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ABSTRACT
Giv en a string S[1 � � � n] , the su�x sele ction problem is to

�nd the k th lexicographically smallest amongst the n su�xes

S[i � � � n] , for i = 1 ; : : : ; n . In particular, the fundamen tal

question is if selection can b e p erformed more e�cien tly than

sorting all the su�xes.

If one considered n n um b ers, they can b e sorted using

�( n log n) comparisons and the classical result from 70's is

that selection can b e done using O(n) comparisons. Th us

selection is pro v ably more e�cien t than sorting, for n n um-

b ers.

Su�x sorting can b e done using �( n log n) comparisons,

but do es su�x selection need su�x sorting? W e settle this

fundamen tal problem b y presen ting an optimal, determinis-

tic algorithm for su�x selection using O(n) comparisons.

Categories and Subject Descriptors
F.2.2 [ Analysis of Algorithms and Problem Complex-

it y ]: Nonn umerical Algorithms and Problems

General Terms
Algorithms, Theory

Keywords
Order statistics, selection, strings, su�xes

1. INTRODUCTION
W e consider the comparison mo del where w e coun t only

the comparisons p erformed b y an algorithm.

1

A collection

of n n um b ers can b e sorted using �( n log n) comparisons.

On the other hand, the famous �v e-author result [1] from

early 70's sho ws that the problem of sele ction � c ho osing

the n um b er of r ank k , that is, the k th smallest n um b er �

1

Bey ond the comparisons, all algorithms w e consider in this

pap er tak e time linear in the total n um b er of comparisons

in the RAM mo del.
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can b e solv ed using O(n) comparisons in the w orst case.

Th us, selection can b e done without sorting and is pro v ably

simpler than sorting in the comparison mo del. As a result,

selection algorithms are quite useful in getting quic k statis-

tics ab out a collection of n um b ers: �nd extremes namely the

smallest and the largest; �nd the median, that is, the n um-

b er of rank bn=2c, whic h is a more robust estimator than

the a v erage; �lter the outliers b y sa y , iden tifying the items

de�ning the ten th and ninetieth p ercen tiles, and retaining

only the n um b ers that fall within this range; etc.

W e study the sorting vs selection question for strings. Sa y

S = S[1 � � � n] is a string. The su�x sorting problem is to

sort the su�xes S[i � � � n] , i = 1 ; : : : ; n , in the lexic o gr aphic

order. In the comparison mo del, w e coun t the n um b er of

comparisons b et w een the individual elemen ts S[i ] vs S[j ] of

the string that are p erformed b y the algorithm for an y i; j . If

w e treated eac h su�x as an �item� and applied the standard

sorting algorithm, su�x sorting will tak e �( n2 log n) string

elemen t comparisons b ecause �comparing� an y t w o items will

tak e �( n) string elemen t comparisons in the w orst case. In-

stead, after sorting the individual elemen ts S[1]; : : : ; S[n] us-

ing O(n log n) comparisons, w e can reduce the problem to

one o v er a string dra wn from an alphab et of size at most n .

Then, w e can build what is kno wn as the su�x tr e e [10, 9] of

the string whic h tak es O(n) time [2]. The su�x tree directly

giv es the sorted order of the su�xes. Th us su�x sorting

can b e p erformed using O(n log n) comparisons; since the

output of su�x sorting can b e used to sort the individual

elemen ts S[1]; : : : ; S[n] , this is also the lo w er b ound. There

are a n um b er of other metho ds to sort su�xes in �( n log n)
comparisons, e.g., as in [8]. Su�x sorting has man y applica-

tions in pattern matc hing, compression, bioinformatics and

information retriev al.

Curiously , w e do not kno w the complexit y of the asso ci-

ated su�x sele ction problem where the goal is to output the

k th lexicographically smallest (equiv alen tly , largest) su�x

of S . Su�x selection is useful in analyzing the order statis-

tics of su�xes in a string suc h as the extremes, medians and

outliers, with p oten tial applications in bioinformatics and

information retriev al. A quic k metho d for �nding sa y the

su�xes of rank i (n=10) for eac h in teger i , 0 � i � 10, ma y

b e used to partition the space of su�xes for understanding

the string b etter, load balancing and parallelization for truly

massiv e strings suc h as DNA strings. T rivially , su�x selec-

tion can b e solv ed b y sorting all the su�xes as describ ed

ab o v e using �( n log n) comparisons, but do w e need to sort

in order to select? This is a fundamen tal question, some-

thing to b e discussed in textb o oks.



T o the b est of our kno wledge w e are the �rst to address

the problem of su�x selection. W e pr esent an optimal, de-

terministic su�x sele ction algorithm that uses O(n) c omp ar-

isons.

Often extending the complexit y kno wn for a collection

of n um b ers to the collection of su�xes of a string is not

straigh tforw ard. F or example, sorting n in tegers in the range

[1; n] can b e solv ed in O(n) time b y buc k et sorting; sorting

the su�xes of a string S dra wn from suc h an in teger alphab et

[1; n] in O(n) time on the other hand w as an op en problem

since 70's un til it w as settled in '96 [2]. If w e only consid-

ered strings dra wn from an in teger alphab et [1; n] , then this

su�x tree algorithm [2] will also solv e the su�x selection

problem in O(n) time. Ho w ev er, our fo cus is on the com-

parison mo del where the elemen ts of the string are accessible

b y comparisons only , as in standard sorting and order statis-

tics problems.

Our algorithm for su�x selection uses the comparison-

based �v e-author algorithm for selection [1]. It w orks b y

main taining pre�xes of a set of activ e su�xes at an y mo-

men t, uses the �v e-author selection algorithm to narro w the

activ e set and recurses b y extending the pre�xes of the suf-

�xes that remain. Pre�xes in the activ e set unfortunately

in tersect eac h other and naiv e algorithms will end up com-

paring eac h elemen t in the string far to o man y times. W e

use p erio dicity prop erties of the substrings to jump o v er pre-

viously seen pieces of substrings and still use only O(n) com-

parisons to solv e the su�x selection problem. W e also design

and use v arious in teger manipulation algorithms in the RAM

mo del to mak e sure that in addition to the O(n) compar-

isons, w e use only O(n) time computation.

2. OVERVIEW OF OUR ALGORITHMS
W e let si denote the i th su�x of the input string S , ie.,

si = S[i ] � � � S[n] .

Consider the follo wing approac h to the su�x selection

problem.

The computation pro ceeds in phases. Eac h phase t is c har-

acterized b y a pre�x � t of the k th smallest su�x of S whic h

is our target su�x, represen ting our curren t kno wledge of

the w an ted su�x. Eac h phase t has a set of active su�xes

of S con taining all the su�xes with � t as a pre�x, that is

all the su�xes that could still b e the k -th smallest su�x.

F urther, eac h phase has the n um b er l t of the su�xes of S
less than an y of the activ e su�xes in phase t . All the other

su�xes are inactive . Our kno wledge ab out the solution is

augmen ted during the phase transitions. W e start with the

zeroth phase where � 0 is v oid and an y su�x is p oten tially

our target; therefore, all su�xes are activ e. During the �rst

phase transition w e just apply the selection algorithm in [1]

and �nd the k -th smallest elemen t � 0 of S . The su�xes

starting with � 0 are the activ e su�xes of the �rst phase,

� 1 con tains just � 0 , and all the other su�xes b ecome inac-

tiv e. No w consider the transition from an y phase t to phase

t + 1 . W e fo cus on the (m ulti)set con taining the (t + 1) -th

elemen t of an y activ e su�x and select from there the (k � l t ) -

th smallest elemen t � t +1 . All the activ e su�xes with � t +1

as their (t + 1) -th elemen t are the activ e su�xes of phase

t + 1 and w e augmen t � t with � t +1 to obtain � t +1 . Clearly

� t +1 is the (t + 1) -th elemen t of the k -th smallest su�x of

S and therefore our kno wledge ab out the w an ted su�x, i.e.

� t +1 , k eeps gro wing. The computation ends when a phase

transition lea v es us with only one activ e su�x.

This solution needs �( n2) comparisons in the w orst case.

Ho w ev er, w e will follo w this phase-based approac h, but b e

more sophisticated ab out dealing with the c ol lisions of ac-

tive su�xes and using the work pr eviously done on inactive

su�xes , to get impro v ed b ounds.

How to Exploit Collisions of Active Suf�xes.
F or an y phase t , the extent of a su�x si is the longest

common pre�x with � t . W e sa y that t w o su�xes si ; sj c ol lide

when their exten ts are either adjacen t (i.e. the last elemen t

of the exten t of si is adjacen t to the �rst elemen t of the

exten t of sj or vice v ersa) or o v erlapping.

No w let us consider the follo wing mo di�ed solution to the

su�x selection problem.

If no activ e su�xes collide, the computation pro ceeds just

lik e in the previous solution. Let t0
b e the �rst phase in

whic h t w o activ e su�xes collide. Since in an y phase t < t 0

the exten ts of the activ e su�xes ha v e b een expanded b y one

elemen t at a time, the exten ts of an y t w o activ e su�xes that

collide in phase t0
are adjacen t rather than o v erlapping. F or

an y activ e su�x si , the exten t of si is follo w ed b y a certain

n um b er r i � 0 of exten ts of other activ e su�xes and these

exten ts are adjacen t (not o v erlapping). The subsequence of

exten ts asso ciated with si is its pr osp e ctive extent . Since the

exten t of an activ e elemen t is � t 0
, the prosp ectiv e exten t of

si is the p erio dic sequence (� t 0) r i
. An y t w o activ e su�xes si

and sj with prosp ectiv e exten ts (� t 0) r i
and (� t 0) r j

resp ec-

tiv ely with r i < r j can b e compared using only O (1) elemen t

comparisons, pro vided that w e kno w the lengths of the ex-

ten ts of all inactiv e su�xes. With the help of this prop ert y ,

w e apply the algorithm in [1] directly to the activ e su�xes

(instead of selecting the (k � l t 0) -th smallest elemen t among

the (t0 + 1) -th elemen ts of the activ e su�xes, as w e did in

the previous solution). This pro duces a subset of activ e suf-

�xes A 0
con taining the k -th smallest su�x suc h that if t w o

activ e su�xes are in A 0
then they ha v e the same prosp ectiv e

exten t and they also matc h at the elemen ts righ t after their

prosp ectiv e exten ts (in v erse of this claim do es not necessar-

ily hold). With this, the phase transition is concluded: A 0
is

the set of activ e su�xes of phase (t0+1) and � t 0+1 = ( � t 0) r e0

for some in teger r and some elemen t e0
. It is easy to see that

at most one activ e su�x p er collision can still b e activ e in

phase t0 + 1 and the exten ts of the activ e su�xes of phase

t0 + 1 do not o v erlap ev en though they can b e adjacen t and

collide. The subsequen t phase transitions pro ceed in the

same w a y . By exploiting the collisions b et w een activ e suf-

�xes, this mo di�ed solution to the su�x selection problem

can b e sho wn to use O(n log n) comparisons. Still, this do es

not impro v e up on the complexit y of su�x sorting for solving

the su�x selection problem.

Reusing Work Done for Inactive Suf�xes.
The t w o solutions presen ted th us far do not fully exploit

the a v ailable information ab out inactiv e su�xes, i.e. their

exten ts. The �rst solution do es not ev en use the sizes of the

exten ts of inactiv e su�xes while the second solution exploits

this information only when the exten ts of inactiv e su�xes

are used to compare t w o activ e su�xes. Ultimately , the is-

sue to study is ho w to create the exten t of an activ e su�x

si in phase t + 1 during the transition from phase t . In the

mo di�ed solution ab o v e, w e add all the exten ts of the activ e

su�xes that follo w si and collide with it, and the elemen t e0

next to the righ t end of the exten t of the last su�x in the



collision. This implies that the elemen t e0
can b e accessed

again ! (1) times in the subsequen t phase transitions (e.g. si

can later b ecome inactiv e, e0
can then b e accessed again and

added to the exten t of another activ e su�x si 0
, si 0

can then

b ecome inactiv e in turn, e0
can later b e accessed and added

again and so forth). The c hallenge no w is to a v oid these

m ultiple accesses. W e sa y that a su�x is maximal if its ex-

ten t is not con tained in the exten t of another su�x. Instead

of adding only e0
to the exten t of si , our idea is to add the

whole extent of the maximal inactive su�x c ontaining e0
.

As w e will see, it is no w di�cult to blend together the

ideas of exploiting collisions as w ell as reusing the w ork done

for the inactiv e su�xes. One of the main obstacles in us-

ing b oth ideas sim ultaneously is that the collisions of activ e

su�xes b ecome less tractable b ecause their exten ts as no w

de�ned ma y o v erlap in p oten tially arbitrary w a ys. The bulk

of our tec hnical con tribution is in dealing with these obsta-

cles to get a su�x selection algorithm that uses only O(n)
comparisons.

In what follo ws, w e will �rst discuss the simple case of

�nding the largest (or smallest) su�x of S . Then w e presen t

our solution for the general su�x selection problem.

3. EXTREME SUFFIXES
W e presen t an algorithm for selecting the lexicographically

largest su�x of sequence S[1 � � � n] using O(n) comparisons;

selecting the smallest is similar.

3.1 The Algorithm
The algorithm w orks in phases: the maxim um su�x is

gradually disco v ered through the phases.

3.1.1 De�nitions and Notations
An y phase t is c haracterized b y a pr e�x of the maxim um

su�x. This pre�x, denoted b y � t , represen ts the p ortion of

the maxim um su�x kno wn at phase t . The extent of a su�x

si , denoted b y ei , is the longest common pre�x b et w een si

and � t ; if they do not ha v e a common pre�x, ei is de gener ate

and is just S[i ] . In an y phase t , a su�x b elongs to either the

set A t of active su�xes or the set I t of inactive su�xes . A

su�x si is maximal if there do es not exist a su�x sj suc h

that j < i and jei j � j ej j . W e denote the set of maximal

su�xes b y M t .

3.1.2 Initialization
W e scan S and �nd the maxim um elemen t � 0 . No w A 1

con tains all su�xes si suc h that S[i ] = e� 0 , I 1 con tains the

remaining su�xes and � 1 = � 0 . The exten t ei of an y su�x

si is comp osed only of S[i ] and, if si 2 I 1 , ei is degenerate.

3.1.3 Phase Invariants
The follo wing in v arian ts hold for phase t .

(i) � t is a pre�x of the maxim um su�x of S .

(ii) A t con tains si i� ei = � t .

(iii) If t > 1, for an y si 2 I t and sj 2 A t , w e ha v e that

jei j < jej j .

(iv) The exten ts of the maximal su�xes constitute a non-

overlapping c overing of S , that is ei 1 ei 2 : : : ei r = S ,

where f si h j1 � h � r g = M t and i h 0 < i h 00
, for an y

1 � h0 < h 00 � r .

3.1.4 Phase Transition
Let us assume that the in v arian ts hold after phase t ; w e

no w describ e phase t +1 . Consider the non-o v erlapping co v-

ering of S induced b y the exten ts of the maximal su�xes.

This can b e seen as a sequence of exten ts divided in to sub-

sequences A1 I 1A2 I 2 : : : A l I l of exten ts ( A1 and I l ma y b e

empt y) where for an y ei 2 Ah and ej 2 I h w e ha v e that

si 2 A t and sj 2 I t , resp ectiv ely . In tuitiv ely , subsequences

A1 ; : : : ; A l represen t the c ol lisions of active su�xes w e wrote

ab out in Ÿ 2 and that w e need to exploit. By the in v arian ts

main tained, w e kno w that an y activ e su�x is also maximal,

and therefore part of the co v ering. F or an y si 2 A t , let us

consider the subsequence Ah suc h that ei 2 Ah (that is, the

collision that in v olv es si ). The pr osp e ctive extent pi of si

is de�ned as the su�x starting with ei of the subsequence

Ah eh , where eh is the �rst exten t in I h if it exists. The phase

transition pro ceeds as follo ws. Assume jA t j > 1, otherwise,

w e are done.

1. W e �nd the prosp ectiv e exten t pi of eac h si 2 A t .

2. W e �nd the lexicographically largest exten t � t and the

set P t of su�xes whic h ha v e that prosp ectiv e exten t.

W e set A t +1 = P t , I t +1 = I t [ (A t �P t ) and � t +1 = � t .

3. F or an y si 2 A t , ei is the longest common pre�x with

� t .

3.1.5 Correctness and Complexity
W e no w sk etc h the correctness and complexit y of the al-

gorithm.

Lemma 1. Each phase tr ansition maintains the invari-

ants.

Lemma 2. F or any phase t , the tr ansition fr om phase t
to t + 1 r e quir es O (jA t j) c omp arisons in the worst c ase.

Pr oof Sketch . Step 1 requires a simple scan of set A t .

Since prosp ectiv e exten ts are de�ned only for activ e suf-

�xes, the pro cess in Step 2 in v olv es jA t j subsequences. W e

can sho w that (this is a k ey in the pro of ) pi = ( ei ) r i eh i =
(� t ) r i eh i . The set f r i jsi 2 A t g can b e trivially found and

stored using O (jA t j) comparisons and time. F or an y si ; sj 2
A t , pi and pj can b e compared using O (1) elemen t compar-

isons, giv en that b oth eh i and eh j are pre�x of � t b ecause

pi = ( � t ) r i eh i , pj = ( � t ) r j eh j and r i , r j , jeh i j and

�
�eh j

�
�

can

b e retriev ed in O (1) time. Therefore, Step 2 tak es O (jA t j)
comparisons in the w orst case. Step 3 uses O (jA t j) compar-

isons to o for nearly the same reasons. �

Theorem 1. The maximum su�x of a se quenc e S c an b e

found using O (n) c omp arisons in the worst c ase.

Pr oof Sketch . The correctness of the algorithm follo ws

directly from Lemma 1. The complexit y of the algorithm

is the sum of t w o quan tities: the complexit y of the initial-

ization whic h is clearly O (n) , and the aggregate complex-

it y of sa y p phase transitions in all, whic h b y Lemma 2, is

O
� P

1� t � p jA t j
�

. W e will estimate the n um b er of maxi-

mal su�xes of a generic phase t that cease to b e maximal

after the transition to phase t + 1 is completed. Consider

the non-o v erlapping co v ering of S induced b y the exten ts of

the maximal su�xes. That co v ering can b e logically divided



in to subsequences A1 I 1A2 I 2 : : : A l I l of exten ts where for an y

ei 2 Ah and ej 2 I h w e ha v e si 2 A t and ej 2 I t , resp. ( A1

and I l can b e p ossibly empt y but let us assume for simplicit y

that they are not.) Consider a subsequence Ah I h and let ah

b e the n um b er of exten ts in Ah . W e can infer that maximal

su�xes with exten ts in Ah I h that will not b e maximal after

transition are an y sj 2 M t suc h that ej 2 Ah (except the

su�x with the leftmost exten t of Ah ), and sj 0 2 M t suc h

that ej 0 2 I h and ej 0
is the leftmost exten t in I h . Hence,

ah of the maximal su�xes with exten ts in Ah I h will not

b e maximal an ymore after the transition. Summing up, w e

ha v e a total of

P
1� h � l ah = jA t j maximal su�xes of phase

t that will cease to b e so in phase t + 1 (or jA t j � 1, if I l is

empt y). When a su�x ceases to b e maximal, it will nev er b e

maximal again. So the O (jA t j) cost of the transition from

phase t can b e �c harged� to the � jA t j � 1 maximal su�xes

of phase t that will not b e maximal an ymore. So, the total

n um b er of comparisons in the phase transitions is O (n) . �

4. GENERAL SELECTION
In this section w e presen t an algorithm for selecting the

k th lexicographically smallest su�x of S[1 � � � n] using O(n)
comparisons.

4.1 The Algorithm
As for the sp ecial case of the largest su�x, the algorithm

for selecting k th smallest su�x w orks in phases.

4.1.1 De�nitions and Notations
As in previous section, an y phase t of the general selection

algorithm is c haracterized b y a pr e�x of the su�x of rank

k . This pre�x, denoted b y � t , represen ts the p ortion of the

target su�x kno wn at phase t . The extent of a su�x si ,

denoted b y ei , is either the longest common pre�x b et w een

si and � t or just S[i ] in the de gener ate case when they do not

ha v e a common pre�x. In an y phase t , a su�x is either in

the set A t (it is active ) or in I t (it is inactive ). W e denote

with zt the n um b er of su�xes less than an y of the activ e

su�xes.

W e need a few new de�nitions no w. The forwar d su�x of

a su�x si , denoted b y f i , is the leftmost su�x sj among the

ones in the set f sj 0 2 I t j i < j 0 � i + jei jg maximizing the

quan tit y j + jej j � 1 (i.e. sj is the leftmost su�x starting

within the exten t of si or righ t after it whose exten t go es

the farthest from the righ t end of ei ). Hence, only inactiv e

su�xes can ha v e forw ard su�xes. The set of the entr ant

su�xes of an y su�x si 2 A t , whic h w e denote with E(i ) , is

f sj 2 I t j i < j + jej j � 1 � i + jei j � 1 and i < j g (i.e. the

inactiv e su�xes whose exten ts in tersect ei without b eing

completely con tained in it). Finally , w e in tro duce an over-

lapping cycle . Let w b e a sequence and u b e a pre�x of

w . Let d b e an in teger d suc h that 0 � d � j uj . Let D =
hd1 ; : : : dr i b e a sequence of r in tegers suc h that 1 � di � j wj .

An overlapping cycle with p erio d w and tail u , denoted with

[w; u] (D; d) , is the sequence wwd1 wd2 : : : wd r � 1 wd r ud suc h

that wd j is the dj -th su�x of w and ud is the d-th su�x of

u (if d = 0 the cycle has no tail).

4.1.2 Initialization
W e apply linear time selection algorithm [1] to S and �nd

the elemen t � of rank k . Then A 1 has eac h su�x si suc h

that S[i ] = � , the remaining su�xes are in I 1 and � 1 = � .

The exten t ei of an y su�x si is S[i ] and, if si is inactiv e, ei

is degenerate. The forw ard su�x f i of an y si 2 A 1 [ I 1 is

si +1 . F or an y si 2 A 1 , w e set E(i ) = ; . Finally , w e set z1

to b e the n um b er of elemen ts of S less than � . Later, w e

will see in that w e need other computations as part of the

initialization to o.

4.1.3 Phase Invariants
The follo wing in v arian ts hold for phase t .

(I) � t is a pre�x of the su�x of rank k of S .

(I I) A t con tains si i� ei = � t ; zt is the n um b er of su�xes

si 2 I t suc h that si < s j , for an y sj 2 A t .

(I I I) If t > 1, for an y si 2 I t and sj 2 A t , w e ha v e that

jei j < jej j .

(IV) F or an y t w o c onse cutive activ e su�xes si ; sj 2 A t (i.e.

for an y i 0
suc h that i < i 0 < j , si 0 2 I t ), w e ha v e

that j � i + djei j =2e (i.e. the exten ts of si and sj can

o v erlap b y less than a half of their lengths only)

(V) If t > 1, there exist

(a) a sequence of in tegers hd1 ; : : : dr i suc h that 1 �
di � bj � t � 1 j =2c and

(b) a forw ard su�x f i 2 I t � 1 of si 2 A t � 1 and an

in teger d

suc h that � t = [ � t � 1 ; sj ] (hd1 ; : : : dr i ; d) (that is, � t is

an o v erlapping cycle with p erio d � t � 1 and tail sj but

the o v erlapping of the �iterations� is limited).

(VI) The forw ard su�x f i of an y si 2 A t [ I t is kno wn,

i.e., the starting p osition of f i is explicitly stored and

retriev able in O (1) time). The set of en tran t su�xes

E(i ) of an y si 2 A t is kno wn and its mem b ers are

retriev able in total O (jE (i )j) time.

4.1.4 Phase Transition: High Level Steps
Sa y the in v arian ts hold for phase t . In this section w e sho w

a high lev el description of ho w to main tain the in v arian ts

while going to phase t+1 and while expanding our kno wledge

of the su�x of rank k (b y in v arian ts (I) and (V)). Later w e

will describ e in detail ho w the crucial steps of the high lev el

description are implemen ted.

W e need some de�nitions. S can b e logically divided in to

subsequences O1 I 1O2 I 2 : : : Oq I q of elemen ts with the follo w-

ing prop erties: (a) for an y elemen t c 2 Op there exists a

su�x si 2 A t suc h that c 2 ei ; (b) for an y elemen t c0 2 I p

and for an y su�x sj suc h that c0 2 ej w e ha v e that sj 2 I t .

Subsequences O1 ; : : : ; Ol are c ol lisions of active su�xes . W e

need to exploit them to ac hiev e an optimal solution.

The overlapping pr osp e ctive extent oi of an activ e su�x

si is de�ned as follo ws. Let Op b e the subsequence con tain-

ing the exten t of si . Let si p b e the righ tmost activ e su�x

starting within Op . Let Jp b e the pre�x of subsequence I p

con taining only elemen ts b elonging to the exten t of the for-

w ard su�x f i p of si p ( Jp ma y b e v oid). Then, oi is the su�x

of subsequence Op Jp starting from the leftmost elemen t of

si , i.e., the common subsequence b et w een si and Op Jp ).

The total order de�ned for the o v erlapping prosp ectiv e

exten ts is a sligh t v ariation of the lexicographical order, the

over�ow lexic o gr aphic al or der or, brie�y , over�ow or der . F or

an y oi 0
, the over�ow element of oi 0

is S[i 0+ joi 0j] . Note that



the o v er�o w elemen t of oi 0
is not p art of oi 0

. Comparing oi

and oj is de�ned as follo ws: if oi is not a pre�x of oj and

oj is not a pre�x of oi , then oi and oj are compared lexico-

graphically; if oi is a pre�x of oj and joi j < joj j , then the

o v er�o w elemen t of oi and S[j + joi j] are compared (the sym-

metrical case is analogous); if oi and oj matc h completely ,

then their o v er�o w elemen ts are compared. T w o o v erlap-

ping prosp ectiv e exten ts oi and oj are over�ow-e qual if they

matc h and their and their o v er�o w elemen ts are equal. The

o v er�o w equalit y and the o v er�o w order are denoted b y ,
and C , resp ectiv ely .

Let us presen t some basic prop erties of the o v erlapping

prosp ectiv e exten ts, without pro ofs.

F or an y Op I p and for an y si 2 A i starting within Op , oi

of si is an overlapping cycle with p erio d � t and the extent of

f i p as tail , where si p is the righ tmost activ e su�x starting

within Op (as w e an ticipated in Ÿ 2, the exten ts of the activ e

su�xes in a collision ma y o v erlap unpredictably). F or an y

t w o su�xes si ; sj 2 A t , if oi is a pre�x of oj and joi j < joj j
then the longest c ommon pr e�x b etwe en si and sj has length

e qual to joi j . In other w ords, the (joi j + 1) -th elemen ts of

si and sj are di�eren t. F or an y collision Op and for an y

si ; sj 2 A t starting within Op , w e ha v e that oi 6, oj .

The phase transition pro ceeds as follo ws.

1. If jA t j = 1 , the su�x of rank k is the only activ e

one left and the algorithm can terminate. Otherwise,

w e �nd the o v erlapping prosp ectiv e exten t oi of eac h

si 2 A t .

2. W e �nd the set Ot con taining the o v erlapping prosp ec-

tiv e exten t oi r of rank k � zt (w.r.t. the o v er�o w lexico-

graphical order) and all the other oj suc h that oi r , oj

(see Ÿ 4.2).

Let the set of winners W t b e f si 2 A t j oi 2 O t g. Let

the set of losers L t b e f si 2 A t j oi 62 Ot g. Let bt b e

the n um b er of o v erlapping prosp ectiv e exten ts oj 0
suc h

that oj 0 C oi r .

3. W e set A t +1 = W t , I t +1 = I t [ L t , zt +1 = zt + bt and

w e set � t +1 = oj , for an y oj 2 O t (they are all equal).

F or an y si 2 W t , w e set ei = oi .

4. F or an y si 2 L t , w e set its exten t ei to b e the longest

common pre�x with an y oj 2 O t (see Ÿ 4.2).

5. F or an y si 2 W t , w e up date E(i ) (see Ÿ 4.3).

6. F or an y si 2 L t , w e up date the forw ard su�x of an y

en tran t su�x sj 2 E (i ) (see Ÿ 4.3).

7. F or an y si 2 W t or 2 L t , w e up date its forw ard su�x

f i (see Ÿ 4.4).

Lemma 3. Each phase tr ansition of the su�x sele ction

algorithm maintains the invariants.

4.2 Details: Overlapping Prospective Extents
Exploiting the structure in the problem, after suitable

prepro cessing, w e sho w ho w to compare t w o o v erlapping

prosp ectiv e exten ts using O(1) comparisons and sho w ho w

to implemen t steps 2 and 4 of the phase transition. More

details can b e found in Ÿ A of the App endix.

4.2.1 Preprocessing
An y o v erlapping prosp ectiv e exten t oi of phase t can b e

seen as a sequence of partially o v erlapping o ccurrences of

� t ended with a partially o v erlapping pre�x of � t (the tail).

The main part of ot , formed b y the o v erlapping o ccurrences

of � t , is a su�x of a collision of activ e su�xes Op . Op is an

o v erlapping cycle with p erio d � t and no tail. In particular,

b y in v arian t (IV), for an y Op there exists a sequence of in-

tegers Gp =


g1 ; g2 ; : : : ; gr p

�
suc h that Op = [ � t ; h i] (Gp ; 0) ,

where r p + 1 is the n um b er of activ e su�xes starting within

Op and 1 � gi � bj � t j =2c. Hence, if for an y collision Op

w e kno w the sequence of in tegers Gp �represen ting� it, then

in order to compare t w o o v erlapping prosp ectiv e exten ts oi

and oj b elonging to the collisions Op i and Op j , resp ectiv ely ,

w e can use su�xes of Gp i and Gp j instead of dealing with

su�xes of oi and oj . More precisely , let us assume that oi

and oj corresp ond to the x i -th and x j -th in tegers in Gp i and

Gp j , resp ectiv ely . Then, instead of �nding the longest com-

mon pre�x of oi and oj directly b y comparing their elemen ts,

w e can compare the (x i + 1) -th and (x j + 1) -th pre�xes of

Gp i and Gp j , resp ectiv ely (w e start from the (x i + 1) -th

and (x j + 1) -th pre�xes b ecause the t w o in tegers Gp i [x i ]
and Gp j [x j ] are calculated to describ e the o v erlapping pat-

tern of the whole collisions Op i and Op j and not of the t w o

particular su�xes corresp onding to oi and oj ).

T o exploit this idea w e could pro ceed in the follo wing w a y:

�rst , w e could concatenate the Gp 's in to a single sequence

G = G1 h1i G2 h1i : : : h1i Gq of jA t j in tegers (the i -th in ter-

lea v ed sequence h1i corresp onds to the leftmost activ e su�x

starting within Oi ); se c ond , w e could sort the su�xes of G ;

thir d , w e could pro cess the sorted arra y of su�xes of G so

that longest common pre�x queries on the su�xes of G can

b e answ ered in O (1) time. The prepro cessing for phase t
has to require O (jA t j) time for the �nal algorithm to b e

linear. Unfortunately , the in tegers in G are su�x indexes of

� t while jGj = jA t j and tends to 1 o v er time. Therefore, the

size of the alphab et of G is not linear in the cardinalit y of

G and the sorting of the su�xes of G w ould require ! (jA t j)
time.

The solution is to c hange the range of the in tegers in G
from [1 : : : jSj] to [1 : : : jA t j] . W e use a table T of jSj en tries

where eac h en try is a pair htimestamp ; v alue i . During initial-

ization, w e set up T so that T [i ] = h0; 0i for an y 1 � i � j Sj .

In phase t , after G is created, for eac h j 2 [1 : : : jSj] : let

ht0; vi b e the pair in T [G[j ]] ; if t0 = t , w e set G[j ] = v ; oth-

erwise (i.e. t0 < t and the en try is old as it has b een set in

a previous phase t0
) w e set G[j ] = j and T [G[j ]] = ht; j i . It

is imp ortan t to note that after the range reduction, for an y

t w o su�xes gi ; gj of G , although the relativ e lexicographical

order of gi and gj ma y not ha v e b een preserv ed, their longest

c ommon pr e�x has the same length it had b efor e . After the

range reduction w e can carry out the prepro cessing with a

linear time su�x sorting algorithm for linear alphab ets [7,

6, 4]) and the third step with prior w ork [5, 3]. Therefore:

Lemma 4. F or any phase t , the pr epr o c essing of the ex-

tent information r e quir es O (jA t j) c omp arisons and time lin-

e ar in O (jA t j) .

4.2.2 Comparing Overlapping Prospective Extents
The comparison b et w een an y t w o o v erlapping prosp ec-

tiv e exten ts ox and oy pro ceeds as follo ws. The rightmost

aligne d su�xes of ox and oy are the righ tmost su�xes start-

ing within ox and oy whose exten ts are aligned. Thanks to



the prepro cessing, w e can easily �nd the righ tmost aligned

su�xes sx 00
and sy 00

of ox and oy in O (1) comparisons and

time. (a) b oth sx 00
and sy 00

are not the righ tmost activ e

su�xes of ox and oy , resp ectiv ely; (b) only one b et w een sx 00

and sx 00
is the righ tmost activ e su�xes of its o v erlapping

prosp ectiv e exten t; (c) b oth sx 00
and sy 00

are the righ tmost

activ e su�xes of ox and oy . Giv en the p erio dicit y prop er-

ties of ox and oy , all the three cases are quite easily solv ed

comparing just t w o aligned p ositions of the exten ts of t w o

su�xes next t w o sx 00
and sy 00

(see Ÿ A.2 of the App endix).

Lemma 5. F or any phase t , after the pr epr o c essing, any

two overlapping pr osp e ctive extents c an b e c omp ar e d using

O (1) element c omp arisons.

4.2.3 Summing Up
After the prepro cessing, the set Ot in step 2 of the phase

transition can b e found b y applying the selection algorithm

in [1] comparing an y t w o oi ; oj 's as describ ed ab o v e. This

comparison function can also �nd the length of their longest

common pre�x. Therefore,

Lemma 6. F or any phase t , steps 2 and 4 of the phase

tr ansition fr om t to t + 1 c an b e c ompute d using O (jA t j)
c omp arisons and time.

4.3 Details: Entrant Suf�xes
Consider Step 5. W e kno w that for an y collision Op

and for an y si ; sj 2 A t starting within Op , w e ha v e that

oi 6, oj . Hence, w e kno w that an y t w o oi ; oj 2 O t m ust

b elong to t w o di�eren t collisions Op i and Op j , resp ectiv ely .

Moreo v er, w e kno w that the new inactiv e su�xes created

during the phase transition from t to t + 1 are the ones

in A t � f si 2 A t j oi 2 O t g. Clearly , for an y si suc h that

oi 2 O t , the only newly inactiv e su�xes in I t +1 \ I t that

can p ossibly en ter in E(i ) are the ones starting within Op i

where Op i is the collision si is part of and hence w e just

need to examine them to v erify if they ha v e b ecome en tran t

su�xes of si . Therefore:

Lemma 7. F or any phase t , Step 5 of the phase tr ansition

uses O (jA t j) c omp arisons and time.

Consider Step 6. The actual computation of step 6 is

simple. F or an y si 2 L t and for an y sj 2 E (i ) , sa y the

curren t forw ard su�x of sj is sj f : if i + jei j� 1 > j f +
�
�ej f

�
� � 1

then si is the new forw ard su�x of sj and w e up date f j . T o

analyze this algorithm, the k ey is what w e sho w (without

pro of here) that for any su�x sj 2 I t ther e exists at most

one si 2 A t such that sj 2 E (i ) . Hence, w e can conclude

that an y su�x sj 0
, once it b ecomes inactiv e, can ha v e its

forw ard su�x up dated only onc e during the en tire execution

of the su�x selection algorithm. Therefore:

Lemma 8. Over the entir e exe cution of the su�x sele c-

tion algorithm, Step 6 uses O (jSj) c omp arisons and time.

4.4 Details: Updating Forward Suf�xes
W e brie�y describ e t w o data structures and use them to

implemen t step 7.

4.4.1 Structure I
Our structure is de�ned on p airs of small in tegers hp; vi

comp osed of a p osition p and a value v , eac h of log `c
bits,

where c is a constan t (w e will constrain ` later). P airs form

b lines L 0 ; L 1 ; : : : ; L b , for a constan t b � c. F or an y i , line L i

is a sequence of jSj =`i
pairs. An y line L i is logically divided

in to gr oups Gi
1 ; Gi

2 ; Gi
3 ; : : : eac h one con taining ` consecutiv e

pairs of small in tegers. There is a hierarc h y among the lines.

The lo w est one in the hierarc h y is L 0 , the longest one. An y

group Gi
j 2 L i is asso ciated with a subsequence of con tigu-

ous groups in L i � 1 . More sp eci�cally , for an y i > 0, Gi
j of

L i is asso ciated with the sequence of ` con tiguous groups

Gi � 1
( j � 1) ` +1 Gi � 1

( j � 1) ` +2 : : : G i � 1
j` of L i � 1 . Giv en this asso ciation

b et w een adjacen t lev els, it is easy to see the structure as a

forest of complete ` -ary trees where an y group is one no de,

the ` groups in the immediately lo w er line asso ciated with

the group are its c hildren and all the ro ots of the trees re-

side in the highest line. F or an y group G 2 L i , w e denote

with p ar (G) its paren t group and with ch h (G) its h -th c hil-

dren, i.e., Gi � 1
( j � 1) ` + h , if G is the j -th group of L i . Clearly

the starting p ositions of p ar (G) and an y ch h (G) in their

resp ectiv e lines L i +1 and L i � 1 can b e calculated in O (1)
time (w e c ho ose ` as a p o w er of 2). F or an y group G 2 L i

w e denote with L o (G) the subsequence of L 0 comp osed b y

the groups that are descendan ts of G and w e denote with

l0;i the size of it, that is the n um b er of pairs in L o (G) (it

is the same for an y group in the i -th line). So w e ha v e that

l0;i = ` i +1
, for i � 0, and let us assume b y con v en tion that

l0; � 1 = 0 (to spare a sp ecial case in the in v arian ts and ta-

bles de�nitions). W e refer to the v alues of the pairs in L 0

as the originals b ecause, as w e will see, an y v alue vj of a

pair in a line L i , i > 1, is a cop y of a v alue in L 0 . If A is

a m ultiset (and hence m ultiple maxima ma y co exist in A )

then w e set arg maxy A to b e the smal lest y c orr esp onding

to a maximum . W e ha v e the follo wing in v arian ts.

(A) F or an y G 2 L 0 , for the j -th pair hpj ; vj i of G w e ha v e

that pj = j .

(B) F or an y i > 0 and for an y G 2 L i , for the j -th pair

hpj ; vj i of G w e ha v e that:

� vj is equal to vx of the x -th pair hpx ; vx i of ch j (G)

suc h that x = arg max
y

n
(y � 1)l0;i � 2 + py + vy �

1
�
�
� hpy ; vy i is the y -th pair of ch j (G)

o
:

� pj is equal to the p osition in L o ( ch j (G)) of the

vj 's original (the p osition is relativ e to the subse-

quence L o ( ch j (G)) , not the whole L 0 ).

W e also use b lo okup tables F0 ; F1 ; : : : ; Fb . T able F i corre-

sp onds to line L i and represen ts the lo okup implemen tation

of the function � i : N2` �! N, i � 0, suc h that, for an y

sequence of ` pairs of small in tegers hhp1 ; v1 i ; : : : ; hp` ; v` ii ,

� i (hhp1 ; v1 i ; : : : ; hp` ; v` ii ) = arg max
1� j � `

n
(j � 1)l0;i � 1 + pj +

vj � 1
�
�
� hpj ; vj i s.t. vj 6= 0

o
:

W e use these structures to supp ort the follo wing query:

Definition 1. Given an interval [q : : : q0] , 1 � q � q0 �
jSj , such that q0 � q + 1 � `b+1

, we want to �nd the p air

hpx ; vx i 2 L 0 such that x = arg max
y

n
y + vy � 1

�
�
� q � y �

q0; wher e hpy ; vy i is the y -th p air of L 0

o
:

This query is answ ered as follo ws. W e �nd the lo w est line

L i suc h that l0;i � q0 � q + 1 . W e �nd the (at most) t w o



consecutiv e groups G; G0 2 L i suc h that the concatenation

of L o (G) and L o (G0) completely con tains the subsequence

L 0 [q : : : q0] . Let us supp ose that there are in fact t w o of them

(the other case is analogous) and let q00
b e the in teger suc h

that L 0 [q : : : q00� 1] � L o (G) and L 0 [q00: : : q0] � L o (G0) . W e

�nd the smallest h of G0
suc h that L 0 [q00: : : q0] is con tained

in the concatenation of L o ( ch 1 (G0)) ; : : : ; L o ( ch h (G0)) . Let

q000
b e the index (in L 0 ) of the leftmost pair in L o ( ch h (G0)) .

W e solv e the query for the in terv al [q000: : : q0] recursiv ely .

Let hpz ; vz i 2 L 0 b e the pair satisfying the sub-query . W e

extract from G0
the subsequence G0[1 : : : h � 1]. By careful

memory la y out of the lines (see Ÿ B.1 of the App endix),

this result will already b e a full-sized in teger j that can b e

used to index F i . Using F i [j ] , w e �nd the pair hpy ; vy i 2
L 0 satisfying the query for the in terv al [q00: : : q000� 1]. W e

rep eat for L 0 [q : : : q00� 1] what w e ha v e done for L 0 [q00: : : q0]
thereb y �nding the pairs hpz 0; vz 0i ; hpy 0; vy 0i 2 L 0 satisfying

the (at most) t w o corresp onding sub-queries. W e return

arg maxj 2f z 0;y 0;y;z g f j + vj � 1g.

W e omit the details of ho w this structure can b e main-

tained under up dates to L 0 , ho w the lo okup table for F i 's is

built, and ho w the lines are laid out in memory for the de-

sired access. W e c ho ose ` prop erly so that using the p o w er

of bit op erations on small in tegers in the RAM mo del (in

particular, shift left or righ t b y one p osition), w e can im-

plemen t these op erations e�cien tly . As sk etc hed here, w e

actually need shift b y an arbitrary n um b er of p ositions, but

a sligh tly more sophisticated v ersion can do with only left

or righ t shift b y one p osition in unit time. Some details can

b e found in Ÿ B.1 of the App endix.

Lemma 9. Structur e I c an b e built using O (jSj) time and

c omp arisons and up date d, querie d in O (1) time.

4.4.2 Structure II
Supp ose that jSj is a p o w er of 2. The structure is a com-

plete binary tree T with jSj lea v es. F or an y no de u of T ,

the b ase tr e e of u is the complete subtree of T ro oted in u
and con taining all the lea v es of T that are descendan ts of u .

The i -th leaf l i is asso ciated with the i -th su�x si of S and

con tains an in teger v alue vi . An y in ternal no de u of T con-

tains a pair hp; vi : v is equal to the largest v alue con tained in

the lea v es of the base tree T u of u ; p is a p oin ter to the left-

most leaf of T u ha ving its in teger v alue equal to v . F or an y

query in terv al [x : : : y ] , 1 � x � y � j Sj , the leftmost leaf l i

with the largest v alue vi among the lea v es in f l j jx � j � yg
can b e found as follo ws. The tr e e-c over for the sequence of

lea v es lx lx +1 : : : l y is a set f T 1 ; T 2 ; : : : ; T r g of subtrees of T
suc h that (a) an y T p is a base tree; (b) an y t w o T p ; T p0

are

disjoin t; (c) lx lx +1 : : : l y = l (T 1) l (T 2) : : : l (T r ) , where l (T p )
is the sequence of lea v es of T p .

1. W e �nd a tree-co v er M for lx lx +1 : : : l y as follo ws. Let

u = lx and M = ; .

(a) If u is the righ t c hild of p ar (u) (the paren t of u ),

let l j b e the righ tmost leaf of the base tree of u .

W e set M = M[f ug, u = l j +1 (i.e. the leaf next

to l j ) and w e pro ceed with step 1d.

(b) Otherwise, let l j b e the righ tmost leaf of the base

tree of p ar (u) . If j > y (that is l j is out of the

query in terv al), let l j 0
b e the righ tmost leaf of the

base tree of u . W e set M = M [ f ug, u = l j 0+1

and w e pro ceed with step 1d.

(c) Otherwise, w e set u = p ar (u) and w e start again

with step 1a.

(d) If all the lea v es in lx lx +1 : : : l y are co v ered (i.e. if

ly has b een accessed during the previous steps)

then w e pro ceed with step 2. Otherwise, w e start

again with step 1a.

2. W e �nd the leftmost tree among the ones in M whose

ro ot has a pair hp; vi with the largest v (since they are

disjoin t base trees, their order deriv es from the one of

the lea v es). W e return the leaf p oin ted to b y p.

Note that the tree-co v er M found in step 1 is minimal ,

that is for an y other tree-co v er M 0
for lx lx +1 : : : l y , w e ha v e

that jMj < jM 0j . It easy to see that a minimal tree co v er

cannot con tain more than 2 log jSj subtrees. Therefore, w e

can sho w:

Lemma 10. Structur e II use d c an b e built in O (jSj) time,

up date d in O (log jSj) time and querie d in O
�
log2 jSj

�
time.

4.4.3 Summing Up
Step 7 is easy for si 2 W t . F or an y su�x si 2 A t in

this step, oi 2 O t and si 's new exten t is ot . Let si 0
b e

the righ tmost activ e su�x starting within ot , w e set f i to

b e the forw ard su�x of f i 0
and w e are done. Consider an y

si 2 L t . In addition to the initialization discussed in other

steps th us far, w e prepro cess for Structure I with follo wing

rule: if the j -th su�x sj of S is in I 1 , the v alue vj of the j -th

pair in L 0 and all its copies in the higher lines is set to jej j ;

otherwise if sj 2 A 1 , vj is set to �1 (note that the activ e

su�xes cannot b e forw ard su�xes). W e no w ha v e t w o kinds

of phases: the e arly and late phases suc h that � t � � log2 jSj
and � t > � log2 jSj .

Early phases. F or an y si 2 L t , w e c hange the v alue vi of the

i -th pair in L 0 from �1 to ei ( si w as activ e in phase t
and will b e inactiv e in t + 1 ) and w e up date Structure

I. Then, for an y si 2 L t , w e query Structure I with

the in terv al [i + 1 : : : i + jei j] and obtain the (p ossibly

new) forw ard su�x of si .

Interlude . The in terlude is the phase transition from a phase

t0
to a phase t00

suc h that � t 0 � � log2 jSj � t 00 >
� log2 jSj . W e pro ceed as b efore but after setting for-

w ard su�xes for si 2 W t , w e build Structure I I. The

i -th leaf l i is asso ciated with the i -th su�x si of S and

con tains an in teger v alue vi set as follo ws: if si 2 A t 00

then vi = �1 ; otherwise, if si 2 I t 00
then vi =

i + jei j � 1. Then while dealing with si 2 L t , w e use

the newly built Structure I I.

L ate phases . F or an y si 2 L t , w e c hange the v alue vi of the

i -th leaf of T from �1 to ei and up date Structure

I I. Then, for an y si 2 L t , w e query Structure I I with

the in terv al [i + 1 : : : i + jei j] and obtain the (p ossibly

new) forw ard su�x of si .

In the early phases, w e execute one up date and one query

of Structure I for an y su�x in

S
t<t 0 L t , where t0

is the

last early phase and

�
�S

t<t 0 L t

�
� = O (jSj) . In the in ter-

lude and the late phase p erio d w e build Structure I I and

do one up date and one query for an y su�x in

S
t � t 0 L t .

W e kno w that for an y late phase t , � t > � log2 jSj . Be-

cause of in v arian ts (IV) and (I I), w e kno w that

�
�
�
S

t � t 0 L t

�
�
� =

O (jSj =j� t 0j) = O
�
jSj =log2 jSj

�
. Hence,



Lemma 11. During the entir e exe cution of the su�x se-

le ction algorithm, the total time and c omp arisons ne e de d to

p erform Step 7 in the phase tr ansitions is O (jSj) .

4.5 Correctness and Complexity
Com bining all the pieces giv es us the main result:

Theorem 2. The lexic o gr aphic al ly k -th smal lest su�x of

a se quenc e S[1 � � � n] c an b e deterministic al ly found using

O (jSj) c omp arisons and time in the worst c ase.
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APPENDIX

A. DEALING WITH THE OVERLAPPING
PROSPECTIVE EXTENTS

A.1 The Preprocessing
W e ha v e four main steps.

1. By the de�nition of o v erlapping prosp ectiv e exten t, ev-

ery subsequence Op is an o v erlapping cycle with p e-

rio d � t and no tail. In particular, b y in v arian t (IV),

for an y Op there exists a sequence of in tegers Gp =

g1 ; g2 ; : : : ; gr p

�
suc h that Op = [ � t ; h i] (Gp ; 0) , where

r p + 1 is the n um b er of activ e su�xes starting within

Op and 1 � gi � bj � t j =2c. W e compute the sequence

of in tegers Gp for an y Op .

2. W e build the follo wing three structures.

(a) Let G0
p b e h1i Gp (i.e. the concatenation of the

sequence con taining only 1 with Gp ). W e con-

catenate all the G0
p 's in to a single sequence G =

G0
1G0

2 : : : G0
q of jA t j in tegers. The i -th in terlea v ed

sequence h1i corresp onds to the leftmost activ e suf-

�x starting within Oi .

(b) W e compute (and store as a table) the function

� : f 1; : : : ; jA t jg �! f 1; : : : ; jSjg suc h that s� ( i ) is

the su�x whose exten t corresp ond to the in teger

G[i ] .

(c) W e compute (and store as a table) the function

� : f 1; : : : ; jA t jg �! f 1; : : : ; jA t jg suc h that � (i ) is

the p osition in G of the righ tmost in teger in G0
p ,

where G0
p is the original sequence G[i ] came from

(see de�nition of G in 2a),

3. W e need to c hange the range of the in tegers in G from

[1 : : : jSj] to [1 : : : jA t j] . W e use a table T of jSj en tries

where eac h en try is a pair htimestamp ; v alue i . Let us

supp ose that during the initialization of the algorithm

w e also set up T so that T [i ] = h0; 0i for an y 1 � i � j Sj .

The reduction consists of the follo wing simple pro cess.

F or eac h j 2 [1 : : : jSj] : let ht0; vi b e the pair in T [G[j ]] ;

if t0 = t , w e set G[j ] = v ; otherwise (i.e. t0 < t and the

en try is old as it has b een set in a previous phase t0
)

w e set G[j ] = j and T [G[j ]] = ht; j i .

4. After the step 3 w e ha v e that eac h one of the jA t j en-

tries of G b elongs to f 1; : : : ; jA t jg . In this step w e �rst

sort the su�xes of G using a linear time su�x sorting

algorithm for linear alphab ets (e.g. [7, 6, 4]). Then, w e

pro cess the su�x arra y of G so that longest common

pre�x queries on the su�xes of G can b e answ ered in

O (1) time (e.g. using [5] and [3]).

A.2 Comparing Two Overlapping Prospective
Extents Ef�ciently

Let us recall that b y the de�nition of o v erlapping prosp ec-

tiv e exten t, an y o v erlapping prosp ectiv e exten t ox is com-

p osed b y a n um b er of exten ts of activ e su�xes and the ex-

ten t of a forw ard su�x. The rightmost aligne d su�xes of

an y t w o o v erlapping prosp ectiv e exten ts ox and oy are the

righ tmost su�xes starting within ox and oy whose exten ts

are aligned.

The comparison b et w een ox and oy pro ceeds with t w o

steps.

1. In this step w e �nd the righ tmost aligned su�xes sx 00

and sy 00
of ox and oy . Let sx 0 2 A t b e the su�x whose

exten t ex 0
is the second one (from the left end) of ox and

let i x 0
b e the index of sx 0

in a left-to-righ t en umeration

of A t (i.e. sx 0
is the i x 0

-th activ e su�x starting from

the left end of S ). Let us assume similar de�nitions for

oy . W e pro ceed with three substeps.



(a) Using the structures from the prepro cessing, w e

�nd the length of the longest common pre�x b e-

t w een Gi x 0 (the i x 0
-th su�x of G ) and Gi y 0 . Let it

b e l .

(b) If i x 0 + l � 1 > � (i x 0) or i y 0 + l � 1 > � (i y 0) , then

let l = min (� (i x 0) � i x 0 + 1 ; � (i y 0) � i y 0 + 1) .

(c) Let x00= � (i x 0 + l � 1) and y00= � (i y 0 + l � 1) .

2. W e are �nally able to decide the relativ e order of ox

and oy . W e ha v e to distinguish three cases.

(a) Let us assume that b oth sx 00
and sy 00

are not the

righ tmost activ e su�xes of ox and oy . Let sx 000

and sy 000
b e the activ e su�xes next to sx 00

and sy 00
,

resp ectiv ely . Finally , let us assume that x000> y 000

(the other case is symmetric). Let us consider su�x

sx y , where xy = x00+ y000� y00
(that is the su�x

starting within ox that is aligned to sy 000
of ox ).

Since sx 000
is the activ e su�x next to sx 00

, w e ha v e

that sx y 2 I t and hence

�
�ex y

�
� < jey 000j . Therefore,

the relativ e order of ox and oy can b e decided in

the follo wing w a ys:

i. if ex y is degenerate, b y comparing the elemen ts

S[xy ] and S[y000+
�
�ex y

�
� ] ;

ii. if ex y is not degenerate, b y comparing S[xy +�
�ex y

�
� ] and S[y000+

�
�ex y

�
� ] .

(b) Let us assume that only sx 00
is the righ tmost ac-

tiv e su�xes of its o v erlapping prosp ectiv e exten t

ox . Let sx 000
b e the forw ard su�x f x 00

of sx 00
. Let

sy 000
b e the activ e su�xes next to sy 00

in oy . By

the assumption on sx 00
, w e kno w that sx 000 2 I t

and hence jex 000j < jey 000j . Therefore, the relativ e

order of ox and oy can b e decided in the follo wing

w a ys:

i. if ex 000
is degenerate, b y comparing the elemen ts

S[x000] and S[y000+ jex 000j] ;

ii. if ex 000
is not degenerate, b y comparing S[x000+

jex 000j] and S[y000+ jex 000j] .

(c) Let us assume that b oth sx 00
and sy 00

are the righ t-

most activ e su�xes of ox and oy . Let sx 000
and sy 000

b e the forw ard su�xes f x 00
and f y 00

of sx 00
and sy 00

,

resp ectiv ely . W e ha v e the follo wing cases.

i. If at least one of the exten ts of sx 000
and sy 000

is degenerate, the relativ e order of ox and oy is

decided b y comparing the elemen ts S[x + jox j]
and S[y + jox j] (in this case ox and oy ha v e the

same length).

ii. Otherwise, let us assume that jox j � j oy j . Let

sy x b e the su�x within oy that is aligned to

sx 000
(that is yx = y000+ x000� x ). The relativ e

order of ox and oy is decided b y comparing the

elemen ts S[sy x + jey x j] and S[sx 000 + jey x j] .

B. UPDATING THE FORWARD SUFFIXES
OF WINNERS AND LOSERS

B.1 Additional Details about Structure I

B.1.1 The Memory Layout
W e assume the a v ailabilit y of the shift as a basic, unit cost

op erator (that is, an in teger can b e m ultiplied and divided

b y 2i
in constan t time). This assumption is not strictly nec-

essary since w e can describ e a sligh tly more complex struc-

ture that mak es use of m ultiplications and divisions b y 2
only . The memory la y out of the lines exploits the a v ailabil-

it y of the shift op erator. In the comparison mo del/RAM,

b esides the completely abstract input elemen ts, it is p os-

sible to emplo y in teger v alues that can b e stored in single

lo cations of memory and that can b e directly used with the

allo w ed arithmetic op erators. These full-size in tegers are

presumed to ha v e at least log jSj bits. W e do not store eac h

small in teger as a full-size in teger. Instead w e store e ach

gr oup G as a single full-size in teger (as a w e will see later,

our c hoice for ` guaran tee that 2` log `c < log jSj ). Hence,

an y line L i is completely con tained in

j S j
` i � ` log ` c lo cations of

memory ( jSj =`i
is the n um b er of pair of small in tegers in

L i ). It is easy to see that an y con tiguous subsequence of L i

with `0 � ` pairs of small in tegers can b e copied from L i

using O (1) shifts.

B.1.2 Building the Lookup Tables
The b lo okup tables are built in the follo wing w a y . Us-

ing the shift op erator, an y sequence hhp1 ; v1 i ; : : : ; hp` ; v` ii of

pairs of small in tegers can b e easily compacted in to one full-

size in teger j in O (`) time. F i [j ] will con tain the in teger re-

sulting from the computation of � i (hhp1 ; v1 i ; : : : ; hp` ; v` ii ) .

Since our target time complexit y is linear in jSj , w e ha v e to

c ho ose ` so that the follo wing constrain t is resp ected:

C� (`) � 22` log ` c
= O (jSj) ;

where C� (`) is the w orst case complexit y of applying an y � i

to a sequence of ` pairs (the total n um b er of en tries of F i is

22` log ` c
, giv en that a sequence con tains ` pairs of in tegers of

log `c
bits eac h). Since C� (`) is clearly � ( `) , w e can easily

c ho ose ` so that the follo wing conditions hold:

(i) ` = 2 z
for some in teger z ,

(ii) ` = �
� p

log jSj
�

.

B.1.3 Queries and Updates
The queries in De�nition 1 can b e answ ered in sev en steps:

1. W e �nd the lo w est line L i suc h that l0;i � q0 � q + 1 .

2. W e �nd the (at most) t w o consecutiv e groups G; G0 2
L i suc h that the concatenation of L o (G) and L o (G0)
completely con tains the subsequence L 0 [q : : : q0] . Let us

supp ose that there are in fact t w o of them (the other

case is analogous) and let q00
b e the in teger suc h that

L 0 [q : : : q00� 1] � L o (G) and L 0 [q00: : : q0] � L o (G0) .

3. Then, w e �nd the smallest in teger h of G0
suc h that

L 0 [q00: : : q0] is completely con tained in the concatena-

tion of L o ( ch 1 (G0)) ; L o ( ch 2 (G0)) ; : : : ; L o ( ch h (G0)) .

Let q000
b e the index (in L 0 ) of the leftmost pair in

L o ( ch h (G0)) .

4. W e solv e the query for the in terv al [q000: : : q0] recur-

siv ely . Let hpz ; vz i 2 L 0 b e the pair satisfying the sub-

query .

5. Using the shift op erator, w e extract from G0
the sub-

sequence G0[1 : : : h � 1]. By the memory la y out of the

lines, the result is already in in form of a full-size in-

teger j that can b e used to index F i . Using F i [j ] , w e

immediately �nd the pair hpy ; vy i 2 L 0 satisfying the

query for the in terv al [q00: : : q000� 1].



6. W e rep eat for L 0 [q : : : q00 � 1] what w e ha v e done for

L 0 [q00: : : q0] in steps 3, 4 and 5, thereb y �nding the

pairs hpz 0; vz 0i ; hpy 0; vy 0i 2 L 0 satisfying the (at most)

t w o corresp onding sub-queries.

7. W e return arg maxj 2f z 0;y 0;y;z g f j + vj � 1g.

Finally , main taining the in v arian ts of the structure whenev er

a v alue in L 0 is up dated is quite straigh tforw ard. Let us

supp ose that the v alue v of a pair of the j -th group G 2 L 0

is c hanged. W e pro ceed as follo ws.

1. W e apply � 0 to G (that is, b y the memory la y out for the

lines, w e index F0 with the in teger in the j -th lo cation

of L 0 ) and w e �nd (a reference to) a pair hpi ; vi i 2 G .

2. Let G b e the j -th c hild of p ar (G) , if the pair referenced

b y the p osition pj stored in the pair hpj ; vj i 2 p ar (G)
is not hpi ; vi i 2 G , w e up date hpj ; vj i accordingly .

3. W e apply recursiv ely the �rst t w o steps to p ar (G) 2 L 1

(ob viously , using � 1 and F1 instead of � 0 and F0 ).


