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Abstract

In late
���

's, GrahamandKnowlton introducedtheWIP (wire identi�cation problem)thataffectedelectricians:
matchthe wires in theceiling to thosein thebasementwhile makingthe fewesttrips. We revisit this problemand
studyits variantsandgeneralizations;we provide a combinatorialcharacterizationof thesolution(s)in termsof an
associatedhypergraphandobtainnearlytight boundson theminimumnumberof trips, therebypleasingelectricians.
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1. Introduction

For FUN, onemustgobackto ��� 's. GrahamandKnowlton [2, 3] introducedtheWIP whichwe studyin this paperin
its variationsandgeneralizations.

Wir e Identi�cation Problem(WIP). Supposethatthereis a cableconsistingof � insulatedwiresthatgoesfrom
the basementof a building to its top �oor . All the wires look alike. The wires get jumbledon the way. Therefore
onedoesnot know how the � terminalsat the bottomarematchedwith the � terminalsat the top. An electrician
needsto determinethis matching.He canelectricallyconnectdisjoint setsof wiresat thebasement,andin onetrip
to the top �oor , hecandeterminethegroupsof wires thatareconnectedby testingcircuit continuity. If two groups
of equalsizesareconnectedat the bottom,he would determinethe two groupsof wires at the top �oor but not the
precisegroupto which thewiresbelong.Thuseachtrip canprovide partial informationaboutthematchingbetween
the terminalsat the two ends.He canmake multiple trips, in eachtrip connectingdifferentsubsetsat thebasement.
Thewire identi�cation problem(WIP) is to �nd theminimumnumberof trips neededto determinethematching,as
well as,to designanalgorithmthat�nds theminimum-tripsolution. �

Note that eachtrip consistsof connectinggroupsof wires at the bottom, going to the top, and checkingthe
connections.We will only be concernedwith the numberof trips as the measureof cost; the time it takesfor the
electricianto determinethematchingafterhehasmadetherequisitenumberof trips is not considered.

Two observationsare immediate. First, it is impossibleto determinethe matchingfor �	��
 , but thereis an
algorithmfor all �
��
 . Second,this problemis in the large classof what arecalledcombinatorialgroup testing
problemswhereeachtestis a “group” andthegoalis to �nd a distinguished“con�guration” usingthegrouptests[1].
Within thisrathergeneralclassof problems,thereis tremendousvariationdependingonthenatureof thetestsallowed.
In thecombinatorialgrouptestingparlance,theobservationis thatit suf�ces to only considernon-adaptiveprocedures
i.e. proceduresin which theconnectionsmadeata particularstepdonotdependon theoutcomeof prior connections
andtrips.

This problemis worth ponderingabout. In our experiencewith posingthis problemasa puzzle,it doesnot take
long for theoreticalcomputerscientiststo designa testingalgorithmsthatuses������������� tripsby doublingthenumber
of wiresthatgetmatchedin eachtrip. Similarly, somenotethatgroupsof differentsizesgive moreinformationthan
groupsof identicalsizes.Thena ������������������� roundsolutionensuesby testinggroupsof sizes
�� ��� !"�$#�#�#��%���'& �(� . This
solutionis aniceexampleof the )*�����+�
,.-�)*�/���0& ��� recurrencethatis hardto motivatein abasicalgorithmscourse,
but naturalnevertheless.Theminimumnumberof trips neededis 
 . Giventhis solutionthat readerswould have by

1Wededicatethis paperto theloving memoryof Sachin's father, PremsukhLodha,who passedaway on 132

th March,2004.Beinganelectrical
engineerhimself,heshowedgreatinterestin thisproblemandits solution.



FUN with Algorithms

now convergedto (what follows will be really engagingif you, the readers,solve the puzzle�rst), the following
questionsareintriguing:

1. Whatis theminimumnumberof tripsneededto solve theWIP if werestrictthesizeof thegroupsto atmost 
 ?

2. What is the minimum numberof trips neededto solve the WIP if we restrict the groupsof wires that get
connectedat thebottomto behierarchical, ie., if groups4�5 and 4�6 of thewiresgetconnectedin two different
trips,wehaveeither 47598:4�6;�=< or 4�>+?@4BA for CED �GF and C%�HF�IKJ�,��L
.M .

Theformeris intriguing becausereadersfairly quickly convincethemselvesthatgroupsthatgettestedhave to be
of differentsizesin orderto getmaximuminformation,andwith theboundon thegroupsize,oneexpectsthenumber
of tripsneededto belot largerthanin thebasicpuzzle.Thelatteris intriguingbecausethesolutionto thebasicpuzzle
with 
 trips hintedabovehasthe“shifting” or “overlapping”propertywherein thesecondtrip, eachgroupcomprises
wiresdrawn from two or moreof thegroupsin theprevioustrip. Hence,thegroupstestedarenothierarchical.Again,
onesensesthat sucha propertyis crucial for the solution. In what ensues,we will provide solutionsto both these
variationsandothers.

TheWIP mayalsoremindthereadersof thepuzzleabout3 light bulbsin a roomwith threematchingswitchesin
anotherroom; you start in theswitch roomandmustdeterminethematchingusingonly onevisit to thebulb room.
Therethesolutionis searing,andonemaynotwantto try asimilar solutionin theWIP!

We will now formally discussthepreviouswork andpresenttheproblemswe addressin this paper.

1.1.PreviousWork

In their original work, GrahamandKnowlton [2] gave a solutioninvolving 
 trips usinga certaintype of partitions
(calledKnowlton-Graham(KG) partitionsby Knuth [5]).

De�nition Partitions NO�PJBQ
5

�LQ
6

�R#R#$#S� QUT.M and VW�PJBX
5

� X
6

�$#R#$#S� XZYBM of [ �]\^�PJ�,��%
.�$#R#R#3� �9M are called KG
partitionsof [ �]\ if at mostoneelementappearsin an N setof cardinality F andin a V setof cardinality _ , for eachF

and _ . �

It is easyto seethatgivenKG partitions N and V of [ �]\ , onecanpartition N in the �rst trip and V in thesecond
trip; onecanthenreadilyidentify thematchingusingthecoordinates��F��%_�� . Thusonly 
 tripssuf�ce.

EXAMPLE 1 Let `a�b, and �c��d/egf

5

6ih

. Considerpartitions Nj�jJ�Q
5

�$#R#R#R� Q

e

M and Vk�lJBX
5

�R#$#R#R�LX

e

M of [ �]\ ,
where Qm>9�
J

d

>

6
h

-KFon�,qp@F:prC M and XEAs�tJ%Fm-
d

>

6
h

n%F^puCgpk`vM for ,qpuC%�HF:pr` . It is an easyveri�cation that
N and V form KG partitionssince

Qm>w8^XUAs�

x

Jyd

>

6Lh

-zF"M if ,Zp{F|pGC}pk`v�

~

otherwise.

Graham[3] proved that KG partitionsexist for all � except 
.�L• , and € . Knuth [5] constructedthemusing � - ,

matrices.

1.2.Our Variants

It is easyto seethatKG partitionsmusthave somesetof sizeat least •Z�‚& ��� . Thequestionthenarisesthatwhether
it is necessaryto have setsof largesizesin orderto solve theWIP. In particular, whathappensif we only allow sets
of sizeat most 
 ? Onemight beconfrontedwith sucha situationwhenthe testingequipmentis limited. This is the
�r st variant we study. Surprisinglyit againturnsout that 
 trips arealwaysenough(exceptfor �ƒ�„
 ) aswe will
show soon. Moreover, the solutionshave very simpleanduniform structureindependentof � unlike KG partitions
(whicharenotalwaystrivial to �nd, anddonotexist for �…�=
��L•�� € ). Thesecondvariantwestudyis a generalization
of theGraham-Knowlton WIP problem:now we haveWIP �†�+�L_]� ‡y� which is theminimumnumberof trips neededto
solve theWIP problemon � wireswhereeachtrip involvestestingat most _ groups,andeachgrouphascardinality
at most ‡ . This is quitea realisticvariantbecausethenumberof groupsthatcanbe testedis limited by thenumber
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TheGraham-KnowltonProblemRevisited

of parallelcircuitsthatcanbetestedin eachtrip. TheGraham-Knowlton problemis aboutWIP ���+�'�+� ��� andthe�rst
variantabove is aboutWIP ���+�'�+�%
�� . We providenearlytight boundsfor thegeneralquantityWIP ���+�L_ˆ�'‡y� . Thethird
variant we studyis the hierarchical testingproblemde�ned earlierwherethegroupstestedform a hierarchy. That
is, oncegroupsareformedfor testing,for eachsubsequenttrip, we canonly disconnectsomeof thewires from the
groups(ie, decimategroups),but not reconnectthewiresto form new groups.In orderwords,eachgroupin a testing
roundis a subsetof wires from someothergroupin theprevious testinground. This is a top-downview. Here,we
do not have to disconnectandreconnectwires of a group. In fact, oncethe groupsaresetup for the �rst trip, we
only performdisconnectoperations.This variant is very natural: if this wasbasedon solderingconnections,then
burning out connectionsis easierthanresoldering;in chip manufacturingwith FPGAs,burning out connectionsis
morescalablethanrefabricatingconnections.Thereis onetechnicalproblemwith this variantthat it is possiblethat
at somestepof the above procedurewe get a groupof size 
 , for which we cannotdeterminethe matchingunder
thehierarchicalrestriction.Oneway to getaroundthis is by beingsatis�ed by groupsof size 
 . So theproblemwe
needto solve underthehierarchicalrestrictionis to divide thesetof terminalsat the top into groupsof sizeat most


 so that we know for eachgroupwhich terminalsat the bottomarecorrespondto it. We studyWIP ���+�'�+� ��� , the
original Graham-Knowlton problemundertherestrictionthatthegroupsbehierarchical.NotethatKG-partitionsare
nothierarchical,sooneneedsadifferentapproach.In thiscase,weshow that ‰Š�����w‹]��� ( ��� denoteslogarithmto base
 )
is thenumberof roundsneeded,whichshowstheseparationbetweenthehierarchicalandthenon-hierarchicalcases.

Why did we studythesevariationsandgeneralizations?We believethey arethenaturalquestionsthatalgorithmi-
cistsaskwhengivena puzzle(theoriginal WIP problem).Namely, we studytheeffect of limiting variousresources
(numberof groupsthat canbe testedin parallel in onetrip, numberof wires that canbe testedin a group,making
groupsthatdonot involvebothdisconnectionsandreconnections,etc.)Whenwe asksuchnaturalquestionsby limit-
ing resources,theoriginal puzzlethathasa discretemath�a vor evolvesto have analgorithmic�a vor. The ‰Š�†���

‹
���

upperboundhasa distinctly algorithmic �a vor asdoesthe lower boundin termsof the decisiontree. This is how
algorithmicistshave fun.5

In addition,our solutionto all theproblemsis basedon a characterizationof thesolutionsto theWIP usingthe
automorphismstructureof a hypergraphassociatedwith the problem. This is an abstractway to think aboutWIP,
andis useful in proving upperandlower bounds.This is anotherway algorithmicistshave fun: makinga coherent
formulationandcharacterizationof a problem.

Therestof thepaperis organizedasfollows. In Section2 we presentour characterizationof solutionsto theWIP
usinghypergraphautomorphisms.Usingthis characterizationwe studyWIP �†�+�L_]� ‡y� . In Section3 we solve theWIP
with setsof size 
 ( ‡^�b
 ) andextendit to generalsetsizes(arbitrary ‡ ) in Section4. Finally, westudythehierarchical
versionin Section5. We presentothervariationsof interestin Section6.

2. Characterization

We startwith a generalcharacterizationof whenagiventestingprocedurecanidentify thematching.
ConsiderWIP �†�+�L_]� ‡y� andlet Œ be a procedurethat solvesthe problem. Œ tells us which wires to connectat

thebottomin eachtrip. Theseconnectionscanbe thoughtof aslabelledhyperedgesin a hypergraphon � vertices,
namely, •$5B�%•36Ž�$#R#R#$�L•3• , wheretheseverticescorrespondto theterminalsat thebottom,andlabelonanhyperedgeis the
numberof thetrip in which thesubsetof verticesis connected.We call this hypergraphtheconnectionhypergraph,
anddenoteit by •Z‘“’ . It completelyspeci�esthetestingprocedure.

Whattheelectricianobserveson thetop is completelyspeci�edby anotherhypergraph,whichwecall thetesthy-
pergraph, anddenoteit by );‘q’ . Testhypergraphhastheterminalsonthetop level asvertices,namely, ”

5
�'”

6
�R#$#R#S� ”

• ,
andthe terminalsareunitedby an hyperedgewith label C if f the subsetof terminalsis connectedin the C th trip. A
hyperedgemaygetmorethanonelabelbecauseit mayexist in morethanonetrip. We saythattwo testhypergraphs

);‘
5 and );‘

6 areisomorphicif thereis a bijectionbetweentheir vertex setsthatmapsthehyperedgesin );‘
5 to the

hyperedgesin );‘q6 with thesamelabelset.

THEOREM 1 A procedure Œ candeterminethematching of theterminalsat thetwo endsif andonly if theauto-
morphismgroupof its connectionhypergraph •Z‘q’ is trivial (i.e., it onlycontainstheidentity).

5Weshouldreallypatentthesethingsa la [2].–GLM
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FUN with Algorithms

Proof: Thegoalof theelectricianis to labelthevertices” 5 �$#R#R# ” • of thetesthypergraph);‘“’ with • 5 �$#R#R#$�L• • sothat ” >

getsthelabel •Ž��” > � , its matchingterminalat thebottom.Theinformationavailableto him is theconnectionhypergraph
•Z‘Z’ at thebottom,andthetesthypergraph);‘q’ at thetop.

Clearly •Z‘Z’ and );‘Z’ areisomorphic.Thereforeeachautomorphismof •Z‘q’ de�nesa labellingof thevertices
of );‘Z’ by the •S> 's. Eachsuchlabellingis consistentwith thetests.Sotheproceduresucceedsiff thereis exactlyone
automorphism;in otherwords,whentheautomorphismgroupis trivial. �

Theorem1 leadsusto someusefulobservations.
For a procedureŒ that solves the WIP, let ”'’ denoteits numberof trips. Let •q’ denotethe total numberof

hyperedgesin •Z‘Z’ . Let –�’

A

denotethenumberof verticesthathave degreeF in •Z‘q’ . A vertex of degreeF appears
in someF numberof trips in protocol Œ sinceit cannotappearin two differenthyperedgeson thesametrip. Thesize
of theautomorphismgroupof );‘“’ is at least –�’ —E˜ . Thus,in the light of theorem1, –7’ —
IrJ��"�R,�M . Also, thereareat
most _7”0’ hyperedges.No two verticesof degree , in •Z‘q’ belongto thesamehyperedge(otherwisethey give rise
to at least 
 differentautomorphismsfor )m‘“’ violating theorem1). Thusit follows that _.”‚’	™t•“’	™š–�’

5

. These
observationswill beusefulin section4.

3. OnlySetsof Size› Allowed

In this section,we studythe“only pairingallowed” variant,i.e. ‡œ�l
 case.Firstwe assumethereis no restrictionon
_ , i.e. thenumberof pairsthatcanbeformedpertrip.

LEMMA 2 There existsanoptimal 
 trip solutionfor WIPgivenany �v�r
 , _:•rž , and ‡^�b
 .

Proof: Observe that just onetrip is insuf�cient to solve WIP, sominimum 
 trips arealwaysneeded.Now suppose
�K�u
 is odd.Considerfollowing pairingsfor trip , andtrip 
 respectively:

�H•R5B�%•36$�S�$�H•3Ÿ �%•%¡��S�R#R#$#R���/•3•7¢]6 �%•3•7¢ˆ5S�3�L•S•

and
•$5��$�H•36��%•3ŸR�S�$�/•3¡��%•3£R�3�$#R#$#R�$�H•3•7¢(5B�L•S•��3#

Theconnectiongraphis apath �H•$5 �L•S6Ž�R#$#R#R�%•3•�� with alternate(andequalnumberof) edgeslabelled , and 
 . Clearly
it hasthetrivial automorphismgroup.Also, it is trivial for theelectricianto determinethematchingafterthetwo trips.
For even �K�r
 , weuseaboveconstructionfor thecaseof �œ¤G, , leaving out •

• altogether. �

We now considerboundson _ andstudyWIP �†�+�L_]�%
�� . First observe that: Givenanytwo natural numbers – and
¥

�‚�¦–7� satisfying¥

–¨§©�«ª��.¬c
 , there existsa – -regular graphon ¥ vertices. Proof is left asan exerciseto the
reader.

THEOREM 3 Supposewearegivenintegers �+�L_^�k� thatsatisfy�K�k�­_

6B®


U-=, . If
¯


Ž�^¤°


��_ ±

_|§ƒ�²ª��.¬c
.�

thenthere is anoptimalsolutionto WIP���+�%_]�L
�� with ³

6L•7¢y6

ŸL´jµ

trips. Otherwiseweneedat mostonemore trip.

Proof: Let ` besuchthat
� `c_

®


U-=,s•k�KpG�"�†`	-=,��'_

®


E-=,�#

We have `¶™·_ , since �«�a��_

6B®


*-¸, . Let us supposethat �†`¹-š,��'_l§º�«ª��.¬c
 , andconsidera vertex set
»

e¼f

5œ��J

¥

5Ž�

¥

6 �$#R#$#R�

¥

egf

5BM . Vertex ¥

> identi�es with the C th trip. By observation above, thereexists a _ regular
graph,say ½ , on

»

egf

5 . Thereare ¾��
��`¦-r,B�'_

®


 edgesin ½ .

Case1: �…§ƒ�«ªŠ�.¬¿� . Drop À“�ƒ¾]¤K�

®

��•r_ edgesincidenton ¥

egf

5 . Sototal numberof edgesin ½ is �

®

� . Label
eachedgein ½ arbitrarily with a unique •%A where ,Áp@F:pr�

®

� . Now considervertex labelled ¥

> . It has ¾Â>}pƒ_ edges

4
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incidenton it, andeachedgehasadistinctlabel.Grouptheselabelsarbitrarily into ¾ > groupsof size , each,andname
thesegroups4

5

>

�‚4

6

>

�R#$#R#S�'4­Ã�Ä

>

arbitrarily. Do this for every ,“pGC�pk`	-=, . In all, thereare 
 �

®

� groupsof size , .
Notethattherearestill 
Ž�

®

� unused•LA 's. Startputtingthemoneby onein 4

5

5

�‚4

6

5

�R#$#R#$�‚4

5

6

�‚4

6

6

�$#R#R# until all • A 's are
�nished. This completesthe construction.Thereare 
 �

®

� verticesof degree , , andrest �

®

� verticesof degree 
 .
Moreover thereare 
Ž�

®

� hyperedgesof size 
 each.

Case2: �u§„,šªŠ�.¬¿� . Leave •S• out, andrepeattheconstructiongivenabove for �…¤ƒ,o§¦�¦ª��.¬¿� . Now there
are , vertex of degree� , 
��†�¿¤G,B�

®

� verticesof degree , , andrest ���¿¤G,B�

®

� verticesof degree 
 . Moreover thereare

��†�^¤k,��

®

� hyperedgesof size 
 each.

Case3: �K§j
«ª��7¬œ� . Leave •S• out, andrepeattheconstructiongivenabove for �¿¤r,“§š,šª��7¬¿� . Thenthelast
trip musthave •u_ edges.Sopick any vertex, say •3A , thatappearsin sometwo earliertrips,but not in thelasttrip, and
addhyperedge�H•LA��L•S•�� to thelasttrip. Now thereare , vertex of degree� anddegree� each,
"���œ¤¨
��

®

�E-ƒ, vertices
of degree , , andrest ���Š¤¿
��

®

�g¤K, verticesof degree
 . Moreoverthereare 
"���Š¤¿
��

®

�}-°, hyperedgesof size 
 each.

Theproof of correctnessof this constructionandtherelatedprocedureis left out in this version;we considerthe
similar problemwith larger ‡ in thenext section.Theconstructionthereis a generalizationof theconstructiongiven
above. Wegave ‡^�ƒ
 constructionseparatelybecauseit is muchsimpler, andprovidesastartingpoint for thegeneral
construction.Also, this constructionis optimal for all �k�b�­_

6$®


;-b, if _:Å

6 •7¢]6

Ÿ%´iÆ

§j�«ª��.¬c
 . Otherwisewe need
to considerthegraph ½ on `¸-k
q�

Å

6L•7¢y6

Ÿ%´lÆ

-=,Z�H§b�«ª��.¬c
�� numberof verticesanddosimilar construction.This
givestheoverheadof at mostonetrip morethantheoptimal. �

Theresultaboveconsidersthecasewhen _:�l���0& �(� . Whatif _ werelarger?Also, theoptimal 
 -trip procedure
needs_^�ºÇ

•7¢ˆ5

6bÈ

. What if we restrict _ to somethingsmaller?Of course,for a �x ed � , thenumberof requiredtrips
will increaseas _ decreases.Whatis thethresholdvalueof _ at which thenumberof trips jumpsfrom 
 to � , or from

� to ! , andsoon? Formally, let ÉG��”3�'��� denotetheminimum_ for which it is possibleto solvetheWIP problemin ”

trips with ‡c�l
 . In whatfollows,we avoid �oors andceilingsto keeptheformulassimple.It is a simplebut tedious
matterto modify theexpressionsto beexact. Interestingly, while the thresholdsfor goingfrom ” to ”Ê-l, areof the
samegeneraltypefor ”�™k� , it is of a differenttypefor ”��=
 .

THEOREM 4 Considerany �v�r
 . Then,

É@�H
.� ���9�t�‚,U¤

‰Š�‚,B�

& �

�

�




#

For anyconstant”¼�u
 ,

É@�†”3�'�����t�‚,U¤

‰Š�‚,B�

�����

�

�

”

#

Proof: For a given � , we have to �nd theminimum _ suchthata connectiongraphwith ” labelscanbeconstructed
with trivial automorphismgroup.

Suppose”+�ƒ
 . It followseasilyfrom ourcharacterizationthattheconnectiongraphin thiscaseis aunionof paths
of even(possibly � ) lengthwith edgesalternatelylabelled , and 
 . In orderto achievetheminimum _ , we would like
asmany pathsaspossibleof differentlengths.Clearly, we canhave at most ���'& ��� differentlengths,andwe canget
closeto this by takingthepathsof lengths� , 
 , ! , . . . . Towardstheendof this processwe mayhave theproblemthat
we do not haveenoughverticesto includea full path.In this casewe just join a pathon theremainingverticesto the
maximumlengthpathalreadyincluded.If this pathis of oddlength,thenwe alsoconnecttheincludedpathof length

� in thispathto geta pathof evenlength.It is easyto seethatthelabellingof theedgescanbearrangedsothatabout
thesamenumberof labelsof eachtypeareused.Thisprovesthat ÉG�/
��'���+�
�',U¤tË9Ì

5'Í

Î

•

�0�

®


 .
Now we considerthecase”m�i
 . Thesituationhereis similar to the ”E�š
 casebut now theconnectiongraphis

a moregeneralgraphthantheunionof paths.We focuson thecase”m�	� ; larger ” is handledsimilarly. Fix �=�



andconsidera connectiongraphwith minimum _ . Let us classify its connectedcomponentsastreeandnon-tree,
dependingon whetherthecomponentis a tree. If thenumberof the treecomponentsis Ï , thenthenumberof edges

5
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usedin thegraphis at least �c¤°Ï . We will upperandlower boundthenumberof treecomponentsthata connection
graphwith ” labelsfor theedgeshas,andfrom thatwe derive lowerandupperboundson _ .

First we prove the upperboundon _ . We will restrict the treesto be labelledpathsof length ������� (numberof
edges).Let usnumbertheedgesof thepathsby ���R,��R#$#R#3� �������z¤r, . Considerthe following typeof labellingof the
edgesby , , 
 and � . For C any nonnegativeinteger, edgesnumbered��C getlabel , , edgesnumbered��C]-=, and � Cˆ-@


getlabels 
.�L� or ���%
 .
Thusin any suchlabellingthe�rst vertex of apathis onanedgelabelled, , andthelastvertex is onanedgelabelled


 or � . The numberof suchlabelledpathsis 
�Ð Ñ

•

�«� . The testgraphsof theselabelledpathsarenonisomorphic
andhave trivial automorphismgroups,andall pathsusethesamenumberof labelsof eachtype. Hence,taking the
(vertex) disjointunionof �

®

�†�+���+��� differentlabelledpaths(oneof thepathsmaybeof lengthlessthan ������� ) weget
a connectiongraphwhich solvestheproblem. The total numberof edgesin this graphis �z¤°�

®

�†�+���+��� . Sincethe
numberof edgeswith eachlabelis atmostonemorethanonethird of thisnumber(this is becauseof thepossibilityof
thepathwhich is notof length �+����� ). Sowecantake _^pk�

®

�"�',g¤G,

®

�†��������� �(-ƒ,spk�

®

�w�‚,U¤k,

®

��!����+���'� (for large
enough� ).

Now for thelowerboundon _ . If a testgraphis nonautomorphic,thensois its underlyingconnectiongraph.Here
wewill only requirethatthetreecomponentsin theconnectiongraphbenonautomorphicandpairwisenonisomorphic.
Thisis only anecessaryconditionfor thetestgraphto benonautomorphic,andis in generalnotsuf�cient. As remarked
above,weprovethelowerboundon _ byshowinganupperboundonthenumberof treecomponentsanonautomorphic
connectiongraphcanhave. Thelowerboundobtainedon _ usingthisconditioncanbeno largerthantheactuallower
bound.

Recallthatsincewe areworking with thecase”E�j� , theedgesof our connectiongrapharelabelledby labels , ,

 and � with no edgeswith thesamelabelbeingadjacent.To constructa connectiongraphwith the largestpossible
numberof treecomponentsasabovewestartwith edge-labelledtreesof size , andkeepincludingmoreandmoreedge-
labelledtreesof smallestpossiblesizewhich have trivial automorphismgroupandarenot isomorphicto a previously
includedtree. In the end, it may not be possibleto addany moretreesbecausenot enoughverticesare left. It is
clearthat thegraphconstructedthis way hasthelargestpossiblenumberof treecomponentsandis nonautomorphic.
Actually, wehaveto doa little morein orderto keep_ minimumpossible.Wedothisby keepingthenumberof edges
with labels ,��L
.�L� nearlythesame,andsoabout ���œ¤¨ÏR�

®

� ( Ï is thenumberof treecomponents).
For edge-labellednonautomorphictreesof size À , we candivide theminto disjoint groupsof size ��˜ , wherethe

labellingof a treein agroupis thesameexceptthelabelshavebeenpermutedin all possibleways.Sinceour treesare
nonautomorphic,thetreesin a groupcannotbe isomorphic,andthusall thegroupsareof size � . Now, in theabove
procedurewhenincluding trees,we includetreein a grouptogether. This keepsthe numberof edgesof eachtype
balanced,exceptperhapsat thelaststagewhenwemaynotbeableto includea completegroup.But theeffectof this
will benegligible.

Thenumberof distinctunlabelledtrees(neithertheedgesnor theverticesarelabelled)with À verticesis asymp-
totically equalto Ò�Ó��šÏ$5SÏ

¢yÓ

6

À

¢y£%ÔL6

�',U-rÕ.�‚,�� � , where ÏS6|�š��# ����Ö���
�,$€U#$#R# , and Ï$5Á�	��#×• � !­€ !E#$#R# areconstants([7],
seealso[6]). Usingit, weestimatethenumberof edge-labelledtrees.Our treeshavemaximumdegreeupperbounded
by � , but the above moregenerousboundis goodenoughfor our purposes.It follows that the numberof distinct
nonautomorphicedge-labelledtreesof size À is at most Ò�ÓR�

ÓS¢(5 , aswe canlabel theedgesof a treeon À verticesin
�

ÓR¢ˆ5 ways. Let Ø9�†À � denotethesumof thesizesof nonautomorphicedge-labelledtreesof size piÀ with unlabelled
verticesandedgeslabelledby , or 
 . And let 4]�†À � denotethenumberof suchtrees.Thenit followsfrom theabovethat

4ˆ��À �g•rØ9��À �g•ƒ,��

Ó for ÀŠ�ƒ, . Soif À is themaximumsizeof atreeincludedin theaboveconstruction,thenweshould
haveeither Ø9�†À �}�r� or Ø9��À+¤c,��¼•G� and Ø9��À �g�k� andso ÀŠ�@���}�

®

���E,�� . Theconstructionin theupperboundproof
above shows that Àœpl!������ and 4ˆ��À �“�j


ÓLÔ ¡ . Since,4ˆ�'�����}���

®


9���E,����Z•jØ9�'�����}���

®


9���U,$���“•	,$�

Ì

Ð Ñ

• Í†ÔL6

Ð Ñ

5

—

�
&

� ,
the remaining �K¤ƒ& � verticesarecoveredby treesof size �¹�†���}���

®


+���E,�� , andthusthe numberof suchtreesis
at most ���v¤k& ���

®

�������

®


+���U,���� , andat least �†�…¤u& ���

®

�†!�������� . Thusthe total numberof treesusedby theabove
procedureis ‰Š�†�

®

���+��� .
It remainsto specifywhatdo we do in thelaststageof theprocedurewhensomeverticesremainbut not enough

to addan admissibletree. In sucha casewe just adda minimal (in the numberof edges)edge-labelledgraph(not
necessarilya tree)on this lastsetof vertices,which is clearlyof size ���†������� . This is theonly placewherewe do not
havecontrolovertherelativenumberof edgeswith label , and 
 , but sincethenumberof edgesneededhereis atmost

6
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�������}��� (wecanalwaysconstructanonautomorphicgraphwith linearnumberof edges)this is insigni�cant compared
to thetotalnumberof edgeswhich is linearin � .

Thusthenumberof edgesin thegraphconstructedby theabove procedureis �c¤@‰Š���

®

������� , andeachlabelhas
�

®

�s¤°‰Š���

®

������� edges. �

4. General Case

In this section,we derive tight lowerandupperboundsfor WIP �†�+�L_]� ‡y� with wide rangesof parameters�+�L_ and ‡ .

Lower Bound. We �rst show thelowerbound.

THEOREM 5 (LowerBound)Fix �+�L_^�G� , ‡c�l, , andsupposethata procedure Œ solvesWIPcorrectly. Œ needs

at least Ù

6L•7¢]6

´

Ì�Ú

f

5‚Í%Û

numberof trips. Thislowerboundis tight.

Proof: Sinceat most _ hyperedgesareallowedper trip, following observationsareimmediate.First, ”%’¸™š•“’

®

_ .
Second,

•

’

™


Ž�œ¤¨


‡Š-=,

#

This canbeprovedquitesimply. Every hyperedgecontainsat most ‡ vertices,andthereare –�’

>

verticesof degree C .
Therefore,

‡w•

’

™ÝÜ†Þ

ß

>�àÊ5

C0–

’

>

#

By anearlierobservation, •*’k™u–�’

5

. Addingthesetwo inequalities,�†‡¼-z,��'•q’r™r
}á

Ü†Þ

>�àâ5

–�’

>

. By earlierobservation,

–�’
—

pl, . Therefore,á

Ü†Þ

>�àÊ5

–�’

>

™k�œ¤G,�# Theresultnow follows.
As aconsequenceof abovetwo propositions,thelowerboundfollows.
We now show that this boundis tight. Let )aãÊä

6{å

ä and æçã9ä

6°å

ä be de�ned asfollows: èˆéw�%•œI=ä ,
)*�/éw�%•S�+�=é]�H•}¤k,��(-=,�� and æ°�/éw�%•S���=)*�†éy�L•R��ê�é]�/•+-r,B�

®


g-=, .
Let us�x _^�k� and ‡…�l, . We now demonstratea solutionfor �…�ræ°�H_]�'‡]� wiresthatconsistsof ”��r)Á�/_]� ‡y�+�

6L•7¢y6

´

Ì�Ú

f

5'Í

trips. In fact,we show how to constructa connectionhypergraphon � verticesthathastotal _.” hyperedgesof
size ‡ eachandonly trivial automorphismgroup.

Construction: Startwith avertex set
»

Ü

�iJ

¥

5B�

¥

6��R#$#R#S�

¥

Ü

M . Herevertex ¥

> identi�es with the C th trip. Now consider
completegraph É

Ü

on
»

Ü

. Note that thereare ¾}�
d

Ü

6%h

���/_ˆ�†‡^¤ƒ,��â-b,B�'_ˆ�†‡¿¤r,��

®


 edgesin thegraph.Labeleach
edgearbitrarilywith aunique •%A where ,Zp{F|pu¾ .

Now considervertex labelled ¥

> . It has _ˆ��‡¿¤=,B� edgesincidenton it, andeachedgehasa distinct label. Group
theselabelsarbitrarily into _ groupsof size ‡:¤u, each,andnamethesegroupsas 4

5

>

�‚4

6

>

�$#R#$#S�‚4

´

>

arbitrarily. Thenlet
F th hyperedgeof C th trip, namelyë

A

>

�iJŽ•

Ã
f

Ì

>�¢(5‚Í†´

f

A

Mâì“4

A

>

for ,“pKF|pr_ . Do this for every ,“p@C�pG” . Thiscompletes
theconstruction.Thereis , vertex of degree � , _7” verticesof degree , , andtheremaining¾+�b�c¤°_7”9¤r, verticesof
degree 
 . Moreoverthereare _7” hyperedgesof size ‡ each.

The proof of correctnessis asfollows. Any automorphismof this connectionhypergraphmustmap •B• to itself
sinceit is theonly vertex with degree� . Sameis truefor any degree
 vertex sinceeverypairof tripshaspreciselyone
distinctvertex in common.Now it followsthateverydegree, vertex mustalsobemappedto itself sinceits ‡¼¤o,s�'�k�­�

neighborsareall degree
 vertices,andthey arebeingforceablymappedto themselves.Thereforeonly trivial identity
automorphismcanexist for theconnectionhypergraphwehaveconstructedabove.6 �

Upper Bound. We provideanearlytight upperboundin general.

6Theproof of correctnessin effect givesasimpleandpracticalalgorithmfor theelectricianto identify matching.
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LEMMA 6 Fix _o�u� and ‡…�r
 . Let ` bea natural numbersatisfying̀a™k)*�/_]� ‡y�7¤¿, and �†`u-z,�� _ˆ��‡E¤¿,B��§r�

ª��.¬¿
 . Thenthere is a `¸-=, trip solutionfor WIP instancehaving � wires,where

`¿_(��‡Š-=,��

®


E-=,s•k�Kpb��`¦-r,B�'_ˆ�†‡Š-=,��

®


U-r,�#

Proof: As before,weshow how to constructtheunderlyingconnectionhypergraphwith trivial automorphismgroup.
Considera vertex set

»

egf

5��©J

¥

5Ž�

¥

6��R#$#R#S�

¥

e¼f

5�M . As beforevertex ¥

> identi�es with the C th trip. As observed
earlier, thereexistsa _ˆ��‡E¤¿,B� regulargraph,say ½ , on

»

egf

5 . Thereare ¾(�t��`r-…,B�'_ˆ�†‡E¤¿,��

®


 edgesin ½ . Labeleach
edgein ½ arbitrarilywith a unique •%A where ,“p{F|pG¾ . Considervertex labelled¥

> . It has _(��‡|¤k,�� edgesincidenton
it, andeachedgehasa distinct label. Grouptheselabelsarbitrarily into _ groupsof size ‡œ¤u, each,andnamethese
groups4

5

>

�'4

6

>

�R#$#R#R�'4

´

>

arbitrarily. Do this for every ,qprC�pu`¦-r, . Observe thattherearestill �¿¤{¾ unused•3A 's. Put
themoneby onein 4

5

5

�'4

6

5

�R#$#R#S�'4

5

6

�‚4

6

6

�R#$#R# until all but one •LA 's are�nished. This completestheconstruction.
By construction,thereis , vertex of degree� , ��¤c¾­¤¨,spi��`j-@,��'_ verticesof degree , , andremaining¾��j�†`i-

,�� _ˆ��‡+¤Š,��

®


 verticesof degree
 . Moreoverthereare�¼¤s¾%¤Š, hyperedgesof size ‡ each,and ��`¨-|,B�'_ˆ�†‡â-|,B�

®


�-o,.¤s�

hyperedgesof size ‡:¤r, each.Theproof of correctnessof this constructionandtherelatedprocedureis identicalto
theonegivenfor thetight examplein thelowerbound.

�

We cannow conclude:

THEOREM 7 Supposewearegivenintegers �+�L_^�k� , and ‡c�r
 , that satisfy�K�k_

6

��‡

6

¤k,��

®


U-r, . If
¯


 �^¤{


_ˆ��‡�-r,B�
±

_(��‡o¤k,���§ƒ�íªŠ�.¬c
.�

theconstructionaboveoptimallysolvesWIP�†�+�L_]� ‡y� using ³

6L•7¢]6

´

Ì�Ú

f

5‚Í
µ

. Otherwiseit needsat mostonemore trip.

5. TheHierarchical Case

We sketcha ���†���w‹]��� solutionto WIP whenwe put thehierarchicalconstrainton thetestsets.First, theupperbound.
We show that in two trips we canpartitionthewires into setsof size �������}��� , sothateachsuchsetsis distinguished
from others,andhencewecanrecurseoneachof thesesets.This immediatelygivesthedesired���†���(‹]��� solution.

In the�rst step,we dividethewiresinto �

®

!����

6

� setsof size !����

6

� . Next we partitionthewiresin eachof these
setsusingpartitionsfrom thefollowing families.Partsin thesepartitionscomefrom thepairs: J��"�'!����+�9M��RJ�,�� !����Ê��¤

, M­�SJŽ
.�'!}���9�°¤b
.M��$#R#R#R�SJB
+���+�+�%
9���}�9M . Parts in eachpair sum to !}����� , and thesepartsare distinguishablefrom
eachother. Partitionsconsistof ����� distinctpairsfrom thesetof above pairs. The numberof suchpartsis at least

d

6

Ð Ñ

•

Ð Ñ

•
h

�
� . Sowe canchoosea uniquepartition for eachof the �

®

!����

6

� sets,completingtheproof. At thehigh
level, this proof relieson theobservation thatwe do not needa lot of groupsof differentsizes;insteadwe needthe
setof sizesthatagivengroupis partitionedinto to bedifferentfrom thesetsgeneratedfrom partitioningothergroups.
Our algorithmconstructsa large numberof suchpartitionswhile keepingthe sumof their sizesequal. The sketch
abovesuf�ces for thereaderto constructa full proof.

Now wesketchthelowerbound.We show thata ���
‹

�

®

� stepsolutionis notpossible.Suppose,for contradiction,
thatwe have sucha solution.For thehierarchicalcase,it is usefulto think of a solutionin termsof a tree,wherethe
root of thetreerepresentsthesetof � wires;nodesat level , (root is at level � ) arethesetsat step , , andsoon. One
of thefollowing two caseshasto occur:(1) All childrenof therootareof sizeat most ��������� ; (2) thereis a setof size
morethan ���}����� .

In the �rst casewe show that it is not possibleto distinguishbetweenall the children,which is a contradiction.
In this case,childrenhave at most �������}� differentcardinalities.Sofor at leastonesuchcardinality Ï therewill beat
least�

®

���������}���

6 childrenwith size Ï . Sincethenumberof rootedtreeson ` vertiecsis lessthan `

e

, thenumberof
differentrootedtrees(actuallywe havesomeextraconstraints,but thatonly worksto ouradvantagein thisargument)
thatonecanhaveon ÏZpk���}����� verticesis �†�����������

Ð Ñ�Ð Ñ

•

•“•u�

®

�������

6

� (for largeenough� ). Soit is not possibleto
distinguishbetweenthechildrenof size Ï . Contradiction.
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Sincecase(1) cannothappen,secondcasealwayshappens.Soat level C thereis achild of sizeat least���

Ì

6L>�Í

� . So
thetreehasheightat least ����� ‹ ���

®

� , contraryto theassumptionwe startedwith. This sketchis not a completeproof
becausewe did not considerthecasewhen � is a smallconstantwhentheabove estimatesmaybreakdown. This is
thereasonwe claim thelowerboundof �����"‹]���

®

� , insteadof �†���"‹]���

®


 . Thesemissingdetailsarenot very interesting
andeasyto supply.

THEOREM 8 WIP���+�'�+� ��� hassolutionwith ‰Š�†����� ‹ ��� trips in which all groupstestedare hierarchical.

In contrast,theclassicalGraham-Knowlton versionis non-hierarchicalandhassolutionwith 
 trips. Thusthereis
a separationbetweenthehierarchicalandnon-hierarchicalcases.

6. ConcludingRemarks

Even thoughthe variantof WIP consideredin this paperallowed us to usesetshaving sizebetween
 and ‡ , we
employed setsof only two differentsizes,namely ‡ and ‡z¤j, , in the constructionwhile our generalresult. The
constructiontherecanbeeasilymodi�ed so thatall setsareof sizeprecisely‡ . Thus,our resultshold evenwhenat
most _ setsof sizeprecisely‡ areallowedpertrip.

Yet anothervariantis thatat least �œ¤{Ï wiresmustremainunconnectedpertrip. Thereforetheonly restrictionis
‡…pkÏ . By treatingthisasa _Š��î�Ï

®


Bï and ‡^�ƒ
 casein ouroriginalvariant,wegetasolutionrequiring ¡%•7¢w¡

ŸLð

-z���‚,B�

numberof trips for �c�ƒ•Z�/Ï

6

� . This is not far from truth. In fact,onecanshow amatchinglowerboundof Å

¡L•.¢w¡

Ÿ%ð
Æ

by
arguingsimilar to proofsin this paper.

Thereareanumberof problemswehave left open.A technicalproblemis to determineÉG��”3� ��� for general‡ (we
only solvedthe ‡…�i
 versionhere).An interestingvariationof this problemis to solve it whensomeof thetestsare
faulty. Grouptestingin presenceof errorsis a well-studiedtopic [8], but errorsin the WIP canbe quite rich: false
positivesandfalsenegativefor eachgrouptestedin eachtrip. This makestheproblemsquitechallenging.

Acknowledgment: We thankMichal Koucký for a conversationwhichstartedthis work.
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