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Abstract

In late 's, GrahamandKnowlton introducedthe WIP (wire identi cation problem)that affectedelectricians:
matchthe wiresin the ceiling to thosein the basementhile makingthe fewesttrips. We revisit this problemand
studyits variantsand generalizationsye provide a combinatorialcharacterizatiorf the solution(s)in termsof an
associatethypegraphandobtainnearlytight boundson the minimumnumberof trips, therebypleasingelectricians.
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1. Introduction

For FUN, onemustgobackto 's. GrahamandKnowlton [2, 3] introducedhe WIP which we studyin this paperin
its variationsandgeneralizations.

Wireldenti cation Problem (WIP). Supposehatthereis acableconsistingof insulatedwiresthatgoesfrom
the basemenof a building to its top oor. All thewireslook alike. The wires getjumbledon the way. Therefore
onedoesnot know how the terminalsat the bottomare matdedwith the terminalsat thetop. An electrician
needsto determinethis matching. He canelectricallyconnectdisjoint setsof wires at the basementandin onetrip
to thetop oor, he candeterminethe groupsof wires that are connectedy testingcircuit continuity. If two groups
of equalsizesare connectedat the bottom, he would determinethe two groupsof wires atthetop oor but not the
precisegroupto which the wires belong. Thuseachtrip canprovide partialinformationaboutthe matchingbetween
the terminalsat the two ends.He canmake multiple trips, in eachtrip connectingdifferentsubsetsat the basement.
Thewire identi cation problem(WIP) isto nd the minimum numberof trips neededo determinethe matching,as
well as,to designanalgorithmthat nds the minimum-tripsolution.

Note that eachtrip consistsof connectinggroupsof wires at the bottom, going to the top, and checkingthe
connections.We will only be concernedvith the numberof trips asthe measureof cost; the time it takesfor the
electricianto determineghe matchingafterhe hasmadetherequisitenumberof tripsis not considered.

Two obsenationsare immediate. First, it is impossibleto determinethe matchingfor , but thereis an
algorithmfor all . Second¢this problemis in the large classof what are called combinatorialgroup testing
problemswhereeachtestis a“group” andthegoalis to nd adistinguished’con guration” usingthe grouptests[1].
Within thisrathergeneraklassof problemsthereis tremendousariationdependingn thenatureof thetestsallowed.
In thecombinatoriagrouptestingparlancetheobsenationis thatit suf ces to only considemon-adaptivgorocedures
i.e. proceduresn whichthe connectionsnadeata particularstepdo notdependon the outcomeof prior connections
andtrips.

This problemis worth ponderingabout. In our experiencewith posingthis problemasa puzzle,it doesnot take
long for theoreticakomputerscientistdo designa testingalgorithmsthatuses trips by doublingthenumber
of wiresthatgetmatchedn eachtrip. Similarly, somenotethatgroupsof differentsizesgive moreinformationthan
groupsof identicalsizes.Thena roundsolutionensuedy testinggroupsof sizes ~ . This
solutionis aniceexampleof the ~ recurrencehatis hardto motivatein abasicalgorithmscourse,
but naturalnevertheless.The minimum numberof trips neededs . Giventhis solutionthatreadersvould have by

1We dedicatethis paperto the loving memoryof Sachins father PremsukH.odha,who passedwayon ™ March,2004. Beingan electrical
engineehimself,heshaved greatinterestin this problemandits solution.
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now corvergedto (what follows will be really engagingif you, the readerssolve the puzzle rst), the following
guestionsareintriguing:

1. Whatis the minimumnumberof trips neededo solve the WIP if we restrictthesizeof thegroupsto atmost ?

2. Whatis the minimum numberof trips neededto solve the WIP if we restrictthe groupsof wires that get
connectedat the bottomto be hierarchical, ie., if groups and of thewiresgetconnectedn two different
trips, we have either or for and

Theformeris intriguing becauseeaderdairly quickly corvincethemselesthatgroupsthatgettestedhave to be
of differentsizesin orderto getmaximuminformation,andwith theboundon the groupsize,oneexpectsthenumber
of tripsneededo belot largerthanin thebasicpuzzle.Thelatteris intriguing becaus¢he solutionto the basicpuzzle
with  trips hintedabove hasthe“shifting” or “overlapping”propertywherein the secondrip, eachgroupcomprises
wiresdrawn from two or moreof thegroupsin the previoustrip. Hence the groupstestedarenot hierarchical Again,
onesenseghat sucha propertyis crucial for the solution. In what ensueswe will provide solutionsto both these
variationsandothers.

TheWIP mayalsoremindthe readerf the puzzleabout3 light bulbsin aroomwith threematchingswitchesin
anotheroom; you startin the switch room and mustdeterminethe matchingusingonly onevisit to the bulb room.
Therethe solutionis searingandonemaynotwantto try a similar solutionin the WIP!

We will now formally discusghe previouswork andpresenthe problemswe addressn this paper

1.1.PreviousWork

In their original work, Grahamand Knowlton [2] gave a solutioninvolving trips usinga certaintype of partitions
(calledKnowlton-GrahamKG) partitionsby Knuth [5]).

De nition Partitions and of are called KG
partitionsof  if atmostoneelementappearsn an  setof cardinality andin a setof cardinality , for each
and .

It is easyto seethatgivenKG partitions and of , onecanpartition inthe rst trip and in thesecond

trip; onecanthenreadilyidentify thematchingusingthe coordinates . Thusonly tripssufce.
EXAMPLE 1 Let and . Considerpartitions and of
whele and for . It is an easyveri cation that

and form KG partitionssince

if
otherwise

Graham[3] provedthatKG partitionsexist for all except , and . Knuth [5] constructedhemusing -
matrices.

1.2.0ur Variants

It is easyto seethatKG partitionsmusthave somesetof sizeat least ~ . Thequestionthenarisesthatwhether
it is necessaryo have setsof large sizesin orderto solve the WIP. In particular whathappensf we only allow sets
of sizeatmost ? Onemight be confrontedwith sucha situationwhenthe testingequipments limited. Thisis the
r stvariant we study Surprisinglyit againturnsoutthat trips are alwaysenough(exceptfor ) aswe will
shav soon. Moreover, the solutionshave very simpleand uniform structureindependenof  unlike KG partitions
(whicharenotalwaystrivial to nd, anddonotexist for ). Thesecondvariantwe studyis a generalization
of the Graham-Knavlton WIP problem:now we have WIP whichis the minimumnumberof trips neededo
solve the WIP problemon wireswhereeachtrip involvestestingatmost groups,andeachgrouphascardinality
atmost . Thisis quite arealisticvariantbecaus¢he numberof groupsthatcanbe testedis limited by the number
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of parallelcircuitsthatcanbetestedin eachtrip. The Graham-Knaevlton problemis aboutWIP andthe rst
variantabove is aboutwWIP . We provide nearlytight boundsfor the generalquantityWIP . Thethird
variant we studyis the hierarchical testingproblemde ned earlierwherethe groupstestedform a hierarchy That
is, oncegroupsareformedfor testing,for eachsubsequentrip, we canonly disconnecsomeof the wires from the
groups(ie, decimategroups) but not reconnecthewiresto form new groups.In orderwords,eachgroupin atesting
roundis a subsebf wiresfrom someothergroupin the previoustestinground. This is a top-downview. Here,we
do not have to disconnectandreconnectwvires of a group. In fact, oncethe groupsare setup for the rst trip, we
only performdisconnecoperations. This variantis very natural: if this was basedon solderingconnectionsthen
burning out connectionds easierthanresoldering;in chip manufcturingwith FPGAs, burning out connectionds
morescalablethanrefabricatingconnections.Thereis onetechnicalproblemwith this variantthatit is possiblethat
at somestepof the above procedurewe geta group of size , for which we cannotdeterminethe matchingunder
the hierarchicalrestriction. Oneway to getaroundthis is by beingsatis ed by groupsof size . Sothe problemwe
needto solve underthe hierarchicalrestrictionis to divide the setof terminalsat the top into groupsof sizeat most
so thatwe know for eachgroupwhich terminalsat the bottomare correspondo it. We study WIP , the
original Graham-Knavlton problemundertherestrictionthatthe groupsbe hierarchical.Note that KG-partitionsare
nothierarchicalsooneneedsadifferentapproachin this casewe shaw that (  denotedogarithmto base )
is the numberof roundsneededwhich shavs the separatiorbetweerthe hierarchicalindthe non-hierarchicatases.

Why did we studythesevariationsandgeneralizationsWe believe they arethe naturalquestionghatalgorithmi-
cistsaskwhengivena puzzle(the original WIP problem). Namely we studythe effect of limiting variousresources
(numberof groupsthat canbe testedin parallelin onetrip, numberof wires that canbe testedin a group, making
groupsthatdo notinvolve bothdisconnectionandreconnectionsgtc.) Whenwe asksuchnaturalquestiondy limit-
ing resourcesthe original puzzlethathasa discretemath a vor evolvesto have analgorithmic avor. The
upperboundhasa distinctly algorithmic avor asdoesthe lower boundin termsof the decisiontree. This is how
algorithmicistshave fun.®

In addition, our solutionto all the problemsis basedon a characterizatiomf the solutionsto the WIP usingthe
automorphismrstructureof a hypeigraphassociatedvith the problem. This is an abstractway to think aboutWIP,
andis usefulin proving upperandlower bounds. This is anotherway algorithmicistshave fun; makinga coherent
formulationandcharacterizationf a problem.

Therestof the paperis organizedasfollows. In Section2 we presenbur characterizatioof solutionsto the WIP
usinghypegraphautomorphismsUsingthis characterizatiomve studyWIP . In Section3 we solve the WIP
with setsof size ( ) andextendit to generabetsizes(arbitrary ) in Sectiord. Finally, we studythehierarchical
versionin Section5. We presenbthervariationsof interestin Section6.

2. Characterization

We startwith a generakharacterizationf whena giventestingprocedurecanidentify the matching.

ConsiderWIP andlet be a procedurehat solvesthe problem. tells us which wires to connectat
the bottomin eachtrip. Theseconnectionganbe thoughtof aslabelledhyperedgesn a hypeigraphon vertices,
namely , Wwheretheseverticescorrespondo theterminalsatthebottom,andlabelon anhyperedgés the
numberof thetrip in which the subsebf verticesis connected We call this hypegraphthe connectiorhypegraph,
anddenoteit by . It completelyspeci esthetestingprocedure.

Whattheelectricianobseneson thetop is completelyspeci ed by anothethypegraphwhich we call the testhy-
pergraph anddenotet by . Testhypegraphhastheterminalsonthetoplevel asvertices hamely
andthe terminalsare united by an hyperedgewith label iff the subsetof terminalsis connectedn the th trip. A
hyperedgenay getmorethanonelabelbecausét mayexist in morethanonetrip. We saythattwo testhypegraphs

and areisomorphicif thereis a bijectionbetweertheir vertex setsthatmapsthe hyperedge tothe
hyperedgei with the samdabelset.

THEOREM 1 A procedue candeterminghe matcing of the terminalsat the two endsif and only if the auto-
morphismgroup of its connectiorhypegraph is trivial (i.e., it only containstheidentity).

5We shouldreally patentthesethingsa la [2].—GLM
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Proof: Thegoalof theelectricianis to labelthevertices of thetesthypegraph with sothat
getsthelabel , its matchingterminalatthebottom. Theinformationavailableto him is theconnectiorhypegraph
atthebottom,andthetesthypegraph atthetop.
Clearly and areisomorphic.Thereforeeachautomorphisnof de nesalabellingof thevertices
of by the 's.Eachsuchlabellingis consistentvith thetests.Sotheproceduresucceed#f thereis exactly one
automorphismin otherwords,whenthe automorphisngroupis trivial.

Theoreml leadsusto someusefulobsenations.

For a procedure thatsolvesthe WIP, let  denoteits numberof trips. Let denotethe total numberof
hyperedge . Let  denotethe numberof verticesthathave degree in . A vertex of degree appears
in some numberof tripsin protocol sinceit cannotappeain two differenthyperedgesn the sametrip. Thesize
of the automorphisngroup of isatleast . Thus,in thelight of theoreml, . Also, thereareat
most hyperedgesNo two verticesof degree in belongto the samehyperedgdotherwisethey give rise
to atleast differentautomorphismgor violating theorem1). Thusit follows that . These
obsenationswill beusefulin section4.

3. Only Setsof Size Allowed

In this sectionwe studythe “only pairingallowed” variant,i.e. case.Firstwe assumehereis norestrictionon
, i.e. thenumberof pairsthatcanbeformedpertrip.

LEMMA 2 Thee existsanoptimal trip solutionfor WIP givenany , ,and

Proof: Obsenre thatjustonetrip is insufcient to solve WIP, sominimum trips arealwaysneeded.Now suppose
is odd. Considerfollowing pairingsfor trip andtrip respectiely:

and

Theconnectiorgraphis apath with alternatgandequalnumberof) edgedabelled and . Clearly
it hasthetrivial automorphisngroup.Also, it is trivial for theelectricianto determinghematchingafterthetwo trips.
For even , We useabove constructiorfor the caseof , leavingout  altogether

We now consideoundson andstudyWIP . Firstobsene that: Givenanytwo natural numbes and

satisfying , there existsa -regular graphon vertices. Proofis left asan exerciseto the

reader

THEOREM 3 Supposeaveare givenintegers that satisfy f
thenthere is an optimalsolutionto WIP with —— trips. Otherwisewe needat mostonemore trip.

Proof: Let besuchthat

We have , since . Let us supposehat , and considera vertex set
. Vertex identi es with the th trip. By obsenationabove, thereexistsa regular

graph,say ,on . Thereare edgesn

Casel: . Drop edgedncidenton . Sototalnumberof edgesn is . Label

eachedgein arbitrarily with aunique where . Now considewvertex labelled . It has edges

4
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incidentonit, andeachedgehasadistinctlabel. Groupthesdabelsarbitrarilyinto  groupsof size eachandname

thesegroups arbitrarily. Do this for every . In all, thereare groupsof size .
Notethattherearestill unused 's. Startputtingthemoneby onein until all 'sare

nished. This completeghe construction. Thereare verticesof degree , andrest verticesof degree .

Moreoverthereare hyperedgesf size each.

Case2: . Leave  out, andrepeatthe constructiongivenabove for . Now there

are vertex of degree verticesof degree , andrest verticesof degree . Moreoverthereare

hyperedgesf size each.

Cases: . Leave  out,andrepeathe constructiorgivenabove for . Thenthelast

trip musthave edgesSopick ary vertex, say , thatappearsn sometwo earliertrips, but notin thelasttrip, and

addhyperedge tothelasttrip. Now thereare vertex of degree anddegree each, vertices

of degree , andrest verticesof degree . Moreoverthereare hyperedgesf size each.

The proof of correctnessf this constructiorandthe relatedprocedurés left outin this version;we considerthe
similar problemwith larger in the next section.The constructiorthereis a generalizatiorof the constructiorgiven

above. We gave constructiorseparateljpecausé is muchsimpler andprovidesa startingpointfor thegeneral
construction.Also, this constructions optimalfor all if — . Otherwisewe need
to considethegraph on — numberof verticesanddo similar construction.This

givesthe overheadf at mostonetrip morethantheoptimal.

Theresultabore considerghe casewhen " . Whatif werelarger?Also, theoptimal -trip procedure
needs —— . Whatif werestrict to somethingsmaller?Of coursefor a x ed , thenumberof requiredtrips
will increaseas decreasedVhatis thethresholdvalueof atwhichthe numberof tripsjumpsfrom to , or from

to , andsoon? Formally, let denotetheminimum for which it is possibleto solvethe WIP problemin
trips with . In whatfollows, we avoid oors andceilingsto keepthe formulassimple. It is a simplebut tedious
matterto modify the expressiongo be exact. Interestingly while the thresholdgor goingfrom to areof the
samegenerakypefor , it is of adifferenttypefor

THEOREM 4 Considerany . Then,

For anyconstant ,

Proof: For agiven , we haveto nd theminimum suchthata connectiongraphwith labelscanbe constructed
with trivial automorphisngroup.

Suppose . It follows easilyfrom our characterizatiothatthe connectiorgraphin this caseis aunionof paths
of even(possibly ) lengthwith edgesalternatelylabelled and . In orderto achierze theminimum , wewouldlike
asmary pathsaspossibleof differentlengths.Clearly, we canhave at most ~ differentlengths,andwe canget
closeto this by takingthe pathsof lengths , , ,.... Towardstheendof this procesave mayhave the problemthat
we do not have enoughverticesto includea full path.In this casewe justjoin a pathonthe remainingverticesto the
maximumlengthpathalreadyincluded.If this pathis of oddlength,thenwe alsoconnectheincludedpathof length

in this pathto geta pathof evenlength.It is easyto seethatthelabelling of theedgescanbe arrangedsothatabout
the samenumberof labelsof eachtypeareused.This provesthat — .

Now we considerthe case . Thesituationhereis similar to the casebut now the connectiongraphis
a moregeneralgraphthanthe union of paths. We focuson the case ; larger is handledsimilarly. Fix
and considera connectiongraphwith minimum . Let us classifyits connecteccomponentsastree and non-treg
dependingn whetherthe componenis atree. If the numberof the treecomponentss , thenthe numberof edges
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usedin the graphis atleast . We will upperandlower boundthe numberof treecomponentshata connection
graphwith labelsfor theedgeshas,andfrom thatwe derive lowerandupperboundson .

First we prove the upperboundon . We will restrictthe treesto be labelledpathsof length (numberof
edges).Let usnumberthe edgesof the pathsby . Considerthe following type of labelling of the
edgedy , and . For ary nonn@ativeinteger, edgesnumbered getlabel , edgesnumbered and
getlabels  or

Thusin ary suchlabellingthe rst vertex of apathis onanedgeabelled , andthelastvertex is onanedgeabelled

or . Thenumberof suchlabelledpathsis . Thetestgraphsof theselabelledpathsare nonisomorphic
andhave trivial automorphisnmgroups,andall pathsusethe samenumberof labelsof eachtype. Hence taking the
(vertex) disjointunionof differentlabelledpaths(oneof the pathsmaybe of lengthlessthan ) we get
a connectiongraphwhich solvesthe problem. The total numberof edgesin this graphis . Sincethe
numberof edgeswith eachlabelis atmostonemorethanonethird of this number(thisis becaus®f thepossibility of
thepathwhichis not of length ). Sowe cantake (for large
enough ).

Now for thelowerboundon . If atestgraphis nonautomorphighensois its underlyingconnectiorgraph.Here
wewill only requirethatthetreecomponent theconnectiorgraphbenonautomorphiandpairwisenonisomorphic.
Thisis only anecessargonditionfor thetestgraphto benonautomorphicandisin generahotsufcient. Asremarled
above,we provethelowerboundon by shaving anupperboundonthenumberof treecomponentanonautomorphic
connectiorgraphcanhave. Thelowerboundobtainedon usingthis conditioncanbeno largerthanthe actuallower
bound.

Recallthatsincewe areworking with the case , theedgesof our connectiorgrapharelabelledby labels

and with no edgeswith the samelabelbeingadjacent.To constructa connectiongraphwith the largestpossible
numberof treecomponentasabosewe startwith edge-labelletreesof size andkeepincludingmoreandmoreedge-
labelledtreesof smallestpossiblesizewhich have trivial automorphisngroupandarenotisomorphicto a previously
includedtree. In the end, it may not be possibleto addany more treeshecausenot enoughverticesareleft. It is
clearthatthe graphconstructedhis way hasthe largestpossiblenumberof treecomponentsandis nonautomorphic.
Actually, we haveto doalittle morein orderto keep minimumpossible We dothis by keepingthe numberof edges
with labels nearlythe sameandsoabout ( isthenumberof treecomponents).

For edge-labelledhonautomorphidreesof size , we candivide theminto disjoint groupsof size , wherethe
labellingof atreein a groupis the sameexceptthelabelshave beenpermutedn all possibleways. Sinceour treesare
nonautomorphicthe treesin a groupcannotbe isomorphic,andthusall the groupsareof size . Now, in the above
procedurewhenincluding trees,we includetreein a grouptogether This keepsthe numberof edgesof eachtype
balancedexceptperhapst thelaststagewhenwe maynotbeableto includea completegroup. But the effect of this
will benegligible.

The numberof distinctunlabelledtrees(neitherthe edgesnor the verticesarelabelled)with  verticesis asymp-
totically equalto , Where , and areconstantg[7],
seealso[6]). Usingit, we estimatehe numberof edge-labelledrees.Our treeshave maximumdegreeupperbounded
by , but the abore more generousoundis good enoughfor our purposes.lt follows thatthe numberof distinct

nonautomorphi@dge-labelledreesof size is at most , aswe canlabelthe edgesof atreeon verticesin
ways. Let denotethe sumof the sizesof nonautomorphiedge-labelledreesof size with unlabelled
verticesandedgedabelledby or . Andlet denotehenumberof suchtrees.Thenit followsfrom theabovethat
for . Soif  isthemaximumsizeof atreeincludedin theabove constructionthenwe should
have either or and andso . Theconstructiorin theupperboundproof
above shows that and . Since, o
the remaining "~ verticesare coveredby treesof size , andthusthe numberof suchtreesis
at most - , andat least - . Thusthetotal numberof treesusedby the above
procedurds .

It remainsto specifywhatdo we do in the laststageof the procedurevhensomeverticesremainbut notenough
to addan admissibletree. In sucha casewe just adda minimal (in the numberof edges)edge-labelledyraph(not
necessarilya tree)on this lastsetof vertices whichis clearly of size . Thisis theonly placewherewe do not
have controlovertherelatve numberof edgeswith label and , but sincethenumberof edgeseededhereis atmost
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(we canalwaysconstrucia nonautomorphigraphwith linearnumberof edges}hisis insigni cant compared
to thetotal numberof edgeswhichis linearin
Thusthe numberof edgesn the graphconstructedy the above procedurdas , andeachlabelhas
edges.

4. Genenl Case

In this sectionwe derive tight lower andupperboundsfor WIP with wide rangesf parameters  and .

Lower Bound. We rst showv thelower bound.

THEOREM 5 (LowerBound)Fix , , andsupposedhata procedue solvesWIPcorrectly  needs
atleast —— numberof trips. Thislower boundis tight.

Proof: Sinceat most hyperedgesireallowed pertrip, following obsenationsareimmediate. First,
Second,

This canbe provedquite simply. Every hyperedgecontainsat most vertices,andthereare  verticesof degree .
Therefore,

By anearlierobsenation, . Addingthesewo inequalities, . By earlierobsenation,
. Therefore, Theresultnow follows.
As aconsequencef above two propositionsthe lower boundfollows.
We now shaw thatthis boundis tight. Let and be de ned asfollows: ,
and .
Letus x and . We now demonstrate solutionfor wiresthatconsistf

trips. In fact,we shav how to constructa connectiorhypegraphon verticesthathastotal hyperedgesf
size eachandonly trivial automorphisngroup.

Construction;:  Startwith avertex set . Herevertex identi es with the thtrip. Now consider
completegraph  on . Notethatthereare edgedn thegraph. Labeleach
edgearbitrarily with aunique where

Now considervertex labelled . It has edgesncidenton it, andeachedgehasa distinctlabel. Group
theselabelsarbitrarilyinto  groupsof size each,andnamethesegroupsas arbitrarily. Thenlet
th hyperedgef thtrip, namely for . Do thisfor every . Thiscompletes
theconstruction.Thereis vertex of degree ,  verticesof degree , andtheremaining verticesof

degree . Moreoverthereare hyperedgesf size each.

The proof of correctnesss asfollows. Any automorphisnof this connectionhypegraphmustmap  to itself
sinceit is theonly vertex with degree . Sames truefor ary degree vertex sinceevery pair of trips haspreciselyone
distinctvertexin common.Now it followsthateverydegree vertex mustalsobemappedo itself sinceits
neighborsareall degree verticesandthey arebeingforceablymappedo themseles. Thereforeonly trivial identity
automorphisntanexist for the connectiorhypegraphwe have constructedibove

Upper Bound. We provide a nearlytight upperboundin general.

8Theproof of correctnesin effect givesa simpleandpracticalalgorithmfor the electricianto identify matching.
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LEMMA 6 Fix and . Let beanatural numbersatisfying and
. Thentheris a trip solutionfor WIP instancehaving wires,wheie

Proof: As before,we shov how to constructhe underlyingconnectiorhypeigraphwith trivial automorphisngroup.
Considera vertex set . As beforevertex  identi es with the th trip. As obsened
earlier thereexistsa regulargraph,say , on . Thereare edgesn . Labeleach
edgein arbitrarilywith aunique where . Considewertex labelled . It has edgedncidenton
it, andeachedgehasa distinctlabel. Grouptheselabelsarbitrarily into  groupsof size each,andnamethese
groups arbitrarily. Do this for every . Obsenethattherearesitill unused 's. Put
themoneby onein until all butone ‘'sare nished. This completegheconstruction.
By constructionthereis vertex of degree verticesof degree , andremaining
verticesof degree . Moreoverthereare hyperedgesfsize eachand
hyperedgesf size each.The proof of correctnessf this constructionrandthe relatedprocedurds identicalto
the onegivenfor thetight examplein thelower bound.

We cannow conclude:

THEOREM 7 Supposeaveare givenintegers ,and , that satisfy f

the constructionabove optimally solveswWIP using —— . Otherwisdt needsat mostonemore trip.

5. TheHierarchical Case

We sketcha solutionto WIP whenwe putthe hierarchicaktonstrainton the testsets.First, the upperbound.
We shaw thatin two trips we canpartitionthe wiresinto setsof size , Sothateachsuchsetsis distinguished
from others,andhencewe canrecurseon eachof thesesets.This immediatelygivesthe desired solution.

In the rst step,we divide thewiresinto setsof size . Next we partitionthewiresin eachof these
setsusingpartitionsfrom thefollowing families. Partsin thesepartitionscomefrom the pairs:

Partsin eachpair sumto , andthesepartsare distinguishablefrom

eachother Partitions consistof distinctpairsfrom the setof above pairs. The numberof suchpartsis at least

. Sowe canchoosea uniquepartition for eachof the sets,completingthe proof. At the high

level, this proof relieson the obsenationthatwe do not needa lot of groupsof differentsizes;insteadwe needthe

setof sizesthata givengroupis partitionedinto to bedifferentfrom the setsgeneratedrom partitioningothergroups.

Our algorithm constructsa large numberof suchpartitionswhile keepingthe sumof their sizesequal. The sketch
above sufces for thereadetrto constructa full proof.

Now we sketchthelower bound.We shav thata stepsolutionis not possible.Supposefor contradiction,
thatwe have sucha solution. For the hierarchicalcaseit is usefulto think of a solutionin termsof atree,wherethe
root of thetreerepresentshesetof wires; nodesatlevel (rootis atlevel ) arethesetsatstep , andsoon. One
of thefollowing two casesasto occur: (1) All childrenof theroot areof sizeat most ; (2) thereis asetof size
morethan

In the rst casewe shaw thatit is not possibleto distinguishbetweenrall the children,which is a contradiction.
In this case childrenhave at most differentcardinalities.Sofor atleastonesuchcardinality therewill beat
least childrenwith size . Sincethenumberof rootedtreeson vertiecsis lessthan  , thenumberof
differentrootedtrees(actuallywe have someextra constraintshut thatonly worksto our advantagen this argument)
thatonecanhave on verticesis (for largeenough ). Soit is not possibleto
distinguishbetweerthechildrenof size . Contradiction.
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Sincecasg(1) cannothappenseconccasealwayshappensSoatlevel thereis achild of sizeatleast . So
thetreehasheightat least , contraryto the assumptiorwe startedwith. This sketchis nota completeproof
becauseve did not considerthe casewhen is a smallconstantvhenthe above estimatesnay breakdown. This is
thereasonwe claim thelower boundof , insteadof . Thesemissingdetailsarenotvery interesting
andeasyto supply

THEOREM 8 WIP hassolutionwith trips in which all groupstestedare hierarchical.

In contrastthe classicalGraham-Knavlton versionis non-hierarchicahndhassolutionwith  trips. Thusthereis
aseparatiorbetweerthe hierarchicalandnon-hierarchicatases.

6. ConcludingRemarks

Even thoughthe variantof WIP consideredn this paperallowed us to usesetshaving size between and , we
employed setsof only two differentsizes,namely and , in the constructionwhile our generalresult. The
constructiortherecanbe easilymodi ed sothatall setsareof sizeprecisely . Thus,our resultshold evenwhenat
most setsof sizeprecisely areallowedpertrip.

Yetanotherwariantis thatat least wiresmustremainunconnectegertrip. Thereforethe only restrictionis

. By treatingthisasa and casein ouroriginal variant,we getasolutionrequiring——

numberof trips for . Thisis notfarfrom truth. In fact,onecanshov amatchinglowerboundof —— by
arguingsimilar to proofsin this paper

Thereareanumberof problemswe have left open.A technicalproblemis to determine for general (we
only solvedthe versionhere).An interestingvariationof this problemis to solve it whensomeof the testsare
faulty. Grouptestingin presencef errorsis a well-studiedtopic [8], but errorsin the WIP canbe quiterich: false
positvesandfalsenegative for eachgrouptestedn eachtrip. This makesthe problemsquitechallenging.
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