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Abstract

We show that b asic pr oblems in r e asoning ab out

statistics ar e N P -har d to even appr oximately solve.

We c onsider the pr oblem of dete cting internal inc on-

sistencies in a set of statistics. We say that a set

of statistics is � -inc onsistent if one of the pr ob abilities

must b e o� by at le ast � . F or a p ositive c onstant � , We

show N P -har d to distinguish � -inc onsistent statistics

fr om self-c onsistent statistics. This r esult holds when

r estricte d to c omplete sets of p airwise statistics over

Bo ole an domains.

We next c onsider what may b e determine d ab out

distributions with a given (c onsistent) set of p airwise

statistics over Bo ole an domains. We show it N P -har d

to distinguish b etwe en the c ase that P r ( X

i

^ X

j

) is

ne c essarily 0 and the c ase that P r ( X

i

^ X

j

) c an have

any value in [0 ;

1

2

] . Similarly, we show it N P -har d to

distinguish b etwe en the c ase that j C or r ( X

i

; X

j

) j = � 1

and the c ase that j C or r ( X

i

; X

j

) j is unc onstr aine d.

Wher e as the c onne ction b etwe en PCP and har dness

of appr oximations has b e en known sinc e F eige et. al

[9 ], we intr o duc e the applic ation of \zer o-know le dge"

PCP's as a to ol for pr oving N P -har dness r esults for

appr oximation pr oblems.
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1 In tro duction.

1.1 Consistency c hec king and estimating

probabilities

Muc h of reasoning consists of gauging the plausi-

bilit y of ones b eliefs and using these b eliefs to infer

the p ossibilit y or lik eliho o d of other ev en ts. W e con-

sider basic problems in reasoning ab out assertions of

the form \the probabilit y of ev en t E is p ," or more

compactly , P r ( E ) = p . Giv en a set S of probabilistic

constrain ts, t w o natural questions one can ask are

� Is S in ternally consisten t?

� Based on S , what can b e said ab out the proba-

bilit y of some ev en t E whose probabilit y ma y not

b e explicitly giv en b y S ?

F or example, the constrain t set f P r ( X

1

) =

: 8 ; P r ( : X

1

) = : 3 g is inconsisten t. The set f P r ( X

1

) =

: 8 ; P r ( X

2

) = : 7 g is consisten t, and allo ws us to b ound

the probabilit y of X

1

^ X

2

b y

: 5 � P r ( X

1

^ X

2

) � : 7 :

No stronger statemen t is p ossible, since for an y y 2

[ : 5 ; : 7] there exists a probabilit y measure in whic h

P r ( X

1

) = : 8 ; P r ( X

2

) = : 7 and P r ( X

1

^ X

2

) = y .

W e sho w that the ab o v e problems, and ev en natural

appro ximate v ersions of these problems, are N P -hard

to solv e under a v ery simple set of constrain ts.

1.2 Previous w ork

If ones constrain ts are su�cien tly general, then one

can trivially co de up 3SA T problems in this frame-

w ork. F or instance, giv en a SA T expression S =

C

1

^ � � � ^ C

m

, the set of constrain ts f P r ( C

i

) = 1 g

is consisten t if and only if S is satis�able. Koller and

Megiddo [14] (see also [8 ]) consider sets of k -simple

c onstr aints , whic h are of the form

P r ( X

i

1

= b

1

^ � � � ^ X

i

k

= b

k

) = y ;



where eac h v ariable X

i

ranges o v er some �xed domain.

They pro v e the follo wing theorem, whic h is a p oin t of

departure for one of our results.

Prop osition 1 [Koller-Megiddo] Given a set S of 2-

simple constraints over Bo olean va riables X

1

; : : : ; X

n

, it

is N P -ha rd to determine if S is consistent.

W e extend this result in a n um b er of w a ys, pro v-

ing an N P -hardness result under a somewhat more

restricted set of constrain ts and allo wing for a m uc h

w eak er notion of consistency c hec king.

There has also b een a great deal of w ork on the

complexit y of coun ting solutions to a giv en form ula.

F or example, V alian t [19 , 20 ] considers the problem of

coun ting the n um b er of solutions to 2-v ariable mono-

tone CNF form ulas, and sho ws it to b e # P -complete.

Roth [18 ] sho ws # P -hardness results for coun ting so-

lutions of man y other restricted classes of form ula.

While there is some connections b et w een coun ting and

computing probabilities, w e kno w of kno w direct con-

nections b et w een these results and ours.

An area in statistical reasoning whic h has b een in-

v estigated from computational complexit y p oin t of is

Ba y esian b elief net w orks (see [4, 16 , 17 ] for informa-

tion ab out them). Co op er [6 ] and Dagum and Lub y

[7] ha v e sho wn that is is hard to ev en appro ximate the

probabilities in suc h net w orks.

1.3 Appro ximate Consistency , Probabil-

it y In terv als and Implied Correlations

The Koller-Megiddo result considers the standard,

qualitativ e notion of consistency: either a set of con-

strain ts is consisten t or it is not. Ho w ev er, it is useful

to quan tify the notion of consistency , since there are

man y p ossibilities for in tro ducing errors in the proba-

bilities of the constrain ts. F or example, the statemen t

that 66% of p eople don't trust statistics and 33% do

is inconsisten t, but this inconsistency migh t b e due to

roundo� errors, and is in tuitiv ely less troubling than

a 40% = 80% split. Another source of errors is due to

sampling. F or instance, supp ose that the constrain ts

w ere generated b y examining a subset of the v ariables

and �guring out the distribution on them via rep eated

samples. Luc kily w e ha v e statistical to ols that tell us

that these errors are small with high probabilit y , Ho w-

ev er, w e cannot require p erfect consistency . This mo-

tiv ates us to consider the follo wing quan titativ e de�-

nition of consistency , whic h measures ho w closely an

inconsisten t set of constrain ts can b e satis�ed b y a

probabilit y measure.

W e �rst set up some notation.

De�nition 1 Let S b e a set of p robabilistic constraints.

Given an event E , w e de�ne S ( E ) = p if there is a con-

straint in S of the fo rm P r ( E ) = p and S ( E ) = ? if no

such constraint exists. W e use the basta rdized notation

E 2 S to denote the fact that a constraint on E is given

in S .

De�nition 2 Let S b e a set of p robabilistic constraints

and let P b e a p robabilit y measure. W e sa y that P

(1 � � ) -satis�es S if fo r all constraints E 2 S , jP ( E ) �

S ( E ) j � � . W e sa y that S is (1 � � ) -consistent if there

exists a p robabilit y measure that (1 � � ) -satis�es S and

that S is � -inc onsistent if it is not (1 � � ) -consistent.

In the ab o v e example, a 66% = 33% split is : 005-

inconsisten t, since there is a probabilit y measure

ac hieving a 66 : 5% = 33 : 5% split, whereas an 80% = 40%

split is : 2-inconsisten t. The motiv ation b ehind our

de�nition is that if a constrain t set is � -inconsisten t,

then at least one the probabilities m ust b e c hanged b y

at least � . Note that if w e a giv en a probabilit y mea-

sure P in a blac k b o x form (i.e. w e can sample from

P and examine the assignmen t to the v ariables), then

w e can distinguish with high probabilit y b et w een the

follo wing t w o cases:

1. P is � -consisten t with a giv en set of constrain ts

2. P is �

0

-inconsisten t

for an y �

0

> � > 0. The time (whic h is is determined

b y the n um b er of samples) is p olynomial in n and

1

�

0

� �

.

A p ossible ob jection to this quan titativ e notion of

consistency is that it is \w orst case." Under this mea-

sure, it is more consisten t to ha v e a large n um b er of

constrain ts that deviate b y : 19 than a single constrain t

that deviates b y : 2. This motiv ates a w eigh ted v ersion

of � -consistency .

De�nition 3 Let S b e a set of p robabilistic constraints,

and let ! assign nonnegative w eights, summ ing to 1, to

the events in S . Let P b e a p robabilit y measure. W e sa y

that P (1 � � ) -satis�es S w eighted b y ! if

X

E 2 S

! ( E ) jP ( E ) � S ( E ) j � �:

W e sa y that S is (1 � � ) -consistent w eighted b y ! if

there exists a p robabilit y measure that (1 � � ) -satis�es S

w eighted b y ! and that S is � -inc onsistent w eighted b y

! if it is not (1 � � ) -consistent w eighted b y ! .

Our main result for appro ximate consistency c hec k-

ing is as follo ws:



Theorem 1 Let S b e a set of 2-simple constraints on

Bo olean va riables X

1

; : : : ; X

n

. Then fo r an absolute con-

stant � > 0 , it is N P -ha rd to distinguish whether S is

consistent o r S is � -inconsistent. This result remains true

even if S is required to assign a p robabilit y to every pair-

wise event.

That is, giv en a promise that either S is completely

consisten t, or that S is � -inconsisten t, one still cannot

e�cien tly determine whic h is the case unless N P =

B P P .

Similarly , w e sho w that the w eigh ted v ersion is also

hard.

Theorem 2 Let S b e a set of 2-simple constraints on

Bo olean va riables X

1

; : : : ; X

n

, and let ! b e a measure

on events as de�ned in De�nition 3. Then fo r an absolute

constant � > 0 , it is N P -ha rd to distinguish whether S

is consistent o r S is � -inconsistent w eighted b y ! .

Giv en a set of probabilistic constrain ts of the form

P r ( E

i

) = p

i

, consider the problem of computing the

set of p ossible probabilities for an ev en t E . By a sim-

ple con v exit y argumen t the set of p ossible probabilities

for an ev en t E will consist of an in terv al (p ossibly of

the form [ p; p ]). If P

1

and P

2

satisfy S then for an y

� 2 [0 ; 1] the probabilit y measure P

0

= � P

1

+ (1 � � ) P

2

satis�es S . F urthermore, if P

1

( E ) = x and P

2

( E ) = y

then P

0

( E ) = �x + (1 � � ) y . W e call this in terv al

the pr ob ability interval for E . Giv en a probabilistic

constrain t set S and an ev en t E a natural problem

is to compute E 's probabilit y in terv al [ p

1

; p

2

] (for all

the cases w e will consider the probabilit y in terv al is

closed). A natural appro ximation problem is to com-

pute p

0

1

and p

0

2

suc h that j p

0

i

� p

i

j � � . W e sa y that

suc h an appro ximation computes the probabilit y in-

terv al to within � . Our main result on the complexit y

of this problem is as follo ws:

Theorem 3 Given a set S of 2-simple constraints

on Bo olean X

1

; : : : ; X

n

, it is N P -ha rd to distinguish

whether the p robabilit y interval of the event X

1

^ X

2

is

[0 ;

1

2

] o r [0 ; 0] .

Another natural question to ask is what a set of

statistics implies ab out the correlation b et w een t w o

giv en v ariables, x

i

and x

j

. W e sho w it N P -hard to

ev en appro ximately compute whic h forms of correla-

tion are allo w ed or ruled out.

Theorem 4 Let S b e a set of 2-simple constraints on

Bo olean va riables X

1

; : : : ; X

n

. It is N P -ha rd to distin-

guish whether fo r va riables ( X

i

; X

j

) which of the follo w-

ing cases holds

� C or r ( X

i

; X

j

) is unconstrained.

� C or r ( X

i

; X

j

) = � 1 .

Here, C or r ( X

i

; X

j

) is de�ned b y

C or r ( X

i

; X

j

) =

P r ( X

i

X

j

) � P r ( X

i

) P r ( X

j

)

P r ( X

i

) P r ( X

j

)

:

1.4 T ec hniques Used

T o pro v e our main results, w e build on recen t dev el-

opmen ts in the theory of probabilistic c hec k able pro ofs

(PCP's) and zero-kno wledge PCP's. Arora et al. [1]

sho w that an y pro of P of a theorem T can b e con-

v erted in to a PCP P

0

of size p olynomial in j P j and in

whic h the probabilistic p olynomial time (PPT) v eri�er

V prob es O (1) bits of P

0

. F urthermore, ( P

0

; V ) ex-

hibits the follo wing completeness and soundness prop-

erties.

(p erfect completeness) If P

0

is correct, then V

alw a ys accepts.

(soundness) If T is false, then V rejects with

probabilit y

1

2

.

F or con v enience, w e sa y that ( P ; V ) ac hiev es an ( �; � )

separation if V accepts a correct pro of with probabilit y

� � and an incorrect theorem with probabilit y < � .

Th us, the [1 ] result ac hiev es a (

1

2

; 1) separation. The

results of Dw ork et al. [5 ] add zero-kno wledge prop-

erties to PCP's, at the price of a w eak er soundness

condition. The new prop erties are as follo ws.

(w eak soundness) The pro of ac hiev es a (1 � �; 1) sep-

aration, for some constan t � .

(zero-kno wledge) One can sim ulate V 's view in prob-

abilistic p olynomial time.

T o ac hiev e the zero-kno wledge prop ert y , one m ust con-

sider \probabilistic PCP's," PCP's whic h are gener-

ated according to some probabilit y measure.

In order to pro v e the strongest kno wn results on

the hardness of appro ximate consistency c hec king, w e

establish a corresp ondence b et w een zero-kno wledge

PCP's and distributions satisfying certain systems of

constrain ts. Probing k bits of a pro of corresp onds

to a k -simple constrain t, so to obtain the strongest

p ossible qualitativ e results w e minimize the n um b er

of bits queried. Dw ork et al. [5] men tion (but do

not describ e) a tec hnique b y whic h a pro of ma y b e

transformed so that the v eri�er only lo oks at 3 bits,

while still rejecting incorrect theorems with probabil-

it y 
(1). Under their de�nition of PCP pro ofs, whic h



requires p erfect completeness, this is optimal. Ho w-

ev er, w e sho w that under a relaxed completeness re-

quiremen t there are PCP's for N P in whic h the v eri�er

only prob es t w o bits of the pro of.

Theorem 5 Any p ro of P of a theo rem T can b e ran-

domly converted into a p robabilistic PCP P of size p oly-

nomial in j P j , in which V p rob es 2 bits of P . F urther-

mo re, ( P ; V ) exhibits the follo wing completeness, sound-

ness and zero-kno wledge p rop erties.

w eak completeness and soundness:

( P ; V ) achieves an ( �; � ) sepa ration, where � and

� a re constants and � < � .

zero-kno wledge: It is easy to simulate the distribution

on any 2 bits of P

�

.

The zero-kno wledge condition can b e strengthened

to w ork for an y constan t k , but the v alues of � and

� will gro w closer together as a function of k . Note

that if V only prob es 1 bit of the pro of, then one can

generate an optimal pro of in random p olynomial time.

Th us, our result is essen tially the b est p ossible.

F or our result on the hardness of computing proba-

bilit y in terv als, w e mo dify the construction of zero-

kno wledge transparen t pro ofs. This construction,

based on the construction of [5] mak es hea vy use of

r andomizing table aux [12 ].

1.5 In tuition

In order to pro vide some in tuition ab out the role of

zero kno wledge PCP's w e pro vide a pro of of Prop osi-

tion 1 using Goldreic h, Micali and Wigderson's [11 ]

(plain old) zero-kno wledge proto col for pro ving 3-

colorabilit y of a graph. Their idea for pro ving col-

orabilit y w as for the pro v er to randomly p erm ute the

colors and then the v eri�er gets to c hec k for a single

edge whether it is prop erly colored. All the v eri�er

sees is a random pair of distinct colors. This inspires

the follo wing:

T o sho w the hardness w e reduce graph 3-

colorabilit y to consistency c hec king. Giv en a graph

G = ( V ; E ) de�ne a v ariable X

v c

for all v 2 V and

c 2 f 1 ; 2 ; 3 g ( the in terpretation is that X

v c

is true if

no de v is colored c ). F or ev ery edge ( u; v ) 2 E and

ev ery c 6= b 2 f 1 ; 2 ; 3 g create the constrain t

P r [ X

uc

^ X

v b

] =

1

6

Claim 6 The ab ove set of constraints is consistent i�

G is 3-colo rable.

The pro of of the claim is based on the completeness

and soundness of the proto col of [11 ].

Remark: W e note that there exist simpler pro ofs for

w eak er v ersions of our consistency c hec king result: F or

example, one ma y consider one-sided PCP's in whic h

the v eri�er c hec ks only three bits and accepts solely

based on the bits queried and their v alues. The con-

strain t set that assigns probabilit y 0 to all rejecting

views is consisten t if a correct pro of exists and � -

inconsisten t if no suc h pro of exists. This tec hnique

applies to systems where the constrain ts are on three

b o olean v ariables or t w o three-v alued v ariables, but

breaks when the constrain ts are only on t w o b o olean

v ariables. Indeed, historically the non-appro ximate

v ersions of these theorems w ere quite easy for all but

the t w o b o olean v ariable case. F or this last case, the

original pro of w as quite complicated and used dual-

it y results from linear programming; our tec hniques

later pro vided a m uc h simpler pro of. F urthermore, the

zero-kno wledge tec hnique also applies when all pair-

wise ev en ts are assigned probabilities.

Outline of the pap er

The rest of the pap er is organized as follo ws. In Sec-

tion 2 w e sho w ho w to base consistency c hec king hard-

ness results on zero-kno wledge PCP's. In Section 3 w e

review randomizing tableaux. In Section 4 w e giv e a

metho d for reducing the n um b er of bits queried to 2.

In Section 5 w e pro v e the NP-hardness of computing

implied correlations.

2 Zero-kno wledge PCP's and consis-

tency c hec king

W e establish a connection b et w een zero-kno wledge

PCP's for N P and the N P -hardness of consistency

c hec king. A PCP P can b e view ed as a sequence of

bits P [1] ; : : : ; P [ m ], in whic h a query sequence q =

( q

1

; : : : ; q

k

) is answ ered with a = ( P [ q

1

] ; : : : ; P [ q

k

]).

W e abbreviate this b y P [ q ] = a . A \probabilistic

PCP" P is a distribution on PCP's, and conceptually

( q

1

; : : : ; q

k

) is answ ered b y P [ q

1

] ; : : : ; P [ q

k

], where P

is c hosen according to P . W e write P [ q ] = a to denote

the ev en t that P [ q ] = a when P is c hosen according to

P . W e assume for simplicit y that all PCP's sampled

according to P will b e of the same length. Giv en a set

of p ossible query sequences, and a probabilistic PCP ,

w e de�ne the follo wing asso ciated set of constrain ts.



De�nition 4 Let P b e a p robabilistic PCP . W e de�ne

C

k

P

to b e the set of constraints of the fo rm

P r ( x

q

1

= a

1

; : : : ; x

q

k

= a

k

) = p

q ;a

;

where q

i

2 [1 ; j P j ] ; a

i

2 f 0 ; 1 g and p

q ;a

is the p robabil-

it y that P [ q

i

] = a

i

fo r 1 � i � k , when P is chosen

acco rding to P .

Note that C

k

P

is a k -simple set of constrain ts. If

V mak es only k queries to P , then w e observ e that

C

k

P

con tains all of the information w e need to com-

pute the probabilit y that V accepts P . W e can sim-

ulate V c hec king P b y running V un til it comes up

with questions q = ( q

1

; : : : ; q

k

), and then sampling

a = ( a

1

; : : : ; a

k

) with probabilit y p

q ;a

. By our de�ni-

tion, this is the exact view that V obtains in querying

P . W e will therefore sp eak of the probabilit y that

( C ; V ) accepts, whic h is w ell de�ned ev en when C is

inconsisten t. In general, one can e�cien tly estimate

the probabilit y that ( C ; V ) accepts b y running man y

sim ulations. F or the pro ofs, constrain ts and v eri�ers

w e construct, one can determine the acceptance prob-

abilities exactly .

In general, giv en a description of P it ma y b e v ery

di�cult to compute C

k

P

. Ho w ev er, it is v ery easy

to compute C

k

P

for sp ecial cases of zero-kno wledge

PCP's. Supp ose that the sim ulator can p erfectly sim-

ulate the view obtained b y a v eri�er who ma y mak e an

arbitrary set of k queries. Then one can compute C

k

P

b y considering the equiv alen t distribution pro duced

b y the sim ulator. Using this observ ation, w e construct

examples where determining the existence of P is N P -

hard, but for whic h computing C

k

P

(assuming P exists)

is easy .

By de�nition, P satis�es C

k

P

. No w supp ose that

some P C P P

0

and constrain t set C , P

0

(1 � � )-satis�es

C . Lemma 7 sa ys that if a v eri�er V only queries k

bits, then ( C ; V ) and ( P

0

; V ) will accept with similar

probabilities.

Lemma 7 Let V ; C and P

0

b e as ab ove. Then

j P r (( C ; V ) accepts ) � P r ( P

0

; V ) j � 2

k

�

Pro of: Let p

V

( q ) denote the probabilit y that

V mak es query q and let V ( q ; a ) b e the proba-

bilit y that V accepts giv en that it made query q

and receiv ed answ er a . Then j P r (( C ; V ) accepts ) �

P r (( P

0

; V ) accepts ) j can b e b ounded ab o v e b y

X

q ;a

p

V

( q ) V ( q ; a ) j P r ( P

0

[ q ] = a ) � P r ( C [ q ] = a ) j

�

X

q ;a

p

V

( q ) V ( q ; a ) �

�

X

q

p

V

( q ) � 2

k

= � 2

k

2

Let L 2 N P , and let ( fP

x

g ; V ) denote a family of

probabilistic PCP's for x 2 L that ac hiev es an ( �; � )

separation, and in whic h V mak es k non-adaptiv e

queries. Lemma 8 sho ws ho w to test mem b ership in

L if one can construct a certain family of k -simple

constrain ts and then test appro ximate consistency on

these constrain ts.

Lemma 8 Let ( fP

x

g ; V ) b e as ab ove and let C

x

b e a

set of k -simple constraints such that

� ( C

x

; V ( x )) accepts with p robabilit y at least � .

� If x 2 L , then C

x

= C

k

P

x

.

Then either x 2 L and C

x

is consistent, o r x 62 L and

C

x

is � -inconsistent fo r any � < 2

� k

( � � � ) .

Pro of: By de�nition, C

x

is consisten t for all x 2 L .

It su�ces to sho w that if C

x

is (1 � � )-consisten t for

� < 2

� k

( � � � ), then x 2 L . Let P

0

b e the probabilistic

PCP that (1 � � )-satis�es C

x

. By Lemma 7,

j P r (( C ; V ) accepts) � P r (( P

0

; V ) accepts) j � 2

k

�

< � � �:

Hence,

P r (( P

0

; V ) accepts) > P r (( C ; V )accepts) � ( � � � )

> �:

Hence, there is a pro v er that mak es the v eri�er accept

with probabilit y greater than � , so x 2 L .

2

Th us, if one can e�cien tly generate C

x

from x , and

distinguish b et w een the case where C

x

is consisten t

and C

x

is � -inconsisten t for some � < 2

� k

( � � � ), then

one can determine mem b ership in L . F or an y L 2 N P ,

w e exhibit a probabilistic PCP family ( fP

x

g ; V ) suc h

that C

x

is easy to compute, where k = 2. This implies

Theorem 1.

Finally , for the w eigh ted case, w e note that a zero-

kno wledge PCP also assigns a natural w eigh ting ! to

the ev en ts in the constrain t set. F or eac h ev en t, simply

assign the probabilit y that this is the view of the v er-

i�er (i.e. that the v eri�er lo oks at these bits and sees

the sp eci�ed v alues). In this case, if t w o measures are



close according to ! , the corresp onding probabilities

of acceptance will also b e close. Th us, the construc-

tion that pro v es Theorem 1 will also pro v e Theorem 2.

Details are omitted from this extended abstract.

3 Randomizing T ableaux

Randomizing tableaux w ere in tro duced in [12 ] and

more recen tly w ere used in the creation of \zero-

kno wledge" PCP's in [5 ]. They allo w one to mak e

pro ofs that remain zero-kno wledge as long as su�-

cien tly few bits of the pro of ha v e b een read. In this

abstract, w e describ e the prop erties of randomizing

tableaux that w e will use. A detailed discussion of

randomizing tableaux ma y b e found in [13 , 5 ].

Let k b e a �xed constan t (for our applications, k

will b e 2 or 3). Giv en v ariables X = x

1

; : : : ; x

n

and

3SA T expression S = C

1

^ � � � ^ C

m

, the randomizing

tableau construction �rst expands eac h bit x

i

in to a

random exclusiv e-or of bits b y

x

i

= x

i; 1

� x

i; 2

� : : : � x

i;k

The randomizing tableaux construction pro duces for

eac h clause C a tableau ( f g

C

i;j

g ; f r

C

i;j

g ; f c

C

i;j

g ), where,

follo wing Barrington [2 ], g

C

i;j

; r

C

i;j

; c

C

i;j

2 S

5

, where S

5

denotes the group of p erm utations on 5 elemen ts. The

prop erties w e use are the follo wing:

1. The tableau ma y b e c hec k ed b y p erforming a ran-

dom test, eac h of whic h consists of a constan t

n um b er of queries to g

C

; r

C

and c

C

and x

i;j

. If

X do es not satisfy S , a random test will catc h

this fact with probabilit y 
(1).

2. Eac h test rev eals information ab out at most one

v alue of x

i;j

.

3. If one p erforms a set of less than k c hec ks, one can

easily sim ulate the distribution on the observ ed

elemen ts of the tableau.

T o c hec k whether X satis�es S , the v eri�er pic ks a

random clause and then pic ks a random test for C 's

tableau. This in v olv es lo oking at O (1) (28, to b e pre-

cise) bits of the tableau. W e can augmen t the tableau

to reduce this n um b er to 3 as follo ws.

1

F or eac h test,

write do wn a fan-in 2 circuit that computes the re-

sult of this test. Then write do wn the output of eac h

1

This construction will app ear in the journal v ersion of

[5 ]. W e include it b ecause w e need to use details of the

construction.

gate of the circuit. T o test the augmen ted tableau, the

v eri�er pic ks a random test, and then c hec k the con-

sistency of the inputs and outputs of a random gate

in the circuit (making sure that the �nal gate outputs

1). Since the circuit for computing a test is of con-

stan t size, this degrades the probabilit y of catc hing an

incorrect tableau b y only a constan t factor. W e mak e

t w o observ ations that w e will need for our pro of:

1. The �nal pro of con tains the v alues of x

i;k

(since

bits are only added)

2. An y auxiliary bit only rev eals information ab out

one test. Hence, an y k bits of the augmen ted

pro of only rev eals information ab out k tests in

the original pro of.

4 Zero-Kno wledge with Tw o-Bit

Queries

W e review the result that will app ear in the journal

v ersion of [5 ], and whic h follo ws from the previous dis-

cussion. Let S b e a 3SA T expression, C

1

^ � � � ^ C

m

o v er

v ariables x

1

; : : : ; x

n

. Then the tec hniques of Dw ork et.

al, allo w us to e�cien tly construct a 3SA T expression

S

0

= C

0

1

^ � � � ^ C

0

m

0

o v er v ariables y

1

; : : : ; y

n

0

, where

m

0

; n

0

= ( mnk )

O (1)

, with the follo wing prop erties:

(\completeness") If S is satis�able, then S

0

is satis-

�able.

(\soundness") If S is not satis�able, then one cannot

sim ultaneously satisfy more than (1 � � ) m

0

of the

clauses of S

0

, where � dep ends only on k .

(\zero-kno wledge") Giv en a satisfying assignmen t for

S , one can randomly generate a satisfying assign-

men t for S

0

suc h that for an y i

1

; : : : ; i

k

, the in-

duced distribution on the set of v ariables men-

tioned in clauses C

i

1

; : : : ; C

i

k

is easy to compute.

The completeness, soundness and zero-kno wledge

prop erties in the [5 ] proto col follo w directly from the

corresp onding prop erties of S

0

.

Giv en a satisfying assignmen t x = x

1

; : : : ; x

n

for

S , one can sample from a zero-kno wledge probabilis-

tic PCP for S

0

as follo ws. W e denote clause C

0

i

b y

C

0

i

= ( t

i 1

y

`

i 1

_ t

i 2

y

`

i 2

_ t

i 3

y

`

i 3

) , where t

ij

denotes the

presence or lac k of negation.

1. Generate a satisfying assignmen t y = y

1

; : : : ; y

n

0

.

2. Let z

i

2 f 1 ; 2 ; 3 g denote the smallest j suc h that

y satis�es t

ij

x

`

ij

. The resulting PCP is giv en b y

y

1

; : : : ; y

n

0

; z

1

; : : : ; z

m

0

.



T o v erify S , V c ho oses i 2

R

[1 ; m

0

] ; j 2

R

f 1 ; 2 ; 3 g and

reads z

i

and y

`

ij

. V rejects if z

i

= j and t

ij

y

`

ij

is

false, and otherwise accepts. By a straigh tforw ard case

analysis, V accepts if S is satis�able, and rejects with

probabilit y � = 3 is S is not satis�able.

4.1 Implemen ting the 3-bit proto col with

2 bit queries.

In the proto col of [5 ], V lo oks at a trit and a bit

of the pro of. This is optimal if one requires p erfect

completeness, but w e can mo dify it so that the v eri�er

only needs to lo ok at t w o bits of the pro of. This new

pro of ac hiev es an ( �; � ) separation, where � � � =


( � ).

Let S

0

; y

1

; : : : ; y

n

0

; z

1

; : : : ; z

m

0

b e as ab o v e. F or 1 �

i � m

0

and 1 � j � 3, de�ne z

ij

= 1 if z

i

= j

and z

ij

= 0 otherwise. The new PCP is giv en b y

y

1

; : : : ; y

n

0

; z

11

; : : : ; z

m

0

3

.

T o v erify the pro of, V �rst c ho oses i 2

R

[1 ; m

0

] and

j 2

R

f 1 ; 2 ; 3 g , then mak es one of the follo wing t w o

tests:

1. With probabilit y

2

3

, V reads z

ij

and y

`

ij

. V re-

jects if z

ij

= 1 and t

ij

y

`

ij

is false and accepts

otherwise.

2. With probabilit y

1

3

, V c ho oses k 2

R

f 1 ; 2 ; 3 g �

f j g , and reads z

ij

and z

ik

. V rejects if z

ij

= z

ik

and accepts otherwise.

4.2 Analysis of the pro of system

W e sho w that the ab o v e proto col ac hiev es ( �; � )

separation, for suitable � and � , and that it ac hiev es

zero-kno wledge for a b ounded n um b er of prob es.

Lemma 9 If S is satis�able, and the p ro of is co rrectly

constructed, then V will accept with p robabilit y 8 = 9 . If

S is not satis�able, then V will accept with p robabilit y

at most 8 = 9 � 2 � = 9 .

Pro of:

Let c

i

denote the n um b er of distinct j suc h that

z

ij

= 1. The probabilit y that V will reject on p er-

forming T est 2 is 1 if c

i

= 0,

1

3

if c

i

= 1 or c

i

= 2

and 1 if c

i

= 3. If y

1

; : : : ; y

n

0

do esn't satisfy clause C

0

i

then the probabilit y that V will reject on p erforming

T est 1 is c

i

= 3.

If S is satis�able, and the pro of has b een prop erly

constructed, then b y the de�nition of z

ij

, V will nev er

reject based on T est 1. F urthermore, for ev ery i , c

i

= 1

so if V runs T est 2, he will reject with probabilit y

1

3

.

Since T est 2 is run with probabilit y

1

3

, V will reject

with probabilit y 1 = 9, and th us accept with probabilit y

8 = 9.

If S is not satis�able, then let I denote the set of

indices suc h that y

1

; : : : ; y

n

0

, do es not satisfy clause

C

0

i

of S

0

. By the construction of S

0

, j I j =m

0

� � . F or

i 2 I , w e p erform the follo wing case analysis on c

i

for

the probabilit y that V will reject:

c

i

= 0 :

2

3

� 0 +

1

3

� 1 =

1

3

c

i

= 1 :

2

3

�

1

3

+

1

3

�

1

3

=

1

3

c

i

= 2 :

2

3

�

2

3

+

1

3

�

1

3

=

5

9

c

i

= 3 :

2

3

� 1 +

1

3

� 1 = 1

Hence, V will reject with probabilit y at least

1

3

when-

ev er i 2 I . When i 62 I , V will run T est 2 with proba-

bilit y

1

3

and th us reject with probabilit y at least 1 = 9.

The probabilit y that V will reject can therefore b e

b ounded b elo w b y

1

3

�

j I j

m

0

�

+

1

9

�

1 �

j I j

m

0

�

�

1

9

+

2

9

� :

Lemma 10 It is easy to compute the distribution on

any k bits of the p robabilistic PCP .

Since eac h bit y

i

is the same as those that app ear

in the construction of Dw ork et. al and z

ij

dep ends

solely on z

i

in that construction, the distribution of

an y k bits of the new construction can b e computed

trivially from the distribution of k v alues of the Dw ork

et. al construction (some of these v alues ma y b e trits).

Hence, the lemma follo ws from the sim ulatabilit y of

the Dw ork et. al construction. 2

5 On the di�cult y of computing prob-

abilit y in terv als and implied correla-

tions.

W e no w outline ho w to alter the pro of for the hard-

ness of �nding statistical inconsistencies to one for the

hardness of computing probabilit y in terv als and im-

plied correlations, th us pro ving Theorem 3 and Theo-

rem 4. Giv en a 3-SA T expression S = C

1

; : : : ; C

m

, w e

create a new v ariable y

�

, and consider the new expres-

sion S

�

= C

�

1

; : : : ; C

�

m

, where if C

i

= ( y

i; 1

_ y

i; 2

_ y

i; 3

)

then C

�

i

= ( y

�

_ y

i; 1

_ y

i; 2

_ y

i; 3

). If S is satis�able,

then there are no restrictions on y

�

. If S is not sat-

is�able, then S

�

is still satis�able, but all satisfying

solutions ha v e y

�

= 1.

No w, when w e create the randomizing tableaux

pro of, with parameter k = 2, w e break y

�

in to an



exclusiv e-or, y

�

= y

�; 1

� y

�; 2

. Consider the set C of

constrain ts corresp onding to all of the legal tests and

the additional constrain ts

P r ( y

�; 1

= 0) = P r ( y

�; 1

= 0) =

1

2

:

(in fact, these constrain ts are implied b y the other set

of constrain ts, and are included to clarify the exp osi-

tion).

By a straigh tforw ard argumen t, w e ha v e

P r ( y

�

= 0) =

C or r ( y

�; 1

; y

�; 2

) + 1

2

and

P r ( y

�

= 0) = 2 P r ( y

�; 1

^ y

�; 2

) :

No w, if S is satis�able, then one can c ho ose y

�

= 0

with whatev er probabilit y one wishes, pic k the other

v ariables so as to satisfy S

0

, and then go through

the randomized pro of construction. In this case

C or r ( y

�; 1

; y

�; 2

) can b e made to b e made to tak e on

an y v alue in [ � 1 ; 1] and P r ( y

�; 1

^ y

�; 2

) can b e made

an ything from 0 to

1

2

. Ho w ev er, if S is not satis-

�able, then for an y distribution it m ust follo w that

y

�

= 1 with probabilit y 1. Otherwise, one of the con-

strain ts of the randomizing tableau will b e violated,

whic h will ultimately lead to a nonzero probabilit y of

a \bad ev en t" that should in fact happ en with proba-

bilit y 0. This implies that C or r ( y

�; 1

; y

�; 2

) = � 1 and

P r ( y

�; 1

^ y

�; 2

) = 0, since (0 ; 1) and (1 ; 0) are the only

admissible v alues for ( y

�; 1

; y

�; 2

). 2

6 Op en Questions

A natural op en question to ask is whether one can

�nd a more elemen tary argumen t for Theorem 1. The

constan t obtained b y the curren t tec hnique is cur-

ren tly quite small, and w ould most lik ely b e impro v ed

b y an argumen t that didn't use curren t PCP results.

Also, supp ose one only considers the maxim um en-

trop y distribution that satis�es a giv en set of con-

strain ts. It w ould b e imp ortan t to understand the

complexit y of reasoning ab out this distribution. F or

example, can one compute (or appro ximately com-

pute) the probabilit y of k + 1-wise ev en ts of the max-

im um en trop y distribution satisfying a giv en set of k -

simple constrain ts?
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