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Abstract

The b est previous algorithm for the matc hing

shoulders lob-pass game, ar thur (Ab e and

T ak euc hi 1993), su�ered O ( t

1 = 2

) regret. W e

pro v e that this is the b est p ossible p erformance

for an y algorithm that w orks b y accurately es-

timating the opp onen t's pa y o� lines. Then w e

describ e an algorithm whic h b eats that b ound

and meets the information-theoretic lo w er b ound

of O(log t ) regret b y con v erging to the b est lob

rate without accurately estimating the pa y o�

lines. The noise-toleran t binary searc h pro ce-

dure that w e dev elop is of indep enden t in terest.

1 Bac kground

The lob-pass problem has its origins in the animal psy-

c hology literature (Herrnstein 1990), but follo wing Ab e

and T ak euc hi (1993) w e consider it to b e the follo wing

simpli�ed tennis game. F or eac h of a sequence of pla ys

w e c ho ose to mak e either a lob or a passing shot. The

opp onen t then sto c hastically hits or misses our shot,

and in the latter case w e score a p oin t. The opp onen t

adapts in a w a y that dev alues shots that ha v e b een

selected frequen tly . Sp eci�cally , the c hance of scoring

with a giv en shot is a linear function of the cum ulativ e

lob rate, whic h is the total n um b er of lobs that w e ha v e

made divided b y the total n um b er of shots that w e ha v e

made. Throughout this pap er w e represen t the cum u-

lativ e lob rate b y the v ariable r . The pa y o� functions

of t w o sample opp onen ts are sho wn in �gure 1. Clearly ,

the o dds of scoring with a lob decreases as one mo v es to

the righ t on the diagrams, and the o dds of scoring with

a pass decreases as one mo v es to the left. W e should em-

phasise that the x-axis here do es not corresp ond to our

instan taneous lob rate, but to the cum ulativ e lob rate

that is calculated b y the opp onen t. This means that the
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Figure 1: The t w o sample opp onen ts against whic h our

algorithms w ere run.

opp onen t is rather slo w in adjusting to c hanges in our

b eha vior.

The �gure of merit is regret: the exp ected n um b er of

p oin ts that w e could score if w e w ere omniscien t

1

min us

the n um b er of p oin ts that w e actually do score while

sim ultaneously learning and pla ying. There is a con
ict

b et w een the goals of exploration (v arying the cum ula-

tiv e lob rate to learn more ab out the opp onen t's pa y o�

lines) and exploitation (pla ying at a lob rate that allo ws

us to rac k up lots of p oin ts).

1

That is, if w e exactly knew the opp onen t's pa y o� func-

tions from the b eginning and w e made optimal use of that

kno wledge.
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Figure 2: A p erformance comparison b et w een ar thur

and the algorithm of section 3.

F ollo wing Ab e and T ak euc hi, w e concen trate on the

\matc hing shoulders" v ersion of the game, in whic h the

exp ected pa y o� for a lob at r = 0 equals the exp ected

pa y o� for a pass at r=1. This v ersion of the game has

the sp ecial prop ert y that the optimal cum ulativ e lob

rate r

�

is lo cated at the in tersection of the t w o pa y o�

lines.

The ar thur algorithm of Ab e and T ak euc hi con v erges

to r

�

b y constructing a sequence of increasingly accurate

mo dels of the opp onen t. It alternates b et w een distinct

exploration and exploitation phases. In the exploration

phase it pla ys at t w o widely separated lob rates in order

to obtain the lev erage needed to accurately estimate the

t w o pa y o� lines. In the exploitation phase it pla ys at

the lob rate sp eci�ed b y the in tersection of the t w o lines.

Figure 2(a) sho w the a v erage regret of ar thur against

the t w o sample opp onen ts. The jumps in regret o ccur

during the exploration phase of the algorithm. Ab e and

T ak euc hi pro v ed that the regret of ar thur gro ws no

faster than O ( t

1 = 2

) when r

�

is b ounded a w a y from 0

and 1 and the lines' slop es are b ounded a w a y from 0.

In section 4, w e deriv e a new lo w er b ound of O ( t

1 = 2

) ex-

p ected regret for the class of lob-pass algorithms whose

line estimates gain accuracy at the same rate as their

con v ergence to r

�

. The main result of this pap er is that

a completely greedy strategy (all exploitation and no

exploration) can pla y the matc hing shoulders lob-pass

game with O (log t ) regret. The O ( t

1 = 2

) lo w er b ound is

b eaten b y con v erging to r

�

without b othering to obtain

accurate estimates of the pa y o� lines.

2 An Algorithm with Logarithmic

Regret

In the matc hing shoulders lob-pass game one can deter-

mine whether the optimal lob rate r

�

lies to the righ t or

left of a giv en lob rate r b y measuring whether the a v er-

age pa y o� is higher for lobs or for passes at that lob rate.

This observ ation con v erts the problem of pla ying the

lob-pass game to the problem of �nding a target p oin t

on the real line b y querying a noisy comparison oracle.

In lemma 3 w e solv e the latter problem b y describing

a noise-toleran t binary searc h pro cedure whose guesses

con v erge to the target p oin t at an exp onen tial rate. In

the presen t application w e sim ulate the comparison or-

acle b y pla ying the lob-pass game long enough to giv e

a con�den t opinion ab out whic h action has the higher

pa y o� at the requested lob rate. Successiv e queries tak e

exp onen tially longer to answ er but incur a roughly con-

stan t amoun t of regret, so regret accum ulates logarith-

mically with time.

The amoun t of regret p er query w ould b e exactly con-

stan t if there w ere a sequen tial statistical pro cedure that

could tak e t w o completely unkno wn coins q

1

and q

2

, 
ip

them O (1 = ( q

1

� q

2

)

2

) times, and determine with �xed

con�dence p whether q

1

> q

2

. Supp ose that our oracle

sim ulation emplo y ed this �ctitious statistical pro cedure.

Let d b e the distance b et w een a query p oin t r and the

target v alue r

�

. By geometry , the di�erence b et w een

the t w o pa y o�s at r is O ( d ), so the pro cedure could reli-

ably tell whic h pa y o� w as higher after making O (1 =d

2

)

pla ys. Since the exp ected regret p er pla y is O ( d

2

), the

total regret incurred while pro cessing the query is O (1).

Unfortunately , an y sequen tial test that is correct with

�xed con�dence p for arbitrarily small j q

1

� q

2

j requires

more than O (1 = ( q

1

� q

2

)

2

) examples.

2

Th us, w e adopt

a more complicated searc h algorithm that supplemen ts

eac h query with a nominal lo w er b ound l on j q

1

� q

2

j ,

and whic h is able to tolerate the additional mistak es

that o ccur when the b ound is violated. In lemma 4

w e sho w that suc h a searc h pro cedure exists, and that

b oth d and l con v erge exp onen tially fast (to the target

p oin t and to 0 resp ectiv ely). With this searc h pro cedure

the oracle's statistical problem b ecomes trivial; it can

determine whic h line is higher with the required con�-

dence b y computing the a v erage pa y o�s from a batc h of

O ( l

� 2

) pla ys.

The regret incurred while pro cessing a query is no w

2

A sequen tial test that is almost go o d enough is the

follo wing: apply the batc h t-test for signi�can tly di�eren t

means to a sequence of fresh batc hes of coin 
ips. The

size of batc h i is O (2

i

), and the required con�dence lev el is

1 � O (2

� i

). This pro cedure discriminates b et w een arbitrarily

close coins with ab out O (( q

1

� q

2

)

� 2

log log ( q

1

� q

2

)

� 2

) 
ips.

Plugging this test in to our binary-searc h algorithm giv es a

lob-pass pla y er with regret log t log log t .



O ( d

2

=l

2

). The quan tities d and l are probabilistically

link ed b y the searc h algorithm so that d = O ( l ) is

the most lik ely state and higher v alues of d=l are pro-

gressiv ely less lik ely . W e are in terested in the shap e

of this tail b ecause it determines the v ariance of the

regret-p er-query distribution. It turns out that an ora-

cle that resp onds correctly with �xed con�dence p when-

ev er j q

1

� q

2

j > l do es not pro vide a short enough tail

for our purp oses. F ortunately the truth rate of our or-

acle sim ulation increases v ery rapidly with increasing

j q

1

� q

2

j =l . In lemma 5 w e pro v e that this shrinks the

tail of the d=l distribution enough to yield a regret-p er-

query distribution with b ounded v ariance, and also that

some tric ky dep endency issues can resolv ed. F or all

practical purp oses, this lemma brings us bac k to con-

stan t regret p er query . Here then, is our main result:

Theorem 1 On any instanc e of the lob p ass game wher e

r

�

is b ounde d away fr om 0 and 1 and the p ayo� slop es

ar e b ounde d away fr om 0, the exp e cte d cumulative r e-

gr et of the ab ove algorithm at time t is O (log t ) with

pr ob ability appr o aching 1.

Pr o of Sketch . The b ounds on the pa y o� slop es and on

the p osition of r

�

are used to construct linear mappings

b et w een the quan tities x

n

and u

n

manipulated b y the

searc h algorithm and the quan tities r

n

and l

n

emplo y ed

b y the oracle sim ulation.

3

By lemma 5, after j queries

the total regret is less than c

1

j with probabilit y 1 �

e

� c

2

j

. The elapsed time t after j queries is at least

the n um b er of pla ys required to pro cess the last query .

By lemma 4, this is at least O ( e

c

3

j

) with probabilit y

1 � e

�

1

2

p

j

. Therefore, j < = O (log t ) and the cum ulativ e

regret is less than O (log t ) with probabilit y 1 � e

�

1

2

p

log t

.

W e note that this algorithm meets the information the-

oretic lo w er b ound on regret, whic h can b e deriv ed as

follo ws. W e are trying to estimate r

�

. By elemen tary

statistics, the standard deviation of the estimate cannot

b e less than O (1 =

p

t ) at the t th pla y . Because instan-

taneous regret gro ws with the square of distance from

r

�

, it m ust b e at least O (1 =t ). In tegrating then giv es a

O (log t ) lo w er b ound on cum ulativ e regret.

4

3 A Practical Algorithm

The algorithm describ ed in the previous section is com-

pletely impractical; fortunately there is a m uc h simpler

algorithm that also app ears to pla y with logarithmic

3

By adopting a sigmoidal mapping from the real line to

the in terv al [0 ; 1] it migh t b e p ossible to pro v e this theorem

without b ounding r

�

a w a y from 0 and 1.

4

The game b ecomes harder as the pa y o� lines b ecome


atter, and as r

�

approac hes 0 or 1. When these addi-

tional factors are tak en in to accoun t the lo w er b ound b e-

comes O (( r

�

)

� 1

(1 � r

�

)

� 1

( f

0

p

� f

0

l

)

� 1

log t ), where f

0

p

and f

0

l

are the slop es of the pa y o� lines. In the main b o dy of the pa-

p er w e ignore these additional dep endencies b y considering

the problem to b e �xed. Ho w ev er, w e b eliev e that the com-

plete expression c haracterizes the b eha vior of the practical

algorithm of section 3.

fo r (t=0 ; t < end of game ; t++) f

b ounda ry = 4 / sqrt((double) t+64 );

lob rate = (t==0) ? 0 : (double) lob count/t;

if (lob rate < b ounda ry)

shot = lob;

else if (lob rate > (1 - b ounda ry))

shot = pass;

else if (height(&lob model, lob rate) >

height(&pass mo del, lob rate))

shot = lob;

else shot = pass;

result = opp onents resp onse (shot, lob rate);

if (result == mi ss) p oints += 1;

if (shot == lob) f

lob count += 1;

up date statistics(&lob stats, lob rate, result);

re estimate (&lob mo del, &lob stats);

g

else f

up date statistics(&pass stats, lob rate, result);

re estimate (&pass mo del, &pass stats);

g

g

Figure 3: Co de for pla ying the lob-pass game

regret. This algorithm is sho wn in �gure 3. It main-

tains least squares estimates of the t w o pa y o� lines and

alw a ys selects the action that app ears to o�er the b et-

ter exp ected pa y o� at the curren t cum ulativ e lob rate.

5

Figure 2(b) sho ws the a v erage regret of the new algo-

rithm on sev eral h undred games against t w o di�eren t

opp onen ts. It is clear that the constan t factors are v ery

go o d; against the �rst opp onen t our a v erage regret is

only 3 after 10 milli on pla ys.

Asymptotically , regret app ears to gro w lik e log t . The

algorithm b eats the lo w er b ound of section 4 b ecause it

con v erges to r

�

to o fast to obtain m uc h lev erage, and

hence on an y reasonable time scale it remains unsure

ab out the orien tation of the lines. Ho w ev er, the v ari-

ances and co v ariances of its parameter estimates cancel

out in suc h a w a y that the algorithm kno ws where the

t w o lines cross despite its uncertain t y ab out the lines

themselv es.

The situation is illustrated b y �gure 4(a), in whic h w e

ha v e plotted con�dence windo ws (at one standard devi-

ation) for the t w o pa y o� lines after 100 thousand pla ys

against the �rst opp onen t. The zone of high probabilit y

for eac h pa y o� line is b ounded b y a pair of h yp erb olas,

and is narro w est in the vicinit y of r = 2 = 3, where most

of the pla y has o ccurred. The most probable lo cation

of r

�

is in the diamond-shap ed in tersection of the t w o

con�dence windo ws. Note that this diamond is already

5

T o insure that b oth options are tried in�nitely often, w e

disallo w pla ys that w ould cause the cum ulativ e lob rate to

approac h 0 (or 1) faster than 4 =

p

t + 64 .
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Figure 4: The uncertain t y of the algorithm decreases

most rapidly in the vicinit y of r

�

= 2 = 3.

quite small, y et the 
ared-out shap es of the individual

con�dence windo ws sho w that the data is insu�cien t to

accurately estimate the slop e of either line.

Figure 4(b) sho ws what happ ens to the con�dence win-

do ws when the algorithm is allo w ed to mak e an addi-

tional 900 thousand pla ys. Because these new actions all

o ccur at lob rates near r

�

, the new data do esn't pro vide

enough lev erage to noticeably impro v e the 
ared-out

shap es of the t w o con�dence windo ws. Ho w ev er, the t w o

h yp erb olas de�ning eac h con�dence windo w ha v e ap-

proac hed eac h other b y shifting v ertically .

6

These v er-

tical shifts don't require an y lev erage, y et they are able

to signi�can tly reduce the size of the diamond-shap ed

high-con�dence zone for r

�

.

T o the exten t that the curv ed sides of this diamond-

shap ed region can b e appro ximated b y straigh t lines

7

w e can explain the apparen t logarithmic regret of the

algorithm as follo ws. Obtaining k samples near r

�

re-

duces the v ertical dimension of eac h con�dence windo w

at r

�

to O (1 =

p

k ). The geometry of parallelograms turns

this in to a horizon tal uncertain t y of O (1 =

p

k ) in the p o-

sition of r

�

. Squaring to get instan taneous regret and

then in tegrating giv es a cum ulativ e regret of O (log k ).

6

Also, the h yp erb olas ha v e b ecome p oin tier.

7

This appro ximation impro v es with time.

4 A lo w er b ound for the general case

W e emplo y the follo wing statistical argumen t: the rate

at whic h w e are con v erging to r

�

limits our statistical

lev erage, whic h then limits the accuracy of our estimates

of the slop es of the pa y o� lines. W e shall assume that

this limits the accuracy of our estimate of r

�

, whic h in

turn limits the rate at whic h w e can b e con v erging to

r

�

. By solving this circular set of inequalities w e obtain

a lo w er b ound on the con v ergence rate and hence on

regret. The pro of do esn't apply to the matc hing shoul-

ders case b ecause of its assumption that the accuracy

of the r

�

estimate dep ends on the accuracy of the line

estimates.

Theorem 2 The exp e cte d r e gr et in the lob-p ass game is

lower b ounde d by O ( t

1 = 2

) in the gener al c ase.

Pr o of . Let us assume that regret = O ( t

x

), so inst. regret =

( d=dt ) O ( t

x

) = O ( t

x � 1

). Instan taneous regret is quadratic

in distance from r

�

: E (( r

t

� r

�

)

2

) = O ( t

x � 1

). Since r

t

is con v erging to r

�

the lev erage is ab out that p oin t:

lev erage =

t

X

u

E (( r

u

� r

�

)

2

) = O ( t

x

)

By elemen tary statistics, the v ariance of an estimate of

the slop e of a line is prop ortional to the recipro cal of

the lev erage of the data. so

V AR ( ^ a

t

) = O ( t

� x

) :

Since w e are assuming that â

t

en ters in to the calcula-

tion of

b

r

�

t

non trivially , V AR (

b

r

�

t

) � V AR ( ^ a

t

) = O ( t

� x

),

and since r

t

cannot b e a b etter estimate of r

�

than

b

r

�

t

,

E (( r

t

� r

�

)

2

) � V AR (

b

r

�

t

) � O ( t

� x

). But E (( r

t

�

r

�

)

2

) is prop ortional to the instan taneous regret, so

inst. regret � O ( t

� x

), and regret � O ( t

1 � x

). By our

initial assumption regret = O ( t

x

), so

O ( t

x

) � O ( t

1 � x

)

x � 1 � x

x � 1 = 2

regret � O ( t

1 = 2

)

An y algorithm whic h obtains enough lev erage should b e

able to meet this lo w er b ound. A suitably mo di�ed v er-

sion of ar thur w ould fall in to this category , as w ould

the follo wing strategy: pla y to w ards the curren t esti-

mate of r

�

plus a cyclic p erturbation of size O ( t

�

1

4

).

5 Discussion

With our O (log t )-regret algorithm for the matc hing shoul-

ders lob-pass game and O (

p

t ) lo w er b ound for the gen-

eral case w e ha v e sho wn that the matc hing shoulders

case is fundamen tally easier. The distinguishing fac-

tor isn't the n um b er of free parameters; the matc hing-

shoulders game has 3 free parameters, while the lo w er

b ound on the general case w ould hold ev en if one line



w ere giv en and w e only had to estimate the 2 parame-

ters of the other line. The matc hing shoulders case is

easier b ecause it ob eys the follo wing lo calit y condition:

b y pla ying at a single lob rate w e can determine whether

or not w e are at the optim um lob rate, and if not, whic h

direction w e should mo v e in order to approac h the op-

tim um. This distinction probably holds not just in the

lob-pass game, but in a wide v ariet y of Mark o v con trol

situations.

App endix: Binary Searc h

There is an existing literature on noise-toleran t binary

searc h (Borgstrom and Kosara ju 1993; Riv est et al. 1980)

but it has fo cused on �nite-length searc hes. Our results

pro vide for rapid con v ergence o v er an in�nite sequence

of queries.

First, w e consider the basic scenario in whic h w e seek

to appro ximate an unkno wn target p oin t x

target

on the

real line, giv en a noisy oracle that states whether a query

x

n

lies to the righ t or left of the x

tar g et

. On eac h query ,

the oracle giv es the correct answ er with indep enden t

probabilit y p .

Lemma 3 F or any c onstant p b ounde d away fr om 1 = 2 ,

ther e is a se ar ch algorithm A and a c onstant c such that

for su�ciently lar ge n

Pr

�

j x

n

� x

tar g et

j > e

� cn

�

< 1 � e

�

1

2

p

n

:

Pr o of Sketch . Due to the indep endence of the correct-

ness of the answ ers, w e can use a standard ma jorit y v ote

strategy to b o ost the correctness probabilit y to an y con-

stan t b ounded a w a y from 1. A main tains a h yp othesis

in terv al [ x

l

; x

u

], denoting its estimated lo w er and upp er

b ounds on x

tar g et

. Let w = j x

u

� x

l

j (the h yp othesis

width) and � = max ( j x

l

� x

tar g et

j ; j x

u

� x

tar g et

j ) (the

distance from the far endp oin t to the target p oin t). A t

eac h iteration, A divides [ x

l

; x

u

] in to 6 subin terv als and

queries the 7 endp oin ts. Dep ending on the pattern of

resp onses, A either expands the h yp othesis in terv al b y

a factor of 2 in the indicated direction ( i.e. c hanging

[ x

l

; x

u

] to [ x

l

; x

u

+ w ] or [ x

l

� w ; x

u

]), or con tracts to

the indicated subin terv al. Ev ery correct action reduces

�

2

w

b y at least a factor of 3 = 2, while the w orst mis-

tak e increases it b y a factor of 6. With a su�cien tly

accurate oracle, suc h as with p > : 972, the a v erage

c hange in log

�

2

w

will b e negativ e. Because all c hanges

are of b ounded size, a martingale argumen t sho ws that

log

�

2

w

decreases at a linear rate and hence

�

2

w

is exp o-

nen tially small with probabilit y approac hing 1. Finally ,

w

4

�

�

2

�

�

2

w

.

Our application actually requires a couple of deviations

from this simple oracle mo del. The new oracle tak es a

query ( x

n

; u

n

), where u

n

> 0, and computes d

n

= j x

n

�

x

tar g et

j . If u

n

> d

n

then the oracle answ ers correctly

with probabilit y p = 1 � e

� �d

2

=u

2

, for some constan t � .

If u

n

� d

n

the oracle's b eha vior is unconstrained. Our

application places t w o comp eting requiremen ts on u

n

.

The simplest is that with high probabilit y , u

n

decrease

exp onen tially with n . W e �rst sk etc h an algorithm that

ac hiev es the upp er b ound on u

n

.

Lemma 4 Ther e is a algorithm B and a c onstant c such

that for su�ciently lar ge n, j x

n

� x

tar g et

j < O ( e

� cn

) and

u

n

< O ( e

� cn

) with pr ob ability 1 � e

�

1

2

p

n

.

Pr o of Sketch . W e mo dify A as follo ws: Before eac h it-

eration, B replaces the h yp othesis in terv al [ x

l

; x

u

] b y

[ x

l

� s; x

r

+

w

5

� s ], where s a c hosen uniformly from

the real in terv al [0 ;

w

5

]. Queries are made with u

n

=

w = 2000. By a simple probabilit y argumen t, the proba-

bilit y that a giv en query will come within u of x

tar g et

is some small constan t, regardless of the v alues of x

l

; x

u

and x

tar g et

. The pro of of con v ergence of x

n

and u

n

is

then completely analogous to that of Lemma 3.

So far, there has b een no reason not to set u

n

as small

as p ossible. Ho w ev er, our application imp oses a cost of

O ( d

2

n

=u

2

n

) on eac h query , and requires a linear b ound on

the total cost of a sequence of queries with high prob-

abilit y . Here is where w e mak e use of the oracle's im-

pro v ed p erformance when d

2

n

=u

2

n

b ecomes large.

Lemma 5 L et � (which c ontr ols the or acle's truth r ate)

b e su�ciently lar ge. Then ther e exists a c onstant c

0

such

that for algorithm B ,

Pr

2

4

n

X

j =1

( d

2

j

=u

2

j

) > cn + c

0

n

3

5

< 1 � e

� c

2

n

:

Pr o of Sketch . By making c

0

su�cien tly large, w e can

ignore all cases where d

2

i

=u

2

i

� 100. When d

2

i

=u

2

i

>

100 then within constan t factors w e can appro ximate

d

2

i

=u

2

i

b y �

2

i

=w

2

i

(since u

i

= w = 2000). Supp ose that

an iteration of B b egins with query ( x

i

; u

i

). By the

same argumen t as in the pro of of Lemma 3, w e can

sho w that this iteration of B decreases �

i

=w

i

b y some

constan t factor except for unluc ky ev en ts in whic h case

it increases �

i

=w

i

b y at most some constan t factor. W e

use here the fact that x

tar g et

is far outside the in terv al

[ x

l

; x

u

] when �

i

=w

i

is large. These unluc ky ev en ts o ccur

with probabilit y c

1

e

� �

1

( �

2

i

=w

2

i

)

for some constan t �

1

that

is prop ortional to � and some normalization constan t c

1

.

P art of the di�cult y in analyzing the sum of �

2

i

=w

2

i

is

that the terms are highly correlated. T o get around this

problem, w e �rst mak e a c harging argumen t that allo ws

us to only consider the con tributions of bad ev en ts. W e

then mo del the cost of the bad ev en ts in a w a y whic h

is at least as bad as what actually o ccurs, but in whic h

there is complete indep endence in the mo deled steps of

the algorithm.

Supp ose that an iteration of B b egins with query ( x

i

; u

i

),

and a bad ev en t o ccurs. Due to the geometric rise and

fall of �

2

i

=w

2

i

, w e can simply c harge �

2

i

=w

2

i

to our total

cost and b e within a constan t factor of the actual cost.

Th us, w e need only w orry ab out the bad ev en ts.

T o eliminate correlations, w e consider the \w orst-case"

mo del M whic h at eac h step assigns a cost randomly
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Figure 5: Av erage con v ergence for binary searc h with

v arious oracles. The truth rates v ary from .7 (the top

line) to 1.0 (the b ottom line) in incremen ts of .05.

according to Pr [cost > q ] = c

2

e

� �

2

q

for some su�-

cien tly small p ositiv e �

2

and normalization constan t c

2

.

A t eac h iteration of the algorithm, there is a cost q

i

=

�

2

i

=w

2

i

that will b e incurred with probabilit y c

1

e

� �

1

( �

2

i

=w

2

i

)

.

Regardless of the v alue of q

i

, M will assign at least as

m uc h cost at least as often (up to constan t factors). Let

the exp ectation of the cost assigned b y M b e c

�

, and

note that the v ariance of M is constan t. Th us, up to

constan t m ultiplicativ e factors, the probabilit y of incur-

ring a total cost greater than cn + c

�

n is less than the

probabilit y that the sum of n v alues indep enden tly c ho-

sen from M . A t this p oin t, the lemma follo ws from a

constructiv e v ersion of the Cen tral Limit Theorem ap-

plied to M .

Exp erimen tal Results

The pro of of Lemma 3 is o v erly p essimistic. Actually

one do esn't need to use 6 p oin ts, and the truth rate

do esn't need to b e b o osted all the w a y up to .972. Here

w e sho w empirically that the simple algorithm of �g-

ure 7 con v erges at an exp onen tial rate for an y oracle

with p greater than ab out 0.7. Figure 5 sho ws the rela-

tionship b et w een the algorithm's con v ergence rate and

the accuracy of the oracle. Eac h of the lines in the �gure

sho ws ho w the a v erage distance from the target v alue

decreases with time for a giv en v alue of p . The a v erages

w ere calculated o v er a set of 1000 runs. In eac h run the

target v alue w as 10, and the initial in terv al w as [5,20].

(The line for p = 1 : 0 lo oks jagged b ecause the algorithm

con tin ually retests the endp oin ts of its h yp othesis in ter-

v al.) Figure 6 sho ws an ensem ble of 100 runs that w ere

made with a truth rate of .85. The dotted line w as

dra wn in b y hand to emphasize the fact that the prob-

abilit y of a giv en run b eing exp onen tially close to the

target p oin t increases with time.
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Figure 6: 100 binary searc h runs with p=.85

/* The hyp othesis interval is

b ounded b y the p oints A and B. */

while (1) f

resultA = Oracle(A);

resultB = Oracle(B);

if (resultA == to o fa r left &&

resultB == to o fa r left)

B = A + sqrt(2) * (B-A);

else if (resultA == to o fa r right &&

resultB == to o fa r right)

A = B - sqrt(2) * (B-A);

else if (resultA == to o fa r left &&

resultB == to o fa r right) f

C = (A+B)/2;

resultC = Oracle(C);

if (resultC == to o fa r left)

A = C;

else

B = C;

g

else /* do nothing */;

g

Figure 7: Binary Searc h with Noise
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