using timer mechanism). The dark gray nodes one hop away 1st change color and then 
forward a packet. Only after the 1st hop nodes change color, the 2nd hop nodes receive a packet and change color. 

initiator 

Dark-gray nodes 1 hop away  
Dark-gray nodes 2 hops away 



The VCDS algorithm achieves an approximation ratio of 8opt-2 
with message complexity of O(n) and time complexity of O(n2). 
For details please refer to the Theorem A1, A2 and A3 in 
appendix.  Let us compare our bounds with the two known 
algorithms for CDS with constant approximation bounds. In [30], 
the CDS construction has an approximation bound of 192opt+48 
with message and time complexity O(n). In [31], the CDS 
construction has approximation bound similar to ours (8opt) but 
has a message complexity O(nlog(n)). To the best of our 
knowledge, our algorithm has the best approximation bound with 
linear message complexity.   

Although the worst-case bounds are important for completeness 
of the analysis, from a practical standpoint it is not very useful 
since does not give any information about the expected cardinality 
and the node distribution of the VCDS formed (which are more 
important from the perspective of node scheduling at the required 
density). We now derive the results for the average cardinality of 
any VCDS formed using probabilistic methods. 

We first look at the cardinality of the MVIS (the black node set) 
and then see how many intermediate nodes are added to form the 
VCDS. The black node set in the VCDS is a maximal virtual 
independent set. Thus a node in the graph can be black only if all 
its neighbors are not black. Consider different runs of the 
algorithm with different root nodes. Suppose a particular node i, 
becomes black, bi times out of the k different runs of the 
algorithm. Then we define, 

pi = probability of node i to become black for a randomly 
selected initiating node = bi / k  for large k. 

We assume that pi is dependent only on the local degree of node 
(di) and uncorrelated with the rest of the network. The 
independence assumption is not valid for a particular run of the 
algorithm but for a large-scale network and large number of runs. 
Thus the expected number of times each node becomes black 
across all runs of the algorithm is the expected number of times 
all its neighbors become gray. Then for each node the following 
set of equations are satisfied: 
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Multiplying the set of equations for all i, each 1-pj appears di times 
in the set of equations. Thus we get: 
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Let [ ] ppE i ˆ= . For large N and large number of runs k, pi for each 

node tends to the expected value p̂ . From law of large numbers, 
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1/ 22 −= RNrd v , the expected virtual degree. 

For sufficiently large d the above can be approximated using: 

( ) 1/))ln(ln()ln(ˆ ≥−= dfordddpMVIS
  ... 20 

Now we account for the extra intermediate nodes which connect 
the chosen set of nodes to form the connected tree. We see that 
any node is dominating with probability p (given by equation 19, 
20) only if it falls outside the virtual range of another black node. 
Using area arguments, the probability that an intermediate node is 
also dominating is: 

( ) 222 / rrrpP vMVIS −=  ... 21 

Hence the cardinality of MVCDS is given by: 

( )( )222 /2 rrrpNpVCDS vMVISMVIS −−=          ... 22 

The expected cardinality of VCDS is thus ( )ddNO /)ln( , i.e., at 
large scales, it actually behaves like a random d-regular graph 
which also has a dominating set cardinality of ( )ddNO /)ln(  [32]. 

Figure 13 shows the comparison between actual number of active 
nodes formed and the analytical expectation from equation 22. 
We see from the graphs that the uniformity assumption of the set 
of nodes in MVDS is fairly accurate. Next we compare the VCDS 
with VAP described in the previous section. Figure 14 compares 
the density of nodes formed using the Voronoi process and the 
MVCDS for different virtual ranges. We see that at small virtual 
ranges, the distribution deviates from the VAP. This is because of 
the connectivity constraints for MVCDS which leads to a large 
fraction of intermediate nodes with respect to the black nodes.  

An important aspect of the derivations for optimal power 
consumption was the computation of the expected path lengths. 
The properties exhibited by VCDS should match those computed 
assuming a Poisson distributed topology in section 3. Figure 15 
shows the percentage deviation in the number of hops from the 
optimal (when all nodes are active) with actual simulations and 
those computed using the formulation in section 3. We see that 
the simulation curves match the analytical results. 

0

0.2

0.4

0.6

0.8

1

40 35 30 25 20 15 10 5
Virtual Range

D
en

si
ty

 o
f M

V
D

S

Simulation Result

Analytical Curve

 
Figure 13: Comparison of eqn. 22 and 
simulations. R=600m N=10000, r=40m. 
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7. DISTRIBUTED COMPUTATION OF 
DENSITY CONDITIONS 
Although the algorithm to create the VCDS is completely 
distributed, the density conditions were derived in a centralized 
fashion assuming uniformity in network parameters. In this 
section we show that the density conditions can be derived with 
only local information at each node. The distributed computation 
of the density condition is also important for adapting to local 
aberrations in network conditions which the centralized approach 
cannot take into account without global knowledge. 

We first look at how the virtual radius should be computed locally 
to account for local aberrations in node density. Suppose we have 
N nodes with some arbitrary distribution and we want to reduce 
the number of nodes from N to NX, where the NX nodes are 
chosen according to some other distribution (based on optimal 
distribution). The use of a single virtual radius would not be 
sufficient due to non uniformity in the number of neighbors. We 
use the local degree instead of the average network degree to 
compute the virtual radius for each node. For a node n with local 
degree dn, the local density is calculated as 2/)1( rdnn πδ += . Let 
PMVIS(n) denote the required distribution around the location of 
node n. The virtual radius for node n is computed as follows: 

( )
( ) nMVISMVISv

nnr
MVISMVIS

nPnPnr

nPnP vn

δ

δ

/1))(1ln(/))(ln()(

)(1)( 1)( 2

+−=⇒

−= −  ... 23 

Figure 16 shows the effect of using this scheme on a gaussian 
distributed set of 1000 nodes around the center of a 400x400 m2 
field and variance 75m. The aim here was to create a node-
scheduled topology with uniform density starting from the 
underlying gaussian density i.e. the required density distribution 
at each point in the network PMVIS is constant. The curves show 
how the localized method adapts to the non-uniform distribution 
of nodes. Thus the local computation of the virtual graph can 
approximate and control the local density of nodes and thus create 
any arbitrary density on a large scale. Although we do not solve 
the node-scheduling problem for non-uniform distributions, the 
graph illustrates the potential of the local virtual degree method 
for handling non-uniform density. 

Now we show how nodes can compute the optimal density 
conditions using only local knowledge of network parameters. 
Consider a node n with local degree dn. We assume that the node 
has knowledge of the number of nodes in the network N and the 
total area of the network and hence can calculate the expected 
degree of any node as d. Thus n can compute the average hop 
length from equation 8. Next it uses the following formulation of 
the overhead equation to find the optimal density. 

( ) nSnInnRTHHBP
n

HHR XPXPddrEEhOhP +−++= )1(/)()( 2πδλ ... 24 

The most important element in the above equation is the scaling 
of the traffic rate to ddnP /λ , using the ratio of local and the 
average network density. The global formulation assumes a 
uniform traffic rate originating in each region. But a region with 
higher density would have larger traffic rate which the local 
scaling actually attempts to take into account. It can be shown that 
as density increases this would in fact converge to the global 
computation. The node now computes the optimal density δn

* 

from equation 25 and pMVIS from equation 23, 24 and 26. 

( )( )( ) 2222* //2 RrnrrpNp vMVISMVISn πδ −−=              ... 25 

Finally the virtual degree rv(n) for node n is computed as 

( ) ( )( ) ( )1/1ln/ln12* +−+= nMVISMVISv dpprr π    ... 26 

For non-uniform density distribution we have to separately 
consider the density distribution of distances of each nodes in the 
network. Let the position of n in the network be ( )nnl θ,  as shown 
in Figure 17. Then the density of nodes which are at length x from 
node n is the intersection of the field circle with a circle of radius 
x centered at ( )nnl θ,  as shown in the figure. We find the PDF of 
hop lengths from this node in exactly the same manner as in 
section 3 but use the local degree dn to compute it since the node 
does not know the actual distribution in the network. Thus for 
expected hop length nĥ , for a node n, the local optimal density is 
computed by minimizing equation 24. Intuitively this does take 
care of non-uniform density as well but showing the convergence 
is beyond the scope of this paper. 

The modifications proposed in this section are extremely 
powerful for handling arbitrary conditions. In short, we have 
shown that it is indeed possible to achieve conditions of optimal 
power consumption in a distributed manner. 

8. SIMULATION RESULTS 
In this section we briefly describe simulation results to validate 
the theoretical analysis. We consider a network of 10000 nodes 
uniformly distributed in a circular field of radius 600m. The 
communication range is set to 35m. The simulations are based on 
the normalized and average power consumptions for all the nodes 
in the network. The values are averaged for 5 randomly generated 
topologies. We evaluate the power consumption of reliable packet 
delivery using HHB based on various parameters. Each node 
numerically computes the optimal density and the required virtual 
range to create the VCDS. For a normal CDS, we put 
communication range equal to virtual range and compare the 
overhead for each case. We first construct the VCDS at various 
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Figure 16 Performance of the local virtual 
radius scheme with a Gaussian Distributed 

set of nodes. R=600m N=10000, r=40m 
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resolutions and forward packets reliably using the HHB scheme to 
find the overhead. 
We first look at the overhead of HHB with unconstrained memory 
available in nodes. Figure 18 plots the overhead for different 
traffic rates. Figure 19 plots the overhead for different transmit 
and receive power levels. Depending on the network parameters 
the minimum overhead occurs at different densities. For example, 
when transmit and receive powers are equal, optimal power 
consumption occurs at low densities. On the other hand when the 
transmit power is large compared to the receive power it doesn’t 
cost much to keep the receivers on. Thus scheduling nodes at the 
optimal density can save network power. Similar effect is 
illustrated in Figure 20 for different channel error rates, where we 
compare the performance of node scheduling at optimal density 
using VCDS vs. scheduling nodes using a normal CDS (with the 
network at the lowest density). We see that at optimal density, the 
overhead is always less than for the CDS case. We also see that 
with increasing channel errors, the low density performs badly 
since large hop lengths and reduced network degree significantly 
affects the overhead. The result can be put in perspective of other 
CDS construction algorithms as well since our algorithm has very 
good approximation bounds compared to other existing 
algorithms for constructing CDS. 
Next we consider the problem with buffer constraints. Figure 21 
plots the overhead of HHB for different buffer sizes and  Figure 
22 for receive power levels. Similar to our analytical curves, we 
see that the network becomes unstable at very low densities. The 
optimal density points vary widely depending on the network 
parameters. Figure 23 plots the optimal density points for 
different traffic rates. Figure 24 shows the percentage gains 
achieved by scheduling nodes at the optimal density when 
compared to the overhead at minimum density given by a normal 
CDS. The energy saving are really striking for high traffic or low 
buffer conditions. 
The simulation results on a real topology verify analytical model 
of network power consumption under different network density. 

The results also validate our claims that a minimal network 
density achieved with an MCDS is counter productive and that we 
can actually reduce the power consumption by orders of 
magnitude depending on the network conditions and parameters 
by keeping a high percentage of nodes active. 

9. RELATED WORK 
We first give a brief literature survey related to transmission 
power control. In [1] and [2] the effect of transmission radius on 
the average path lengths in a multi hop wireless network was first 
studied and the range for minimum power consumption was 
derived. PAMAS [3] then proposed the idea that a node may 
choose a smaller number of hops using a longer range so as to 
reduce power. The concept was extended in [4], to route along 
minimum energy paths using different communication ranges and 
find the optimal paths for different reliability schemes. 
Transmission power control for TCP flows in MANETs was 
studied in [8] and [9].  

Scheduling the minimum set of nodes to be active for routing 
purposes is usually done with an approximation of Minimum 
Connected Dominating Set (MCDS). Routing over MCDS is 
usually referred to as Spine Routing or Backbone routing and 
[10], [11], [12], [13], [14], [15] and [16] are some well known 
algorithms using this concept. CDS reduces the routing overhead 
and minimizes the idle power dissipation in nodes but may result 
in degradation of the network quality (in terms of capacity, delay, 
overhead, coverage etc.). Reference [17] looks at the problem of 
load sharing and energy dissipation in nodes to reduce unequal 
depletion of energy in cluster heads of the CDS. Reference [18] 
tries to conserve the network coverage in sensor networks while 
minimizing the number of active nodes. Reference [19] proposes 
a localized algorithm called SPAN for node scheduling. Using 
simulations they show that the node-scheduled topology does not 
suffer too much in terms of latency and capacity of the network 
while reducing redundant power consumption. However none of 
the papers consider the impact of node scheduling on the 
overhead of reliable transmissions for ad hoc networks. 
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Figure 20 The overhead at opt. density 
(VCDS) and min. density (CDS, rv=r).  
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Figure 21 Overhead for different Receive 

power levels. M=10, λp=0.1 
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Figure 22 Simulations results with 

different buffer sizes at different densities.  
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Typical values of parameters: R=600m, r=35m, ET=1J, ER=0.1J, PI=0.01, PS = 10-3 J/s, λp=0.1, f=0.1  



The analysis for average path lengths is similar to ones in [1] and 
[2] with some important differences. In our analysis we consider a 
radial distance of progress towards the sink (which means all 
forms of trajectories between source and sink are considered in 
the probability distribution) whereas in [1] and [2] the progress is 
assumed along a straight line joining the source and sink. Also we 
consider the actual probability distribution of distances in 
bounded regions instead of the expected distance. Thus we get a 
more accurate estimate of the average hops. 

To the best of our knowledge, our MCDS approximation 
algorithm for node scheduling (8opt-2, n) is the only algorithm 
with constant approximation bounds along with ones in described 
in [30] (8opt-2, O(nlogn)) and [31] (192opt-48, O(n)). A 
parameterized approximation algorithm to create CDS appears in 
[33]. However the parameter is used to control the optimization 
bound and is not useful for controlling the network density. A 
concept similar to the virtual radius is used in [35] to form 
clusters given a specified radius of coverage by cluster heads. The 
algorithm has an approximation bound of O(n1/2) with message 
complexity of O(n2) for a two dimensional network. However, 
both [33] and [35] do not provide any density distribution results 
which might have proved useful while applying the methods for 
node scheduling. Finally, the concept of MVCDS is comparable 
to the concept of Weakly Connected Dominating Sets (WCDS) 
[36]. WCDS is a relaxed formulation of the MCDS problem 
creating a larger cardinality CDS than a normal MCDS. 
Compared to all the above, our algorithm is ideal for node 
scheduling since it has the best approximation bounds along with 
the ability to accurately control the network density. 

10. CONCLUSIONS AND FUTURE WORK 
In topology control based on node scheduling, only a minimum 
number of nodes needed for routing are kept active. We show that 
such a formulation, often realized using an MCDS is sub optimal 
for packets transmissions. This is because when a large fraction of 
nodes are inactive for routing purposes, the actual path lengths 
increase dramatically. With such an increase in path lengths, the 
impact on overhead for reliable delivery is even more severe. 
Algorithms such as HHB, which utilize the local node density, are 
the worst affected by low density of scheduled nodes. Finally, 
with limited buffers, minimal number of nodes may result in 
network instability.  Our results show that being too aggressive in 
switching off redundant nodes is counter productive. 

Instead, we propose a simple node-scheduling scheme based on 
the novel concept of minimum virtual connected dominating sets 
(MVCDS).  This scheme schedules nodes at the optimal density 
as opposed to the minimal density. We show that MVCDS 
provides an active node set with connectivity guarantees while 
closely approximating the optimal density conditions. The 
algorithm is fully distributed and message optimal and is also 
shown to be adaptive.  

Finally, we believe the results in the paper provide guidelines for 
future research on topology control using the node-scheduling 
scheme both in terms of the theoretical analysis as well as 
practical implementation. To limit the scope of the work certain 
simplistic assumptions were considered. For example we assumed 
that transmission ranges were fixed, and channel errors, network 
traffic and node distributions were uniform across the network. 
By relaxing these assumptions, an interesting and perhaps a non-
trivial study would be to find optimal conditions for power 

consumption when both node scheduling and transmission power 
control is available. This is a subject of future work. 
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13. APPENDIX 
We compute the worst-case bounds for the VCDS algorithm. If 
the virtual graph a connected sub-graph of the original graph., let 
opt=|MVCDS| be the cardinality of the minimum virtual 
connected dominating set. 

LEMMA A1: Any MVIS on G(V, E(rv)) is at most 4opt+1. 

PROOF: The case for any MIS on a unit disk graph was proved in 
[31]. The case for virtual graph is not different since the MIS is 
created on a disk graph of virtual radius and hence the result holds 
for the virtual graphs as well. 

THEOREM A2: If the virtual graph is connected, the size of the 
Virtual connected dominating set (VCDS) is within a constant 
approximation bound given by 28 −≤ optVCDS . 

PROOF: Let |MVIS| be the cardinality of the maximal independent 
set of black nodes. The black node tree would consist of at most 
|MVIS|-1 intermediate nodes. Hence the cardinality of VCDS is at 
most 2|MVIS|-1.From lemma 1, and that there is always one 
initiating node, the approximation bound for the VCDS is given 
by 28 −≤ optVCDS . 

THEOREM A3: The VCDS algorithm has a message complexity 
of O(n) and a time complexity of O(n2). 

PROOF: From the algorithm description we see that each node 
whether a black node or a gray node sends at most two messages. 
Thus the message complexity is O(n). For the time complexity, 
we note that each node needs to have a unique time delay out of 
an O(n) time period to change color since otherwise two or more 
nodes can become black at the same time. Since the maximum 
number of hops is n-1, the worst case time complexity is O(n2). 
However the time complexity can be reduced to O(nd) by 
considering the degree of each node where d is the maximum 
degree of the graph. We leave the discussion due to lack of space. 

The CDS approximation algorithm described in [31] relies on a 
spanning tree structure to attain the optimality bound. In [31], the 
spanning tree construction itself takes O(nLog(n)) steps. In our 
case the spanning tree is implicitly created while the algorithm 
progresses. This is achieved with only n messages using unique 
delays for each node and layered forwarding based on hop lengths 
from the initiator. This results in the worst time complexity of the 
three algorithms but the best message complexity. We note 
however that this is only possible in broadcast networks where 
only one message is required to communicate with all neighbors. 
We also note that the implicit spanning tree is useful only to 
achieve good approximation bounds for the algorithm and need 
not be maintained or used for routing.  


