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On Limited v ersus P olynomial

Nondeterminism

Uriel F eige Jo e Kilian

12 Marc h, 1997

Abstract

In this pap er, w e sho w that e�cien t algorithms for some problems

A bstr act-1

that require limited nondeterminism imply the sub exp onen tial sim u-

lation of nondeterministic computation b y deterministic computation.

In particular, if cliques of size O (log n ) can b e found in p olynomial

time, then nondeterministic time f ( n ) is con tained in deterministic

time 2

O (

p

f ( n ) p olylog f ( n ))

.

1 In tro duction

A ma jor op en question in computational complexit y is whether P = NP .

1-1

In other w ords, is it true that if a language L can b e recognized in time

f ( n ) b y a nondeterministic T uring mac hine (where n denotes the input

length), then L can b e recognized in time ( f ( n ))

c

b y a deterministic T ur-

ing mac hine (for some constan t c )? Let DTIME ( f ( n )) denote the class

of languages accepted b y a deterministic T uring mac hine in time O ( f ( n )) ,

and let NTIME ( f ( n )) denote the class of languages accepted b y a non-

deterministic T uring mac hine in time O ( f ( n )) . The trivial relations b e-

t w een these classes are DTIME ( f ( n )) � NTIME ( f ( n )) (b y de�nition), and

NTIME ( f ( n )) � DTIME (2

O ( f ( n ))

) (b y exhaustiv e searc h). P erhaps the only

non trivial relation kno wn is that DTIME ( n ) 6= NTIME ( n ) [PPST83 ].

A natural question to ask is whether there is a general metho dology that

1-2

impro v es o v er exhaustiv e searc h, and applies to a wide range of NP prob-

lems. F or some sp eci�c NP problems, impro v em en ts o v er exhaustiv e searc h

that in v olv e the constan t in the exp onen t w ere obtained [TT77 , SS79 , BE95 ].

1
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F eige and Kilian Limited vs. P olynomial Nondeterminism Ÿ1

Ho w ev er, w e seek a more dramatic impro v em en t, with more general applica-

bilit y . This leads to the follo wing question:

Question 1 Is ther e a sub exp onential deterministic simulation of nondeter-

ministic c omputation? Mor e explicitly, is ther e some c onstant � < 1 such

that NTIME ( f ( n )) � DTIME (2

O ( f ( n )

�

)

) ?

Certain NP problems require only a limited amoun t of nondeterminism ,

1-3

in the sense that their (natural) NP -witness is at most p olylogarithmic in

the input length. F or suc h problems, impro v em en ts o v er exhaustiv e searc h

are sometimes dramatic. Examples of problems that require limited nonde-

terminism can b e constructed b y considering parameterized v ersions of NP

optimization problems, in whic h the parameter k is restricted to b e small

(t ypically constan t, or O (log n ) ). In the problem de�nitions b elo w, k is a

p ositiv e-in teger input parameter.

P ath

Inst ance: A graph G of order n .

Question: Do es G con tain a simple path of length at least k ?

V ertex Co v er

Inst ance: A graph G of order n .

Question: Do es G con tain a set of v ertices of cardinalit y at most k that is

inciden t with ev ery edge of G ?

Clique

Inst ance: A graph G of order n .

Question: Do es G con tain a complete subgraph of order at least k ?

Monotone Circuit Satis�abilit y

Inst ance: A monotone circuit C on n Bo olean inputs.

Question: Do es C accept an input v ector of Hamming w eigh t at most k ?

2
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T ournamen t Dominating Set

Inst ance: A digraph G = ( V ; E ) of order n , in whic h for ev ery pair of

v ertices u; v 2 V , either ( u; v ) 2 E or ( v ; u ) 2 E .

Question: Find a set D � V of minim um cardinalit y suc h that for eac h

v ertex v 2 V , there is an edge ( u; v ) 2 E for some v ertex u 2 D .

V C Dimension

Inst ance: A set U of cardinalit y n and a family F of n subsets of U .

Question: Find a set S � U of maxim um cardinalit y that is shatter e d b y

F . Set S is shattered b y F if for ev ery subset T � F there is a set

A 2 F suc h that A \ S = T .

W e remark that the last t w o problems ab o v e are searc h problems, rather than

decision problems, and also that there is no explicit parameter k in v olv ed.

Ho w ev er, a parameter of k ' log n is implici t, since the cardinalit y of the

optimal solution is at most log n + 1 .

F or the problems ab o v e, with parameter k = log n , an exhaustiv e searc h

1-4

requires time of roughly n

log n

. Ho w ev er, the �rst t w o of these problems ha v e

algorithms of time complexit y O ( n

c

2

k

) , for some constan t c , whic h is p olyno-

mial ev en for k = log n [PY96, DF95, A YZ95]. (Note that these t w o problems

are NP -hard for a general k , since the V ertex Co v er and Hamiltonian P ath

problems are.) Is this phenomenon of dramatically impro ving o v er exhaus-

tiv e searc h a general one when problems that require a limite d amoun t of

nondeterminism are concerned? Do es the same apply for the k -Clique prob-

lem when k = O (log n ) ? These t yp es of questions are treated b y the theory

of �xe d p ar ameter intr actability [DF92], and motiv ate the in tro duction of the

complexit y class LOGSNP [PY96]. W e shall return to discuss these notions

in Section 4.2.1. F or no w, w e shall concen trate on the log -Clique problem in

whic h one m ust �nd a clique of size k ' log n in the input graph.

Question 2 Is the log -Clique pr oblem solvable in p olynomial time?

Our main result is a connection b et w een Question 2, that deals with a

1-5

case of limited nondeterminism, and Question 1, that deals with p olynomial

nondeterminism. In Section 2 w e sho w that if the answ er to Question 2

is p ositiv e, then so is the answ er to Question 1. In Section 3 w e presen t

3
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extensions that deal with the complexit y of �nding appro ximate solutions

to the k -Clique problem, for small v alues of k . In Section 4 w e discuss our

results and their implications. In particular, w e discuss related w ork sho wing

(for the k -Monotone Circuit Satis�abilit y problem [ADF95 ]) or implying in

conjunction with our w ork (for the T ournamen t Dominating Set and V C-

Dimension problems [PY96]) additional problems of limited nondeterminism

whose complexit y is related with sub exp onen tial sim ulation of NP .

2 On the Complexit y of the log -Clique Problem

The results of this section w ere �rst pro v en as corollaries of the results of

2-1

Section 3. The elemen tary pro ofs giv en here w ere noticed b y Noam Nisan,

who p ermitted us to use them.

2-2

Lemm a 1 Supp ose ther e is a p olynomial time algorithm for the k -Clique

pr oblem when k � log n . Then the k -Clique pr oblem is solvable in time

O ( n

O (

p

n )

) , for every k .

Pro of of Lemma 1 Let A b e an algorithm that in time O ( n

c

) solv es the

Pr ove L emma 1-1

k -Clique problem for k � log n . Let ( G; k ) b e an input instance for the k -

Clique problem (with arbitrarily large k ). Reduce ( G; k ) to a new instance

(

^

G;

^

k ) of the k -Clique problem as follo ws. Without loss of generalit y , assume

that k is a p erfect square. (Otherwise, let k

0

b e the least p erfect square

greater than k . A dd k

0

� k v ertices to G , connected to ev ery other v ertex.)

Graph

^

G con tains N =

�

n

p

k

�

v ertices, where eac h v ertex of

^

G corresp onds to

a

p

k -subset of v ertices of G . T w o v ertices of

^

G are connected b y an edge if

the 2

p

k v ertices that they corresp ond to are distinct and form a clique of

size 2

p

k in G . Set

^

k =

p

k .

Prop osition 1

^

G has a

^

k -clique if and only if G has a k -clique.

Pro of of Prop osition 1 If G has a k -clique, then partition the v ertices of

Pr ove Pr op 1-1

this clique in to

p

k sets of size

p

k . These sets mak e up

p

k =

^

k v ertices of

^

G that together form a clique in

^

G .

If

^

G has a

^

k -clique, then the v ertices of G comprising eac h v ertex of this

Pr ove Pr op 1-2

^

k -clique are all distinct, and form a clique of size

p

k �

p

k = k in G .

Pro of of Prop osition 1 2

4
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The n um b er of v ertices of

^

G is N =

�

n

p

k

�

< n

p

n

. The construction of the

Pr ove L emma 1-2

edges of

^

G tak es time O ( N

2

) , times some p olynomial in n re�ecting the time it

tak es to c hec k whether 2

p

k v ertices form a clique in G . Hence the reduction

from ( G; k ) to (

^

G;

^

k ) tak es time n

O (

p

n )

. The v alue of

^

k satis�es

^

k � log N .

Therefore, the k -Clique problem on (

^

G ;

^

k ) can b e solv ed in time O ( n

c

p

n

) ,

using algorithm A . The pro of of the lemm a follo ws from Prop osition 1.

Pro of of Lemma 1 2

Lemma 1 sho ws that if the log -Clique problem is in P , then a sp eci�c NP

2-3

problem has sub exp onen tial complexit y. The conclusion can b e extended

to some other NP problems�those from whic h there is a linear (or sligh tly

sup erlinear) reduction to the k -Clique problem. In particular, let L b e a

language in NTIME (( f ( n )) , where f ( n ) is a prop er complexit y function (as

de�ned in [P ap95 ], for example). Then the reductions of Pipp enger and

Fisc her [PF79] sho w that it has a uniform family of nondeterministic circuits

C

L

( n ) of b ounded fan-in and size f

0

( n ) = O ( f ( n ) log f ( n )) . T o c hec k whether

x 2 L , one determines whether input x is accepted b y the nondeterministic

circuit C

L

( n ) , where n is the length of x . This problem can b e reduced to

the k -Clique problem on a graph with O ( f

0

( n )) v ertices. Hence w e obtain

the follo wing.

Theorem 1 Supp ose ther e is a p olynomial time algorithm for the log -Clique

pr oblem. Then ther e is a deterministic sub exp onential simulation of non-

deterministic c omputations. Sp e ci�c al ly, for e ach pr op er c omplexity func-

tion f ( n ) > n , NTIME ( f ( n )) is c ontaine d in DTIME (( f

0

( n ))

p

f

0

( n )

) , wher e

f

0

( n ) = O ( f ( n ) log f ( n )) .

Pro of of Theorem 1 The theorem follo ws trivially from the discussion pre-

Pr ove The or em 1-1

ceding it. F or thoroughness, w e explain the reduction from the Nondeter-

ministic Circuit V alue problem to Clique. Recall that a family of circuits for

language L has a di�eren t circuit C

L

( n ) for eac h input size n . The circuit

has and , or , and not gates of fan-in 2 (or 1 , for not gates) and un b ounded

fan-out, n input wires that enco de the input x , and one output wire. A

circuit is nondeterministic if, in addition, there are nondeterministic input

wires (that enco de the witness w ). If x 2 L , there is a setting to these wires

so that the output is 1 , and if x =2 L , then for ev ery setting to these wires,

the output is 0 . The size of circuit C , denoted b y j C j , is the n um b er of gates

5
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in the circuit. The nondeterministic time for language L is a function of the

input size n , and is de�ned as N T

L

( n ) = min

C

n

[ j C

n

j ] (where C

n

correctly

recognizes L \ f 0 ; 1 g

n

). This is the usual corresp ondence b et w een circuit size

and time. If w e require that the circuit family is e�cien tly constructible,

then the time-compl exi t y measure that w e consider is a uniform measure.

T o c hec k whether a giv en nondeterministic circuit C of size m accepts

Pr ove The or em 1-2

input x , w e ma y use the follo wing reduction to the k -Clique problem. Con-

struct a graph G on at most 4 m v ertices that has a clique of size k = m

if and only if the circuit is accepting. Eac h input to a gate is lab eled with

a fresh v ariable. A t w o-input gate can b e represen ted b y four v ertices, one

for eac h com bination of v alues to the t w o v ariables that are the input of the

gate. (If one of the v ariables is an input v ariable, then include only v ertices

that are consisten t with its v alue.) Eac h v ertex also implies a v alue for its

resp ectiv e output. F or the output gate of the circuit, include only the v er-

tices that imply an output of 1 ( ac c ept ). Ev ery pair of v ertices in the graph

is connected b y an edge, unless the v ertices are con tradictory (they imply

t w o di�eren t v alues for some v ariable). The graph has a clique of size m

precisely when there is an assignmen t to the nondeterministic inputs of the

circuit that forces an output of 1 .

Pro of of Theorem 1 2

T o put Lemma 1 and Theorem 1 in p ersp ectiv e, observ e what w ould hap-

2-4

p en if w e had a p olynomial time algorithm that �nds cliques of size (log n )

2

in graphs. Then clearly , the k -Clique problem w ould ha v e a sub exp onen tial

algorithm for ev ery v alue of k , simply b y padding the input graph b y 2

p

k

isolated v ertices. A similar observ ation applies to parameterized v ersions of

man y other NP problems (suc h as the P ath and the V ertex Co v er problems).

Hence the new elemen t in our connection b et w een limited and p olynomial

nondeterminism is a quan titativ e one, the lev el of limited nondeterminism in

whic h suc h a connection can b e demonstrated.

3 On Finding Small Cliques

As w e ha v e seen in Section 2, a p olynomial time algorithm for �nding cliques

3-1

of size k = log n implies sub exp onen tial algorithms for NP problems. In

this section, w e in v estigate w eak er conditions that imply sub exp onen tial al-

gorithms for NP . The condition k = log n can b e relaxed to k = (log n )

�

,

6
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for ev ery � > 0 . Moreo v er, the running time of the algorithm that �nds

small cliques can b e sligh tly sup erp olynomial, to an exten t that dep ends on

� . W e can further relax our conditions if w e are satis�ed with a w eak er im-

plication, that of the existence of r andomize d sub exp onen tial algorithms for

NP problems. W e presen t the relaxed implication in Section 3.1, the relaxed

conditions in Section 3.2, and the reduction b et w een the t w o in Section 3.3.

This reduction is more sophisticated than that of Section 2, and it uses recen t

results from the theory of in teractiv e pro ofs.

3.1 The Goal: Sub exp on en ti al Algorithm s for NP

It is most con v enien t to presen t our goal in the circuit mo del. Recall that

3.1-1

(non uniform) computation time is asso ciated with circuit size, and let T

L

( n )

( N T

L

( n ) ) denote the (non)deterministic circuit complexit y of language L .

Clearly , T

L

( n ) � 2

O ( N T

L

( n ))

, since ev ery function has exp onen tial-size circuits.

In terpreting Question 1 in the non uniform circuit mo del, w e obtain our �rst

goal.

Goal 1 F or some � > 0 and for every language L , if time c omplexity is

me asur e d as size of nonuniform cir cuit families, then

T

L

( n ) = O (2

( N T

L

( n ))

1 � �

)

There is also a uniform v ersion of our goal. Ho w ev er, it in v olv es ran-

3.1-2

domized algorithms. Since w e will b e dealing with sup erp olynomial ran-

domized algorithms, w e allo w ourselv es a relaxed notion of uniformit y for

nondeterministic circuits. It has the additional adv an tage of considering the

complexit y of individual instances, rather than clustering all size- n instances

together.

De�nition 1 A uniform r andomize d algorithm A is a w eakly e�cien t gen-

erator of nondeterministic circuits for language L if it has the fol lowing pr op-

erties:

1. On input x , A ( x ) outputs a nondeterministic cir cuit of size at most

S

A;x

, dr awn at r andom fr om a distribution C

A;x

of nondeterministic

cir cuits.

2. A ( x ) runs in time sub exp onential in S

A;x

, that is in time O (2

( S

A;x

)

1 � �

) .

7
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3. With pr ob ability at le ast 2 = 3 (over the c oin tosses of A ), the output

cir cuit c orr e ctly de cides (nondeterministic al ly) whether x 2 L .

The we ak uniform nondeterministic c omplexity of x r elative to A is S

A;x

.

The traditional notion of uniform circuit complexit y is a sp ecial case of

3.1-3

De�nition 1, when A runs in deterministi c p olynomial time with unary input

n = j x j . Then A generates a uniform nondeterministic circuit family for L

with complexit y S

A; 1

n

.

Goal 2 F or some � > 0 and for every language L that has a c orr esp onding

gener ator of nondeterministic cir cuits A , ther e exists a uniform r andomize d

algorithm B that de cides L , and on input x runs in time

RT ( x ) = O (2

( S

A;x

)

1 � �

)

In Section 4.1, w e further discuss Goals 1 and 2.

3.1-4

3.2 The Challenge: Finding Small Cliques

W e presen t our c hallenge, whic h is an algorithmic problem that, if solv ed,

3.2-1

w ould lead to our goals.

Challenge 1 Design a deterministic algorithm that for n -vertex gr aphs �nds

a clique of size k in time O ( n

k

1 � �

) (if inde e d the gr aph has such a clique),

wher e � > 0 , and k = �((log n )

c

) for some c > 0 .

Observ e that using exhaustiv e searc h, O ( n

k

) time is ac hiev able. Observ e

3.2-2

also that w e are not asking for a p olynomial time algorithm for �nding small

cliques, but just for a substan tial impro v em e n t o v er exhaustiv e searc h.

Our c hallenge can b e relaxed, while still serving its purp ose:

3.2-3

Challenge 2 Design a r andomize d algorithm that distinguishes (with pr ob-

ability at le ast 2/3) b etwe en gr aphs with maximum cliques of size at most k

and gr aphs with maximum cliques of size at le ast 2 k . The running time of the

algorithm is r e quir e d to b e O ( n

k

1 � �

) , wher e k = �((log n )

c

) , for some c > 0 ,

� > 0 . The algorithm is not r e quir e d to output a clique, just a de cision.

In Section 4.2, w e discuss the plausibilit y of our c hallenges.

3.2-4

8
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3.3 The Reduction

Pla ying with the parameters of Lemma 1, one can v erify that Challenge 1,

3.3-1

if met, implies a p ositiv e answ er to Question 1. In this section, w e describ e

the reduction from Goals 1 and 2 to Challenge 2. It is based on in terac-

tiv e pro ofs, and in particular on pro of systems dev elop ed b y P olishc h uk and

Spielman [PS94 ]. They sho w that the v eri�cation of whether an input x

of length n is accepted b y a nondeterministic circuit C of size m > n can

b e reduced to the v eri�cation of a corresp onding holo gr aphic pr o of with the

follo wing prop erties.

1. The holographic pro of is just a string of bits. It is an NP -witness to

the fact that x is accepted b ycircuit C , whic h can b e v eri�ed with high

con�dence b y examining at random only a few bits of the witness.

2. There is a uniform random p olynomial-time v eri�cation algorithm V

asso ciated with the holographic pro of. The n um b er of random bits

used b y algorithm V is r , where r is b ounded b y some p olynomial in

m .

3. Algorithm V queries the holographic pro of at q = O ( m

o (1)

) bit lo ca-

tions. These lo cations are selected at random, based on the r random

bits.

4. If x is accepted b y circuit C , then there exists a holographic pro of

h of length l = O ( m

1+ o (1)

) that alw a ys causes V ( x; C ; h ) to accept

(regardless of the v alue of the random bits used b y V ).

5. If x is not accepted b y circuit C , then for ev ery string h

0

of length l ,

the probabilit y that V ( x; C ; h

0

) accepts is at most 1 = 2 (kno wn as the

err or pr ob ability ).

No familiarit y with the concept of holographic pro ofs except for the prop-

3.3-2

erties listed ab o v e is required of the reader. W e remark that the b ounds that

w e require on l (the size of the holographic pro of ), on q (the n um b er of bits

queried), and on r (the n um b er of random bits used), are w eak er than those

actually ac hiev ed b y P olisc hc h uk and Spielman [PS94].

Theorem 2 Chal lenge 2 implies Go als 1 and 2.

9
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Pro of of Theorem 2 W e reduce the existence of the holographic pro of de-

Pr ove The or em 2-1

scrib ed ab o v e to the k -Clique problem. The reduction is based on the re-

duction describ ed b y F eige et al. [F GL

+

96 ], and on subsequen t extensions

of Zuc k erm an [Zuc96]. W e optimize the parameters of the reduction to b est

serv e our goal.

The reduction pro ceeds in t w o phases. The goal of the �rst phase is

Pr ove The or em 2-2

to reduce the n um b er of random bits needed b y the v eri�er to c hec k the

holographic pro of. In P olishc h uk and Spielman's [PS94] pro of system, the

v eri�er uses r random bits, where r � log m . F or our construction, w e need

to reduce the n um b er of random bits used b y the v eri�er while main taining

a lo w error probabilit y. W e do this b y considering t w o di�eren t t yp es of

random bits that the v eri�er can use. One t yp e is private random bits that

the v eri�er gets after the pro v er writes do wn the prop osed holographic pro of,

as is the case in ordinary holographic pro ofs. The other t yp e is a table T of

public random bits, to whic h the pro v er also has access b efore writing do wn

the prop osed holographic pro of. It turns out that for our purp ose, w e only

need to reduce the n um b er of priv ate random bits. This reduction is made

p ossible b y the in tro duction of the public random bits, and b y an increase in

the n um b er of queried bits.

Lemm a 2 Assume that ther e is a holo gr aphic pr o of system with veri�er V

for che cking whether cir cuit C ac c epts input x , with p ar ameters r (numb er of

private r andom bits use d by the veri�er), l (pr o of length), and q (numb er of

query bits), as describ e d ab ove. L et s > 6 b e a p ar ameter to b e chosen later.

Then ther e is a holo gr aphic pr o of system with public table T and veri�er V

0

with the fol lowing pr op erties.

1. The pr o of length is l , the numb er of private r andom bits is log (3 l =s ) ,

the numb er of querie d bits is q s , and the table T c ontains 3 l r public

r andom bits.

2. If x is ac c epte d by cir cuit C , then ther e exists a holo gr aphic pr o of h

of length l that always c auses V

0

( x; C ; h; T ) to ac c ept (r e gar d less of the

value of the public and private r andom bits).

3. If x is not ac c epte d by cir cuit C , then most p ossible tables T ar e t ypical ,

wher e T is typic al if for every string h

0

of length l , the pr ob ability (over

the private r andomness) that V ( x; C ; h

0

; T ) ac c epts is at most 1 = 2 .

10
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Pro of of Lemma 2 W e describ e the holographic pro of system with public

Pr ove L emma 2-1

table T and v eri�er V

0

. When x is accepted b y circuit C , the same holo-

graphic pro of h as in P olishc h uk and Spielman's pro of system [PS94] serv es

as a holographic pro of in our new pro of system, regardless of the con ten ts

of the table T . V eri�er V

0

pro ceeds as follo ws. P artition the table T of size

3 l r in to k = 3 l =s ro ws, where eac h ro w con tains s strings of length r . Let t

ij

denote the j th string of ro w i in table T . Using log k priv ate random bits,

V

0

selects a ro w i at random, and sim ulates the v eri�er V of [PS94 ] s times,

eac h time using a fresh string t

ij

(for 1 � j � s ) as priv ate random bits for

V . If V accepts in all s sim ulations, then V

0

accepts as w ell. Otherwise, V

0

rejects.

Prop erties 1 and 2 of Lemma 2 clearly hold. It remains to consider the

Pr ove L emma 2-2

case where x is not accepted b y circuit C and sho w that most T are t ypical.

In this case, �x a (false) holographic pro of h

0

. The probabilit y that it is

not exp osed b y s sim ulations of V , eac h time with random and indep enden t

priv ate coins, is at most 2

� s

. Hence the probabilit y (o v er the c hoice of T )

that h

0

is not exp osed b y at least half of the k random strings in the table

T is at most 2

k

2

� k s= 2

= 2

3 l=s � 3 l= 2

� 2

� l

(for s > 6 ). Since there are only 2

l

p ossible false holographic pro ofs, it follo ws that with high probabilit y ev ery

suc h holographic pro of is exp osed b y at least k = 2 of the random strings in

T . Hence for most c hoices of T , V

0

accepts with probabilit y at most 1 = 2 .

Pro of of Lemma 2 2

The �rst phase of our reduction corresp onds to the selection of a table T

Pr ove The or em 2-3

with k = 3 l =s ro ws of r s random bits. The second phase of our reduction is

similar to the reduction of F eige et al. [F GL

+

96 ]. W e construct a k -partite

graph G . Eac h part of the graph corresp onds to one of the k ro ws of T .

The v ertices in eac h part are all strings of length q s , whic h represen t all

p ossible answ er sequences to the q s queried bits. A v ertex is remo v ed if the

corresp onding answ er sequence leads V

0

to reject. T w o v ertices (in di�eren t

parts of G ) are connected b y an edge if there exists some (p ossibly false)

holographic pro of that is consisten t with b oth v ertices. Graph G con tains

at most k 2

q s

v ertices, and can b e costructed in time O (( l k 2

q s

)

c

) , for some

constan t c . If x is accepted b y circuit C , then the largest clique is of size k .

If x is not accepted b y circuit C , then T is lik ely to b e t ypical, in whic h case

the largest clique is of size k = 2 .

Assume no w that Challenge 2 is true. That is, there is an algorithm

Pr ove The or em 2-4

that distinguishes b et w een the existence of cliques of size (log n )

c

and the

11
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inexistence of cliques of half this size, in time n

(log n )

c (1 � � )

. T o c hec k whether

the nondeterministic circuit C of size m accepts input x , apply the reduction

ab o v e with s = m

1 = ( c +1)

. Recall that l = m

1+ o (1)

, that k = 3 l =s , and that

q = n

o (1)

. Ignoring o (1) factors in the exp onen t, w e obtain that k ' m

c= ( c +1)

and that the n um b er of v ertices in G is N ' k 2

q s

' 2

m

1 = ( c +1)

. Hence k '

(log N )

c

(the graph G can b e padded with dumm y v ertices to ac hiev e exact

equalit y , if desired). No w the question of whether C accepts x can b e decided

in randomized time

N

(log N )

c (1 � � )

= 2

m

1 = ( c +1)+ o (1)

m

c (1 � � ) = ( c +1)+ o (1)

= 2

m

1 � c�= ( c +1)

+ o (1)

or in time 2

m

1 � �

0

, where �

0

= c�= ( c + 1) + o (1) . This pro v es Goal 2.

T o see that Goal 1 follo ws as w ell, w e use the w ell kno wn reductions from

Pr ove The or em 2-5

randomized algorithms to randomized circuits and from randomized circuits

to non uniform circuits. These reductions result in a circuit whose size is

b ounded b y a p olynomial in the running time of the original randomized

algorithm, and this p olynomial o v erhead is negligible relativ e to the sup er-

p olynomial complexitie s in v olv ed in our goals.

Pro of of Theorem 2 2

4 Discussion

W e ha v e seen that if the log -Clique problem is in P (or if the w eak er Chal-

4-1

lenge 2 is met), then there is sub exp onen tial deterministic (or randomized)

sim ulation of nondeterministic computation. W e do not wish to tak e a p osi-

tion regarding whether our results indicate that �nding small cliques is hard,

or that there are sub exp onen tial sim ulations. Ho w ev er, w e do wish to p oin t

out that the connection b et w een limited nondeterminism and p olynomial

nondeterminism suggests that the complexit y of problems suc h as the log -

Clique problem is a question w orth y of further researc h. Hence w e discuss

our c hallenges in more detail in Section 4.2. Before that, in Section 4.1, w e

mak e some observ ations regarding the motiv ating goal.

4.1 The Signi�can ce of our Goal

The goal that w e consider is that of �nding sub exp onen tial sim ulation for

4.1-1

nondeterministic computation. This goal came in three di�eren t v ersions, the

12
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uniform one (Question 1), the non uniform one (Goal 1), and the randomized

one (Goal 2). The uniform v ersion is p erhaps the most app ealing. The

other t w o v ersions w ere in tro duced so that w e can dra w consequences from

a c hallenge that p ostulates the existence of an e�cien t algorithm that (in

graphs with small cliques) appro ximates the size of the maxim um clique

within a constan t factor, rather than giv e its exact size. Our reduction in

this case is randomized (sp eci�cally , the c hoice of table T in Theorem 2),

and w e do not kno w if it can b e replaced b y a deterministic reduction.

In Goal 1, nondeterministic time is measured as the size of the non uni-

4.1-2

form, nondeterministic circuit family . This can b e replaced b y other mea-

sures of nondeterministic time, pro vided that nondeterministic circuit size is

at most sligh tly sup erlinear in these measures. Pipp enger and Fisc her [PF79]

ha v e sho wn that there is only a logarithmic blo wup when circuits sim ulate

m ultitap e T uring mac hines. Similarly , the results of Goldreic h and Ostro-

vsky [GO96 ], when transformed to a nondeterministic setting (details omit-

ted), imply that nondeterministic RAMs can b e sim ulated with p olyloga-

rithmic o v erhead b y nondeterministic circuits. (P ossibly there is a kno wn

simpler pro of for this last fact.) Hence, b oth these measures for nondeter-

ministic time can replace nondeterministic circuit complexit y in Goal 1.

There is a large class of NP -complete problems for whic h ev en if sub exp o-

4.1-3

nen tial sim ulation of NP is ac hiev ed (in the sense of this pap er), no impro v e-

men t in the kno wn deterministic running time will follo w. These problems

are those for whic h the witness length is m uc h shorter than the input length.

T ypical examples arise in man y graph-theoretic problems, in whic h the input

length dep ends on the n um b er of edges, whereas the witness length dep ends

on the n um b er of v ertices. F or these problems (e.g., the Hamiltonicit y , V er-

tex Co v er, Chromatic Num b er, and Indep enden t Set problems, all on dense

graphs) it is easy to come up with deterministic algorithms that are sub ex-

p onen tial in the size of the input. This rev eals t w o w eaknesses in our notion

of sub exp onen tial sim ulation of nondeterminism:

1. w e do not allo w for the p ossibilit y of sublinear nondeterministic running

times (at least not for functions that dep end on all their inputs), and

2. w e do not distinguish b et w een deterministic and nondeterministic steps

of a nondeterministic algorithm, a distinction that exhaustiv e searc h

ma y w ell tak e adv an tage of.

Sub exp onen tial sim ulation of nondeterministic computation has crypto-

4.1-4
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graphic signi�cance. A p ersisten t trend in cryptograph y is to design encryp-

tion sc hemes that are as e�cien t as p ossible to apply (in nearly linear time),

and as hard as p ossible to break (exp onen tial in the length of the priv ate

k ey). The near-linearit y requireme n t is imp ortan t if one m ust encrypt large

v olumes of comm unication online, using only w eak pro cessors. The exp onen-

tialit y requiremen t o�ers securit y against adv ersaries who try to break the

encryption sc heme o�ine, using v ery p o w erful computers. Goals 1 and 2, if

ac hiev ed, imply that encryption sc hemes with prop erties as describ ed ab o v e

do not exist (at least not in an asymptotic sense, if priv ate k eys are long

enough). The complexit y of breaking nearly linear encryption sc hemes w ould

b e sub exp onen tial, comparable in nature to the complexit y of kno wn factor-

ization algorithms (see, e.g., [BLP94 ]).

4.2 The Plausibi l it y of Our Challenges

Challenge 1 calls for e�cien t algorithms for �nding the maxim um cliques in

4.2-1

graphs that ha v e small cliques. Challenge 2 calls for appro ximating the size

of the maxim um clique within a factor of t w o. Straigh tforw ard probabilistic

argumen ts sho w that the size of the maxim um clique in almost all graphs is

roughly 2 log n , and that simple greedy algorithms �nd cliques of size roughly

log n in almost all graphs. Hence for most graphs, Challenge 2 can b e met.

W e do not kno w if the same holds for Challenge 1. This partly motiv ates the

in tro duction of Challenge 2.

4.2.1 Related W ork

Finding small cliques in graphs is a sp ecial case of the question of �nding

4.2.1-1

(edge-induced) subgraphs that are isomorphic to other small subgraphs. F or

some of these subgraphs (e.g., �nding a simple path of length log n ), Alon,

Y uster, and Zwic k [A YZ95 ] giv e a p olynomial time algorithm, whic h is m uc h

more than w e are asking for. The fastest kno wn algorithms for �nding sub-

graphs isomorphic to a graph H [PV90, A YZ95] require time 
( n

t

) , where t is

the tr e e width of H (a notion in tro duced b y Rob ertson and Seymour [RS86 ]).

Unfortunately , the tree width of k -cliques is k � 1 .

It is p ossible to �nd cliques of size k = n � O (log n ) in p olynomial time

4.2.1-2

(when they exist). This follo ws from the fact that k -V ertex-Co v er has com-

plexit y O ( n

c

2

k

) , and hence v ertex co v ers of size O (log n ) can b e found in

p olynomial time [PY96, DF95 , BG93]. T o reduce an instance of the k -Clique

14
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problem to the k

0

-V ertex-Co v er problem, simply consider the complemen t of

the input graph, and set k

0

= n � k .

F or decision problems that in v olv e a parameter (suc h as in our case, where

4.2.1-3

the size k of the clique is a parameter), one can sometimes design algorithms

that ha v e running time O ( n

c

f ( k )) , for some constan t c , and arbitrary func-

tion f . In this case, the problem is �xe d-p ar ameter tr actable [AEFM89 ,

DF92 ], since for ev ery �xed k , it can b e solv ed in time O ( n

c

) , where c is

indep enden t of k . Do wney and F ello ws [DF92] in tro duced a hierarc h y of

�xed-parameter problems, and sho w ed that the Clique problem is complete

for W [1] , the lo w est lev el of this hierarc h y . Th us if the Clique problem is

not �xed-parameter tractable, then no problem that is hard for some lev el of

the hierarc h y is �xed-parameter tractable. Our tec hniques allo w us to dra w

some consequences from the assumption that the Clique problem is �xed-

parameter tractable. More sp eci�cally , assume that the k -Clique problem

can b e decided in time O ( n

c

f ( k )) , and for simplicit y , assume that f ( k ) is a

prop er complexit y function. Then for k ( n ) = f

� 1

( n ) , the k ( n ) -Clique prob-

lem can b e decided in p olynomial time. Since k ( n ) is not b ounded b y an y

constan t, a pro of similar to that of Lemma 1 implies that for ev ery � > 0 , the

Clique problem can b e decided in time O (2

�n

) . This implies similar sa vings

when sim ulating nondeterministic circuits b y deterministic ones (as in the

pro of of Theorem 1). W e obtain the follo wing.

Prop osition 2 If the k -Clique pr oblem (or any other pr oblem that is har d for

the lowest level of the �xe d-p ar ameter hier ar chy) is �xe d-p ar ameter tr actable,

then nondeterministic cir cuits of size N T c an b e simulate d by deterministic

cir cuits of size 2

o ( N T )

.

W e remark that the V C-Dimension problem is con tained in W [1] , and

4.2.1-4

that the T ournamen t Dominating Set problem is complete for W [2] , the

second lev el of the �xed-parameter hierarc h y . The Monotone Circuit Satis-

�abilit y problem is complete for W [ P ] , the highest lev el of this hierarc h y .

In [ADF95] it is sho wn that the class W [ P ] is �xed-parameter tractable if

and only if satis�abilit y of a Bo olean expression of size m on n v ariables

can b e solv ed in time p oly( m )2

o ( n )

. This result is of a similar nature to our

Prop osition 2. It has the adv an tage of b eing an �if and only if � connection,

and of b eing able to distinguish b et w een nondeterministic and deterministic

steps in e�cien tly sim ulating nondeterministic computation. Prop osition 2

has the adv an tage of dealing with the lo w est lev el of the �xed-parameter

hierarc h y .
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A graph H is a minor of graph G if a graph isomorphic to H can b e

4.2.1-5

obtained b y con tracting edges of a subgraph of G . By the theory of Rob ertson

and Seymour, for ev ery �xed H , testing whether H is a minor of G can b e

done in time O ( j V ( G ) j

3

) [RS95]. In particular, testing whether a graph G

has a k -clique as a minor is �xed-parameter tractable.

P apadimitriou and Y annak akis [PY96] in tro duced the class LOGSNP .

4.2.1-6

The problems in this class can b e solv ed in time O ( n

log n

) . The log -Clique

problem b elongs to this class, but is not kno wn to b e complete for this class

(see also [CC93 ]). Some natural questions, suc h as the V C-Dimension and

T ournamen t Dominating Set problems, are LOGSNP -hard. A p olynomial

time algorithm for an y of these problems implies a p olynomial time algorithm

for the log -Clique problem; hence, these problems can replace the log -Clique

problem in Theorem 1.

4.2.2 Beating Exhaustiv e Searc h

W e surv ey an approac h dev elop ed b y Itai and Ro deh [IR78] and Nesetril

4.2.2-1

and P oljak [NP85] that sho ws that exhaustiv e searc h is not the quic k est w a y

to �nd cliques. Cliques of size 3 can b e found quic kly b y computing G

3

(where G is the adjacency matrix of the graph) and searc hing for a nonzero

diagonal en try. This requires O ( n

!

) time, where ! < 3 is the exp onen t

for matrix m ultiplic ation (whic h curren tly stands at ! = 2 : 376 [CW90 ]).

Cliques of size k can b e found b y �nding all k = 3 -cliques in the graph (for

simplicit y , assume that k is divisible b y 3 ), then considering eac h suc h k = 3 -

clique as a v ertex in a new larger graph G

0

, and connecting t w o v ertices

in G

0

if together their corresp onding v ertices in G constitute a 2 k = 3 -clique.

No w matrix m ultipli cation can b e used to �nd 3 -cycles in G

0

, leading to an

O ( n

k ! = 3

) algorithm.

The natural idea to impro v e up on the ab o v e algorithm is to use recursion.

4.2.2-2

As a �rst step (one lev el of recursion), one ma y try to �nd cliques of size

9 in O ( n

!

2

) time, or ev en just impro v e up on O ( n

3 !

) . The problem that

one encoun ters is that in order to emplo y the recursion, one needs not only

to determine whether the graph has 3-cycles (whic h requires O ( n

!

) time),

but also to represen t all suc h cycles. An explicit represen tation of all these

cycles requires 
( n

3

) time and space, since the n um b er of 3 -cycles migh t b e

as large as

�

n

3

�

. An implicit represen tation ma y b e m uc h shorter (indeed,

the graph itself serv es as an implicit represen tation of all its cycles), but

then it is not kno wn ho w to p erform matrix m ultipli cation on this implicit
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represen tation. Th us, �nding cliques of size 9 e�cien tly ma y b e the k ey to

the whole approac h.

W e w ould lik e to add here a philosophical remark (the last one). There is

4.2.2-3

the kno wn asso ciation of problems in P (or in BPP ) as tractable, and prob-

lems not in BPP as in tractable. When ask ed wh y an algorithm of complexit y

n

13

is considered tractable, the usual answ er is that n

13

is in tractable, but

that one almost nev er comes up with a p olynomial time problem that has

this complexit y . Is the question of �nding cliques of size 20 an exception to

this folklore rule?
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