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Abstract. Given string T' = T'[1,...,n], the suffiz sorting problem is
to lexicographically sort the suffixes T'[i,...,n] for all 4. This problem
is central to the construction of suffix arrays and trees with many ap-
plications in string processing, computational biology and compression.
A bottleneck in these applications is the amount of workspace needed to
perform suffix sorting beyond the space needed to store the input as well
as the output. In particular, emphasis is even on the constant ¢ in the
O(n) = cn space algorithms known for this problem,

Currently the best previous result [5] takes O (nv + nlogn) time and
O (n/+/v) extra space, for any v € [1,/n] for strings from a general
alphabet. We improve this substantially and present the first known in-
place suffix sorting algorithm. Our algorithm takes O (nlogn) time using
O(1) workspace and is optimal in the worst case for the general alphabet.

1 Introduction

Given string T = T[1,...,n], the su [x_sbrting problem is to lexicographically
sort the su xes TIi,...,n] for all i. Formally, the output is the array S such
that if S[j] =k, T[k,...,n] is the jth smallest su x.?

This problem is central to many applications in string processing, compu-
tational biology and data compression. For instance, the array S is in fact the
su X Array for string T and is directly applicable to many problems [3]. The
classical su X tree is a compressed trie in which the leaves comprise S. Finally,
the beautiful Burrows-Wheeler transform uses S to compress T, and is a popular
data compression method.

There are algorithms that will solve this problem using O(n) workspace, i.e.,
space used in addition to the space needed to store T and S. However, in many
applications, T is often very large, for example when T is a biological sequence,
or large corpus. Therefore, for more than a decade, research in this area has
been motivated by the fact that even constants in O(n) matter. For example,
the motivation to work with su x arrays rather than su Xx trees arose from
decreasing the workspace used from roughly 11n to roughly 3n. Since then the
goal has been to minimize the extra workspace needed. This was explicitly posed
as an open problem in [2].

3 As is standard, we will assume that the end of string is lexicographically smaller
than all the other symbols in the string and hence, unequal strings can be compared
in a well-defined way.
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Currently the best previqys result [5] takes O (nv + nlogn) time and O (n/\/V)
extra space, for any v 1, n]. Here we assume the general alphabet model in
which the string elements can be compared pairwise.* This has a variety of trade-
0 s: one is O(nlogn) time and O(n) space, and the other is O(n3/?) time and
O(n'/*) space, depending on v.

Our main result is a substantial improvement over the above. In particular,
we present the first known in-place su x sorting algorithm, that is, our algorithm
uses only O(1) workspace. The running time of our algorithm is O(n log n) which
is optimal in the general alphabet model since even sorting the n characters will
take that much time in the worst case. Formally, we prove:

Theorem 1. The su [xed of a text T of n characters drawn from a general
alphabet >~ can be sorted in O (nlogn) time using O(1) locations besides the
ones for T and the su [Xarray S of T.

2 Preliminaries

We are given a text T of n characters drawn from a general alphabet > and an
array S of n integers of [Idg n[bits each. A total order relation < is defined on
>, the characters are considered atomic (no bit manipulation, hashing or word
operations) and the only operations allowed on them are comparisons (w.r.t.
<). Let T; be the su x of T starting with the character T[i] (i.e. T; = T[i]T[i+
1]---T[n]) and let integer i be the su xX_ihdex of T;. The objective is to sort
lexicographically the n su xes of T. The result, consisting of the n su x indices
permuted according to the lexicographical order of the su xes, is to be stored
in S. Apart from accessing T (readonly) and S, we are allowed to use only O(1)
integers of [Idg n[Bits each to carry out the computation.

In the following we denote with [the lexicographical order relation. For
any su x Tj, we refer to Ti_; (Tis1) as the text-predecessor (text-successor) of
Ti. The terms sequence and subarray will have slightly di erent meanings. Even
though they are both composed by contiguous elements of an array, a subarray
is intended to be just a static portion of an array while sequences are dynamic
and can be moved, exchanged, permuted etc. For any string A we denote with
Ali ... j] the contiguous substring going from the i-th position to the j-th position
of A. We extend the same notation to arrays and sequences.

2.1. A Space Consuming Approach

The strategy for sorting su xes in our solution is based on the simple and elegant
approach by Ko and Aluru in [6]. Even though their technique was originally
used for the case where =~ = {1,...,n}, it can be extended to the comparison
model. The result is a su x sorting algorithm with an optimal O (nlogn) time
complexity but requiring O (n) auxiliary locations in addition to S.

Let us recall Ko and Aluru’s approach. The su xes of T are classified as
follows: a su x Tjis an a-su [xX(b B-su X)&f T; [Ty (Tiy: T, that is if

* The bounds in [5] are for strings with integer alphabet. The bound we have quoted
is the best possible time bound they can achieve in the general alphabet model.
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it is less (greater) than its text-successor w.r.t. the lexicographical order (T, is
classified as a B-su x by convention). This classification has the following main
property: for any a-su XTI and any B-su X, if T[i] = T[j] then T; LTl

Let us assume without loss of generality that the a-su xes of T are fewer in
number than the B-su xes. An a-substring of T is a substring A; = T[i]T[i +
1]---T[i’] such that (i) both T; and T;. are a-su xes and (ii) T; is a B-su X,
for any i <j < i’. We need to sort the a-substring of T according to a variation
of the lexicographical order relation, the in-lexicographical order, from which it
di ers in only one case: if a string s is a prefix of another string s’, then s follows
s’. For any multiset M (i.e. a collection allowing duplicates), for any total order
< defined on M and for any o W, the bucket number of o is the rank of o
according to < in the set S, obtained from M by removing all the duplicates.

The Ko and Aluru’s approach proceeds with the following three main steps.

First. We sort in-lexicographically the a-substrings of T.

Second. We build a string T’ from T by replacing any a-substring with its
bucket number (according to the in-lexicographical order). Then, we sort the suf-
fixes of T’ recursively, obtaining the corresponding array S’. Because of the main
property of the a-B classification and by the definition of the in-lexicographical
order, sorting the su xes of T’ is equivalent to sorting the a-su xes of T.

Third. We distribute the su xes into temporary buckets according to their
first character. By the main property of the a-p classification we know that any
a-su X is greater than any B-su X belonging to the same bucket. Therefore,
for any bucket, we move all its a-su xes to its right end and we dispose them
in lexicographical order (known since the second step). Then, we move the suf-
fixes from the temporary buckets to S (in the same order we find them in the
temporary buckets). Finally, we take care of the B-su xes. We scan S from left
to right. Let T; be the currently examined su x. If the text-predecessor of T
is an a-su X, we ignore it (it is already in its final position in S). Otherwise,
if Ti—1 is a B-su X, we exchange Tj_; with the leftmost B-su x T; having the
same first character as Tj_; and not yet in its final position (if any). After the
scanning process, the su xes are in lexicographical order.

2.2. Obstacles
Before we proceed with the description of our algorithm, let us briefly consider
some of the obstacles that we will have to overcome.

2.2.1 Input partitioning and simulated resources. A common approach
for attacking space complexity problems consists of the following phases. First,
the input set is partitioned into two disjoint subsets. Then, the problem is solved
for the first subset using the second subset to simulate additional space resources.
Usually these simulated resources are implemented by permuting the elements
in the second subset in order to encode data or, if the model allows it, by com-
pressing them in order to free some bits temporarily. After the problem has been
solved for the first subset, the approach is applied recursively on the second one.
Finally, the partial solutions for the two subsets are merged into one.
Unfortunately, this basic approach cannot be easily extended to the su x
sorting problem. This is due to the well-known fact that the su xes of a sequence
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cannot be just partitioned into generic subsets to be sorted separately and then
merged e ciently. Only few specific types of partitionings are known to have
this property and either they exploit some cyclic scheme (e.g. [4]), thus being
too rigid for our purposes, or they need to be explicitly represented (e.g. [6])
thereby increasing the auxiliary memory requirements.

2.2.2 Auxiliary information needed in Ko and Aluru’s approach. Not
only is the a-B partitioning unsuitable, but it also claims auxiliary resources.
Clearly, in the first and third main steps of the Ko and Aluru’s approach, we need
to be able to establish whether a particular su xisana-su xoraf-su Xx. The
number of bits needed to represent the a-f3 partitioning can be reduced to n/c,
for a suitably large integer constant c. We will employ various encoding schemes
to maintain this information implicitly during the phases of the computation.
Let us consider the final scanning process of the third main step. For any
su x T; considered, the positions in S of Ti_; and T; (the leftmost B-su x
such that T;[1] = Ti_1[1] and not yet in its final position) must be retrieved
e ciently. To this end, the algorithm in [6] explicitly stores and maintains the
inverse array of S. Unlike the case of the of the a-f3 partitioning, it is clearly
impossible to encode implicitly the necessary n [Idg n[Cbits. Therefore, we will
devise an “on-the-fly” approach to the scanning process that will require neither
the exchange step of Ti_; and T; nor the use of any implicit encoding scheme.

3  Our Algorithm

In this section we present our optimal in-place su x sorting algorithm for generic
alphabets. We will assume without loss of generality that the a-su xes of T are
fewer in number than the B-su xes (the other case is symmetric).

The a- table. In [6] the information for classifying a and [-su xes is cal-
culated in linear time with a left to right scan of T. It is easy to see how this
information can be gathered in linear time also by a right to left scan: by con-
vention T, is classified as a-su x and Tn_; can be classified by comparing T[n]
and T[n —1]; for any i < n—1, let us assume inductively that the classifica-
tion of Ty is known, if T[i] & T[i + 1] then T; is classified by the result of
the comparison between TJi] and T[i + 1], otherwise T; is of the same type of
Tit+1. Therefore, to be able to classify any su x T; in O(1) time there is no need
to store a table with n entries of one bit each. For any integer constant c, we
can use a table of n/c bits whose j-th entry represents the classification of Tg;.
Any su X T; can be classified in O(c) time: if the substrings T;i[1...c—1i mod c]
and Tj41[1...c—imodc] di er then T; is classified by the result of their lexi-
cographical comparison, otherwise T; is of the same type of Tiic—i mod ¢ (Whose
classification is in the “te=tmodc.th entry of the table).

Ee will refer to this smaller table as the a-3 table. We will not be able to keep
the a- table explicitly stored or implicitly encoded all the time. Its information
will be lost and recalculated multiple times during any execution.

3.1. Sorting the a-su [xed
In this section we show how to sort the a-su xes of T. We have four phases.
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3.1.1 First phase. We compute the a-f3 table and we store it in S[1...n/c]
(that is, simply using one entry of S for any entry of the table). Let ng be the
number of a-su xes. While we are scanning T to compute the a-f3 table we also
find the a-substrings and we store the nq pointers to them in S[n—ng+1,...,n].
Since ng < n/2, in the following phases we can exploit n(1/2—1/c) free locations
in the first half of S (as we have seen, we can choose the constant c, defining
the size of the a-f3 table, as large as we want). Let F denote the subarray of S
containing the free locations.

3.1.2 Second phase. We divide the pointers to the a-substrings into d groups
Gi,...,Gq of ng/d contiguous pointers each, for a suitable constant d. Then,
we sort each group in-lexicographically using the locations in the subarray F
(and the a-[3 table to recognize the last position of any a-substring). As we can
choose d as large as we want and given that the total length of the a-substrings
is O (n), each group can be sorted in O (nlogn) time with any optimal string
sorting algorithm operating in linear space (linear w.r.t. to the size of the group).

Now that the groups of a-substrings are in-lexicographically sorted we merge
them. We first merge the first group with the second one, then the resulting
sequence is merged with the third group and so forth. For any i, the i-th single
binary merging step is performed with the help of the locations in F in the
following way. Let G be the sequence to be merged with the i-th group G;
and let us assume that |G| + |Gj| > |F| (at a certain point this will happen,
since ng > |F|). Using the a-f table to recognize the ends of the a-substrings,
we initially proceed like in a normal merging (we compare in-lexicographically
the a-substrings pointed by G[1] and G;[1] and move a pointer to F[1] and so
forth). Since |G| + |G;| > |F|, after |F| of these single string comparison steps
F becomes full. At that point we slide what is left of G to the right so that
it becomes adjacent with what is left of G;. After the sliding we resume the
merging but now we move the pointers to the subarray of |F| positions that
is right after F and that has become free after the sliding. We proceed in this
fashion until G or G; is empty. At that point we compact the sorted pointers
with what is left of G or G;. Finally, we slide the resulting sequence to the right
to be adjacent with Gj; (in case we need to).

3.1.3 Third phase. In this phase we build a sequence T’ of ny integers in
the range [1, ny] using the bucket numbers of the a-substrings (see Section 2.1).
After the second phase the a-substrings are in in-lexicographical order and the
pointers to them are permuted accordingly. Let us denote with P the subarray
S[h — ng + 1...n] where the pointers are stored.

We start by modifying the allocation scheme for the a-f3 table. Up until now
the n/c entries have been stored in the first n/c locations of S. We now allocate
the o-p table so that the i-th entry is stored in the most significant bit of the
2i-th location of S, for any 1 < i < n/c. Since we can choose ¢ to be as large as
we want, the ny pointers residing in P will not be a ected by the change.

Then, we associate to any pointer the bucket number of the a-substring it
points to in the following way. We scan P from left to right. Let two auxiliary
variables j and p be initially set to 1 and P[1], respectively. In the first step of
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the scanning we set S[1] and S[2] to P[1] and 1, respectively. Let us consider the
generic i-th step of the scanning, for i > 1.

1. We compare in-lexicographically the a-substrings pointed by p and P[i]
(using the a-[3 table to recognize the last positions of the two a-substrings).

2. If they are di erent we increment j by one and we set p to P[i].

3. In any case, we set S[2i — 1] and S[2i] to P[i] and j, respectively and we
continue the scanning.

As we said, the scanning process depends on the a-f table for the substring
comparisons. It might seem that writing the current value of j in the locations
of S with even indices would destroy the a-f table. That is not the case. After
the scanning process, the first 2ny locations of S contains ny pairs [py, b Lwhere
pi is a pointer to the i-th a-substring (in in-lexicographical order) and b; is the
bucket number of it. Since ng < n/2, the bits necessary to represent a bucket
number for an a-substrings are no more than [dg(n/2)({and the locations of
S have [Odgn[bits each). Therefore, the n/c entries of the a-B table and the
bucket numbers of the first n/c pair [p}, bj C¢an coexist without problems.

After the scanning process we proceed to sort the ng pairs [pj, bj Caccording
to their first members (i.e. the pointers are the sorting keys). Since there can be
as many as n/2 a-substrings, at the worst case we have that all the locations
of S are occupied by the sequence of pairs. Therefore, for sorting the pairs we
use mergesort together with an in-place, linear time merging like [8]. When the
pairs are sorted, we scan them one last time to remove all the pointers, ending
up with the wanted sequence T’ stored in the first ny locations of S.

3.1.4 Fourth phase. We start by applying our in-place algorithm recursively
to the sequence T’ stored in S[1...ng]. At the worst case |[T’| = ng can be equal
to n/2 and the space used by the algorithm to return the ng sorted su xes of
T’ is the subarray S’ = S[n — ng + 1...n]. Concerning the use of recursion,
if before any recursive call we were to store explicitly O(1) integer values (e.g.
the value of ny), we would end up using O (log n) auxiliary locations (O (log n)
nested recursive calls). There are many solutions to this problem. We use the n
most significant bits of S (the most signicant bit in each of the n entries in S) to
store the O(1) integers we need for any recursive call. That is possible because
starting from the first recursive call the alphabet of the text is not > anymore
but {1,2,...,n/2} and the size of the input becomes at most n/2. Therefore,
the n most significant bits of S are untouched during all the recursive calls.

After the recursive call, we have ny integers of dg(n/2)CBits each stored in
the subarray S’ = S[n—ng+1...n]. They are the su x indices of the sequence
T’/ stored in the subarray S[1...nq] and they are permuted according to the
lexicographical order of the su xes of T’.

Finally, to obtain the lexicographical order of the a-su xes of T we proceed
as follows. First, scanning T as we do to compute the a-f3 table, we recover the
indices of the a-su xes and we store them in T’ (we do not need the data in T’
anymore). Then, for any 1 < i < ng, we set S’[i] = T’/[S'[i]].
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3.2. Sorting the su [xed

In this section we show how to sort the su xes of T provided the a-su xes
are already sorted. Let us assume that the su x indices for the a-su xes are
stored in S[n —ng + 1...n]. Before we start let us recall that any two adjacent
sequences U and V, possibly with di erent sizes, can be exchanged in-place and
in linear time with three sequence reversals, since UV = (V RUR)R,

We have six phases.

3.2.1 First phase. With a process analogous to the one used to compute the
a- table (which we do not have at our disposal at this time), we scan T, recover
the n —ng su x indices of the B-su xes and store them in S[1...n —ng].

Then, we sort the pointers stored in S[1...n — ny] according to the first
character of their respective B-su xes (i.e. the sorting key for SJ[i] is T[S[i]]).
We use mergesort together with the in-place, linear time merging in [8].

3.2.2 Second phase. Letusdenote S[1...n—ng]and S[n—ng+1...n] by Sp
and Sq, respectively. After the first phase the pointers in Sg are sorted according
to the first character of their su xes and so are the ones in Sy

Scanning Sg, we find the rightmost location jg such that the following hold:

(i) Sglig] is the leftmost pointer in Sg whose B-su x has T[Sg[jg]] as first
character.

(i) n—ng — jg + 1 = 2n/c, that is, the number of pointers in the subarray
Sglig ...n—ng] is at least two times the number of entries of the a-p table.
The reason for this choice will be clear at the end of this phase.

Then, we find the leftmost position jq in Sq such that T[Sq[jal] = T[Sglig]] (a
binary search). Let us consider the pointers in S as belonging to four sequences
B’,B”,A’ and A”, corresponding to the pointers in Sg[1...jg —1], Sglig...n—
Naly Sall...ja — 1] and Sqljao - --Na], respectively. We exchange the places of
the sequences B and A'.

For the sake of presentation, let us assume that the choice of jg is balanced
that is condition (ii) holds for subarray Sg[1...jg — 1] too. The other case
requires only minor, mainly technical, modifications to the final phases and we
will discuss it in the full version of this paper.

In the final step of this phase, we calculate the a-f3 table by scanning T and
while we are doing so we encode the table in B” in the following way: if the i-th
entry of the table is 0 (1) we exchange positions of the pointers B”[2i — 1] and
B’’[2i] so that they are in ascending (descending) order. It is important to point
out that in this case we mean the relative order of the two pointers themselves,
seen as simple integer numbers, and not the relative order of the su xes pointed
by them. Clearly, any entry of the table can be decoded in O(1) time.

This basic encoding technique is known as odd-even encoding ([7]). Its main
advantage w.r.t. other, more sophisticated, encoding techniques is its extreme
simplicity. Its main drawback is that it introduces an w(1) overhead if used to
encode/decode a table with entries of w(1) bits. Since we will use it only to
encode the a-B table, the overhead will not be a problem.



8 G. Franceschini and S. Muthukrishnan

At the end of the second phase the pointers in the S are divided into the
four contiguous sequences B’A’'B”A” and the a-B table is implicitly encoded
in B”. For the rest of the paper let us denote with S| and Sg the subarrays
S[1...|B/|+|A/|]and S[|B’| +|A’| +1...n], respectively (i.e. the two subarrays
of S containing all the pointers in B’A’ and in B”A").

3.2.3 Third phase. We start by merging stably the pointers in B’ and A’
according to the first character of their su xes. So, the sorting key for pointer
B’[i] is T[B’[i]] and the relative order of pointers with equal keys is maintained.
For this process we use the stable, in-place, linear time merging in [8].

After the merging, the pointers in S are contained into m contiguous se-
quences C;C, ... Cy, where mis the cardinality of theset {T[S_[i]] | 1=<i<|S_|}
and for any j and p’,p” CC, T[p’] = T[p”]. Let us recall that A’ contained the
pointers to the |A’| lexicographically smallest a-su xes and they were already
in lexicographical order. Therefore, since we merged B’ and A’ stably, we know
that any sequence Cj is composed by two contiguous subsequences, Cj‘3 followed
by Cjo‘, such that (i) CJ-‘3 contains only pointers to 3-su xes and (i) Cj°‘ contains
only pointers to a-su xes and they are already in lexicographical order.

Now we need to gather some elements from some of the sequences C; into a
sequence E. We process each sequence C; starting from C;. Initially E is void.
Let us assume that we have reached the location c; in S_ where the generic
subsequence C;j begins and let us assume that at this time E is located right
before Cj. We process Cj with the following steps.

1. We find the ending locations of Cj'3 and Cy, using the a-B table encoded in
sequence B” of Sg (e.g. with a linear scan of Cj).

2. If CJ-‘3 contains at least two pointers we proceed as follows.

(a) We “mark” the second location of CP by setting CP[2] = S| [1]. We can
employ Sy [1] as a “special value since, by construction, it has to point
to an a-su x and so it is not among the values a ected by this process.

(b) We enlarge E by one element at its right end (thus including the first
element of Cj‘3 and shrinking C; by one element at its left end).

3. We move E (which may have been enlarged by one element in step 2) past C;
in the following way. If |E| < |C;j[, we simply exchange them. Otherwise, if
|[E| = |Cj|, we exchange the first |C;| elements of E with Cj, thus “rotating”
E. (If we just exchanged E and Cj all the times, the cost of the whole
scanning process would be O (n?)).

After this first scanning process, E resides at the right end of S_. Moreover,
|E| sequences among C,Cs...Cxy, had their first pointer to a B-su x moved at
the right end of S| and their second pointer to a 3-su x overwritten with the
“special value” Sy [1].

We proceed with a second scanning of the sequences C;1Cs...Cy, from left
to right. This time we remove the “special values” S [1] in every location we
find it (except the first location of S ) by compacting the sequences toward
left. With this process |E| locations are freed right before sequence E. (Clearly,



In-Place Suffix Sorting 9

any sequence C; that before the two scannings had |C;j| = 2 and contained only
pointers to B-su xes has now disappeared.)

Finally, we create a “directory” in the last 2 |E| locations of S (the second
scanning has freed the |E| locations before sequence E). Let us denote with G
and Dy the subarrays with the first |S_| — 2 |E| and the last 2 |E| locations of
Sy, respectively. We proceed with the following steps.

1. We use mergesort with the in-place, linear time binary merging in [8] to sort
the elements of E, for any 1 <i < |E| we use T[E[i]] as sorting key.

2. We “spread” E through D, that is we move E[1] to D_[1], E[2] to D [3].. ..,
E[i] to D_[2i — 1] etc.

3. Forany 1 <i < |E|. We do a binary search for the character t; = T[D[2i —
1]] in G using the character T[G_[l]] as key for the I-th entry of G_. The
search returns the leftmost position p; in G where tj could be inserted to
maintain a sorted sequence. We set Dy_[2i] = pi.

3.2.4 Fourth phase. In this phase we finalize the sorting of the |S.| lexico-
graphically smallest su xes of T (and their pointers will be stored in Si).

We start the phase by scanning G from left to right. Let us remark that,
by construction, G_[1] contains a pointer to an a-su X, the lexicographically
smallest su x of T. For the generic i-th location of G we perform two main
steps. First we will give a fairly detailed and formal description of these two
steps and then we will give a more intuitive explanation of them.

1. We do a binary search for the character T[Gy[i] — 1] (i.e. the first character
of the text-predecessor of the su x pointed by Gy[i]) in the directory in
D_. The binary search is done on the odd locations of D, (the ones with
pointers to T) by considering the character T[D [2] — 1]] as the key for the
I-th odd location of D_.
2. If the binary search succeeded, let j be the (odd) index in D such that
T[GL[i] —1] = T[DL[j]]. Let p; be the inward pointer stored in D_[j + 1].
We use p; to place the outward pointer to the text-predecessor of the su X
pointed by Gy [i] in a position in S__ (not only in G.). We have three cases:
(@) IFT[GL[i]—1] = T[GL[pj]] and G [p;] is a B-su x (we verify this using
the a-P table encoded in sequence B” of Sg), we set Gi_[p;j] to G [i]—1
and we increment Dy [j + 1] (i.e. pj) by one.

(b) If GL[pj] is an a-su x or T[G.[i] — 1] B T[Gr[p;]], we set D[j] to
Gi[i]—1 and D [j +1] (i.e. pj) to |G|+ 1.

(©) If pj = |G|, weset D_[j +1] = G[i] — 1.

And now for the intuitive explanation. As we anticipated in Section 2.2.2, the
scanning process of the third main step (see Section 2.1) needs to maintain the
inverse array of S in order to find the correct position for the text-predecessor
of T; in its bucket. Obviously we cannot encode that much information and so
we develop an “on-the-fly” approach. The directory in D is used to find an
inward (i.e. toward S itself and not T) pointer to a location in one of the Cyg
sequences (which represent the buckets in our algorithm). So the first step simply
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uses the directory to find the inward pointer. Unfortunately the directory itself
is stealing positions from the sequences Cy that sooner or later in the scanning
will be needed to place some outward pointer (i.e. toward T). For any sequence
Ck that has a “representative”, that is a pair [phut, PinJin the directory (the
sequences without representatives are already in lexicographical order as they
contain only one 3-su x) we have three cases to solve.

In the first case (corresponding to step 2a), there is still space in Cy, that
is the two lexicographically largest B-su xes belonging to Cx have not yet been
considered by the scanning (these are the su xes of Cx whose space in S is
stolen by the directory in D). In this case the inward pointer we found in the
directory guides us directly to the right position in Cy.

In the second case (corresponding to step 2b) the space in Cy is full and the
su X whose pointer we are trying to place is the lexicographically second largest
B-su x belonging to Ci. To solve the problem, we place its outward pointer in
the first location of the pair [phut, pin CIn D corresponding to the bucket Cy.
This overwrites the outward pointer poyu: that we use in the binary search but
this is not a problem, as the old one and the new one belong to the same bucket.
The only problem is that we need to be able to distinguish this second case from
the third case, when the last B-su X belonging to Cy will be considered in the
scan. To do so we set pin to a value that cannot be a valid inward pointer for
the phase (e.g. |G| +1).

In the third case (corresponding to step 2c¢) the space in Cy is full, and the
pointer to the lexicographically second largest B-su X belonging to Ck has been
placed in the first location of the pair [phut, Pin AN D corresponding to Ck.
When the largest B-su x of Cy is finally considered in the scanning, we are able
to recognize this case since the value of the pi, is an invalid one (|G._|+1). Then,
we set pin to be the pointer to the largest B-su x of Cx and, for what concerns
Ck, we are done.

After the scanning process, the pointers in G are permuted according to
the lexicographical order of their corresponding su xes. The same holds for D .
Moreover, for any 1 < j < |[D.|/2, the su xes pointed by D, [2j — 1] and
D [2]] () have the same first character, (b) are both B-su xes and (c) they are
the second largest and largest 3-su xes among the ones with their same first
character, respectively. Knowing these three facts, we can merge the pointers in
GL and D¢ in two steps.

1. We merge G and D, stably with the in-place, linear time binary merging
in [8] using T[GL[i]] and T[D.[j]] as merging keys for any i, j.

2. Since we merged G and Dy stably, after step 1 any pair of B-su xes with
the same first character whose two pointers were previously stored in Dy,
now follow immediately (instead of preceding) the a-su xes with their same
first character (if any). A simple right to left scan of Si_ (using the encoded
a-B table) is su cient to correct this problem in linear time.

3.2.5 Fifth phase. We start the phase by sorting the pointers in the sequence
B’ of Sg according to the first character of their corresponding su xes. The
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pointers in B” were already in this order before we perturbed them to encode the
a-B table. Hence, we can just scan B” and exchange any two pointers B[i] and
BJ[i+1] such that T[BJi]] > T[BJi+1]] (since the pointers in B” are for f-su xes,
we do not need to care about their relative order when T [B[i]] = T[B[i + 1]]).

After that, we process Sg in the same way we processed S, in the third phase
(Section 3.2.3). Since a-3 table was used in that process, we need to encode it
somewhere in Sp

Unfortunately, we cannot use the plain odd-even encoding on the su X in-
dices in S|_ because they are now in lexicographical order w.r.t. to the su xes
they point to. If we encoded each bit of the a-p table by exchanging positions of
two consecutive pointers Sy [i] and Sy [i + 1] (like we did with sequence B” in the
second phase, Section 3.2.2), then, after we are done using the encoded table, in
order to recover the lexicographical order in S we would have to compare n/c
pairs of consecutive su xes. At the worst case that can require O (n?) time.

Instead, we exploit the fact that pointers in S| are in lexicographical order
w.r.t. to their su xes in the following way. Let Tab; and Tab] be the subarrays
S [1...n/cland S [n/c+1...2n/c], respectively. We encode a smaller a-3 table
with only n/2c entries in Tab;’ as follows (Tab;_ will be used in the sixth phase):
if the i-th entry of the table is 0 (1) we exchange positions of the pointers Tab;'[i]
and Ta ﬁ[\Ta ﬁ| — i+ 1] so that they are in ascending (descending) order (as
before, in this case we mean the relative order of the two pointers themselves,
seen as simple integer numbers).

Since the pointers in Tab;’ were in lexicographical sorted order before the pair
swapping, the recovering of the order of all the pairs of Tab; can be achieved
in O (n) time in the following way. Let us denote with py, ps, ... pt be the point-
ers in Tab] after the encoding (where t = |Tabﬁ|). We start lexicographically
comparing the su xes Tp, and T,,. When we find the mismatch, let it be at
the h-th pair of characters, we exchange p; and p accordingly. Then we proceed
by comparing Ty, and T,,_, but we do not start comparing them by their first
characters. Since Tabj was in lexicographical sorted order, we know that the
first h — 1 characters must be equal. Hence, we start comparing Tp, and Tp,_,
starting from their h-th characters. We proceed in this fashion until the last pair
has been dealt with. Clearly this process takes O (n) time at the worst case.

3.2.6 Sixth phase. In this phase we finalize the sorting of the remaining |Sg|
lexicographically largest su xes of T (and their pointers will be stored in Sg).

The final sorting process for Sg is the same we used in the fourth phase
(Section 3.2.4) for S but with one di erence: the scanning process does not
start from Ggr[1] but from S [1] again. We proceed as follow.

1. We scan the first n/c pointers of S; (they correspond to subarray Taby ,
which has not yet been used to encode the a-f3 table). The scanning process
is the same one of the fourth phase, except that we use Dg as directory and
Tab; for the a-B table.

2. After the first n/c pointers of Si_ have been scanned, we move the a-§3 table
encoding from Tab; to Tab; and recover the lexicographical order of the
pointers in Tab]'. Then, we continue the scanning of the rest of S, .
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3. Finally, the scanning process arrives to Gr. After Gg is sorted we merge Gr
and Dgr as we merged G and D¢ in the fourth phase and we are done.

Let us point out one peculiar aspect of this last process. Since during the scan we
use Dr as directory, the su xes whose pointers reside in S will not be moved
again. That is because Dr has been built using pointers to B-su xes whose first
characters are always di erent from the ones of su xes with pointers in S._. For
this reason, during the second scan of S, , any search in Dr for a su x whose
pointer is in S will always fail and nothing will be done to the pointer for that
su X (correctly, since Si_ is already in order).
To summarize, we get Theorem 1.

4  Concluding Remarks

We have presented first known inplace algorithm for su x sorting, i.e., an al-
gorithm that uses O(1) workspace beyond what is needed for the input T and
output S. This algorithm is optimal for the general alphabet. Ultimately we
would like to see simpler algorithms for this problem. Also, an interesting case is
one in which the string elements are drawn from an integer alphabet. Then we
can assume that each TJi] is stored in Odg n[bits and O(1) time bit operations
are allowed on such elements. In that case, known su X tree algorithms solve
su x sorting in O(n) time and use O(n) workspace in addition to T and S [1].
We leave it open to design inplace algorithms for this case in o(nlogn) time and
ultimately, in even O(n) time.
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