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Abstract

Skewis prevalenin manydatasourcessuchasl|P traf®cstreams.
To continually summarizethe distribution of suchdata, a high-
biasedsetof quantiles(e.g.,50th,90thand 99th percentiles)vith
®nererror guaranteesat higherranks (e.g., errors of 5, 1 and
0.1percentrespectivelyls moreusefulthanuniformlydistributed
quantiles(e.g.,25th, 50th and 75th percentiles)with uniformer-
ror guaranteesin this paper we addressthe following two prob-
lems. First, can we computeguantileswith ®nererror guaran-
teesfor the higherranksof the datadistributioneffectivelyusing
lessspaceandcomputatiortimethancomputingall quantilesuni-
formly at the ®neserror? Secondif speci®@uantilesandtheir
errorboundsarerequestedpriori, canthenecessargpaceusage
andcomputatiortimebereduced?

Weanswelbothquestiongn theaf®rmativéyformalizingthem
asthe®high-biased®quantilesandthe?tar geted®°quantilesprob-
lems respectivelyandpresentinglgorithmswith provableguar
anteesthatperformsigni®cantlypetterthanpreviousljknownso-
lutionsfor theseproblemsWe implementedur algorithmsin the
Gigascopalatastreammanagemergystemandevaluatedalter-
nateapproactesfor maintainingtherelevansummarstructures.
Our experimentakesultson real and syntheticlP data streams
complemenbur theoretical analyses.and highlight the impor
tanceof lightweight, non-blockingimplementationsvhenmain-
taining summarnystructuresoverhigh-speediatastreams.

1 Intr oduction

Skewis prevalentin manydatasourcessuchasIP traf®c
streams.Distributionswith skewtypically havelong tails
which areof greatinterest.For examplejn networkman-
agementjt is importantto understandvhat performance
usersexperience.An importantmeasureof performance
perceivedytheuserdstheroundtriptime(RTT) (whichin
turn affectsdynamicsof the networkthroughmechanisms
suchasTCP ow control). RTTs displayalarge amountof
skew: the tails of the distribution of roundtrip timescan
becomevery stretched.Hence,to gaugethe performance
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of thenetworkin detailandtheeffect onall users(notjust
thoseexperiencinghe averageperformance)it is impor-
tantto know not only the medianRTT but alsothe 90%,
95%and99%quantileof TCProundtrip timesto eachdes-
tination. In developingdatastreammanagemensystems
thatinteractwith IP traf®cdata,thereexiststhefacility for
posingsuchqueries]CKM* 04]. However the challenge
is to developapproachet answersuchqueriesei®ciently
andaccuratelygiven thattheremay be many destinations
to track. In suchsettingsthe datarateis typically highand
resourcesrelimited in comparisorto the amountof data
thatis observed.Henceit is often necessaryo adoptthe
datastreammethodologyBBD* 02, GGR02 Mut03]: ana-
lyze IP packetheadersn onepassoverthedatawith storage
spaceand perpacketprocessingime thatis signi®cantly
sublinearin the sizeof theinput.

Typically, IP traf®@cstreamsandotherstreamsaresum-
marizedusingquantiles:theseare order statisticssuchas
the minimum, maximumandmedianvalues.In a dataset
of sizen, the -quantileis the item with rankdn e*.The
minimum andmaximumareeasyto calculatepreciselyin
onepassbutin generakxactcomputatiorof certainquan-
tilesrequiresspacdinearin n [MP8(]. Sothenotionof -
approximateuantilegelaxegherequiremento ®ndingan
item with rank between Jnand( + )n. Muchat-
tentionhasbeengivento the caseof ®ndinga setof uni-
form quantiles given0 < < 1, returnthe approxi-
mate ; 2; 3; :::;bl= ¢ quantilesof a streamof val-
ues.Notethattheerrorin therankof eachreturnedvalueis
boundedby the sameamount, n ; we call this the uniform
error case.

Summarizingdistributionswhich havehigh skewusing
uniform quantilesis notinformativebecauséavinga uni-
formly spread-ousummaryof astretchedlistributiondoes
not describethe interestingtail region adequately Mo-
tivated by this, we introducethe conceptof high-biased
quantiles to ®ndthe1 ;1 %1 351 K

1We usetherank of anitemto referto its positionin the sortedorder
of itemsthathavebeenobserved.



quantilesof thedistribution? In orderto give accurateand
meaningfulanswersto thesequeries,we mustalso scale
theapproximatiorfactor sothemorebiasedhequantile,
the more accuratethe approximationshouldbe. The ap-
proximatelow-biasedquantilesshouldnowbein therange
(L (1 ) 1)n:insteadof additiveerrorin therank n,
we nowrequirerelativeerrorof factor(1 ).

Finding high- (or low-) biasedquantilescanbe seenas
a specialcaseof a more generalproblemof ®ndingtar-
getedquantiles. Ratherthanrequestinghe same for all
guantiles(the uniform case)or scaledby (the biased
case),one might specify in advancean arbitrary set of
guantilesandtheir desirederrorsof for eachin the form
( j; ;). Forexamplejnputto thetargetedquantilesprob-
lemmightbef (0:5; 0:1); (0:2; 0:05); (0:9; 0:01)g, meaning
thatthemedianshouldbereturnedwith 10%error, the 20th
percentilewith 5% error, andthe 90th percentilewith 1%.

Both the biasedand targetedquantilesproblemscould
be solvedtrivially by runninga uniform solutionwith =
min; ;. Butthisis wastefulin resourcesincewe do not
needall of the quantileswith such®neaccuracy In other
words, we would like solutionswhich are more ef®cient
thanthis naiveapproactbothin termsof memoryusedas
well asin runningtime, therebyadoptingto the precise
guantileanderrorrequirement®f theproblem.

Our contributionsareasfollows:

We givethe®rst-knowrdeterministialgorithmsor the
problemof ®ndingbiasedand targetedquantileswith
a single passover the input and prove that they are
correct.Thesearesimpleto implementyetgive strong
guaranteeaboutthe quality of their output.

We considerthe issuesthat arise when incorporating
suchalgorithmsinto a high speeddatastreammanage-
mentsystem(Gigascope)anddevelopa variety of im-
plementationsf them.

We performa setof experimentghat showour algo-
rithms are extremelyspace-ébcient,and signi®cantly
outperformexistingmethodgor ®ndingquantilesvhen
appliedto our scenarios. We evaluatethem on live
andsimulatedP traf®cdatastreamsandshowthatour
methodsarecapableof processingpighthroughpunet-
work data.

2 RelatedWork

Computingconcisesummariesuchashistogramsandor-
der statisticson large datasetsis of greatimportancein
particularfor queryplanning. Histogramsummariesuch
asequi-depthhistogramsand end-biasedistogramshave

2Symmetrically the low-biasedquantilesarethe ; 2::: k quan-

tiles of the distribution.

beenstudiedextensively[loa03. Note thatour notion of
high-biasedjuantileds quitedistinctfrom high-biasedis-
tograms[IC93] which ®ndthe most frequentitems (i.e.,
the modes)of the distribution. Thereis a large body of
work onwaysto computeappropriatdistogramsndorder
statisticin generalhere we describeprior work thatcom-
putesquantilesvith onepassovertheinput datasincethis
is thefocusof ourwork.

A lower boundof ( n) spacewas shownby Munro
and PatersorfMP80] in orderto exactlycomputethe me-
dianof n values.In the samepapey they showedan algo-
rithm which ®ndsany quantilein p passeandusedmem-
ory O(n**? logn). Manku et al [MRL98] observedhat
afterthe ®rstpassthis algorithm®ndsboundson the rank
of items,andso it can be usedto answer -approximate
quantilesn spaced(2 log?( n)). Theyalsogaveimprove-
mentswith the sameasymptoticspaceboundsbut better
constanfactors.Thesealgorithmsequiresomeknowledge
of n in advance:they operatewith O(log( n)) buffers of
sizeO(% log( n)) eachandsoanupperboundon n must
be known a priori.® Subsequentvork removedthis re-
guirement. Manku et al [MRL99] gavea randomizedal-
gorithm, which fails with probability at most , in space
O(%(log® 1 + log®log 1)).

Greenwaldand Khannamadea signi®cantontribution
to computingquantilesin onepassby presentinga deter
ministic algorithm with spaceboundedby O(1 log(n))
andno requirementhatn be knownin advance.This al-
gorithm very carefully managesipperand lower bounds
on ranksof itemsin its @sample®and intuitively is more
informed in pruning items of non-interesthan random-
samplingbasedmethods As aresult,theworstcasespace
boundaboveis often pessimisticon 2random®datasetsit
hasbeenobservedo useO(1) spacdGKO01].

All thesemethodsaredesignedo ®nduniform quantiles
oninsert-onlydatastreamsWhenitemscanbe deletedas
well asinsertedGilbertetal [GKMS02Z] gavearandomized
algorithmto ®ndquantilesn spaced (3 log? U log 129Y),
whereU is thesizeof theuniverseje the numberof possi-
ble valuesof items;this hassincebeenimprovedto space
O(X log? U log @Y in [CMO04]. In the sliding window
model,whereonly thelastW dataelementsareconsidered,
therehasbeenrecentprogres®n ®ndingquantile§AM04]
in spaceD (% log X logW).

In this papey our attentionis on extension®f the basic
guantile®ndingproblemwheresomevaluesarerequired
to greateraccuracythanothers. In [MRL99], the authors
study the 2extremevalues®quantile®ndingproblem: for
givenvaluesof closeto zero(or, symmetrically close
to one), ®ndan -approximationof the quantileusing

3Although, if the estimateof n is too low, this will merelyresultin
a declinein the quality of the resultsand a requirementor someextra
buffers.



spacesigni®cantlylessthanis requiredfor maintaining -
accuracyfor the whole dataset. The algorithmrandomly
samplesat a rate nL but only the k smallestelementsof
the sampleare retained. The largestof thesek itemsis
returnedas the approximate -quantile. Analysis setsk,
the memoryrequirementto be O(-log ). In the case
where = 0 (thatis, wherethe 2ocal® is simply
the productof a global constant © and the value of ),
thenthis simpli®ego O(4 log 1). The problemof ®nding
biasedquantileswas studiedby Guptaand Zane[GZ03]
in the contextof approximatingthe numberof inversions
(disorderegbairsof items)in alist. Theypresentedsimilar
algorithmof retainingk smalleselementaftersamplingat
anappropriateate. Thisis thenrepeatedor everyquantile
of the form 1(1 + )" upto n. This gives a total of
Llog n parallelsamplingroutines. The  smallestitems
can be storedexactly Overall, the spacerequirements
O(% log logt)A
Thereis signi®canbpportunityfor improvementhere;

for example,no informationis sharedbetweenthe differ-
ent samplerswhich operateindependentlyof eachother
In this paper we give a deterministicalgorithmthat also
keepssamples¥rom theinput streanof valuesandgives

-approximateviasedor tagetedquantiles As in theresult
of GreenwaldandKhanng GKO01], we alsocarefullymain-
tain upperandlower boundsonranksof items(to different
levelsof accuracyin differentportionsof the distribution
whichisin contrasto [GK01] wherethelevelsareuniform
overall the quantiles);asaresult,we areableto makein-
formeddecisionson pruningitemsof non-interest.Inter-
estingly thisimproveshespaceneededjreatly andis also
fasterto proceseachnewitem.

3 BiasedQuantiles Problem

We beginby formally de®ninghe problemof biasedquan-
tiles. To simplify the notation,we presenthe materialin
termsof low-biasedquantileshigh-biasedjuantilescanbe
obtainedvia symmetryby reversinghe orderingrelation.

De®nitionl Leta bea sequencef n items,andlet A be
thesortedversionof a. Let bea parameteiin therange
0 < < 1. Thelow-biasedquantilesof a are the setof

Sometimeswe will not requirethe full setof biased-
guantilesandinsteadonly searchfor the®rstk. Our algo-
rithmswill takek asa parameter

It is well known that computingquantilesexactly re-
guiresspacelinearin n [MP8(]. In our applicationswe
seeksolutionsthatare signi®cantlysublinearin n, prefer
ablydependingnlogn or smallpolynomialsin thisquan-

4In [GZ03], the spaceboundis proportionalto % but using the

samplerfrom [MRL99] improvesthis by afactorof 1.

tity. Sowe will allow approximationof the quantiles,by
giving a smallrangeof tolerancearoundthe answer

De®nition2 The approximatelow-biasedquantilesof a

satisfy

ALL )In]l g A[Q+)In]

In fact, we shall solvea slightly moregeneralproblem:
after processinghe input thenfor any suppliedvalue °
we will beableto returnan -approximateguantileq® that
satis®es

Al ) g o A[dl+ ) e

Any suchsolutionclearly canbe usedto computea setof
approximatdow-biasedquantiles.

3.1 Algorithm for biasedquantiles

Our algorithm drawsinspirationfrom the algorithm pro-
posedby Greenwaldand Khanna|GKO01], henceforthre-
ferredto asGK, for the uniform quantilegproblem.Theal-
gorithmkeepsinformationaboutparticularitemsfrom the
input,andalsostoressomeadditionatrackinginformation.
The intuition for this algorithmis asfollows: supposeve
havekeptenoughinformationsothatthemediancanbees-
timatedwith anabsolutesrrorof n in rank. Now suppose
thatthereis alargenumberof insertionof itemsabovethe
mediansothatthisitemis pushedipto beingthe®rstquar
tile (theitemwhich occurs% throughthesortedorder). For
this to happenthenthe currentnumberof itemsmustbe
2n; henceif the sameabsoluteuncertaintyof n is main-
tained,thenthis correspondso a relativeerror of size% .
Thisshowsthatwe will beableto supporigreatetaccuracy
for the high-biasedjuantilesprovidedwe managehe data
structurecorrectly

As in GK, the datastructureat time n, S(n), consists
of asequencef s tuplesht; = (vi;gi; )i, whereeachv;
is a sampledtem from the datastreamandtwo additional
valuesarekept: (1) g; is thedifferencebetweerthelowest
possiblerankof itemi andthelowestpossiblerankof item
i 1, and(2) ; is the differencebetweenthe greatest
possiblerankof itemi andthelowestpossiblerankof item
i. Thetotgl spaceuseds thereforeO(s). Foreachentryvi,
letr; = J'zll g . Hence thetruerankof v; is bounded
belowbyr; + gi andabovebyr; + g + ;.

Dependingon the problembeing solved (uniform, bi-
asedor tamgetedquantiles)the algorithmwill maintainan
appropriateestrictionong; + ;. Wewill denotehiswith
afunctionf (r;; n), which for the currentvaluesof r; and
n givesanupperboundonthepermittedvalueof g, + ;.
Forbiasedquantilesthis invariantis:

De®nition3 (Biasedquantilesinvariant) Wesetf (r;;n) =
2r ;. Consquentlyveensuethatg, + ; 2r;foralli.



As eachitemis read anentryis createdn thedatastructure
for it. Periodicallythedatastructures @pruned®of unnec-
essarentriegolimit its size. Weensuratall timesthatthe
invariantis maintainedwhichis necessaryo showthatthe
algorithmoperategorrectly Theoperationarede®neds
follows:

Insert. To inserta newitem, v, we ®ndi suchthat
Vi <V Vj+1, wecomputer; andinsertthetuple(v; g =
1, = bf(rj;n)c 1). Thisgivesthe correctsettingsto
gand sincetherankof v mustbe atleastl morethan

therankof v;, and(assumindheinvariantholdsbeforethe
insertion) theuncertaintyin therankof v isatmostoneless
thanthe uncertaintyof v;, ;, whichis itself boundedby
bf (ri;n)c(since ; isalwaysaninteger).We alsoensure
thatmin andmax arekeptexactly sowhenv < vp, we
insertthe tuple(v;g = 1; 0) beforevy. Similarly,
whenv > vg 1, weinsert(v;g= 1, = 0)aftervs 1.

Compress. Periodically the algorithmscanghe data
structureand meiges adjacentnodeswhen this doesnot
violate the invariant. Thatis, ®ndnodes(v;; g;; i) and
(Vis1;Gi+1; i+1),andreplaceghemwith (Visg ; (Gi+Gi+1 );
providedthat (g + gi+1 + i+1)  f(ri;n). Thisalso
maintainghesemantice®f gand beingthedifferencen
rankbetweerv; andv; 1, andthe differencebetweerthe
highestandlowestpossibleranksof v;, respectively

Query. GivenavalueO 1, leti bethesmallest
indexsothatri+ g+ ;> n + %f (n; n). Outputv; 1
astheapproximatedjuantile.

Thesethreeroutinesarethe samefor the differentprob-
lems we consider being parametrizedby the setting of
theinvariantfunctionf . It generalizeshe GK algorithm,
which is equivalentto the aboveroutineswith f (rj;n) =
2n . Figurel presentshepseudocodef thealgorithm.

3.2 Correctnesof the Algorithm

Theorem 1 Thealgorithmcorrectlymaintains -approximate
biasedquantiles.

Proof: First,observahatinsert maintaingheinvariant
since,for theinsertedtuple, clearlyg + b2ric. All
tuplesbelow the insertedtuple are unafected; for tuples
abovethe insertedtuple,theirg; + ; remainsthe same,
buttheirr; increasedy 1, andsotheinvariantstill holds.
Compress checksthattheinvariantis notviolatedby its
meige operations,and for tuplesnot meged, their r; is
unafected,sotheinvariantmustbe preserved.

Next, we demonstratehat any algorithmwhich main-
tains the biasedquantilesinvariant meansthat the output
functionwill correctlyapproximatebiasedquantiles. Be-
causd isthesmallestindexsothatr; + gg+ ;> n +
f(n;n=2= n+ n,thenr; 1+ g 1+ i1
(1+ ) n . Usingtheinvariantthen(1+ 2 )r; > (1+ ) n

andconsequently; > (1 )n. Hence(1 )n <

ri1+g 1 ri 1+g 1+ ;1 (1+ )n.Recall
thatthatthetruerankofv; isbetween;+ g andr;+ g+ ;:
sothederivedinequalitymeanghatv; ; is within thenec-
essaryerrorboundsfor biasedguantiles. [ |

This givesan error boundof  n for everyvalue of

. In somecasesve havealower boundon how precisely
we needto know the biasedquantiles: this is when we
only requirethe ®rstk biasedquantiles.It correspondso
alower boundon the allowederrorof  *n. Clearlywe
could usethe abovealgorithmwhich gives strongererror
bounddor someitems,butthis maybeinef®cientn terms
of space. Instead,we modify the invariantasfollows to
avoidthisslacknesandsoreduceahespaceneededTheal-
gorithmis identicalto beforebutwe modify theinvariantto
bef (ri;n) = 2 maxfr;; *ng. Thisinvariantis preserved
by Insert andCompress. The Output functioncan
be provedto correctlycomputebiasedquantileswith this
lower boundon the approximatiorerror usingstraightfor
ward modi®catiorof the aboveproof.

i+1)
/* n = #items, k = asymptote */
/¥ S = data structure, s = #samples */
Insert( Vv):
01 ro:=0;
02 for i:= 1 to s do
03 if (v <v) break;
04 ri = ri 1+ G
05 add (v;1;bf(ri;n)c 1) to S before v;;
06 n++;
Compress():
01 for i := (s 1) downto 1 do
02 if (g+ g+ + i1 f(ri;n)) then
03 merge ti and tj.1;
Query( )
01 ri:=0;
02 for i := 1to s do
03 Fi=ri 1+0 1;
04 if (rit+g+ > n+f(n; n)=2)
05 print( v; 1); break;
Main():
01 for each item v do
02 Insert( v);
03 if (Compress _Condition()) then
04 Compress();

Figurel: ApproximateQuantilesAlgorithm



3.3 Time and SpaceBounds

Therunningtime of thealgorithmto processeachnewup-
datev dependson (i) the datastructuresusedto imple-
mentthe sortedist of tuples,S, and(ii) thefrequencywith
whichCompress isrun. Thisis governedy thefunction
Compress _Condition()  , which canbe implemented
in a variety of ways: it could alwaysreturntrue, or return
trueeveryl= tuples,or with someotherfrequency Note
thatthe frequencyof compressingloesnot affect the cor-
rectnessjust the aggressivenessith which we prunethe
datastructure.Thetimefor eachinsert  operatioris that
to ®ndthe position of the new dataitem v in the sorted
list. With a sensibleémplementatior(e.g.,a balancedree
structure) thisis O(logs). With sucha datastructurewe
canef®cientlymaintainr; of eachtuplein the sametime
bounds.Compress is muchsimplerto implementsinceit
requiregust a linearpassoverthe sortedelementsn time
O(s) butwe mustdecidewhento run Compress to bal-
ancethetime costandthe spaceusedby thealgorithm.We
returnto theseissuedater whenwe considerdifferentim-
plementatiorstrategiesn Section5.

In [GKO]] it is shownthat the GK algorithmrequires
space0 (L log n) in theworstcase By analogytheworst
casespacerequiremenfor ®ndingbiasedquantilesis ex-
pectedto be O(k'ogilz log n). Considerthe spaceused
by the algorithmto maintainthe biasedquantilesfor the
valueswhoserankis betweemn=2 andn. Herewe main-
tainasynopsisvheretheerroris boundedelowby n and
thealgorithmoperatesn a similarfashionto the GK algo-
rithm. Sothespaceaequiredo maintainthisregionof ranks
shouldbe boundedoy O(2 log n). Similarly for therange
of ranksn=4 to n=2, itemsare maintainedto an error no
lessthan =2 butwe aremaintainingarangeof atmosthalf
asmanyranks Thusthe spacefor this shouldbe bounded
by thesameamountO( log n). Thisagumentcanbere-
peatecuntil wereachn=2* = ¥n wherethesameamount
of spacesuf®cego maintaininformationaboutranksup to

K with error k. Thetotal amountof spaceis no more
thanO(*log n) = O(k'ogil: log n). If isnotspeci-
®eda priori, thenthisboundcanbeeasilyrewrittenin terms
ofk and . Also,wenevemeedk log1= tobegreatethan
log n, which correspond$o anabsoluteerrorof lessthan
1, sotheboundis equivalento O(% log® n).

We alsonotethe following lower boundfor any method
that®ndsthebiasedjuantiles.

Theorem 2 Any algorithmthat guaranteego ®ndbiased
guantiles with error at most n in rankmuststore
( Yminfklogl=; log( n)g) items.

Proof: We showthatif we queryall possiblevaluesof
theremustbeatleastthismanydifferentanswergproduced.
Assumewithout loss of generalitythat everyitem in the

input streamis distinct. Considereachitem storedby the
algorithm. Let the true rank of thisitembeR. Thisis a
goodapproximatensweifor itemswhoserankis between
R=(1+ )andR=(1 ). Thelargeststoredtemmustcover
thegreatesitemfrom theinput,whichhasrankn, meaning
thatthelowestrankinputitem coveredby the samestored
itemhasranknolowerthann(1 )=(1+ ). Wecaniterate
thisagumentto showthatthelth largeststoredtemcovers
inputitemsnolessthann(l  )=(1+ )'. Thiscontinues
until we reachaninput item of rank at mostm = n .
Below this point, we needonly guaranteanerrorof X,
By the samecoveringargument,this requiresat leastp =
(n YY=(n %) = 1= items. Thuswe canboundthespace
for thisalgorithmasp + |, whenn(1  )=(1+ )' m.
Then,sinceiT (2 ),wehaveln(m=n) IIn(1 ).
Sinceln(1 ) ,we®nd  iInf=1in" This

boundd = ( M)’ andgivesthestatedspaceébounds.
Note that it is not meaningfulto setk to be too large,
sincethentheerrorin rankbecomegessthani, which cor
respondgo knowingthe exactrank of the smallestitems.
That is, we neverneedto have n X < 1; this bounds
klog1= log( n) andsothe spacdower boundstrans-
latesto (L minfklog1=; log(n)g). [ |

4  TargetedQuantiles Problem

The tametedquantilesproblemconsiderghe casethatwe
areonly concernedvith a setof quantilevalueswith asso-
ciatederrorboundshataresupplieda priori. Formally the
problemis asfollows:

De®nition4 (Targeted Quantiles Problem) The input is

asetoftuplesT = f( j; j)g. Followinga streamofinput
valuesthegoalis to returna setof j Tj valuesv; suchthat
Ald( j  j)nel v A[d j + j)nel:

As in thebiasedquantilescase we will maintaina setof
itemsdrawnfrom the input asa datastructure, S(n). We
will keeptuplesht; = (v;;gi; )i asbeforebutwill keep
adifferentconstrainbnthevaluesof g and ;.

De®nition5 (TargetedQuantiles Invariant) Wede®n¢he
invariantfunctionf (rj;n) as

(1) fj(fi;n)=2‘%; in oo
(i) firisn) =22 0 o yn

andtakef (r;) = min; f; (r;). Asbefoeweensuethatfor
alli,g+ ; f(ri;n):

An exampleinvariantf is shownin Figure2 wherewe
plotf (n; n)as variesfrom0to 1. Dottedlinesindicate



f(f n,n)/n

Figure2: Errorfunctionf ( n; n)=ncomputedor theinput
f(%;0:02); (2;0:02); (3; 0:04); (4;0:01)g

the constraintof type (i) whenr; j n andconstraints
of type(ii) whenr; i N, toillustratehow thefunctionis
formed. Thefunctionf itselfis illustratedwith a solidline
seerasthelowerenvelopeof thef 's. Notethatif we allow
T to containalarge numberof entriesthensetting

T=1(5 3G s )W)y
captureghe uniform error approximateguantilesproblem
solvedby GK. Similarly setting

T= (e (G5 (s O )g
captureshebiasedjuantileproblem.In bothcasesthein-

variantfunctionf computedy De®nitiorns reducego the
functionusedby GK andin Section3 above respectively

4.1  Algorithm and Correctness

Insert , Compress andQuery operationsarethesame
asin Figure 1 with the newinvariant. Therefore the run-
ningtime is thesameasbeforeplusthetime to computehe
invariantf whichtakegimeatmostO(logjTj) perinvoca-
tion. Wewill showthatthe operationsnaintaintheinvari-
antandthatif theinvariantholdsthentargetedquantilesare
estimatedo therequireddegreeof accuracy

Lemmal Thetargetedquantilesnvariantis preservedy
Insert andCompress operations.

Proof: Wewill showthatassumingheinvariantholdsfor
eachv; beforeaninsertion,it musthold afterwards. For
thetuplethatis insertedwe the invarianttrivially holdsby
the settingof the valuesin the insertedtuple. However
sincethe invariantdependsnr; andn, it is possiblethat
the constraintson other tupleswill changeand we must
ensurethatthesedo not violate the invariant. Note that if

the newvaluev is insertedbeforev; thenr; increasedby
1. Otherwiser; staysthe sameandn increasedy 1 in
all cases.For eachtuplev;, considerthe error function f

andthef; thatis tightestfor the currentvalueof v;. First,
supposehatbeforeandaftertheinsertionthenthe samef
is tight. Therearetwo cases:

(i) Theinvariantis 2‘% Thenwhether; increasesr stays
thesametheinvariantdoesnotgettighterfor v;, andsothe
inequalityis preserved.

(ii) Theinvariantis w Thenasn increasedy one,
andr; eitherstaysthesamja)rincreasesagainthisinvariant
doesnotgettighter, sotheinequalityis preserved.

Now supposethat before the insertionv; was subject
to somef; andafterwardis subjectto somef,. There
aremanycasedo considerdependingon the type of con-
straintof f; andf;.. For example,supposehatv; was

initially constrainedby 2i% andis then constrainedby
M, with j < k. Thenobservethatthere
mustbesomevalueofr® r; sothatz"—jro = M
sincetheconstraintarelinear Writing = ﬁ,then
the constrainis violatedaftertheinsertionif —— > =

n rj
%. Thatis,ifri(n r9>r%n r;)) r; > r% Butthis
contradictsour assertiorthatr®  r; andsothe constraint
cannotbeviolated.

Thereareseverabkimilar caseso work through;we omit
full detailshere. Finally note that compressoperations
trivially preservehe invariantsincewe only deletetuples
whenthis doesnot violate the constraint;othertuplesare
unafectedby deletionssincer; andn areunchanged. W

Theorem 3 If the biasedquantilesinvariant holds, then
runningOutput for all ; will ®ndthespeci®eduantiles
j within thegivenerror bounds ;.

Proof: Considerthe quantileanderrorpair( j; j). The
Query function®ndsthe smallestindexi suchthatr; +
g+ > jn+3f(nn) jn+ AT =( 5+ n

Thenri 1+g 1 i 2 (j+ j)nandri+(g+ i)>
( j + j)n. Now, considethowg, +  is boundbyf;:
we know from De®nition5 that eithercase(i) or case(ii)
holds. If case(i) holds,thenwe aredone,sincewe have

in ri (j+ j)n. Sosupposease(ii) holds.Then,
ri+ B> (e )n
(1 j)ri+2jn 2r; > (j+ j 12 j j)n
@ i 25 > (@ ;5 g)n
o> (5 g

In bothcaseswe canbound( | iN<ri1+0g 1
ri 1+0 1+ 1 i n. Soweknowthatthetruerank
ofitemv; 1 isintherange( ; jn. [ |
Informally, wearguethatthespaceisedoy thisalgorithm
is boundedif we set © = min; ; asO(4log %), by
applyingthe spaceboundargumentof the Greenwaldand
Khannaargument, and by observingthat our algorithm
can prunemore aggressiveljthanthe GK algorithm. In



practicewewouldexpecto seemuchtighterspacéounds,
asevensmall ;s canbe achievedin smallerspaceif the
corresponding ; s aresuf®cientlyfar from % We expect
to seeadependencyn thegreatesvalueof T‘ by analogy
to the biasedquantilescase.

Notethatthealgorithmis slightly moregenerathanwas
claimed. In additionto the targetedquantiles,information
aboutthe whole distributionis kept. Given an arbitrary
valueof 0 1, thealgorithmwill ®nda valuewhose
rankisbetweer(n f(n; n)=2)and(n +f(n; n)=2).
For example,in Figure 2 which plots f against as
increasesye seethatf is nevermorethan0:07n. Herewe
haveomittedformally discussingandprovingsuchgeneral
claims,for brevity.

5 Implementation Issues

As describedthe algorithmspresentedn Sections3 and4
allow for muchfreedomin implementinghem. In thissec-
tion, we presenta few alternativesisedto gain anunder
standingof which factorsareimportantfor achievinggood
performancevera datastream.Thethreealternativesve
consideredare natural choicesand exhibit standarddata
structuretrade-ofs, butourlist is by nomeansxhaustive.

5.1 Abstract Data Types

Recall that the (biased)quantile summaryS(n) is a se-
quenceoftuplest; = (vi;gi; i)i. Operation®nthequan-
tile summarysuchasCompress andOutput , requireac-
cesdo adjacentupleswith respecto v; -values.Hence to
give ef®cientaccesso the tupleswe will maintainthemin
sortedorderonv; -values.

The periodicreductionin size of the quantilesummary
doneby Compress is basedon the invariantfunction f
whichdeterminegupleseligible for deletion(thatis, meig-
ing thetupleinto its adjacentuple). Note thatthis objec-
tive functionis rank-dependentit dependshot only on g;
and i, butalsoonr; andn. Hence,it is not possibleto
ef®cientlymaintaincandidate$or compressioiincremen-
tally dueto dynamicallychangingranks. Instead,all of
our implementationsequentiallyscanthrough (a portion
of) the quantilesummaryandtesttuplest; to seeif they
canbesafelymegged. Insteadf periodicallyrunningafull
Compress , we amortizethis work by scanninga fraction
of thedatastructurdor everyinsertion:weprocess=2 tu-
plesperitem. The goalis to lower the worst-caserocess-
ing at anytime stepandthuskeepup with the datastream.

5.2 Methods

Wenowdescribehreealternative$or maintaininghequan-
tile summanytuplesorderednv; -valuesin thepresencef
insertionsanddeletions:

Batch: This methodmaintainsthe tuplesof S(n) in
alinked list. Incomingitemsarebufferedinto blocks
of size1=2 , sorted,andthenbatch-megedinto S(n).
Insertionsand deletionscan be performedin constant
time, but the periodicbuffer sort,occurringevery1=2
items,costsO((1=) log(1=)).

Cursor: Thismethodalsomaintainghetuplesof S(n)

in alinked list. Incomingitemsarebufferedin sorted
orderandareinsertedwith the aid of aninsertioncur-

sorwhich, like thecompresgursor sequentiallyscans
afractionof thetuplesandinsertsabuffereditemwhen-
everthe cursoris at the appropriateposition. Main-

tainingthebuffer in sortedordercostsO(log(1=)) per
item.

Tree: ThismethodmaintainsS(n) usingabalancedi-
narytree.HencejnsertionsaanddeletionsostO(log s).
In theworstcaseall s tuplesconsideredor compres-
sioncanbedeletedsothecostperitemis O( s logs).

Thesemethodsvereimplementedn C++ andattempts
weremadeto makethe threeimplementationgsuniform
aspossiblefor afair comparisor{for exampleall methods
useapproximatelythe sameamountof space). The C++
STLIlist containetypewasusedor storingS(n) in both
BatchandCursomwhereasmultiset ~ containewasused
for Tree® Cursorusesthe priority queuefrom <queue>
to maintainthe buffer of incomingitemsin sortedorder
As adisclaimeythereweremanyoptimizationsve did not
employ which would likely improve the performanceof
all the methodssuchasparallelism pre-allocateadnemory
cache-localityetc.

6 Experiments

In the®rstpartof thissectionwe evaluateheaccuracy/space
trade-of for both the biasedquantilesandtargetedquan-
tiles problems,in comparisorto naively applyingthe GK
algorithm[GKO01]. In accordancavith [GKO1], the algo-
rithms usedherediffer from that describedin Section3
in two ways: a new observatiorv is insertedas a tuple
(v;Lg+ i 1),wherev; 1 < v vj,andCompress is
runaftereveryinsertioninto S(n), to deleteonetuplewhen
possible Whennotuplecouldbedeletedwithout violating
the errorconstraintthe sizeof S(n) growsby one. Space
is measuredby the numberof tuples.
Forbiasedjuantileswe considethefollowing two ques-
tions. First, with error requirementshat are non-uniform
overtheranks,canwe achievesuchaccuracyin lessspace
thanpessimisticallyrequiringall the quantilesatthe ®nest
error? We compareour proposedalgorithmfor ®ndingthe
®rstk biasedjuantilesagainsiGK runwith error X, Sec-
ond,how doesspacalependn thetrail-off parametek?

50urimplementatiorof STL usesred-blackireesfor <set> .



For tamgetedquantiles,we considerthe following two
questions. First, if we know the desiredquantilesand
their errorsa priori, then can we focus the algorithmto
yield the requiredaccuracyat only thosequantilesto save
space? We illustrate using the casewhen a single order
statistic(e.g., = 0:5, akathe median)is desiredwithin
error . WhereasGK allows all quantilesto be given at
this accuracy our approachonly providesthis guarantee
for a speci®ed -quantileandgivesweakerguaranteefor
othervalues. Second,how doesthe spaceusageof our
algorithm dependon the value of ? It hasbeennoted
in [MRL99] that,if thedesiredquantileis anextremevalue
(e.g.,within the top 1% of the elements)thenthe space
requirement®f existingalgorithmsareoverly pessimistic.
Theauthorshowedhat,whensimplytakingquantileover
arandomsample probabilisticguaranteesanbe obtained
in lessspacefor extremevaluesthanfor the median. Our
algorithm exhibits this samephenomenon.Furthermore,
we showthat, for anyquantile,if the desirederrorbounds
areknownin advancegxistingalgorithmsarealsooverly
pessimistic.

In the secondpartof this section we evaluateandcom-
parethe performanceof the differentimplementational-
ternativesdescribedn Section5 usingthe Gigascopealata
streamsystem[CJSSOR Thesealternativesary in terms
of the differentaspectof the algorithmthey optimize,in
termsof their simplicity, andwith respecto blocking be-
havior. Thegoalis to shedsomelight onwhichfactorsare
mostimportantfor performance.

6.1 SpaceUsagefor BiasedQuantiles

For theseexperimentswe comparedthe spaceusageof
our proposediasedquantilealgorithmwith thatof GK. In

orderto obtainp erroratquantilesp 2 f; 2;:::; Kg,
the GK algorithmmustbe run at the ®nestevel of error,
yielding k-approximatequantiles. We set = 05

andtried differentparametewaluesfor k and . We used
a variety of differentdata streams: 2hard®, sorted, and
arandome(theinputsusedin [GK01]).®

Figure3 reportsspaceaisagdor differentvaluesof k and

on the@hard® input. Clearly, the proposednethoduses
muchlessspacewith the gapincreasingooth with k and
inverselywith . At timestepn = 10° with = 0:001, the
ratiois approximatelyd with k = 4 and19.5with k = 6.
Figure4 givessimilar graphsfor randominput. Herewe
observedsimilar trendsat differentvaluesof sowe only
presenthe graphsat = 0:001L At timestepn = 10°,
theratio is approximately4.4 with k = 4 and11.8 with
k = 6. If thespacdor GK isboundedy O(—x log ¥n),

andour algorithmfor biasedquantilesoy O(k'& log n),

8The 2hard® input is createdby examiningthe currentstateof the
datastructureandinsertingitemsin orderto try to force the worst-case
performance.

thenfor = % the ratio of their spaceusageshouldbe
roughly 2¢=k. For randominputwe in fact seevaluesthat
aresimilarto these:for k = 4 thetheoreticalratio is 4
andfor k = 6 it is 10.7;for the@hard® input, the ratios
were evenhigher Figure5 plots spaceas a function of
k, indicatingan exponentiadependencen k for GK and
a linear dependencen k for the proposedalgorithm, as
predicteobytheO(i log n) andO(¥ log n) bounds.

Figure6(a)illustratesthe spaceusedby threecompeting
methods:GK run aterror (denoted®GK1°), GK run at
error ¥ (denoted®GK2°), andour proposednethod. It
usesthe randominput, with = 0:01andk = 6, and
the resultsare given at time stepn = 10°. Figure6(b)
plotstheboundonerrorasafunctionof p, thatarerequired
for biasedquantiles. Note that while GK1 usesthe least
spaceit doesnotsatisfytheerrorbound.GK2, ontheother
hand,is overly pessimisticachievingthe smallesterrorat
all p-valuesbut requiringmuchmorespacehanthe other
methods.The proposednethodachieveghe leastamount
of spacewhile stayingwithin the errorbounds.In fact, its
spaceusagds muchcloserto thatof thealgorithmwith the
weakeraccuracyGK1 (factorof 4 more)thanthatof GK2
(factorof 16.5less).

6.2 SpaceUsagefor TargetedQuantiles

Ourtargetedquantilesalgorithmcan®ndthebn cth order
statisticwith a maximumerrorof ; its precisionguaran-
teesareweakerfor otherranks.We comparedigainsiGK,
whichis capableof ®ndingany quantilewithin error. We
also consideredhe randomsamplingapproachanalyzed
in [MRL99], but this approachwasunableto obtainreli-
ableestimate$or anyof thedatasets.Giventhespacaised
by our proposedalgorithm,we consideredhe probabilis-
tic accuracyguaranteethatcouldbegivenby thesampling
algorithm. For therandominput, the boundsgaveguaran-
teesthat held with 70% probability to ®ndquantilesthat
our algorithmfoundwith absolutecertainty Forthe2hard®
input, which attemptgo force the worst-casespaceusage,
the probability for the randomizedalgorithmimprovedto
aroundd5%,still far shortof thelow failureratesdemanded
by networkmanagersHence,we do not reportfurtheron
theresultsobtainedoy randomsamplingfor theremainder
of this section.

Figure7 presentspaceusageasa functionof time step,
with avarietyof -valuesfrom 0.5to 0.99,for (a) hardand
(b) randominputs; = 0:001L Thegapin spaceusage
betweenthe two methodsgrowswith increasing -value,
which is consistentwith the observatiorin [MRL99] that
extremevaluesrequirelessspace.

6.3 PerformanceComparison

Wecomparedhethreeimplementatiomlternativeslescribed
in Section5 (namely Batch,CursorandTree)with respect
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Figure3: Comparisorof GK andproposedpproacton 2hard® input: (a) with k = 4; (b) with k = 6. Here = 0:01 (c)

with k = 4; (d) with k = 6. Here = 0:001

to perpacketprocessingtime and packetloss using the
UserDe®nediggregationFunction(UDAF) facility of the
GigascopdSMS, a highly optimizedsystemfor monitor
ing very highspeeddatastreamgCJSSOR Gigascopéas
atwo-levelqueryarchitectureatthelow level,dataistaken
from the Network InterfaceCard(NIC) andis placedin a
ring buffer; queriesatthe high level thenrun overthe data
from the ring buffer. Gigascopecreatesqueriesfrom an
SQL-likelanguagécalledGSQL)bygeneratingC andC++
codewhichis compiledandlinkedinto executableueries.
To integratea UDAF into Gigascopethe UDAF functions
are addedto the Gigascopdibrary and query generation
is augmentedo properlyhandlereferenceso UDAFs; for
moredetails,see[CKM* 04].

For performanceesting,we usedtwo datasourcesThe
®rstdatasourceis an Agilent TechnologiesRouterester
5.0 traf®cgeneratofTed. Usingit, one cangeneratel
Gbpsof traf®c (GigEth speed). The traf®c generatoris
not a sophisticatedsourceof randomnessye could only
varythepacketengthandpayload pothindependenthand
uniformly random. The averagepacketlengthis always
782 bytes,which is equivalentto about160,000packets
per secondat GigEth speed. Querieswere run over the

generatedstreamusinga 2.8 Ghz Pentiumprocessoand
4 GBs of RAM. The seconddatasourceis real IP traf®c
dataobtainedby monitoring the spanport’ of the router
which connectAT&T Researchabsto the Internetvia a
100Mbit/seclink. Queriesvererun overthis streamusing
a 733Mhz Pentiumwith 128 Mbytesof RAM.

Biasedquantilequerieswererun overa singleattribute
from thesedatasourcesand outputat 1-minuteintervals
overatotaldurationof 30 minutes;the parameter wasset
to 0.01landk wassetto 4, unlessndicatedotherwisebelow
As a baseline we alsocomparedagainstthe performance
of a@null° UDAF which computeghe max aggregateto
isolateoutthe processingverheador UDAFs.

Tablel reportgheresultsfrom usingthetraf®cgenerator
at OC-3 speed(155.5Mbps). The algorithmswere run
over the packet _length ®eldof IPv4 packetheaders
(which wererandomlygenerated) All methodsvereable
to keepup with this rate without incurring packetloss,
but weretaxedat differentlevels. The Batchand Cursor
method®peratedttentimesslowerthanthe?null® UDAF,
with Cursorshowingslightly betterperformanceThe Tree

A spanportmirrorsall traf®cfor monitoringpurposes.
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and(b) justthe proposedalgorithm.

methodwasyetfour timesslowerthantheseandhadavery
high CPU utilization.

Algorithm CPU usertime( s)
Implementation|| utilization perpacket
null 0.05% 0.481
Batch 11.99% 5.302
Cursor 11.88% 5.093
Tree 67.61% 21.969

Table1: Perpacketprocessingime ( s) for the different
implementationsyvertraf®cgeneratedt OC-3speed.

At GigEthspeed1 Gbps)the Treemethodhasreached
its limit andincurssomuchpacketossthatno usefulstatis-
ticscouldbereportedseeTable2). Batchincursmoretraf-
®clossthan Cursordueto the periodic batch-sortingand
mege thatis requiredafterevery1=2 items.Presumably
the lower averageCPU time for Batch comparedo Cur-

Space versus k for random Data
(eps=0.01)

700
600 | |
500 kii :
300 _—

200 t
100 |

M prop‘gsed/

space (items)

(b)
= 0:01for (a) GK andproposedilgorithms;

soris dueto not processinghe packetsthat get dropped.
To getaframeof referencewe alsocomparedgainsiuni-
form quantilesbasedon the GK algorithm run with er
rors and X (denoted®GK1° and2GK2°, respectively).
GK2 droppedso manypacketghatwe couldnot compute
ameaningfulstatistic. Notethat GK1 doesnot achievethe
desirecerrorbound;it is presentednerelyasabaseline.To
usetheGK algorithmproperlywould requrethe®nererror
boundof GK2.

Table3 reportsheresultsontherealP networkdataand

summarizedy the averageCPU utilization andusertime
(in microsecondsper packet;we wereunableto measure

packetoss.Thealgorithmswvererunovertheheader _checksum

®eld of the packetheaders. Although the overall traf®c
load,averagind0-75Mbps,wasmuchlessthanthatof the
traf®cgeneratarit is very bursty

In summarythechoiceof UDAF implementations cru-

cial to theperformancef the quantilealgorithm,con®rm-
ing observationsn [CKM* 04]. Whereashe Batchand
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(@)
Here = 0:001L
Algorithm CPU usertime ( s) | packet
Implementation|| utilization perpacket loss
null 6% 0.5 0%
Batch 75% 5.522 1.82%
Cursor 81% 5.613 0.26%
Tree b b b
GK1 18% 1.32 0%
GK2 b b b

Table2: Perpacketprocessingime ( s) for the different
implementationsyvertraf®cgeneratedt GigEth speed.

Cursorapproachewereableto procesatGigEthspeedthe
Treeapproactwasnotableto keepup, andevenpushests
limit at OC-3 speed. Although keepingthe quantilesum-
maryin atreeis goodfor maintainingsortorder it incursa
lot of overheadluringCompress operationsHence ap-

Algorithm CPU usertime( s)
Implementation|| utilization perpacket
null 3% 1.167
Batch 27% 11.514
Cursor 26% 11.164
Tree 33% 14.059

Table 3: Perpacketprocessingime ( s) for the different
implementationspverreal IP networktraf®cdata.

proachesvith themorelightweightlist-basedjuantilesum-
mariesperformbetter Batchis the simplestof these but
theblockingdueto sortingresultsin morepacketosscom-
paredto Cursor Therefore Cursorseemdo striketheright
balancebetweersimplicity andnon-blockingbehavior



7  Conclusionsand Futur e Work

We introducedthe notion of biasedandtargetedquantiles
and presentedne-pasgdeterministicalgorithmsthat ap-
proximatethesevalueswithin userspeci®eeccuracyOur
experimentalork hasshownthatthesealgorithmsareex-
tremelyeffectivein practice:thespaceneededs verysmall
andis smallerthanthatneededy existingalgorithmsthat
give the sameguaranteesWe haveshownthey canbeim-
plementedvithin adatabasenanagemertystenthatdeals
processesigh speeddatastreamsresultingfrom IP net-
work traf®c. We also observedthat in thesehigh speed
scenariosimplementatiordetailscanmakesigni®cantif-
ferencesn practicalityandamortizingcomputatiorcostto
avoidblockingbut stayinglightweightis vitally important.
We brie'y discusshe feasibility of variousextensions.

Previousvorkhasextendedhework on®nding -approximate
guantilequniformerror)to theslidingwindowmodel[AMO04].

We claim that similar techniqguesasedon keepingsum-
mariesfor previouslyseensubsequenceas itemsof vari-
ouslengthscanbe appliedto our algorithms. Otherwork
hasstudiedthe problemof approximatingquantileswhen
itemscandepar@aswell asarrive[GKMSO02]. Inthismodel,
we claimthatno algorithmcanguarante¢o ®ndall biased-
guantileswithout keeping ( n) items. Thisis becaus¢he
probleminsiststhat we mustbe ableto recoverthe mini-
mumor maximumvalueexactly If deletionsareallowed,
after processingn insertionswe could repeatedlyrequest
anddeletethe minimumor maximumvalue,thusrecover
ing thewholesetof insertedvalues.Likewise,solvingthe
k biasedquantilesproblemsrequires ( =2%) spacepy a
similar agument.Meanwhile,it remainsopento formally
characterize¢he spaceusageof the algorithmswe havede-
scribedfor biasedandtargetedquantilego thetightestpos-
sibleestimate.

More generally our work wasmotivatedby developing
appropriatestatisticsfor summarizingskeweddata. Data
skewis highly prevalenin manyapplications We believe
thatit is of interestto study further problemsthat do not
treat all input uniformly, but ratherrequire non-uniform
guaranteedependentn the skewof thedata.
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