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ABSTRACT
W e dev elop a framew ork for trading in c omp ound se curities :

�nancial instrumen ts that pa y o� con tingen t on the out-

comes of arbitrary statemen ts in prop ositional logic. Buying

or selling securities|whic h can b e though t of as b etting on

or against a particular future outcome|allo ws agen ts b oth

to hedge risk and to pro�t (in exp ectation) on sub jectiv e

predictions. A comp ound securities mark et allo ws agen ts

to place b ets on arbitrary b o olean com binations of ev en ts,

enabling them to more closely ac hiev e their optimal risk ex-

p osure, and enabling the mark et as a whole to more closely

ac hiev e the so cial optim um. The tradeo� for allo wing suc h

expressivit y is in the complexit y of the agen ts' and auction-

eer's optimization problems.

W e dev elop and motiv ate the concept of a comp ound secu-

rities mark et, presen ting the framew ork through a series of

formal de�nitions and examples. W e then analyze in detail

the auctioneer's matc hing problem. W e sho w that, with n

ev en ts,the matc hing problem is co-NP-complete in the divis-

ible case and �

p

2

-complete in the indivisible case. W e sho w

that the latter hardness result holds ev en under sev ere lan-

guage restrictions on bids. With lg n ev en ts, the problem

is p olynomial in the divisible case and NP-complete in the

indivisible case.

1. INTRODUCTION
Se curities markets e�ectiv ely allo w traders to place b ets

on the outcomes of uncertain future prop ositions. Examples

include sto c k mark ets (lik e NYSE or NASD A Q), options

mark ets (lik e CBOE), futures mark ets (lik e CME), other

deriv ativ es mark ets, insurance mark ets, and sp orts b etting

mark ets. The economic v alue of securities mark ets is t w o-

fold. First, they allo w traders to he dge risk , or to insure

against undesirable outcomes. F or example, the o wner of a

�
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sto c k migh t buy a put option (the righ t to sell the sto c k at a

particular price) in order to insure against a sto c k do wn turn.

Or the o wner of a house ma y purc hase an insurance con tract

to hedge against unforeseen damage to the house. Second,

securities mark ets allo w traders to sp e culate , or to obtain a

sub jectiv e exp ected pro�t when mark et prices do not re
ect

their assessmen t of the lik eliho o d of future outcomes. F or

example, a trader migh t buy a call option if he b eliev es that

the lik eliho o d is high that the price of the underlying sto c k

will go up, regardless of his or her risk exp osure to c hanges

in the sto c k price.

Real securities mark ets ha v e complex pa y o� structures

with v arious triggers. Ho w ev er, these can all b e mo deled

as collections of more basic or atomic A rr ow-Debr eu se curi-

ties [1, 5, 8]. One unit of one Arro w-Debreu securit y pa ys

o� one dollar if and only if (i� ) a corresp onding binary ev en t

o ccurs; it pa ys nothing if the ev en t do es not o ccur. So, for

example, one unit of a securit y denoted h Acme100 i migh t

pa y $1 i� Acme's sto c k is ab o v e $100 on Jan uary 4, 2004.

An Acme sto c k option as it w ould b e de�ned on a �nan-

cial exc hange can b e though of as a p ortfolio of suc h atomic

securities.

1

In this pap er, w e dev elop and analyze a framew ork for

trading in c omp ound se curities markets with pa y o�s con tin-

gen t on arbitrary logical com binations of ev en ts, including

conditionals. F or example, giv en binary ev en ts A , B , and

C , one trader migh t bid to buy three units of a securit y de-

noted h A ^

�

B _ C i that pa ys o� $1 i� the comp ound ev en t

A ^

�

B _ C o ccurs for thirt y cen ts eac h. Another trader ma y

bid to sell six units of a securit y h A j C i that pa ys o� $1 i� A

o ccurs for �ft y-�v e cen ts eac h, c onditional on ev en t C o ccur-

ring, meaning that the transaction is rev ok ed if C do es not

o ccur (i.e., no pa y o� is giv en and the price of the securit y is

refunded) [3]. Bids ma y also b e divisible , meaning that bid-

ders are willing to accept less than the requested quan tit y , or

indivisible , meaning that bids m ust b e ful�lled either com-

pletely or not at all. Giv en a set of suc h bids, the auctioneer

faces a complex matching pr oblem to decide whic h bids are

accepted for ho w man y units at what price. T ypically , the

auctioneer seeks to tak e on no risk of his or her o wn, only

matc hing up agreeable trades among the bidders, but w e

also consider alternativ e form ulations where the auctioneer

acts as a mark et mak er willing to accept some risk.

1

T ec hnically , an option is a p ortfolio of in�nitely man y

atomic securities, though it can b e appro ximately mo deled

with a �nite n um b er.



W e examine the computational complexit y of the auction-

eer's matc hing problem. Let n b e the length of the descrip-

tion of all the a v ailable securities. With n ev en ts, the matc h-

ing problem is co-NP-complete in the divisible case and �

p

2

-

complete in the indivisible case. This �

p

2

-complete hardness

holds ev en when the bidding language is signi�can tly re-

stricted. With lg n ev en ts,the problem is p olynomial in the

divisible case and NP-complete in the indivisible case.

Section 2 presen ts some necessary bac kground informa-

tion, motiv ation, and related w ork. Section 3 formally de-

scrib es our framew ork for comp ound securities, and de�nes

the auctioneer's matc hing problem. Section 5 pro v es our

computational complexit y results. Section 6 concludes with

a summary and some ideas of future directions.

2. PRELIMINARIES

2.1 Background and notation
Imagine a w orld where there are only t w o future uncertain

ev en ts of an y consequence: (1) the ev en t that one's house is

struc k b y ligh tning b y Decem b er 31, 2003, denoted struck ,

and (2) the ev en t that Acme's sto c k price go es ab o v e $100

b y Jan uary 4, 2004, denoted acme100 . In this simple w orld

there are four p ossible future states |all p ossible com bina-

tions of the binary ev en ts' outcomes:

struck ^ acme100 ;

struck ^ acme100 ;

struck ^ acme100 ;

struck ^ acme100 :

Hedging risk can b e though t of as an action of mo ving money

b et w een v arious p ossible future states. F or example, insur-

ing one's house transfers money from future states where

struck is not true to states where it is. Selling a securit y

denoted h acme100 i |that pa ys o� $1 i� the ev en t acme100

o ccurs|transfers money from future states where Acme's

price is ab o v e $100 on Jan uary 4 to states where it's not.

Sp eculating is also an act of transferring money b et w een

future states, though usually asso ciated with maximizing

exp ected return rather than reducing risk. F or example,

b etting on a fo otball team mo v es money from the \team

loses" state to the \team wins" state. In practice, agen ts

engage in a mixture of hedging and sp eculating, and there

is no clear dividing line b et w een the t w o [7].

All p ossible future outcomes form a state sp ac e 
, con-

sisting of m utually exclusiv e and exhaustiv e states ! 2 
.

Often a more natural w a y to think of p ossible future out-

comes is as an event sp ac e A of linearly indep enden t ev en ts

A 2 A that ma y o v erlap arbitrarily . So in our to y example

struck ^ acme100 is one of the four disjoin t states, while

struck is one of the t w o ev en ts. Note that a set of n lin-

early indep enden t ev en ts de�nes a state space 
 of size 2

n

consisting of all p ossible com binations of ev en t outcomes.

Con v ersely , an y state space 
 can b e factored in to d ln

2

j 
 je

ev en ts.

Supp ose that A exhaustiv ely co v ers all meaningful future

outcomes (i.e., co v ers all ev en tualities that agen ts ma y wish

to hedge against and/or sp eculate up on). Then the exis-

tence of 2

n

linearly indep enden t securities|called a c om-

plete mark et|allo ws agen ts to distribute their w ealth ar-

bitrarily across future states.

2

An agen t ma y create an y

hedge or sp eculation they desire. Under classical conditions,

agen ts trading in a complete mark et form an equilibrium

where risk is allo cated P areto optimally . If the mark et is

incomplete, meaning it consists of few er than 2

n

linearly

indep enden t securities, then in general agen ts cannot con-

struct arbitrary hedges and equilibrium allo cations ma y b e

nonoptimal [1, 5, 8].

In real-w orld settings, the n um b er of meaningful ev en ts n

is large and th us the n um b er of securities required for com-

pleteness is in tractable. No truly complete mark et exists or

will ev er exist. The motiv ation b ehind comp ound securities

mark ets is to pro vide a mec hanism that supp orts the most

transfer of risk using the least n um b er of transactions p ossi-

ble. Comp ound securities allo w a high degree of expressivit y

in constructing bids. The tradeo� for increased expressivit y

is increased computational complexit y , from b oth the bid-

der's and auctioneer's p oin t of view.

2.2 Related work
The quest to reduce the n um b er of �nancial instrumen ts

required to supp ort a P areto optimal allo cation of risk dates

to Arro w's original w ork [1]. The requiremen t stated ab o v e

of \only" 2

n

linearly-indep enden t securities is itself a signif-

ican t reduction from the most straigh tforw ard form ulation.

In an econom y with k standard go o ds, the most straigh tfor-

w ard complete mark et con tains k � 2

n

securities, eac h pa ying

o� in one go o d under one state realization. Arro w [1] sho w ed

that a mark et where securities and go o ds are essen tially sep-

arated, with 2

n

securities pa ying o� in a single n umeraire

go o d plus k sp ot mark ets in the standard go o ds, is also com-

plete. F or the purp oses this pap er, w e need consider only

the securities mark et.

V arian [13] sho ws that a complete mark et can b e con-

structed using few er than 2

n

securities, replacing the miss-

ing securities with options. Still, the n um b er of linearly in-

dep enden t �nancial instrumen ts|securities plus options|

m ust b e 2

n

to guaran tee completeness.

Though the requiremen t of 2

n

�nancial instrumen ts can-

not b e relaxed if one w an ts to guaran tee completeness in

all circumstances, P enno c k and W ellman [11] explore condi-

tions under whic h a smaller securities mark et ma y b e op er a-

tional ly c omplete , meaning that its equilibrium is P areto op-

timal with r esp e ct to the agents involve d , ev en if the mark et

con tains less than 2

n

securities. The authors sho w that in

some cases the mark et can b e structured and \compacted"

in analogy to Ba y esian net w ork represen tations of join t prob-

abilit y distributions [10]. They sho w that, if all agen ts'

risk-neutral indep endencies agree with the indep endencies

enco ded in the mark et structure, then the mark et is op era-

tionally complete. F or collections of agen ts all with constan t

absolute risk a v ersion, agreemen t on Mark o v indep endencies

is su�cien t.

Bossaerts, Fine, and Ledy ard [2] dev elop a mec hanism

they call c ombine d-value tr ading (CVT) that allo ws traders

to order an arbitrary p ortfolio of securities in one bid, rather

than breaking up the order in to a sequence of bids on indi-

vidual securities. If the p ortfolio order is accepted, all of

the implied trades on individual securities are executed si-

m ultaneously , th us eliminating so-called exe cution risk that

2

By linearly indep enden t securities, w e mean that the v ec-

tors of pa y o�s in all future states of these securities are lin-

early indep enden t.



prices will c hange in the middle of a planned sequence of or-

ders. The authors conduct lab oratory exp erimen ts sho wing

that, ev en in thin mark ets where ordinary sequen tial trad-

ing breaks do wn, CVT supp orts e�cien t pricing and allo-

cation. Note that CVT di�ers signi�can tly from comp ound

securities trading. CVT allo ws instan taneous trading of an y

line ar com bination of securities, while comp ound securities

allo w more expressiv e securities that can enco de nonline ar

b o olean com binations of ev en ts. F or example, CVT ma y al-

lo w an agen t to order securities h A i and h B i in a bundle that

pa ys o� as a linear com bination of A and B ,

3

but CVT w on't

allo w the construction of a comp ound securit y h A ^ B i that

pa ys o� $1 i� b oth A and B o ccur, or a comp ound securit y

h A j B i .

Related to CVT are c ombinatorial auctions and exchanges ,

mec hanisms that ha v e recen tly receiv ed quite a bit of atten-

tion in the economics and computer science literatures [4,

12]. Com binatorial auctions allo w bidders to place distinct

v alues on all p ossible bundles of go o ds rather than just on

individual go o ds. In this w a y bidders can express substi-

tutabilit y and complemen tarit y relationships among go o ds

that cannot b e expressed in standard parallel or sequen tial

auctions. Comp ound securities di�er from com binatorial

auctions in concept and complexit y . Comp ound securities

allo w bidders to construct an arbitrary b et on an y of the

2

2

n

p ossible comp ound ev en ts expressible as logical func-

tions of the n base ev en ts, conditional on an y other of the

2

2

n

comp ound ev en ts. Agen ts optimize based on their o wn

sub jectiv e probabilities and risk attitude (and in general,

their b eliefs ab out other agen ts' b eliefs and utilities, ad in-

�nitum). The cen tral auctioneer problem is iden tifying arbi-

trage opp ortunities: that is, to matc h b ets together without

taking on an y risk of his or her o wn. Com binatorial auctions,

on the other hand, allo w bids on an y of the 2

n

bundles of n

go o ds. T ypically , uncertain t y|and th us risk|is not consid-

ered. The cen tral auctioneer problem is to maximize so cial

w elfare. Also note that the problems lie in di�eren t com-

plexit y classes. While clearing a com binatorial auction is

p olynomial in the divisible case and NP-complete in the in-

divisible case, matc hing in a comp ound securities mark et is

NP-complete in the divisible case and �

p

2

-complete in the in-

divisible case. In fact, ev en the problem of deciding whether

two bids on comp ound securities matc h, ev en in the divisible

case, is NP-complete (see Section 5.2).

F agin, Halp ern, and Megiddo [6] giv e a sound and com-

plete axiomatization for deciding whether sets of pr ob abilis-

tic ine qualities are consisten t. Bids for comp ound securities

can b e though t of as expressions of probabilistic inequali-

ties: for example, a bid to buy h A ^ B i at price 0 : 3 is a

statemen t that the probabilit y of A ^ B is greater than 0 : 3.

If a set of single-unit bids corresp ond to a set of inconsisten t

probabilistic inequalities, then there is a matc h. Ho w ev er,

b ecause they are in terested in a m uc h di�eren t framew ork,

F agin et al. do not consider sev eral complicating factors sp e-

ci�c to the securities mark et framew ork: namely , handling

m ulti-unit or fractional bid quan tities, iden tifying matc hes,

c ho osing among m ultiple matc hes, and optimizing based on

probabilities and risk attitudes. W e address these issues b e-

lo w.

3

Sp eci�cally , one unit of eac h pa ys o� $2 i� b oth A and B

o ccur, $1 i� A or B o ccurs (but not b oth), and $0 otherwise.

3. FRAMEWORK FOR TRADING IN COM­
POUND SECURITIES

3.1 High­level description
Common kno wledge among agen ts is the set of ev en ts A .

There are no prede�ned securities. Instead, agen ts o�er to

buy or sell securities of their o wn design that pa y o� con tin-

gen t on logical com binations of ev en ts and ev en t negations.

Com bination op erators ma y include conjunctions, disjunc-

tions, and conditionals.

F or all practical purp oses, it is imp ossible for agen ts to

trade in enough securities (2

n

) to form a complete mark et,

so agen ts m ust devise their b est tradeo� b et w een the n um-

b er of complexit y of their bids, and the exten t to whic h

their risks are hedged and desirable b ets are placed. In

its most general form, the problem is game-theoretic in na-

ture, since what an agen t should o�er dep ends on what he

or she b eliev es other agen ts will accept. A t the other end

of the sp ectrum, a simpli�ed v ersion of the problem is to

optimize bids only on curren tly a v ailable securities at cur-

ren t prices. In b et w een these t w o form ulations are other

p ossible in teresting optimization problems. Appro ximation

algorithms migh t also b e pursued.

The auctioneer faces a non trivial problem of matc hing buy

and sell orders to maximize surplus (the cash and securities

left o v er after accepted bids are ful�lled). F or example, o�ers

to sell h A

1

A

2

i at $0.2 and h A

1

�

A

2

i at $0.1 can matc h with an

o�er to buy h A

1

i at $0.4, with surplus $0.1. Or an o�er to

sell h A

1

i at $0.3 can matc h with an o�er to buy h A

1

A

2

i at

$0.4, with surplus $0.1 in cash and h A

1

�

A

2

i in securities. In

general, a single securit y migh t qualify for m ultiple matc hes,

but only one can b e transacted. So the auctioneer m ust �nd

the optimal set of matc hes that maximizes surplus, whic h

could b e measured in a n um b er of w a ys. Again, appro xi-

mation algorithms migh t b e considered. In another form u-

lation, the auctioneer functions as a mark et mak er that is

willing to tak e on a certain amoun t of risk.

Informally , our motiv ation is to pro vide a mec hanism that

allo ws a v ery high degree of expressivit y in placing hedges

and b ets, and is also capable of appro ximating the optimal

(complete-mark et) allo cation of risk, trading o� the n um b er

and complexit y of securities and transactions needed.

3.2 Formal description

3.2.1 Securities
W e use � and  to denote arbitrary b o olean form ulas, or

logical com binations of ev en ts in A . W e denote securities

h � j  i . Securities pa y o� $1 if and only if (i� ) � and  are

true, pa y o� $0 i� � is false and  is true, and are canceled

(i.e., an y price paid is refunded) i�  is false. W e de�ne

T � A to b e the ev en t \true" and F � ; to b e the ev en t

\false". W e abbreviate h � j T i as h � i .

3.2.2 Orders
Agen ts place orders, denoted o , of the form \ q units of

h � j  i at price p p er unit", where q > 0 implies a buy

order and q < 0 implies a sell order. W e assume agen ts

submitting buy (sell) orders will accept an y price p

�

� p

( p

�

� p ). W e distinguish b et w een divisible and indivisible

orders. Agen ts submitting divisible orders will accept an y

quan tit y �q where 0 < � � 1. Agen ts submitting indivisi-

ble orders will accept only exactly q units. W e b eliev e that,



giv en the nature of what is b eing traded (state-con tingen t

dollars), most agen ts will b e con ten t to trade using divisible

orders.

Ev ery order o can b e translated in to a pa y o� v ector �

across all states ! 2 
. The pa y o� �

h ! i

in state ! is q �

1

! 2  

(1

! 2 �

� p ), where 1

! 2 E

equals 1 i� ! 2 E and zero

otherwise. Recall that the 2

n

states corresp ond to the 2

n

p ossible com binations of ev en t outcomes. W e index m ultiple

orders with subscripts (e.g., o

i

and �

i

). Let the set of all

orders b e O and the set of all corresp onding pa y o� v ectors

b e P .

Example 1. (T r anslating or ders into p ayo� ve ctors) Sup-

p ose that jAj = 3 . Consider an or der to buy two units of

h A

2

_ A

3

j A

1

i at pric e $ 0.8. The c orr esp onding p ayo� ve ctor

is:

� = h �

h A

1

A

2

A

3

i

; �

h A

1

A

2

�

A

3

i

; �

h A

1

�

A

2

A

3

i

; : : : ; �

h

�

A

1

�

A

2

�

A

3

i

i

= 2 � h 0 : 2 ; 0 : 2 ; 0 : 2 ; � 0 : 8 ; 0 ; 0 ; 0 ; 0 i

2

3.2.3 The matching problem
The auctioneer's task, called the matching pr oblem , is to

determine whic h orders to accept among all orders o 2 O .

Let �

i

b e the fraction of order o

i

accepted b y the auctioneer

(in the indivisible case, �

i

m ust b e either 0 or 1; in the

divisible case, �

i

can range from 0 to 1). If �

i

= 0, then

order o

i

is considered rejected and no transactions tak e place

concerning this order. F or accepted orders ( �

i

> 0), the

auctioneer receiv es the money lost b y bidders and pa ys out

the money w on b y bidders, so the auctione er's p ayo� ve ctor

is:

�

auc

=

X

�

i

2P

� �

i

�

i

:

W e also call the auctioneer's pa y o� v ector the surplus ve ctor ,

since it is the (p ossibly state-con tingen t) money left o v er

after all accepted orders are �lled.

Assume that the auctioneer w an ts to c ho ose a set of orders

so that he or she is guaran teed not to lose an y money in an y

future state, but that the auctioneer do es not necessarily

insist on obtaining a p ositiv e b ene�t from the transaction

(i.e., the auctioneer will b e con ten t to break ev en).

Definition 1. (Matching pr oblem, indivisible c ase) Given

a set of or ders O , do es ther e exist �

i

2 f 0 ; 1 g with at le ast

one �

i

= 1 such that

8 ! ; �

h ! i

auc

� 0 ?

In other wor ds, do es ther e exist a nonempty subset of or ders

that the auctione er c an ac c ept without risk? 2

If 8 ! ; �

h ! i

auc

= c where c is nonnegativ e, then the surplus

lefto v er after pro cessing this matc h is c dollars. Let m =

min

!

[�

h ! i

auc

]. In general, pro cessing a matc h lea v es m dollars

in cash and �

h ! i

auc

� m in state-con tingen t dollars, whic h can

then b e translated in to securities.

Definition 2. (Matching pr oblem, divisible c ase) Given

a set of or ders O , do es ther e exist �

i

2 [0 ; 1] with at le ast

one �

i

> 0 such that

8 ! ; �

h ! i

auc

� 0 ;

2

Example 2. (Indivisible or der matching) Supp ose jAj =

2 . Consider an or der to buy one unit of h A

1

A

2

i at pric e

0.4 and an or der to sel l one unit of h A

1

i at pric e 0.3. The

c orr esp onding p ayo� ve ctors ar e:

�

1

= h �

h A

1

A

2

i

1

; �

h A

1

�

A

2

i

1

; �

h

�

A

1

A

2

i

1

; �

h

�

A

1

�

A

2

i

1

i

= h 0 : 6 ; � 0 : 4 ; � 0 : 4 ; � 0 : 4 i

�

2

= h � 0 : 7 ; � 0 : 7 ; 0 : 3 ; 0 : 3 i

The auctione er's p ayo� ve ctor (the ne gative of the c omp onent-

wise sum of the ab ove two ve ctors) is:

�

auc

= � �

1

� �

2

= h 0 : 1 ; 1 : 1 ; 0 : 1 ; 0 : 1 i :

Sinc e al l c omp onents ar e nonne gative, the two or ders match.

The auctione er c an pr o c ess b oth or ders, le aving a surplus of

$ 0.1 in c ash and one unit of h A

1

�

A

2

i in se curities. 2

Example 3. (Divisible or der matching) Supp ose jAj = 2 .

Consider an or der to sel l one unit of h A

1

i at pric e $ 0.5, an

or der to buy one unit of h A

1

A

2

j A

1

_ A

2

i at pric e $ 0.5, and

an or der to buy one unit of h A

1

�

A

2

j

�

A

2

i at pric e $ 0.4. The

c orr esp onding p ayo� ve ctors ar e:

�

1

= h �

h A

1

A

2

i

1

; �

h A

1

�

A

2

i

1

; �

h

�

A

1

A

2

i

1

; �

h

�

A

1

�

A

2

i

1

i

= h � 0 : 5 ; � 0 : 5 ; 0 : 5 ; 0 : 5 i

�

2

= h 0 : 5 ; � 0 : 5 ; � 0 : 5 ; 0 i

�

3

= h 0 ; 0 : 6 ; 0 ; � 0 : 4 i

It is cle ar by insp e ction that no non-empty subset of or ders

c onstitutes a match: in al l c ases wher e �

i

2 f 0 ; 1 g (other

than al l �

i

= 0 ), at le ast one state sums to a p ositive amount

(ne gative for the auctione er). However, if �

1

= �

2

= 3 = 5

and �

3

= 1 , then the auctione er's p ayo� ve ctor is:

�

auc

= �

3

5

�

1

�

3

5

�

2

� �

3

= h 0 ; 0 ; 0 ; 0 : 1 i ;

c onstituting a match. The auctione er c an pr o c ess 3/5 of the

�rst and se c ond or ders, and al l of the thir d or der, le aving a

surplus of 0.1 units of h

�

A

1

�

A

2

i . In this example, a divisible

match exists even though an indivisible match is not p ossible;

we examine the distinction in detail in Se ction 5, wher e we

sep ar ate the two matching pr oblems into distinct c omplexity

classes. 2

The matc hing problems de�ned ab o v e are decision prob-

lems: the task is only to sho w the existence or nonexistence

of a matc h. Ho w ev er, there ma y b e m ultiple matc hes from

whic h the auctioneer can c ho ose. Sometimes the c hoices are

equiv alen t from the auctioneer's p ersp ectiv e; alternativ ely ,

an ob jectiv e function can b e used to �nd an optimal matc h

according to that ob jectiv e.

Example 4. (A uctione er alternatives I) Supp ose jAj =

2 . Consider an or der to sel l one unit of h A

1

i at pric e $ 0.7,

an or der to sel l one unit of h A

2

i at pric e $ 0.7, an or der to

buy one unit of h A

1

A

2

i at pric e $ 0.4, an or der to buy one

unit of h A

1

�

A

2

i at pric e $ 0.4, and an or der to buy one unit

of h

�

A

1

A

2

i at pric e $ 0.4. The c orr esp onding p ayo� ve ctors

ar e:

�

1

= h� 0 : 3 ; � 0 : 3 ; 0 : 7 ; 0 : 7 i

�

2

= h� 0 : 3 ; 0 : 7 ; � 0 : 3 ; 0 : 7 i

�

3

= h 0 : 6 ; � 0 : 4 ; � 0 : 4 ; � 0 : 4 i

�

4

= h� 0 : 4 ; 0 : 6 ; � 0 : 4 ; � 0 : 4 i

�

5

= h� 0 : 4 ; � 0 : 4 ; 0 : 6 ; � 0 : 4 i



Consider the indivisible c ase. The auctione er c ould cho ose

to ac c ept bids 1, 3, and 4 to gether, or the auctione er c ould

cho ose to ac c ept bids 2, 3, and 5 to gether. Both c onstitute

matches, and in fact b oth yield identic al p ayo�s ( �

auc

=

h 0 : 1 ; 0 : 1 ; 0 : 1 ; 0 : 1 i , or $ 0.1 in c ash) for the auctione er. 2

Example 5. (A uctione er alternatives II) Supp ose jAj =

2 . Consider an or der to sel l two units of h A

1

i at pric e $ 0.6,

an or der to buy one unit of h A

1

A

2

i at pric e $ 0.3, and an

or der to buy one unit of h A

1

�

A

2

i at pric e $ 0.5. The c orr e-

sp onding p ayo� ve ctors ar e:

�

1

= h� 0 : 4 ; � 0 : 4 ; 0 : 6 ; 0 : 6 i

�

2

= h 0 : 7 ; � 0 : 3 ; � 0 : 3 ; � 0 : 3 i

�

3

= h� 0 : 5 ; 0 : 5 ; � 0 : 5 ; � 0 : 5 i

Consider the divisible c ase. The auctione er c ould cho ose to

ac c ept one unit e ach of al l thr e e bids, yielding a p ayo� to

the auctione er of $ 0.2 in c ash ( �

auc

= h 0 : 2 ; 0 : 2 ; 0 : 2 ; 0 : 2 i ).

A lternatively, the auctione er c ould cho ose to ac c ept 4/3 units

of bid 1, and one unit e ach of bids 2 and 3, yielding a p ayo�

to the auctione er of 1/3 units of se curity h A

1

i . Both choic es

c onstitute matches (in fact, ac c epting any numb er of units

of bid 1 b etwe en 1 and 4/3 c an b e p art of a match), though

dep ending on the auctione er's obje ctive, one choic e might

b e pr eferr e d over another. F or example, if the auctione er

b elieves that A

1

is very likely to o c cur, he or she may pr efer

to ac c ept 4/3 units of bid 1. 2

There are man y p ossible criteria for the auctioneer to de-

cide among matc hes, all of whic h seem reasonable in some

circumstances. One natural quan tit y to maximize is the

v olume of trade among bidders; another is the auctioneer's

utilit y , either with or without the arbitrage constrain t.

Definition 3. (T r ade maximization pr oblem) Given a set

of indivisible (divisible) or ders O , cho ose �

i

2 f 0 ; 1 g ( �

i

2

[0 ; 1] ) to maximize

X

i

�

i

q

i

;

under the c onstr aint that

8 ! ; �

h ! i

auc

� 0 :

2

Another reasonable v ariation is to maximize the total p er-

cen t of orders �lled, or

P

i

�

i

, under the same (risk-free)

constrain t that 8 ! ; �

h ! i

auc

� 0.

Definition 4. (A uctione er risk-fr e e utility-maximization

pr oblem) L et the auctione er's subje ctive pr ob ability for e ach

state ! b e Pr ( ! ) , and let the auctione er's utility for y dol-

lars b e u ( y ) . Given a set of indivisible (divisible) or ders O ,

cho ose �

i

2 f 0 ; 1 g ( �

i

2 [0 ; 1] ) to maximize

X

! 2 


Pr ( ! ) u (�

h ! i

auc

) ;

under the c onstr aint that

8 ! ; �

h ! i

auc

� 0 :

2

Definition 5. (A uctione er standar d utility-maximization

pr oblem) L et the auctione er's subje ctive pr ob ability for e ach

state ! b e Pr ( ! ) , and let the auctione er's utility for y dol-

lars b e u ( y ) . Given a set of indivisible (divisible) or ders O ,

cho ose �

i

2 f 0 ; 1 g ( �

i

2 [0 ; 1] ) to maximize

X

! 2 


Pr ( ! ) u

�

�

h ! i

auc

�

:

2

This last ob jectiv e function drops the risk-free (arbitrage)

constrain t. In this case, the auctioneer is a mark et mak er

with his or her o wn b eliefs ab out the lik eliho o d of outcomes,

and the auctioneer ma y actually lose money is some out-

comes.

Still other v ariations and other optimization criteria seem

reasonable, including so cial w elfare, etc. It also seems rea-

sonable to supp ose that the surplus b e shared among bidders

and the auctioneer, rather than retained solely b y the auc-

tioneer. This is analogous to c ho osing a common transaction

price in a double auction (e.g., the midp oin t b et w een the bid

and ask prices), rather than the buy er pa ying the bid price

and the seller receiving the ask price (with the di�erence

going to the auctioneer). The problem b ecomes more com-

plicated when dividing surplus securities, in part b ecause

they are v alued di�eren tly b y di�eren t agen ts. F orm ulating

reasonable sharing rules and examining the resulting incen-

tiv e prop erties seems a ric h and promising a v en ue for further

in v estigation.

4. MATCHING ALGORITHMS
The straigh tforw ard algorithm for solving the divisible

matc hing problem is linear programming; w e set up an ap-

propriate linear program in Section 5.1. The straigh tfor-

w ard algorithm for solving the indivisible matc hing problem

is in teger programming. With n ev en ts, to set up the ap-

propriate linear or in teger programs, simply writing out the

pa y o� v ectors requires O(2

n

) space.

Their is some hop e that sp ecialized algorithms that ex-

ploit structure among bids can p erform b etter in terms of

a v erage-case time and space complexit y . F or example, in

some cases matc hes can b e iden ti�ed using logical reduction

tec hniques, without writing do wn the full pa y o� v ectors. So

a matc h b et w een the follo wing bids:

� sell 1 of h A

1

A

2

i at $0.2

� sell 1 of h A

1

�

A

2

i at $0.1

� buy 1 of h A

1

i at $0.4

can b e iden ti�ed b y reducing the �rst t w o bids to an equiv-

alen t o�er to sell h A

1

i at $0.3 that clearly matc hes with

the third bid. F ormalizing a logical-reduction algorithm for

matc hing, or other algorithms that can exploit sp ecial struc-

ture among the bids, is a promising a v en ue for future w ork.

5. THE COMPUTATIONAL COMPLEXITY
OF MATCHING

In this section w e examine the computational complexit y

of the auctioneer's matc hing problem. Here n refers to the

problems input size that includes descriptions of all of the

buy and sell orders. W e also assume that n b ounds the

n um b er of base securities.

W e consider four cases based on t w o parameters:



1. Whether to allo w divisible or indivisible orders.

2. The n um b er of securities. W e consider t w o p ossibili-

ties:

(a) O (log n ) base securities yielding a p olynomial n um-

b er of states.

(b) An unlimited n um b er of base securities yielding

an exp onen tial n um b er of states.

W e sho w the follo wing results.

Theorem 1. The matching pr oblem is

1. c omputable in p olynomial-time for O (log n ) b ase se cu-

rities with divisible or ders.

2. c o-NP-c omplete for unlimite d se curities with divisible

or ders.

3. NP-c omplete for O (log n ) b ase se curities with indivis-

ible or ders.

4. �

p

2

-c omplete for unlimite d se curities with indivisible

or ders.

5.1 Small number of securities with divisible
orders

W e can build a linear program based on De�nition 2. W e

ha v e v ariables �

i

. F or eac h i , w e ha v e

0 � �

i

� 1

and for eac h state ! in 
 w e ha v e the constrain t

�

h ! i

auc

=

X

i

� �

i

�

h ! i

i

� 0 :

Giv en these constrain ts w e maximize

X

i

�

i

:

A set of orders has a matc hing exactly when

P

i

�

i

> 0.

With O (log n ) base securities, w e ha v e j 
 j b ounded b y a

p olynomial so w e can solv e this linear program in p olynomial

time.

Note that one migh t argue that one should maximize some

linear com bination of the � �

h ! i

i

s to maximize the surplus.

Ho w ev er this approac h will not �nd matc hings that ha v e no

surplus.

5.2 Large number of securities with divisible
orders

With unlimited base securities, the linear program giv en

in Section 5.1 has an exp onen tial n um b er of constrain t equa-

tions. Eac h constrain t is short to describ e and easily com-

putable giv en ! .

Let m � n b e the total n um b er of buy and sell orders

By the theory of linear programming, an upp er b ound on

the ob jectiv e function can b e forced b y a collection of m + 1

constrain ts. So if no matc hing exists there m ust exist m + 1

constrain ts that force all the �

i

to zero. In nondeterministic

p olynomial-time w e can guess these constrain ts and solv e

the reduced linear program. This sho ws that matc hing is in

co-NP .

T o sho w co-NP-completeness w e reduce the NP-complete

problem of Bo olean form ula satis�abilit y to the nonexistence

of a matc hing. Fix a form ula � . Let the base states b e the

v ariables of � and consider the single securit y h � i with a

buy order of 0 : 5. If the form ula � is satis�able then there

is some state with pa y o� 0 : 5 and no fractional unit of the

securit y h � i is a matc hing. If the form ula � is not satis�able

then ev ery state has a auctioneer's pa y o� of 0 : 5 and a single

unit of the securit y h � i is a matc hing.

One could argue that if the form ula � is not satis�able

then no fully rational buy er w ould w an t to buy h � i for a cost

of 0 : 5. W e can get around this problem b y adding auxiliary

base states, A and B , and de�ning t w o securities

h  i = ( � ^ A ) _ ( A ^ B )

h � i = ( � ^ A ) _ ( A ^ B )

with separate buy orders of 0 : 5 on eac h.

If � w ere satis�able then in the state corresp onding to

the satisfying assignmen t and b oth A and B to b e true, h  i

and h � i b oth ha v e an auctioneer's pa y o� of � 0 : 5 so ev en no

divisible matc hing can exist.

If � w ere not satis�able then one unit of eac h w ould b e a

matc hing since in ev ery state at least one of h  i or h � i are

false.

5.3 Small number of securities with indivisible
orders

This case is easily seen to b e in NP: Just nondeterminis-

tically guess a nonempt y subset S of orders and c hec k for

eac h state ! in 
 that

�

h ! i

auc

=

X

i 2 S

� �

h ! i

i

� 0 :

Since j 
 j and j S j are b ounded a p olynomial in n , the v eri�-

cation can b e done in p olynomial time.

T o sho w that matc hing is NP-complete w e reduce the NP-

complete problem EXA CT CO VER BY 3-SETS (X3C) to a

matc hing of securities.

The input to X3C consists of a set X and a collection C

of 3-elemen t subsets of X . The input ( X ; C ) is in X3C if C

con tains an exact co v er of X , i.e., there is a sub collection

C

0

of C suc h that ev ery elemen t of X o ccurs in exactly one

mem b er of C

0

. Karp sho w ed that X3C is NP-complete.

Supp ose w e ha v e an instance ( X ; C ) with the v ector X =

f x

1

; : : : ; x

3 q

g and C = f c

1

; : : : ; c

m

g .

W e set 
 = f e

1

; : : : ; e

3 q

; r ; s g and de�ne securities lab elled

h �

1

i ; : : : ; h �

m

i , h  

1

i ; : : : ; h  

q

i and h � i , as follo ws:

� Securit y h �

i

i is true in state r and state e

k

if k is not

in c

i

.

� Securit y h  

j

i is true only in state s .

� Securit y h � i is true in eac h state e

k

but not r or s .

W e ha v e buy orders on eac h h �

i

i and h  

j

i securit y for

0 : 5 �

1

8 q

and a buy order on h � i for 0 : 5.

W e claim that a matc hing exists if and only if ( X ; C ) is

in X3C.

If ( X ; C ) is in X3C, let C

0

b e the sub collection that co v ers

eac h elemen t of X exactly once. Note that j C

0

j = q .

W e claim the collection consisting of h �

i

i for eac h c

i

in

C

0

, ev ery h  

j

i and v has a matc hing.



In state eac h e

k

w e ha v e a auctioneer's pa y o� of

( : 5 �

1

8 q

) + ( q � 1)( � : 5 �

1

8 q

) + q ( : 5 �

1

8 q

) � : 5

= : 5 � 2 q

1

8 q

= : 25 � 0 :

In states r and s the auctioneer's pa y o�s are

� q ( : 5 +

1

8 q

) + � q ( � : 5 +

1

8 q

) + : 5 = � 5 � 2 q

1

8 q

= : 25 � 0 :

Supp ose no w that ( X ; C ) is not in X3C but there is a

matc hing. Consider the n um b er q

0

of the h �

i

i in that matc h-

ing and q

00

the n um b er of h  

j

i in the matc hing. Since a

matc hing requires a nonempt y subset of the orders and h � i

b y itself is not a matc hing w e ha v e q

0

+ q

00

> 0.

W e ha v e three cases.

q

0

> q : In state r , the auctioneer's pa y o� is

� q

0

( : 5 +

1

8 q

) � q ( � : 5 +

1

8 q

) + : 5 � � ( q

0

+ q )

1

8 q

< 0 :

q

00

> q

0

: In state s , the auctioneer's pa y o� is

� q

00

( : 5 +

1

8 q

) � q

0

( � : 5 +

1

8 q

) + : 5 � � ( q

00

+ q

0

)

1

8 q

< 0 :

q

00

� q

0

� q : Consider the set C

0

consisting of the c

i

where h �

i

i is in the matc hing. There m ust b e some state

e

k

not in an y of the c

i

or C

0

w ould b e an exact co v er. The

auctioneer's pa y o� in e

k

is at most

� q

0

( : 5 +

1

8 q

) � q

00

( � : 5 +

1

8 q

) � � ( q

00

+ q

0

)

1

8 q

< 0 :

5.4 Large Number of Securities with Indivisi­
ble Orders

The class �

p

2

is the second lev el of the p olynomial-time

hier ar chy . A language L is in �

p

2

if there exists a p olynomial

p and a set A in P suc h that x is in L if and only if there

is a y with j y j = p ( j x j ) suc h that for all z , with j z j = p ( j x j ),

( x; y ; z ) is in A . The class �

p

2

con tains b oth NP and co-

NP. Unless the p olynomial-time hierarc h y collapses (whic h

is considered unlik ely), a problem that is complete for �

p

2

is

not con tained in NP or co-NP.

W e will sho w that computing a matc hing is �

p

2

-complete,

and remains so ev en for quite restricted t yp es of securities,

and hence is either in NP or co-NP . While it ma y seem that

b eing NP-complete or co-NP-complete is \hard enough,"

there are further practical consequences of b eing outside of

NP and co-NP. If the matc hing problem w ere in NP, one

could use heuristics to searc h for and v erify a matc h if it

exists; ev en if suc h heuristics fail in the w orst case, they

ma y succeed for most examples in practice. Similarly , if

the matc hing problem w ere in co-NP, one migh t hop e to at

least heuristically rule out the p ossibilit y of matc hing. But

for problems outside of NP or co-NP, there is no framew ork

for v erifying that a heuristically deriv ed answ er is correct.

Less formally , for NP (or co-NP)-complete problems, y ou

ha v e to b e luc ky; for �

p

2

-complete problems, y ou can't ev en

tell if y ou'v e b een luc ky .

W e note that the existence of a matc hing is in �

p

2

: W e

use y to c ho ose a subset of the orders and z to represen t

a state ! with ( x; y ; z ) in A if the set of orders has a total

nonp ositiv e auctioneer's pa y o� in state ! .

W e pro v e a stronger theorem whic h implies that matc hing

in in �

p

2

. Let S

1

; : : : ; S

n

b e a set securities, where eac h

securit y S

i

has cost c

i

and pa ys o� p

i

whenev er form ula C

i

is satis�ed. The 0 � 1 -matching pr oblem asks whether one

can, b y buying either 0 or 1 of eac h securit y , guaran tee a

w orst-case pa y o� strictly larger than the total cost.

Theorem 2. The 0 � 1 -matching pr oblem is �

p

2

-c omplete.

F urthermor e, the pr oblem r emains �

p

2

-c omplete under the

fol lowing two sp e cial c ases:

1. F or al l i , C

i

is a c onjunction of 3 b ase events (or their

ne gations), p

i

= 1 , and c

i

= c

j

for al l i and j .

2. F or al l i , C

i

is a c onjunction of at most 2 b ase events

(or their ne gations).

These har dness r esults hold even if ther e is a pr omise that

no subset of the se curities guar ante es a worst-c ase p ayo�

identic al to their c ost.

T o pro v e Theorem 2, w e reduce from the \standard" �

p

2

problem that w e call T 98 BF. Giv en a b o olean form ula �

with v ariables x

1

; : : : ; x

n

and y

1

; : : : ; y

n

is the follo wing fully-

quan ti�ed form ula true

9 x

1

: : : 9 x

n

8 y

1

: : : 8 y

n

� ( x

1

; : : : ; x

n

; y

1

; : : : ; y

n

)?

The problem remains �

p

2

-complete when

� ( x

1

; : : : ; x

n

; y

1

; : : : ; y

n

)

is restricted to b eing a disjunction of conjunctions of at most

3 v ariables (or their negations), e.g.,

� ( x

1

; : : : ; x

n

; y

1

; : : : ; y

n

) =

( x

1

^ �x

3

^ y

2

) _ ( x

2

^ y

3

^ y

7

) _ � � � :

This form, without the b ound on the conjunction size, is

kno wn as disjunctive normal form (DNF); the restriction to

conjunctions of 3 v ariables is 3-DNF.

W e reduce T 98 BF to �nding a matc hing. F or the simplest

reduction, w e consider the matc hing problem where one has

a set of Arro w-Debreu securities whose pa y o� ev en ts are con-

junctions of the base states, or their negations. The mark et

mak er has the option of buying either 0 or 1 of eac h of the

giv en securities.

W e �rst reduce to the case where the pa y o� ev en ts are

conjunctions of arbitrarily man y base ev en ts (or their nega-

tions). By a standard standard tric k w e can reduce the

n um b er of base ev en ts in eac h conjunction to 3, and with

a sligh t t wist w e can ev en ensure that all securities ha v e

the same price as w ell as the same pa y o�. Finally , w e sho w

that the problem remains hard ev en if only conjunctions of

2 v ariables are allo w ed, though with securities that deviate

sligh tly from Arro w-Debreu securities in that they ma y ha v e

v arying, non unit pa y o�s.

5.4.1 The basic reduction
Before describing the securities, w e giv e some in tuition.

The T 98 BFproblem ma y b e view ed as a game b et w een a

sele ctor and an adversary . The selector sets the x

i

v ariables,

and then the adv ersary sets the y

i

v ariables so as to falsify

the form ula � . W e can view the 0 � 1-matc hing problem

as one in whic h the buyer buys securities corresp onding to

disjunctions of the base ev en ts, and then the adv ersary sets

the v alues of the base ev en ts to minimize the pa y o� from

the securities.



W e construct our securities so that the optimal buying

strategy is to buy n \exp ensiv e" securities along with a set

of \c heap" securities, of negligible cost (for some cases w e

can mo dify the construction so that all securities ha v e the

same cost). The total cost of the securities will b e just

under 1, and eac h securit y pa ys o� 1, so the adv ersary m ust

ensure that none of the securities pa ys o�. Eac h exp ensiv e

securit y forces the adv ersary to set some v ariable, x

i

to a

particular v alue to prev en t the securit y from pa ying o�; this

corresp onds to setting the x

i

v ariables in the original game.

The c heap securities are suc h that prev en ting ev ery one of

of these securities from pa ying o� is equiv alen t to falsifying

� in the original game.

Among the tec hnical di�culties w e face is ho w to prev en t

the buy er from buying con
icting securities, e.g., one that

forces x

i

= 0 and the other that forces x

i

= 1, allo wing for

a trivial arbitrage. Secondly , for our analysis w e need to

ensure that a trader cannot sp end more to get more, sa y b y

sp ending 1 : 5 for a set of securities with the prop ert y that at

least 2 securities pa y o� under all p ossible ev en ts.

F or eac h of the v ariables f x

i

g ; f y

i

g in � , w e add a corre-

sp onding base state (with the same lab els). F or eac h exis-

ten tial v ariable x

i

w e add additional base states, n

i

and z

i

.

W e also include a base state Q .

In our basic construction, eac h exp ensiv e securit y costs C

and eac h c heap securit y costs � ; all securities pa y o� 1. W e

require that C n + � ( j c heap securities j ) < 1 and C ( n + 1) > 1.

That is, one can buy n exp ensiv e securities and all of the

c heap securities for less than 1, but one cannot buy n + 1

exp ensiv e securities for less than 1. W e at times refer to a

securit y b y its pa y o� clause.

Remark: W e ma y lo osely think of � as 0. Ho w ev er, this

w ould allo w one to buy a securit y for nothing that pa ys (in

the w orst case) nothing. By making � > 0 , w e can sho w

it hard to distinguish p ortfolios that guaran tee a p ositiv e

pro�t from those that risk a p ositiv e loss. Setting � > 0 will

also allo w us to sho w hardness results for the case where all

securities ha v e the same cost.

F or 1 � i � n , w e ha v e t w o exp ensiv e securities with

pa y o� clauses ( � x

i

^ Q ) and ( � n

i

^ Q ) and t w o c heap securities

with pa y o� clauses ( x

i

^ �z

i

) and ( n

i

^ �z

i

).

F or eac h clause C 2 � , w e con v ert ev ery negated v ariable

�x

i

in to n

i

and add the conjunction z

1

^ � � � ^ z

n

. Th us, for a

clause C = ( x

2

^ �x

7

^ �y

5

) w e construct a c heap securit y S

C

,

with pa y o� clause

( z

1

^ � � � ^ z

n

^ x

2

^ n

7

^ �y

5

) :

Finally , w e ha v e a c heap securit y with pa y o� clause (

�

Q ).

W e no w argue that a matc hing exists i�

9 x

1

: : : 9 x

n

8 y

1

: : : 8 y

n

� ( x

1

; : : : ; x

n

; y

1

; : : : ; y

n

) :

W e do this b y successiv ely constraining the buy er and the

adv ersary , eliminating b eha viors that w ould cause the other

pla y er to win. The resulting \reasonable" strategies corre-

sp ond exactly to the game v ersion of T 98 BF.

First, observ e that if the adv ersary sets all of the base

states to false (0), then only the (

�

Q ) securit y will pa y o�.

Th us, no buy er can buy more than n exp ensiv e securities

and guaran tee a pro�t. The problem is th us whether one

can buy n exp ensiv e securities and all the c heap securities,

so that at for an y setting of the base ev en ts at least one

securit y will pa y o�.

Clearly , the adv ersary m ust mak e Q hold, or the (

�

Q ) se-

curit y will pa y o�. Next, w e claim that for eac h i , 1 � i � i ,

the mark et mak er m ust buy at least one of the ( � x

i

^ Q ) and

( � n

i

^ Q ) securities. This follo w from the fact that if the ad-

v ersary sets x

i

; n

i

and z

i

to b e false, and ev ery other base

ev en t to b e true, then only the ( � x

i

^ Q ) and ( � n

i

^ Q ) secu-

rities will pa y o�. As no mark et mak er can buy more than

n exp ensiv e securities, it m ust therefore buy exactly one of

( � x

i

^ Q ) or ( � n

i

^ Q ), for eac h i , 1 � i � n . F or the rest of

the analysis, w e assume that the mark et mak er follo ws this

constrain t.

Supp ose that the buy er buys ( � x

i

^ Q ). Then the adv ersary

m ust set x

i

to b e true (since it m ust set Q to b e true), or the

securit y will pa y o�. It m ust then set z

i

to b e true or ( x

i

^ �z

i

)

will pa y o�. Since the buy er do esn't buy ( � n

i

^ Q ) (b y the

ab o v e constrain t), and all the other securities pa y the same

or less when n

i

is made false, w e can assume without loss of

generalit y that the adv ersary sets n

i

to b e false. Similarly ,

if the buy er buys ( � n

i

^ Q ), then the adv ersary m ust set

n

i

and z

i

to b e true, and w e can assume without loss of

generalit y that the adv ersary sets x

i

to b e false. Note that

the adv ersary m ust in all cases set eac h z

i

ev en t to b e true.

Summarizing the preceding argumen t, there is an exact

corresp ondence b et w een the rational strategies of the buy er

and settings for the x

i

v ariables forced on the adv ersary .

F urthermore, the adv ersary is also constrained to set the

v ariables Q; z

1

; : : : ; z

n

to b e true, and without loss of gen-

eralit y ma y b e assumed to set n

i

= �x

i

. Under these con-

strain ts, those securities not corresp onding to clauses in �

are guaran teed to not pa y o�.

The adv ersary also decides the v alue of the y

1

; : : : ; y

m

base ev en ts. Recall that for eac h clause C 2 � there is a

corresp onding securit y S

C

. Giv en that z

i

is true and n

i

= �x

i

(without loss of generalit y), it follo ws from the construction

of S

C

that the setting of the y

i

s causes S

C

to pa y o� i� it

satis�es C . This establishes the reduction from T 98 BF to

the matc hing problem, when the securities are constrained

to b e a conjunction of p olynomially man y base ev en ts or

their negations.

5.4.2 Reducing to3 ­variable conjunctions
There are standard metho ds for reducing DNF form ulae to

3-DNF form ulae, whic h are trivially mo di�able to our secu-

rities framew ork; w e include the reduction for completeness.

Giv en a securit y S whose pa y o� clause is

C = ( v

1

^ v

2

^ � � � ^ v

k

)

(v ariable negations are irrelev an t to this discussion), cost

c and pa y o� p , in tro duce a new auxiliary v ariable, w , and

replace the securit y with t w o securities, S

1

and S

2

, with

pa y o� clauses,

C

1

= ( v

1

^ v

2

^ w ) and

C

2

= ( � w ^ v

3

^ � � � ^ v

k

) :

The securities b oth ha v e pa y o� p , and their costs can b e

an y p ositiv e v alues that sum to c . Note that at most one of

the securities can pa y o� at a time. If only one securit y is

b ough t, then the adv ersary can alw a ys set w so that it w on't

pa y o�; hence one will rationally buy either b oth or neither,

for a total cost of c (here w e use the fact that one is only

allo w ed to buy either 0 or 1 shares of eac h securit y). Then,

it ma y b e v eri�ed that, giv en the abilit y to set w arbitrarily ,

the adv ersary can cause C to b e unsatis�ed i� it can cause



b oth C

1

and C

2

to b e unsatis�ed. Hence, o wning one share

eac h of S

1

and S

2

is equiv alen t to o wning one share of S .

Note that C

1

has three v ariables and C

2

has k � 1 v ariables.

By applying the transformation successiv ely , one obtains an

equiv alen t set of securities, of p olynomial size, whose pa y o�

clauses ha v e at most 3 v ariables.

W e note that in the basic construction, all of the clauses

with more than 3 v ariables are asso ciated with c heap secu-

rities (cost � ). Instead of sub dividing costs, w e can simply

mak e all of the resulting securities ha v e cost � ; the con-

strain ts on C and � m ust re
ect the new, larger n um b er of

c heap securities.

One can ensure that all of the pa y o� clauses ha v e exactly

3 v ariables, with a similar construction. A securit y S with

cost c , pa y o� p and de�ning clause ( x ^ y ) can b e replaced

b y securities S

1

and S

2

with cost c= 2, pa y o� p and de�ning

clauses ( x ^ y ^ w ) and ( x ^ y ^ �w ), where w is a new auxiliary

v ariable. Essen tially the same analysis as giv en ab o v e ap-

plies to this case. The case of single-v ariable pa y o� clauses

is handled b y t w o applications of this tec hnique.

5.4.3 Reducing to equi­cost securities
By setting C and � appropriately , one can ensure that

in the basic reduction ev ery securit y costs a p olynomially

b ounded in teger m ultiple of � ; call this ratio r . W e no w

sho w ho w to reduce this case to the case where ev ery se-

curit y costs � . Recall that the exp ensiv e securities ha v e

pa y o� clauses ( � x

i

^ Q ) or ( � n

i

^ Q ). Assume that secu-

rit y S has pa y o� clause ( � x

i

^ Q ) (the other case is handled

iden tically). Replace S with securit y S

0

, with pa y o� clause

( � x

i

^ Q ^ w

1

) ( w

1

; : : : ; w

r � 1

are auxiliary v ariables; fresh

v ariables are c hosen for eac h clause), and also S

1

; : : : ; S

r � 1

,

with pa y o� clauses

( � w

1

^ w

2

) ; ( � w

2

^ w

3

) ; : : : ; ( � w

r � 2

^ w

r � 1

) ; and( � w

r � 1

^ �w

1

) :

Clearly , buying none of the new securities is equiv alen t

to not buying the original securit y . W e sho w that buying

all of the new securities is equiv alen t to buying the original

securit y , and that buying a prop er, nonempt y subset of the

securities is irrational.

W e �rst note that if the buy er buys securities S

1

; : : : ; S

r � 1

,

then the adv ersary m ust set w

1

to b e true, or one of the

securities will pa y o�. T o see this, note that if w

i

is set to

false, then ( � w

i

^ w

i +1

) will b e true unless w

i +1

is set to false;

th us, setting w

1

to false forces the adv ersary to set w

r � 1

to

false, causing the �nal clause to b e true. Ha ving set w

1

true, the adv ersary can set w

2

; : : : ; w

r � 1

to false, ensuring

that none of the securities S

1

; : : : ; S

r � 1

pa ys out. If w

i

is

true, then ( � x

i

^ Q ^ w

1

) is equiv alen t to ( � x

i

^ Q ). So buying

all of the replacemen t securities for � eac h is equiv alen t to

buying the original securit y for �r .

It remains to sho w that buying a prop er, nonempt y sub-

set of the securities is irrational. If one do esn't buy S

0

,

then the adv ersary can set the w v ariables so that none of

S

1

; : : : ; S

r � 1

will pa y o�; an y money sp en t on these securi-

ties is w asted. If one do esn't buy S

r � 1

, the adv ersary can

set all the w v ariables to false, in whic h case none of the

new clauses will pa y o�, regardless of the v alue of x

i

and

Q . Similarly , if one do esn't buy S

i

, for 1 � i � r � 2, the

adv ersary can set w

i +1

to b e true, all the other w v ariables

to b e false, and again there is no pa y o�, regardless of the

v alue of x

i

and Q . Th us, buying a prop er subset of these

securities will not increase ones pa y o�.

W e note that this reduction can b e com bined trivially with

the reduction that ensures that all of the de�ning clauses

ha v e 3 or few er v ariables. With a sligh tly messier argumen t,

all of the de�ning clauses can b e set up to ha v e exactly 3

v ariables.

5.4.4 Reducing to clauses of at most2 variables
If w e allo w securities to ha v e v ariable pa y o�s and prices,

w e can reduce to the case where eac h securit y's pa y o� clause

is a conjunction of at most 2 v ariables or their negations.

Giv en a securit y s with pa y o� clause ( X ^ Y ^ Z ), cost c

and pa y o� 1, w e in tro duce fresh auxiliary v ariables, w

1

; w

2

and w

3

(new v ariables are used for eac h clause) and replace

S with the follo wing securities:

� Securities S

1

; S

2

and S

3

, eac h with cost c= 3 and pa y o�

1, with resp ectiv e pa y o� clauses ( X ^ w

1

), ( Y ^ w

2

)

and ( Z ^ w

3

).

� Securities S

0

1

; : : : ; S

0

6

, eac h with cost 4 and pa y o� 24 �

�

2

, with pa y o� clauses,

( w

1

^ w

2

) ( w

1

^ w

3

) ( w

2

^ w

3

)

( � w

1

^ �w

2

) ( � w

1

^ �w

3

) ( � w

2

^ �w

3

)

Here, �

2

is a tin y p ositiv e quan tit y , describ ed later. By a

simple case analysis, w e ha v e the follo wing.

Observ ations:

1. F or an y i , there exists a setting of w

1

; w

2

an w

3

suc h

that of the S

0

securities only S

0

i

pa ys o�.

2. F or an y setting of w

1

; w

2

and w

3

, at least one of the

S

0

securities will pa y o�.

3. If w

1

; w

2

and w

3

are all false, all of the S

0

securities

will pa y o�.

4. Setting one of w

1

; w

2

or w

3

to b e true, and the others

to b e 0, will cause exactly one of the S

0

securities to

pa y o�.

By Observ ation 1, there is no p oin t in buying a nonempt y

prop er subset of the S

0

securities: The adv ersary can ensure

that none of the b ough t securities will pa y o�, and ev en if

all the S securities pa y o�, it will not b e su�cien t to recoup

the cost of buying a single S

0

securit y . By Observ ation 2, if

one buys all the S

0

securities, one is guaran teed to almost

mak e bac k ones in v estmen t (except for �

2

), in whic h case b y

Observ ations 3 and 4, the adv ersaries optimal strategy is to

mak e exactly one of w

1

; w

2

or w

3

true. W e set C ; � and �

2

so that

C n + � ( j c heap securities j ) + �

2

( j clauses j ) < 1 :

Th us, the accum ulated losses of �

2

can nev er sp ell the dif-

ference b et w een making a guaran teed pro�t and making no

pro�t at all. Note also that b y making �

2

p ositiv e w e prev en t

the existence of \break-ev en" buying strategies in whic h the

buy er only purc hases S

0

securities.

Summarizing the previous argumen t, w e ma y assume with-

out loss of generalit y that the buy er buys all of the S

0

secu-

rities (for all clauses), and that for eac h clause the adv ersary

sets exactly one of that clause's auxiliary v ariables w

1

; w

2

or

w

3

to b e true. F or the rest of the discussion, w e assume that

the pla y ers follo w these constrain ts.



W e next claim that a rational buy er will either buy all

of S

1

; S

2

or S

3

, or none of them. If the buy er do esn't buy

S

1

, then if the adv ersary mak es w

1

true and w

2

and w

3

false, neither S

2

nor S

3

will pa y o�, regardless of ho w the

adv ersary sets X ; Y and Z . Hence, there is no p oin t in

buying either S

2

or S

3

if one do esn't buy S

1

. Applying the

same argumen t to S

2

and S

3

establishes the claim.

Clearly , buying none of S

1

; S

2

and S

3

has, up to negligible

�

2

factors, the same price/pa y o� b eha vior as not buying S .

W e next argue that, sub ject to the established constrain ts

put on the pla y ers' b eha viors, buying all of S

1

; S

2

and S

3

has

the same price/pa y o� b eha vior (again ignoring �

2

factors) as

buying S , regardless of ho w the adv ersary sets X ; Y and Z .

First, in b oth cases, the cost is c . If the adv ersary mak es

X ; Y and Z true, then S pa ys o� 1, and (assuming that

exactly one of w

1

, w

2

and w

3

is true), exactly one of S

1

; S

2

or S

3

will pa y o� 1. If X is false, then S do esn't pa y o�,

and the adv ersary can set w

1

true (and w

2

and w

3

false),

ensuring that none of S

1

, S

2

and S

3

pa ys o�. The same

argumen t holds if Y or Z are false.

6. CONCLUSIONS AND
FUTURE DIRECTIONS

W e ha v e analyzed the computational complexit y of matc h-

ing for securities based on logical form ulas. One can tak e

man y p ossible directions, suc h as

1. Ho w to buy and sell a collection of securities that max-

imizes one's exp ected utilit y , b oth for linear and non-

linear utilit y functions.

2. Ho w to c ho ose securities and set bid and ask prices on

these securities to maximize exp ected utilit y .

3. Although matc hing is lik ely in tractable, are their go o d

heuristics that ac hiev e matc hes in man y cases or ap-

pro ximate a matc hing?

4. W e ma y consider a mark et to b e in c omputational e qui-

librium if no computationally-b ounded pla y er can �nd

a strategy that increases his utilit y . With few excep-

tions [9], little is kno wn ab out computational equilib-

riums. A natural question is to determine whether a

mark et can ac hiev e a computational equilibrium that is

not a true equilibrium, and under what circumstances

this ma y o ccur.
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