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Abstract

Skewisprevalentin manydatasourcessuchasIP traf®cstreams.
To continuallysummarizethe distribution of suchdata, a high-
biasedsetof quantiles(e.g.,50th,90thand99thpercentiles)with
®nererror guaranteesat higher ranks (e.g., errors of 5, 1 and
0.1percent,respectively)ismoreusefulthanuniformlydistributed
quantiles(e.g.,25th,50thand75thpercentiles)with uniformer-
ror guarantees.In thispaper, weaddressthefollowing twoprob-
lems. First, can we computequantileswith ®nererror guaran-
teesfor thehigherranksof thedatadistributioneffectively, using
lessspaceandcomputationtimethancomputingall quantilesuni-
formly at the®nesterror? Second,if speci®cquantilesandtheir
errorboundsarerequestedapriori, canthenecessaryspaceusage
andcomputationtimebereduced?

Weanswerbothquestionsin theaf®rmativebyformalizingthem
astheªhigh-biasedºquantilesandtheªtar getedºquantilesprob-
lems,respectively,andpresentingalgorithmswith provableguar-
antees,thatperformsigni®cantlybetterthanpreviouslyknownso-
lutionsfor theseproblems.Weimplementedour algorithmsin the
Gigascopedatastreammanagementsystem,andevaluatedalter-
nateapproachesfor maintainingtherelevantsummarystructures.
Our experimentalresultson real and syntheticIP data streams
complementour theoretical analyses,and highlight the impor-
tanceof lightweight,non-blockingimplementationswhenmain-
tainingsummarystructuresoverhigh-speeddatastreams.

1 Intr oduction

Skewis prevalentin manydatasourcessuchasIP traf®c
streams.Distributionswith skewtypically havelong tails
which areof greatinterest.For example,in networkman-
agement,it is importantto understandwhat performance
usersexperience.An importantmeasureof performance
perceivedbytheusersis theroundtrip time(RTT) (whichin
turn affectsdynamicsof thenetworkthroughmechanisms
suchasTCP¯ow control).RTTsdisplaya largeamountof
skew: the tails of the distribution of roundtrip timescan
becomevery stretched.Hence,to gaugethe performance
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of thenetworkin detailandtheeffect onall users(not just
thoseexperiencingthe averageperformance),it is impor-
tant to know not only the medianRTT but alsothe 90%,
95%and99%quantilesof TCProundtrip timestoeachdes-
tination. In developingdatastreammanagementsystems
thatinteractwith IP traf®cdata,thereexiststhefacility for
posingsuchqueries[CKM + 04]. However, the challenge
is to developapproachesto answersuchqueriesef®ciently
andaccuratelygiven that theremay bemanydestinations
to track. In suchsettings,thedatarateis typically highand
resourcesarelimited in comparisonto theamountof data
that is observed.Henceit is often necessaryto adoptthe
datastreammethodology[BBD+ 02, GGR02, Mut03]: ana-
lyzeIPpacketheadersin onepassoverthedatawith storage
spaceandper-packetprocessingtime that is signi®cantly
sublinearin thesizeof theinput.

Typically, IP traf®cstreamsandotherstreamsaresum-
marizedusingquantiles:theseareorderstatisticssuchas
theminimum,maximumandmedianvalues.In a dataset
of sizen, the � -quantileis the item with rank d�n e1.The
minimumandmaximumareeasyto calculatepreciselyin
onepassbut in generalexactcomputationof certainquan-
tiles requiresspacelinearin n [MP80]. Sothenotionof � -
approximatequantilesrelaxestherequirementto ®ndingan
item with rankbetween(� � � )n and(� + � )n. Much at-
tentionhasbeengiven to the caseof ®ndinga setof uni-
form quantiles: given 0 < � < 1, return the approxi-
mate�; 2�; 3�; : : : ; b1=� c� quantilesof a streamof val-
ues.Notethattheerrorin therankof eachreturnedvalueis
boundedby thesameamount,�n ; we call this theuniform
error case.

Summarizingdistributionswhich havehigh skewusing
uniform quantilesis not informativebecausehavinga uni-
formly spread-outsummaryof astretcheddistributiondoes
not describethe interestingtail region adequately. Mo-
tivated by this, we introducethe conceptof high-biased
quantiles: to ®ndthe 1 � �; 1 � � 2; 1 � � 3; : : : ; 1 � � k

1We usetherankof an item to referto its positionin thesortedorder
of itemsthathavebeenobserved.



quantilesof thedistribution.2 In orderto giveaccurateand
meaningfulanswersto thesequeries,we mustalso scale
theapproximationfactor� sothemorebiasedthequantile,
the moreaccuratethe approximationshouldbe. The ap-
proximatelow-biasedquantilesshouldnowbein therange
(1 � (1 � � )� j )n: insteadof additiveerrorin therank� �n ,
wenowrequirerelativeerrorof factor(1 � � ).

Findinghigh- (or low-) biasedquantilescanbeseenas
a specialcaseof a more generalproblemof ®ndingtar-
getedquantiles.Ratherthanrequestingthesame� for all
quantiles(the uniform case)or � scaledby � (the biased
case),one might specify in advancean arbitrary set of
quantilesandtheir desirederrorsof � for eachin the form
(� j ; � j ). Forexample,input to thetargetedquantilesprob-
lemmightbef (0:5; 0:1); (0:2; 0:05); (0:9; 0:01)g,meaning
thatthemedianshouldbereturnedwith 10%error, the20th
percentilewith 5%error, andthe90thpercentilewith 1%.

Both the biasedand targetedquantilesproblemscould
besolvedtrivially by runninga uniformsolutionwith � =
minj � j . But this is wastefulin resourcessincewe do not
needall of thequantileswith such®neaccuracy. In other
words,we would like solutionswhich are moreef®cient
thanthis naiveapproachboth in termsof memoryusedas
well as in running time, therebyadoptingto the precise
quantileanderrorrequirementsof theproblem.

Ourcontributionsareasfollows:

� Wegivethe®rst-knowndeterministicalgorithmsfor the
problemof ®ndingbiasedandtargetedquantileswith
a single passover the input and prove that they are
correct.Thesearesimpleto implement,yetgivestrong
guaranteesaboutthequalityof their output.

� We considerthe issuesthat arisewhen incorporating
suchalgorithmsinto a high speeddatastreammanage-
mentsystem(Gigascope),anddevelopa varietyof im-
plementationsof them.

� We performa setof experimentsthat showour algo-
rithms areextremelyspace-ef®cient,andsigni®cantly
outperformexistingmethodsfor ®ndingquantileswhen
applied to our scenarios. We evaluatethem on live
andsimulatedIP traf®cdatastreamsandshowthatour
methodsarecapableof processinghighthroughputnet-
work data.

2 RelatedWork
Computingconcisesummariessuchashistogramsandor-
der statisticson large datasetsis of great importancein
particularfor queryplanning. Histogramsummariessuch
asequi-depthhistogramsandend-biasedhistogramshave

2Symmetrically, the low-biasedquantilesarethe �; � 2 : : : � k quan-
tilesof thedistribution.

beenstudiedextensively[Ioa03]. Note that our notion of
high-biasedquantilesis quitedistinctfromhigh-biasedhis-
tograms[IC93] which ®ndthe most frequentitems (i.e.,
the modes)of the distribution. Thereis a large body of
workonwaystocomputeappropriatehistogramsandorder-
statisticsin general;here,wedescribeprior work thatcom-
putesquantileswith onepassovertheinputdatasincethis
is thefocusof ourwork.

A lower bound of 
( n) spacewas shown by Munro
andPaterson[MP80] in orderto exactlycomputethe me-
dianof n values.In thesamepaper, theyshowedanalgo-
rithm which ®ndsanyquantilein p passesandusedmem-
ory O(n1=p logn). Manku et al [MRL98] observedthat
after the®rstpassthis algorithm®ndsboundson therank
of items,and so it can be usedto answer� -approximate
quantilesin spaceO( 1

� log2(�n )) . Theyalsogaveimprove-
mentswith the sameasymptoticspaceboundsbut better
constantfactors.Thesealgorithmsrequiresomeknowledge
of n in advance:they operatewith O(log(�n )) buffersof
sizeO( 1

� log(�n )) eachandsoanupperboundon n must
be known a priori .3 Subsequentwork removedthis re-
quirement. Manku et al [MRL99] gavea randomizedal-
gorithm, which fails with probability at most � , in space
O( 1

� (log2 1
� + log2 log 1

� )) .
GreenwaldandKhannamadea signi®cantcontribution

to computingquantilesin onepassby presentinga deter-
ministic algorithm with spaceboundedby O( 1

� log(�n ))
andno requirementthatn beknown in advance.This al-
gorithm very carefully managesupperand lower bounds
on ranksof items in its ªsampleºand intuitively is more
informed in pruning items of non-interestthan random-
samplingbasedmethods.As a result,theworstcasespace
boundaboveis oftenpessimistic;on ªrandomºdatasetsit
hasbeenobservedto useO( 1

� ) space[GK01].
All thesemethodsaredesignedto ®nduniformquantiles

on insert-onlydatastreams.Whenitemscanbedeletedas
well asinserted,Gilbertetal [GKMS02] gavearandomized
algorithmto ®ndquantilesin spaceO( 1

� 2 log2 U log log U
� ),

whereU is thesizeof theuniverse,ie thenumberof possi-
ble valuesof items;this hassincebeenimprovedto space
O( 1

� log2 U log log U
� ) in [CM04]. In the sliding window

model,whereonly thelastW dataelementsareconsidered,
therehasbeenrecentprogresson®ndingquantiles[AM04]
in spaceO( 1

� log 1
� logW).

In this paper, our attentionis on extensionsof thebasic
quantile®ndingproblemwheresomevaluesarerequired
to greateraccuracythanothers. In [MRL99], the authors
study the ªextremevaluesºquantile®ndingproblem: for
given valuesof � closeto zero(or, symmetrically, close
to one), ®ndan � -approximationof the � quantileusing

3Although, if the estimateof n is too low, this will merelyresult in
a declinein the quality of the resultsanda requirementfor someextra
buffers.



spacesigni®cantlylessthanis requiredfor maintaining� -
accuracyfor the whole dataset. The algorithmrandomly
samplesat a rate k

n� but only the k smallestelementsof
the sampleare retained. The largestof thesek items is
returnedas the approximate� -quantile. Analysissetsk,
the memoryrequirement,to be O( �

� log 1
� ). In the case

where � = � 0� (that is, where the ªlocalº � is simply
the productof a global constant� 0 and the value of � ),
thenthis simpli®esto O( 1

� 0 log 1
� ). Theproblemof ®nding

biasedquantileswas studiedby Guptaand Zane[GZ03]
in the contextof approximatingthe numberof inversions
(disorderedpairsof items)in alist. Theypresentedasimilar
algorithmof retainingk smallestelementsaftersamplingat
anappropriaterate.This is thenrepeatedfor everyquantile
of the form 1

� (1 + � ) i up to n. This gives a total of
1
� log �n parallelsamplingroutines. The 1

� smallestitems
can be storedexactly. Overall, the spacerequirementis
O( 1

� 2 log� log 1
� ).4

Thereis signi®cantopportunityfor improvementhere;
for example,no informationis sharedbetweenthe differ-
ent samplerswhich operateindependentlyof eachother.
In this paper, we give a deterministicalgorithmthat also
keepsªsamplesºfrom theinputstreamof valuesandgives
� -approximatebiasedor targetedquantiles.As in theresult
of GreenwaldandKhanna[GK01], wealsocarefullymain-
tainupperandlowerboundsonranksof items(to different
levelsof accuracyin differentportionsof the distribution
whichis in contrastto [GK01] wherethelevelsareuniform
overall thequantiles);asa result,we areableto makein-
formeddecisionson pruningitemsof non-interest.Inter-
estingly, this improvesthespaceneededgreatly, andis also
fasterto processeachnewitem.

3 BiasedQuantilesProblem
Webeginby formally de®ningtheproblemof biasedquan-
tiles. To simplify the notation,we presentthe materialin
termsof low-biasedquantiles;high-biasedquantilescanbe
obtainedvia symmetry, by reversingtheorderingrelation.

De®nition1 Let a bea sequenceof n items,andlet A be
thesortedversionof a. Let � bea parameterin therange
0 < � < 1. Thelow-biasedquantilesof a are the setof
valuesA[d� j ne] for j = 1; : : : ; log1=� n.

Sometimeswe will not require the full set of biased-
quantiles,andinsteadonly searchfor the®rstk. Ouralgo-
rithmswill takek asa parameter.

It is well known that computingquantilesexactly re-
quiresspacelinear in n [MP80]. In our applications,we
seeksolutionsthataresigni®cantlysublinearin n, prefer-
ablydependingonlogn or smallpolynomialsin thisquan-

4In [GZ03], the spacebound is proportionalto 1
� 3 , but using the

samplerfrom [MRL99] improvesthisby a factorof 1
� .

tity. So we will allow approximationof the quantiles,by
giving a smallrangeof tolerancearoundtheanswer.

De®nition2 The approximatelow-biasedquantilesof a
sequenceof n items,a, is a setof k itemsq1; : : : ; qk which
satisfy

A[
�
(1 � � )� j n

�
] � qj � A[

�
(1 + � )� j n

�
]

In fact, we shall solvea slightly moregeneralproblem:
after processingthe input then for any suppliedvalue � 0

we will beableto returnan� -approximatequantileq0 that
satis®es

A[b(1 � � )� 0nc] � q0 � A[d(1 + � )� 0ne]

Any suchsolutionclearlycanbeusedto computea setof
approximatelow-biasedquantiles.

3.1 Algorithm for biasedquantiles
Our algorithmdrawsinspirationfrom the algorithmpro-
posedby GreenwaldandKhanna[GK01], henceforthre-
ferredto asGK, for theuniformquantilesproblem.Theal-
gorithmkeepsinformationaboutparticularitemsfrom the
input,andalsostoressomeadditionaltrackinginformation.
The intuition for this algorithmis asfollows: supposewe
havekeptenoughinformationsothatthemediancanbees-
timatedwith anabsoluteerrorof �n in rank. Now suppose
thatthereis a largenumberof insertionsof itemsabovethe
median,sothatthisitemis pusheduptobeingthe®rstquar-
tile (theitemwhichoccurs1

4 throughthesortedorder).For
this to happen,thenthe currentnumberof itemsmustbe
2n; henceif the sameabsoluteuncertaintyof �n is main-
tained,thenthis correspondsto a relativeerrorof size 1

2 � .
Thisshowsthatwewill beableto supportgreateraccuracy
for thehigh-biasedquantilesprovidedwemanagethedata
structurecorrectly.

As in GK, the datastructureat time n, S(n), consists
of a sequenceof s tuplesht i = (vi ; gi ; � i )i , whereeachvi

is a sampleditem from thedatastreamandtwo additional
valuesarekept: (1) gi is thedifferencebetweenthelowest
possiblerankof itemi andthelowestpossiblerankof item
i � 1; and (2) � i is the differencebetweenthe greatest
possiblerankof itemi andthelowestpossiblerankof item
i . Thetotalspaceusedis thereforeO(s). Foreachentryvi ,
let r i =

P i � 1
j =1 gj . Hence,the true rankof vi is bounded

belowby r i + gi andaboveby r i + gi + � i .
Dependingon the problembeing solved(uniform, bi-

ased,or targetedquantiles),thealgorithmwill maintainan
appropriaterestrictionongi + � i . Wewill denotethiswith
a functionf (r i ; n), which for thecurrentvaluesof r i and
n givesanupperboundon thepermittedvalueof gi + � i .
Forbiasedquantiles,this invariantis:

De®nition3 (Biasedquantiles invariant) Wesetf (r i ; n) =
2�r i . Consquentlyweensure thatgi + � i � 2�r i for all i .



Aseachitemis read,anentryis createdin thedatastructure
for it. Periodically, thedatastructureis ªprunedºof unnec-
essaryentriesto limit itssize.Weensureatall timesthatthe
invariantis maintained,whichis necessaryto showthatthe
algorithmoperatescorrectly. Theoperationsarede®nedas
follows:

Insert. To inserta new item, v, we ®ndi suchthat
vi < v � vi +1 , wecomputer i andinsertthetuple(v; g =
1; � = bf (r i ; n)c � 1). This givesthecorrectsettingsto
g and� sincethe rank of v mustbe at least1 morethan
therankof vi , and(assumingtheinvariantholdsbeforethe
insertion),theuncertaintyin therankof v isatmostoneless
thanthe uncertaintyof vi , � i , which is itself boundedby
bf (r i ; n)c (since� i is alwaysaninteger).We alsoensure
thatmin andmax arekept exactly, so whenv < v0, we
insertthe tuple (v; g = 1; � = 0) beforev0. Similarly,
whenv > vs� 1, we insert(v; g = 1; � = 0) aftervs� 1.

Compress. Periodically, thealgorithmscansthedata
structureand mergesadjacentnodeswhen this doesnot
violate the invariant. That is, ®ndnodes(vi ; gi ; � i ) and
(vi +1 ; gi +1 ; � i +1 ), andreplacethemwith (vi +1 ; (gi + gi +1 ); � i +1 )
providedthat (gi + gi +1 + � i +1 ) � f (r i ; n). This also
maintainsthesemanticsof g and� beingthedifferencein
rankbetweenvi andvi � 1, andthe differencebetweenthe
highestandlowestpossibleranksof vi , respectively.

Query. Givenavalue0 � � � 1, let i bethesmallest
indexsothatr i + gi + � i > �n + 1

2 f (�n; n). Outputvi � 1

astheapproximatedquantile.

Thesethreeroutinesarethesamefor thedifferentprob-
lems we consider, being parametrizedby the setting of
the invariantfunctionf . It generalizestheGK algorithm,
which is equivalentto theaboveroutineswith f (r i ; n) =
2�n . Figure1 presentsthepseudocodeof thealgorithm.

3.2 Correctnessof the Algorithm
Theorem 1 Thealgorithmcorrectlymaintains� -approximate
biasedquantiles.

Proof: First,observethatInsert maintainstheinvariant
since,for the insertedtuple,clearlyg + � � b2�r i c. All
tuplesbelow the insertedtuple areunaffected; for tuples
abovethe insertedtuple, their gi + � i remainsthe same,
but their r i increasesby 1, andsothe invariantstill holds.
Compress checksthat the invariantis not violatedby its
merge operations,and for tuplesnot merged, their r i is
unaffected,sotheinvariantmustbepreserved.

Next, we demonstratethat any algorithmwhich main-
tains the biasedquantilesinvariantmeansthat the output
function will correctlyapproximatebiasedquantiles.Be-
causei is thesmallestindexsothatr i + gi + � i > �n +
f (�n; n)=2 = �n + ��n , thenr i � 1 + gi � 1 + � i � 1 �
(1+ � )�n . Usingtheinvariant,then(1+ 2� )r i > (1+ � )�n

andconsequentlyr i > (1 � � )�n . Hence(1 � � )�n <
r i � 1 + gi � 1 � r i � 1 + gi � 1 + � i � 1 � (1 + � )�n . Recall
thatthatthetruerankof vi isbetweenr i + gi andr i + gi +� i :
sothederivedinequalitymeansthatvi � 1 is within thenec-
essaryerrorboundsfor biasedquantiles.

This givesan error boundof � ��n for everyvalueof
� . In somecaseswehavea lowerboundonhowprecisely
we needto know the biasedquantiles: this is when we
only requirethe®rstk biasedquantiles.It correspondsto
a lower boundon the allowederror of �� k n. Clearly we
could usethe abovealgorithmwhich givesstrongererror
boundsfor someitems,but thismaybeinef®cientin terms
of space. Instead,we modify the invariantas follows to
avoidthisslacknessandsoreducethespaceneeded.Theal-
gorithmis identicalto beforebutwemodify theinvariantto
bef (r i ; n) = 2� maxf r i ; � k ng. Thisinvariantispreserved
by Insert andCompress . The Output functioncan
be provedto correctlycomputebiasedquantileswith this
lower boundon theapproximationerrorusingstraightfor-
wardmodi®cationof theaboveproof.

/* n = #items, k = asymptote */
/* S = data structure, s = #samples */
Insert( v):
01 r 0 := 0;
02 for i := 1 to s do
03 if (vi < v) break;
04 r i := r i � 1 + gi ;
05 add (v; 1; bf (r i ; n)c � 1) to S before vi ;
06 n + + ;

Compress():
01 for i := (s � 1) downto 1 do
02 if (gi + gi +1 + � i +1 � f (r i ; n)) then
03 merge t i and t i +1 ;

Query( � ):
01 r i := 0;
02 for i := 1 to s do
03 r i := r i � 1 + gi � 1;
04 if ( r i + gi + � i > �n + f (�n; n)=2)
05 print( vi � 1); break;

Main():
01 for each item v do
02 Insert( v);
03 if (Compress Condition()) then
04 Compress();

Figure1: ApproximateQuantilesAlgorithm



3.3 Time and SpaceBounds

Therunningtimeof thealgorithmto processeachnewup-
datev dependson (i) the datastructuresusedto imple-
mentthesortedlist of tuples,S, and(ii) thefrequencywith
whichCompress is run. This is governedby thefunction
Compress Condition() , which canbe implemented
in a varietyof ways: it couldalwaysreturntrue,or return
trueevery1=� tuples,or with someotherfrequency. Note
that the frequencyof compressingdoesnot affect thecor-
rectness,just the aggressivenesswith which we prunethe
datastructure.Thetimefor eachInsert operationis that
to ®ndthe position of the new dataitem v in the sorted
list. With a sensibleimplementation(e.g.,a balancedtree
structure),this is O(log s). With sucha datastructurewe
canef®cientlymaintainr i of eachtuple in the sametime
bounds.Compress is muchsimplerto implementsinceit
requiresjust a linearpassoverthesortedelementsin time
O(s) but we mustdecidewhento run Compress to bal-
ancethetimecostandthespaceusedby thealgorithm.We
returnto theseissueslaterwhenwe considerdifferentim-
plementationstrategiesin Section5.

In [GK01] it is shownthat the GK algorithmrequires
spaceO( 1

� log �n ) in theworstcase.By analogy, theworst
casespacerequirementfor ®ndingbiasedquantilesis ex-
pectedto beO( k log 1=�

� log �n ). Considerthe spaceused
by the algorithmto maintainthe biasedquantilesfor the
valueswhoserank is betweenn=2 andn. Herewe main-
tainasynopsiswheretheerroris boundedbelowby �n and
thealgorithmoperatesin a similar fashionto theGK algo-
rithm. Sothespacerequiredtomaintainthisregionof ranks
shouldbeboundedby O( 1

� log �n ). Similarly for therange
of ranksn=4 to n=2, itemsaremaintainedto an error no
lessthan�=2 butwearemaintainingarangeof atmosthalf
asmanyranks. Thusthespacefor this shouldbebounded
by thesameamountO( 1

� log�n ). Thisargumentcanbere-
peateduntil wereachn=2x = � k n wherethesameamount
of spacesuf®cesto maintaininformationaboutranksupto
� k with error �� k . The total amountof spaceis no more
thanO( x

� log �n ) = O( k log 1=�
� log�n ). If � is not speci-

®edapriori , thenthisboundcanbeeasilyrewrittenin terms
of k and� . Also,weneverneedk log1=� to begreaterthan
log�n , which correspondsto anabsoluteerrorof lessthan
1, sotheboundis equivalentto O( 1

� log2 �n ).
We alsonotethefollowing lower boundfor anymethod

that®ndsthebiasedquantiles.

Theorem 2 Any algorithmthat guaranteesto ®ndbiased
quantiles� with error at most��n in rankmuststore

( 1

� minf k log1=�; log(�n )g) items.

Proof: We showthat if we queryall possiblevaluesof � ,
theremustbeatleastthismanydifferentanswersproduced.
Assumewithout lossof generalitythat every item in the

input streamis distinct. Considereachitem storedby the
algorithm. Let the true rank of this item be R. This is a
goodapproximateanswerfor itemswhoserankis between
R=(1+ � ) andR=(1� � ). Thelargeststoreditemmustcover
thegreatestitemfromtheinput,whichhasrankn, meaning
that thelowestrankinput item coveredby thesamestored
itemhasranknolowerthann(1� � )=(1+ � ). Wecaniterate
thisargument,toshowthatthelth largeststoreditemcovers
input itemsno lessthann(1 � � )=(1 + � ) l . Thiscontinues
until we reachan input item of rank at mostm = n� k .
Below this point, we needonly guaranteeanerrorof �� k .
By thesamecoveringargument,this requiresat leastp =
(n� k )=(�n� k ) = 1=� items.Thuswe canboundthespace
for this algorithmasp + l, whenn(1 � � )=(1 + � ) l � m.
Then,since1� �

1+ � � (1� � ), wehaveln(m=n) � l ln(1 � � ).
Sinceln(1� � ) � � � , we®ndl � 1

� ln n
m = 1

� ln n
n� k . This

boundsl = 
( k log 1=�
� ), andgivesthestatedspacebounds.

Note that it is not meaningfulto setk to be too large,
sincethentheerrorin rankbecomeslessthan1,whichcor-
respondsto knowingthe exactrank of the smallestitems.
That is, we neverneedto have�n� k < 1; this bounds
k log1=� � log(�n ) andsothespacelower boundstrans-
latesto 
( 1

� minf k log1=�; log(�n )g).

4 TargetedQuantilesProblem
Thetargetedquantilesproblemconsidersthecasethatwe
areonly concernedwith a setof quantilevalueswith asso-
ciatederrorboundsthataresuppliedapriori . Formally, the
problemis asfollows:

De®nition4 (TargetedQuantilesProblem) The input is
a setof tuplesT = f (� j ; � j )g. Followinga streamof input
values,thegoal is to returna setof jT j valuesvj suchthat

A[d(� j � � j )ne] � vj � A[d(� j + � j )ne]:

As in thebiasedquantilescase,wewill maintaina setof
itemsdrawnfrom the input asa datastructure,S(n). We
will keeptuplesht i = (vi ; gi ; � i )i asbefore,but will keep
a differentconstrainton thevaluesof gi and� i .

De®nition5 (TargetedQuantiles Invariant) Wede®nethe
invariant functionf (r i ; n) as

(i ) f j (r i ; n) = 2� j r i

� j
; � j n � r i � n;

(ii ) f j (r i ; n) = 2� j (n � r i )
(1 � � j ) ; 0 � r i � � j n

andtakef (r i ) = min j f j (r i ). Asbeforeweensurethat for
all i , gi + � i � f (r i ; n):

An exampleinvariantf is shownin Figure2 wherewe
plot f (�n; n) as� variesfrom 0 to 1. Dottedlinesindicate
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Figure2: Errorfunctionf (�n; n)=ncomputedfor theinput
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theconstraintsof type(i) whenr i � � j n andconstraints
of type(ii) whenr i � � j n, to illustratehowthefunctionis
formed.Thefunctionf itself is illustratedwith a solid line
seenasthelowerenvelopeof thef j 's. Notethatif weallow
T to containa largenumberof entriesthensetting

T = f ( 1
n ; � ); ( 2

n ; � ); : : : ; ( n � 1
n ; � ); (1; � )g

capturestheuniform error approximatequantilesproblem
solvedby GK. Similarly setting

T = f ( 1
n ; �

n ); ( 2
n ; 2�

n ) : : : ( n � 1
n ; (n � 1) �

n ); (1; � )g

capturesthebiasedquantilesproblem.In bothcases,thein-
variantfunctionf computedby De®nition5 reducesto the
functionusedby GK andin Section3 above,respectively.

4.1 Algorithm and Correctness
Insert , Compress andQuery operationsarethesame
asin Figure1 with thenew invariant. Therefore,the run-
ningtimeis thesameasbeforeplusthetimetocomputethe
invariantf whichtakestimeatmostO(log jT j) perinvoca-
tion. Wewill showthattheoperationsmaintaintheinvari-
antandthatif theinvariantholdsthentargetedquantilesare
estimatedto therequireddegreeof accuracy.

Lemma 1 Thetargetedquantilesinvariant is preservedby
Insert andCompress operations.

Proof: We will showthatassumingtheinvariantholdsfor
eachvi beforean insertion,it musthold afterwards.For
thetuplethatis insertedwe theinvarianttrivially holdsby
the settingof the valuesin the insertedtuple. However,
sincethe invariantdependson r i andn, it is possiblethat
the constraintson other tupleswill changeand we must
ensurethat thesedo not violate the invariant. Note that if
the newvaluev is insertedbeforevi thenr i increasesby
1. Otherwiser i staysthe sameand n increasesby 1 in
all cases.For eachtuplevi , considerthe error functionf

andthef j that is tightestfor thecurrentvalueof vi . First,
supposethatbeforeandaftertheinsertionthenthesamef j

is tight. Therearetwo cases:
(i) Theinvariantis 2� j r i

� j
. Thenwhetherr i increasesorstays

thesame,theinvariantdoesnotgettighterfor vi , andsothe
inequalityis preserved.
(ii) Theinvariantis 2� j (n � r i )

(1 � � j ) . Thenasn increasesby one,
andr i eitherstaysthesameor increases,againthisinvariant
doesnotgettighter, sotheinequalityis preserved.

Now supposethat before the insertionvi was subject
to somef j and afterwardis subjectto somef k . There
aremanycasesto considerdependingon the typeof con-
straint of f j and f j 0. For example,supposethat vi was
initially constrainedby 2� j r i

� j
and is then constrainedby

2� k (( n +1) � ( r i +1))
1� � k

, with j < k. Thenobservethat there

mustbesomevaluesof r 0 � r i sothat2� j r 0

� j
= 2� k (( n +1) � ( r 0+1))

1� � k
,

sincetheconstraintsarelinear. Writing � = � k � j

� j (1 � � k ) , then
theconstraintis violatedaftertheinsertionif r

n � r i
> � =

r 0

n � r 0 . Thatis, if r i (n� r 0) > r 0(n� r i ) ) r i > r 0. But this
contradictsourassertionthatr 0 � r i andsotheconstraint
cannotbeviolated.

Thereareseveralsimilarcasesto work through;weomit
full details here. Finally note that compressoperations
trivially preservethe invariantsincewe only deletetuples
whenthis doesnot violate the constraint;othertuplesare
unaffectedby deletionssincer i andn areunchanged.

Theorem 3 If the biasedquantilesinvariant holds, then
runningOutput for all � j will ®ndthespeci®edquantiles
� j within thegivenerror bounds� j .

Proof: Considerthe quantileanderror pair (� j ; � j ). The
Query function®ndsthe smallestindex i suchthat r i +
gi + � i > � j n + 1

2 f (�n; n) � � j n + � j � j n
� j

= (� j + � j )n
Thenr i � 1 + gi � 1� i � 1 � (� j + � j )n andr i + (gi + � i ) >
(� j + � j )n. Now, considerhow gi + � i is boundby f j :
we know from De®nition5 thateithercase(i) or case(ii)
holds. If case(i) holds,thenwe aredone,sincewe have
� j n � r i � (� j + � j )n. Sosupposecase(ii) holds.Then,

r i + 2� j (n � r i )
1� � j

> (� j + � )n
(1 � � j )r i + 2� j n � 2�r i > (� j + � j � � 2

j � � j � j )n
(1 � � j )r i � 2� j r i > (1 � � j )( � j � � j )n

r i > (� j � � j )n
In bothcases,we canbound(� j � � j )n < r i � 1 + gi � 1 �
r i � 1 + gi � 1 + � i � 1 � � j n. Soweknowthatthetruerank
of itemvi � 1 is in therange(� j � � j )n.

Informally,wearguethatthespaceusedbythisalgorithm
is boundedif we set � 0 = minj � j as O( 1

� 0 log � 0n), by
applyingthespaceboundargumentof theGreenwaldand
Khannaargument, and by observingthat our algorithm
can prunemore aggressivelythan the GK algorithm. In



practice,wewouldexpecttoseemuchtighterspacebounds,
asevensmall � j s canbe achievedin smallerspaceif the
corresponding� j s aresuf®cientlyfar from 1

2 . We expect
to seeadependencyon thegreatestvalueof � j

� j
by analogy

to thebiasedquantilescase.
Notethatthealgorithmis slightly moregeneralthanwas

claimed. In additionto thetargetedquantiles,information
aboutthe whole distribution is kept. Given an arbitrary
valueof 0 � � � 1, thealgorithmwill ®nda valuewhose
rankisbetween(�n � f (�n; n)=2) and(�n + f (�n; n)=2).
For example,in Figure 2 which plots f against� as �
increases,weseethatf is nevermorethan0:07n. Herewe
haveomittedformally discussingandprovingsuchgeneral
claims,for brevity.

5 Implementation Issues

As described,thealgorithmspresentedin Sections3 and4
allow for muchfreedomin implementingthem.In thissec-
tion, we presenta few alternativesusedto gain anunder-
standingof which factorsareimportantfor achievinggood
performanceovera datastream.Thethreealternativeswe
consideredare natural choicesand exhibit standarddata
structuretrade-offs, butour list is by nomeansexhaustive.

5.1 Abstract Data Types

Recall that the (biased)quantilesummaryS(n) is a se-
quenceof tuplesht i = (vi ; gi ; � i )i . Operationsonthequan-
tile summary, suchasCompress andOutput , requireac-
cessto adjacenttupleswith respectto vi -values.Hence,to
giveef®cientaccessto thetupleswewill maintainthemin
sortedorderonvi -values.

The periodicreductionin sizeof the quantilesummary
doneby Compress is basedon the invariantfunction f
whichdeterminestupleseligiblefor deletion(thatis,merg-
ing the tuple into its adjacenttuple). Note that this objec-
tive function is rank-dependent:it dependsnot only on gi

and� i , but alsoon r i andn. Hence,it is not possibleto
ef®cientlymaintaincandidatesfor compressionincremen-
tally due to dynamicallychangingranks. Instead,all of
our implementationssequentiallyscanthrough(a portion
of) the quantilesummaryand test tuplest i to seeif they
canbesafelymerged.Insteadof periodicallyrunningafull
Compress , weamortizethis work by scanninga fraction
of thedatastructurefor everyinsertion:weprocesss=2� tu-
plesperitem. Thegoalis to lower theworst-caseprocess-
ing at anytimestepandthuskeepupwith thedatastream.

5.2 Methods

Wenowdescribethreealternativesfor maintainingthequan-
tile summarytuplesorderedonvi -valuesin thepresenceof
insertionsanddeletions:

� Batch: This methodmaintainsthe tuplesof S(n) in
a linked list. Incomingitemsarebufferedinto blocks
of size1=2� , sorted,andthenbatch-mergedinto S(n).
Insertionsanddeletionscanbe performedin constant
time,but theperiodicbuffer sort,occurringevery1=2�
items,costsO((1=�) log(1=�)) .

� Cursor: Thismethodalsomaintainsthetuplesof S(n)
in a linked list. Incomingitemsarebufferedin sorted
orderandareinsertedwith theaid of an insertioncur-
sorwhich, like thecompresscursor, sequentiallyscans
afractionof thetuplesandinsertsabuffereditemwhen-
ever the cursor is at the appropriateposition. Main-
tainingthebuffer in sortedordercostsO(log(1=�)) per
item.

� Tree:ThismethodmaintainsS(n) usingabalancedbi-
narytree.Hence,insertionsanddeletionscostO(log s).
In theworstcase,all �s tuplesconsideredfor compres-
sioncanbedeleted,sothecostperitemis O(�s logs).

Thesemethodswereimplementedin C++ andattempts
weremadeto makethe threeimplementationsasuniform
aspossiblefor a fair comparison(for example,all methods
useapproximatelythe sameamountof space). The C++
STL list containertypewasusedfor storingS(n) in both
BatchandCursorwhereasamultiset containerwasused
for Tree.5 Cursorusesthe priority queuefrom <queue>
to maintainthe buffer of incoming items in sortedorder.
As adisclaimer, thereweremanyoptimizationswedid not
employ which would likely improve the performanceof
all themethodssuchasparallelism,pre-allocatedmemory,
cache-locality, etc.

6 Experiments
In the®rstpartof thissection,weevaluatetheaccuracy/space
trade-off for both the biasedquantilesandtargetedquan-
tiles problems,in comparisonto naivelyapplyingtheGK
algorithm[GK01]. In accordancewith [GK01], the algo-
rithms usedherediffer from that describedin Section3
in two ways: a new observationv is insertedas a tuple
(v; 1; gi + � i � 1), wherevi � 1 < v � vi , andCompress is
runaftereveryinsertionintoS(n), to deleteonetuplewhen
possible.Whennotuplecouldbedeletedwithoutviolating
theerrorconstraint,thesizeof S(n) growsby one. Space
is measuredby thenumberof tuples.

Forbiasedquantiles,weconsiderthefollowing twoques-
tions. First, with error requirementsthatarenon-uniform
overtheranks,canweachievesuchaccuracyin lessspace
thanpessimisticallyrequiringall thequantilesat the®nest
error?We compareour proposedalgorithmfor ®ndingthe
®rstk biasedquantilesagainstGK runwith error�� k . Sec-
ond,howdoesspacedependon thetrail-off parameterk?

5Our implementationof STL usesred-blacktreesfor <set> .



For targetedquantiles,we considerthe following two
questions. First, if we know the desiredquantilesand
their errorsa priori , then can we focus the algorithmto
yield therequiredaccuracyat only thosequantilesto save
space? We illustrateusing the casewhen a single order
statistic(e.g.,� = 0:5, akathe median)is desiredwithin
error � . WhereasGK allows all quantilesto be given at
this accuracy, our approachonly providesthis guarantee
for a speci®ed� -quantileandgivesweakerguaranteesfor
other values. Second,how doesthe spaceusageof our
algorithm dependon the value of � ? It hasbeennoted
in [MRL99] that,if thedesiredquantileis anextremevalue
(e.g.,within the top 1% of the elements),then the space
requirementsof existingalgorithmsareoverlypessimistic.
Theauthorsshowedthat,whensimplytakingquantilesover
a randomsample,probabilisticguaranteescanbeobtained
in lessspacefor extremevaluesthanfor the median.Our
algorithmexhibits this samephenomenon.Furthermore,
we showthat,for anyquantile,if thedesirederrorbounds
areknownin advance,existingalgorithmsarealsooverly
pessimistic.

In thesecondpartof this section,weevaluateandcom-
parethe performanceof the different implementational-
ternativesdescribedin Section5 usingtheGigascopedata
streamsystem[CJSS03]. Thesealternativesvary in terms
of the differentaspectsof the algorithmthey optimize,in
termsof their simplicity, andwith respectto blockingbe-
havior. Thegoalis to shedsomelight onwhich factorsare
mostimportantfor performance.

6.1 SpaceUsagefor BiasedQuantiles

For theseexperiments,we comparedthe spaceusageof
ourproposedbiasedquantilealgorithmwith thatof GK. In
orderto obtainp� error at quantilesp 2 f �; � 2; : : : ; � k g,
the GK algorithmmustbe run at the ®nestlevel of error,
yielding �� k -approximatequantiles. We set � = 0:5
andtried differentparametervaluesfor k and� . We used
a variety of different data streams: ªhardº, sorted,and
ªrandomº(theinputsusedin [GK01]).6

Figure3 reportsspaceusagefor differentvaluesof k and
� on the ªhardº input. Clearly, the proposedmethoduses
muchlessspacewith the gap increasingboth with k and
inverselywith � . At timestepn = 105 with � = 0:001, the
ratio is approximately4 with k = 4 and19.5with k = 6.
Figure4 givessimilar graphsfor randominput. Herewe
observedsimilar trendsat differentvaluesof � sowe only
presentthe graphsat � = 0:001. At time stepn = 105,
the ratio is approximately4.4 with k = 4 and11.8 with
k = 6. If thespacefor GK is boundedby O( 1

�� k log�� k n),

andouralgorithmfor biasedquantilesby O( k log �
� log�n ),

6The ªhardº input is createdby examiningthe currentstateof the
datastructureandinsertingitemsin orderto try to force the worst-case
performance.

thenfor � = 1
2 the ratio of their spaceusageshouldbe

roughly2k =k. For randominputwe in fact seevaluesthat
aresimilar to these: for k = 4 the theoreticalratio is 4
andfor k = 6 it is 10.7; for the ªhardº input, the ratios
were evenhigher. Figure5 plots spaceas a function of
k, indicatinganexponentialdependenceon k for GK and
a linear dependenceon k for the proposedalgorithm,as
predictedby theO( 2k

� log�n ) andO( k
� log�n ) bounds.

Figure6(a)illustratesthespaceusedby threecompeting
methods:GK run at error � (denotedªGK1º), GK run at
error �� k (denotedªGK2º), andour proposedmethod. It
usesthe randominput, with � = 0:01 andk = 6, and
the resultsaregiven at time stepn = 106. Figure6(b)
plotstheboundonerrorasafunctionof p, thatarerequired
for biasedquantiles. Note that while GK1 usesthe least
space,it doesnotsatisfytheerrorbound.GK2,ontheother
hand,is overly pessimistic,achievingthesmallesterrorat
all p-valuesbut requiringmuchmorespacethantheother
methods.Theproposedmethodachievesthe leastamount
of spacewhile stayingwithin theerrorbounds.In fact, its
spaceusageis muchcloserto thatof thealgorithmwith the
weakeraccuracy, GK1 (factorof 4 more)thanthatof GK2
(factorof 16.5less).

6.2 SpaceUsagefor TargetedQuantiles

Our targetedquantilesalgorithmcan®ndtheb�n cth order
statisticwith a maximumerror of � ; its precisionguaran-
teesareweakerfor otherranks.We comparedagainstGK,
which is capableof ®ndinganyquantilewithin � error. We
also consideredthe randomsamplingapproachanalyzed
in [MRL99], but this approachwasunableto obtainreli-
ableestimatesfor anyof thedatasets.Giventhespaceused
by our proposedalgorithm,we consideredthe probabilis-
tic accuracyguaranteesthatcouldbegivenby thesampling
algorithm.For therandominput, theboundsgaveguaran-
teesthat held with 70% probability to ®ndquantilesthat
ouralgorithmfoundwith absolutecertainty. Fortheªhardº
input, which attemptsto forcetheworst-casespaceusage,
the probability for the randomizedalgorithmimprovedto
around95%,still farshortof thelow failureratesdemanded
by networkmanagers.Hence,we do not reportfurtheron
theresultsobtainedby randomsamplingfor theremainder
of this section.

Figure7 presentsspaceusageasa functionof timestep,
with avarietyof � -valuesfrom 0.5to 0.99,for (a)hardand
(b) randominputs; � = 0:001. The gap in spaceusage
betweenthe two methodsgrowswith increasing� -value,
which is consistentwith the observationin [MRL99] that
extremevaluesrequirelessspace.

6.3 PerformanceComparison

Wecomparedthethreeimplementationalternativesdescribed
in Section5 (namely, Batch,CursorandTree)with respect
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Figure3: Comparisonof GK andproposedapproachon ªhardº input: (a) with k = 4; (b) with k = 6. Here� = 0:01. (c)
with k = 4; (d) with k = 6. Here� = 0:001.

to per-packetprocessingtime and packet loss using the
User-De®nedAggregationFunction(UDAF) facility of the
GigascopeDSMS,a highly optimizedsystemfor monitor-
ing veryhighspeeddatastreams[CJSS03]. Gigascopehas
atwo-levelqueryarchitecture:atthelow level,datais taken
from theNetwork InterfaceCard(NIC) andis placedin a
ring buffer; queriesat thehigh level thenrunoverthedata
from the ring buffer. Gigascopecreatesqueriesfrom an
SQL-likelanguage(calledGSQL)bygeneratingCandC++
code,whichis compiledandlinkedintoexecutablequeries.
To integratea UDAF into Gigascope,theUDAF functions
areaddedto the Gigascopelibrary and query generation
is augmentedto properlyhandlereferencesto UDAFs; for
moredetails,see[CKM + 04].

For performancetesting,weusedtwo datasources.The
®rstdatasourceis an Agilent TechnologiesRouterTester
5.0 traf®cgenerator[Tec]. Using it, one cangenerate1
Gbpsof traf®c (GigEth speed). The traf®c generatoris
not a sophisticatedsourceof randomness;we could only
varythepacketlengthandpayload,bothindependentlyand
uniformly random. The averagepacketlength is always
782 bytes,which is equivalentto about160,000packets
per secondat GigEth speed. Querieswere run over the

generatedstreamusinga 2.8 Ghz Pentiumprocessorand
4 GBs of RAM. The seconddatasourceis real IP traf®c
dataobtainedby monitoring the spanport7 of the router
which connectsAT&T ResearchLabsto theInternetvia a
100Mbit/seclink. Querieswererunoverthisstreamusing
a 733Mhz Pentiumwith 128Mbytesof RAM.

Biasedquantilequerieswererun overa singleattribute
from thesedatasourcesand output at 1-minuteintervals
overa totaldurationof 30minutes;theparameter� wasset
to0.01andk wassetto4,unlessindicatedotherwisebelow.
As a baseline,we alsocomparedagainstthe performance
of a ªnullº UDAF which computesthe max aggregate,to
isolateout theprocessingoverheadfor UDAFs.

Table1 reportstheresultsfromusingthetraf®cgenerator
at OC-3 speed(155.5 Mbps). The algorithmswere run
over the packet length ®eldof IPv4 packetheaders
(which wererandomlygenerated).All methodswereable
to keepup with this rate without incurring packetloss,
but weretaxedat differentlevels. The BatchandCursor
methodsoperatedattentimesslowerthantheªnullº UDAF,
with Cursorshowingslightlybetterperformance.TheTree

7A spanportmirrorsall traf®cfor monitoringpurposes.
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Figure5: Spaceusage(at time stepn = 106) versusk on randominputwith � = 0:01 for (a) GK andproposedalgorithms;
and(b) just theproposedalgorithm.

methodwasyetfour timesslowerthanthese,andhadavery
highCPUutilization.

Algorithm CPU usertime(� s)
Implementation utilization perpacket
null 0.05% 0.481
Batch 11.99% 5.302
Cursor 11.88% 5.093
Tree 67.61% 21.969

Table1: Per-packetprocessingtime (� s) for the different
implementations,overtraf®cgeneratedatOC-3speed.

At GigEthspeed(1 Gbps),theTreemethodhasreached
its limit andincurssomuchpacketlossthatnousefulstatis-
ticscouldbereported(seeTable2). Batchincursmoretraf-
®clossthanCursordueto the periodicbatch-sortingand
mergethatis requiredafterevery1=2� items.Presumably,
the lower averageCPU time for Batchcomparedto Cur-

sor is dueto not processingthe packetsthat get dropped.
To geta frameof reference,wealsocomparedagainstuni-
form quantilesbasedon the GK algorithm run with er-
rors � and�� k (denotedªGK1º andªGK2º, respectively).
GK2 droppedsomanypacketsthatwe couldnot compute
a meaningfulstatistic.NotethatGK1 doesnot achievethe
desirederrorbound;it is presentedmerelyasabaseline.To
usetheGK algorithmproperlywouldrequrethe®nererror
boundof GK2.

Table3 reportstheresultsontherealIPnetworkdataand
summarizedby theaverageCPUutilization andusertime
(in microseconds)perpacket;we wereunableto measure
packetloss.Thealgorithmswererunovertheheader checksum
®eldof the packetheaders. Although the overall traf®c
load,averaging50-75Mbps,wasmuchlessthanthatof the
traf®cgenerator, it is very bursty.

In summary, thechoiceof UDAF implementationis cru-
cial to theperformanceof thequantilealgorithm,con®rm-
ing observationsin [CKM + 04]. Whereasthe Batchand
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Algorithm CPU usertime (� s) packet
Implementation utilization perpacket loss
null 6% 0.5 0%
Batch 75% 5.522 1.82%
Cursor 81% 5.613 0.26%
Tree Ð Ð Ð
GK1 18% 1.32 0%
GK2 Ð Ð Ð

Table2: Per-packetprocessingtime (� s) for the different
implementations,overtraf®cgeneratedatGigEthspeed.

CursorapproacheswereabletoprocessatGigEthspeed,the
Treeapproachwasnotableto keepup,andevenpushesits
limit at OC-3 speed.Althoughkeepingthe quantilesum-
maryin atreeis goodfor maintainingsortorder, it incursa
lot of overheadduringCompress operations.Hence,ap-

Algorithm CPU usertime(� s)
Implementation utilization perpacket
null 3% 1.167
Batch 27% 11.514
Cursor 26% 11.164
Tree 33% 14.059

Table3: Per-packetprocessingtime (� s) for the different
implementations,overrealIP networktraf®cdata.

proacheswith themorelightweightlist-basedquantilesum-
mariesperformbetter. Batchis the simplestof these,but
theblockingdueto sortingresultsin morepacketlosscom-
paredto Cursor. Therefore,Cursorseemsto striketheright
balancebetweensimplicity andnon-blockingbehavior.



7 Conclusionsand Futur e Work
We introducedthe notionof biasedandtargetedquantiles
and presentedone-passdeterministicalgorithmsthat ap-
proximatethesevalueswithin user-speci®edaccuracy. Our
experimentalwork hasshownthatthesealgorithmsareex-
tremelyeffectivein practice:thespaceneededis verysmall
andis smallerthanthatneededby existingalgorithmsthat
give thesameguarantees.We haveshowntheycanbeim-
plementedwithin adatabasemanagementsystemthatdeals
processeshigh speeddatastreamsresultingfrom IP net-
work traf®c. We also observedthat in thesehigh speed
scenarios,implementationdetailscanmakesigni®cantdif-
ferencesin practicalityandamortizingcomputationcostto
avoidblockingbutstayinglightweightis vitally important.

We brie¯y discussthe feasibility of variousextensions.
Previousworkhasextendedtheworkon®nding� -approximate
quantiles(uniformerror)to theslidingwindowmodel[AM04].
We claim that similar techniquesbasedon keepingsum-
mariesfor previouslyseensubsequencesof itemsof vari-
ouslengthscanbeappliedto our algorithms.Otherwork
hasstudiedthe problemof approximatingquantileswhen
itemscandepartaswell asarrive[GKMS02]. In thismodel,
weclaimthatnoalgorithmcanguaranteeto ®ndall biased-
quantileswithout keeping
( n) items.This is becausethe
probleminsiststhat we mustbe ableto recoverthe mini-
mumor maximumvalueexactly. If deletionsareallowed,
after processingn insertionswe could repeatedlyrequest
anddeletetheminimumor maximumvalue,thusrecover-
ing thewholesetof insertedvalues.Likewise,solvingthe
k biasedquantilesproblemsrequires
( �=2k ) space,by a
similarargument.Meanwhile,it remainsopento formally
characterizethespaceusageof thealgorithmswehavede-
scribedfor biasedandtargetedquantilesto thetightestpos-
sibleestimate.

More generally, our work wasmotivatedby developing
appropriatestatisticsfor summarizingskeweddata. Data
skewis highly prevalentin manyapplications.We believe
that it is of interestto study further problemsthat do not
treat all input uniformly, but rather requirenon-uniform
guaranteesdependenton theskewof thedata.
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