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Abstract

W e study the complexit y of refereed games, in whic h

t w o computationally unlimited pla y ers pla y against eac h

other, and a p olynomial time referee monitors the game

and announces the winner. The pla y ers ma y exc hange

messages with the referee in priv ate, resulting in a game

of p erfect recall but incomplete information. W e sho w

that an y EXPTIME statemen t can b e e�cien tly trans-

formed in to a refereed game in whic h if the statemen t is

true, the �rst pla y er wins with o v erwhelming probabil-

it y , and if the statemen t is false, the second pla y er wins

with o v erwhelming probabilit y . W e also pro v e matc hing

PSP A CE upp er and lo w er b ounds on the complexit y of

statemen ts that ha v e refereed games that tak e one round

of comm unication.

1 In tro duction

In a r efer e e d game there are t w o computationally un-

limited pla y ers, and one computationally limited trusted

referee. The game pro ceeds b y exc hanging messages b e-

t w een eac h pla y er and the referee. Messages are priv ate

{ a pla y er cannot see the messages exc hanged b et w een

the other pla y er and the referee. The referee follo ws a

presp eci�ed algorithm kno wn to b oth pla y ers. This al-

gorithm ma y b e randomized, in whic h case w e assume

that the coin tosses of the algorithm are priv ate, i.e., hid-
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den from the pla y ers. The game ends when the referee

declares whic h of the pla y ers has w on the game. The

purp ose of eac h pla y er is to b e declared as the winner.

View ed as a game b et w een t w o pla y ers, the role of the

referee is to ensure that the rules of the game are k ept.

The need for priv ate coin tosses and priv ate messages

ma y arise in games lik e P ok er, where the trusted referee

sh u�es the cards and deals to eac h pla y er his cards in

priv ate. T o mak e a mo v e of a pla y er public (as is nec-

essary in games lik e Chess), the trusted referee can tell

eac h pla y er whic h messages w ere receiv ed from the other

pla y er.

W e w ould lik e to use refereed games as a decision pro-

cedure in scenarios in whic h t w o exp erts di�er in opinion

regarding the truthfulness of a mathematical statemen t.

The mathematical statemen t is transformed in to a ref-

ereed game, with the prop ert y that if the statemen t is

true, the �rst pla y er has a strategy that almost surely

wins, whereas if the statemen t is false, the second pla y er

has a strategy that almost surely wins. By letting the

t w o exp erts pla y this game against eac h other, the ref-

eree can observ e who wins, and accept his opinion on

the matter. The underlying rational is that the losing

pla y er cannot b e called an exp ert, as either he made a

wrong claim ab out the original mathematical statemen t,

or he cannot pla y w ell (and exp erts are supp osed to pla y

w ell).

W e ask whic h games can b e refereed e�cien tly . The

e�orts of the referee are measured in terms of the n um b er

of messages exc hanged with eac h pla y er, the length of

eac h message, and the computational e�ort in v olv ed in

the referee computing the next message to send and in

deciding who wins. W e w an t all these to b e b ounded b y

a p olynomial in the size of the game. T o mak e sense of

the w ord \p olynomial", w e will consider in�nite families

of games (e.g., lik e c hess on b oards of size n b y n ).

There is another consideration that is cen tral to e�-

cien t refereeing. As w e are dealing with games of imp er-

fect information (a pla y er do es not see the messages ex-

c hanged b et w een the other pla y er and the referee), game

theory tells us that the optimal strategy (in the minimax

sense) for eac h pla y er is randomized. W e do not exp ect

a pla y er to ha v e a strategy that wins regardless of the

strategy used b y the other pla y er (suc h a strategy w ould



b e deterministic). Hence a pla y er starting in an infe-

rior p osition ma y still win due to luc ky coin tosses. T o

partially remedy this situation, w e will b e in terested in

game p ositions whose minimax v alue is b ounded a w a y

from half.

T o deal with the complexit y of statemen ts that can

b e decided b y refereed games, w e consider games that

recognize languages.

De�nition 1 A family of refereed games is describ e d

as fol lows. F or any binary string x ther e is a game G

x

.

Ther e is one r efer e eing algorithm R use d for al l games in

the family. The r efer e eing algorithm r e c eives x as input,

may 
ip private c oins and runs in time b ounde d by a

p olynomial in j x j .

De�nition 2 L anguage L is refereeable if ther e is a

family of r efer e e d games such that for any x , if x 2 L

then Player 1 has a str ate gy that wins G

x

with pr ob abil-

ity at le ast 2/3, and if x 62 L then Player 2 has a str ate gy

that wins G

x

with pr ob ability at le ast 2/3.

De�nition 2 allo ws for a certain probabilit y of error in

the referee's decision (at most 1/3) ev en if the truthful

pla y er pla ys optimally . T o mak e this probabilit y arbi-

trarily small, simply rep eat the game sev eral times and

tak e a ma jorit y v ote. In all of our results, \at least 2 = 3"

can b e replaced b y \exp onen tially close to 1."

Hence if a language L is refereeable, then disputes

b et w een t w o pla y ers regarding whether or not a certain

input x is in the language can b e resolv ed b y a referee.

The referee can let the pla y ers pla y the game G

x

and

simply observ e who wins. If all comm unications are in-

deed priv ate, and if the pla y er claiming the correct status

of x with resp ect to L uses the optimal strategy , then

the referee will with high probabilit y correctly decide

the status of x , regardless of the strategy emplo y ed b y

the other pla y er. The total e�ort of the referee (compu-

tation and comm unication) is p olynomial in the input

length, but the computational e�ort of the pla y ers ma y

b e larger, dep ending on the complexit y of L .

Clearly , an y language in BPP is refereeable { the ran-

dom p olynomial time referee can announce the status of

x with resp ect to L without ha ving the pla y ers pla y at

all. By the w ell kno wn results on alternation [4 ], an y

language in PSP A CE is also refereeable, b y a game of

p erfect information. Previous to our w ork, it w as un-

kno wn whether ha ving priv ate comm unications (imp er-

fect information) extends the class of refereeable games

b ey ond PSP A CE. This question w as ask ed in [9, 10 ]. W e

sho w:

Theorem 1 A ny language in EXPTIME is r efer e e able.

This result is b est p ossible, as the w ork of Koller and

Megiddo [13 ] (and see also [14 , 10 ]) implies that comput-

ing the minimax v alue of a game G

x

(that is, the proba-

bilit y that R declares that Pla y er 1 wins assuming that

b oth pla y ers use optimal strategies) can b e done in time

p olynomial in size of the game tree. By our requiremen t

that R is p olynomial, the game tree asso ciated with G

x

is at most exp onen tial in j x j .

W e also study the round complexit y of refereeable

games.

De�nition 3 A round of a r efer e e able game is c om-

p ose d of four messages in the fol lowing or der: a message

fr om the r efer e e to Player 1, a message fr om the r efer e e

to Player 2, a message fr om Player 1 to the r efer e e, a

message fr om Player 2 to the r efer e e.

W e in tro duce the follo wing notation. R G denotes a

refereeable game. It has t w o parameters. The �rst has

one of t w o v alues: public , sp ecifying that all comm unica-

tion is public (eac h pla y er sees the messages exc hanged

b et w een the referee and the other pla y er), or private (all

comm unication is priv ate, and a pla y er kno ws of con-

ten ts of comm unications of the referee with the other

pla y er only if the referee tells the pla y er ab out them).

The other parameter sp eci�es the n um b er of rounds in

the refereeable game, where the term p oly sp eci�es that

this n um b er ma y b e p olynomial.

Using this notation, the results of [4] imply that

R G(public,p oly) = PSP A CE, and our results imply that

R G(priv ate,p oly) = EXPTIME. W e also study the class

R G(priv ate,1). It is easily seen that �

p

2

is con tained

in R G(public,1), and that R G(public,k) is con tained in

the p olynomial hierarc h y for an y �xed k . (This is true

ev en if the referee uses priv ate coin tosses, b ecause ap-

pro ximate coun ting can b e done within the p olynomial

hierarc h y [26 ].) W e sho w:

Theorem 2 R G(private,1) = PSP A CE.

That is, an y language in PSP A CE is refereeable in

one round and ev ery language refereeable in one round

is in PSP A CE.

Our pro ofs of the lo w er b ounds (i.e., PSP A CE �

R G(priv ate,1) and EXPTIME � R G(priv ate,p oly)) are

based on algebraic tec hniques as dev elop ed b y [18 , 25 ]

in the con text of in teractiv e pro ofs. Adapting these al-

gebraic tec hniques to the design of refereeable games

mak es use of some extra tric ks that ha v e no coun ter-

part in the in teractiv e pro ofs scenario. The pro of of

the upp er b ound (R G(priv ate,1) � PSP A CE) w as in-

spired b y the NC algorithm for p ositiv e linear program-

ming [17 ] (though our PSP A CE algorithm and its anal-

ysis are quite di�eren t from the algorithm of Lub y and

Nisan).

Our results ma y b e view ed as sho wing that priv ate

comm unication can reduce the round complexit y of the

refereeing pro cess. With some abuse of notation, w e



ma y denote b y R G(public, exp) the class of alternating

PSP A CE, in whic h there are an exp onen tial n um b er of

comm unication rounds, but the refereeing e�ort for eac h

round is p olynomial. Com bining our results with those

of [4 ] on alternation w e see that priv ate comm unication

mak es games shorter.

Corollary 3 � R G(private, p oly) = R G(public, exp)

(= EXPTIME)

� R G(private, 1) = R G(public, p oly) (= PSP A CE)

An in teresting question that remains op en is whether

R G(priv ate,k) = EXPTIME for some �xed k . Other

op en questions are related to appro ximation of P-

complete problems. Theorem 1 sho ws that the v alue of

a refereed game can b e decided exactly in EXPTIME,

and is EXPTIME-hard to appro ximate. Scaling ev ery-

thing do wn b y an exp onen t, w e obtain a problem that

can b e solv ed exactly in quasip olynomial time, but is

\quasip olynomial time"-hard to appro ximate. By a re-

duction to linear programming (as that in [14 ]), one ob-

tains that linear programming cannot b e appro ximated

in p olylogarithmic space unless P is con tained in p oly-

logspace. Similar results w ere pro v en earlier using tec h-

niques whic h are more elemen tary [24 , 19 ]. It remains

to b e seen whether the \deep er" (i.e., more complicated)

nature of our pro of can lead to new insigh ts regarding the

hardness of appro ximating P-complete problems in NC.

T rying to rev erse the connection is also c hallenging: can

results on the P-completeness of appro ximating linear

programming (or some other problem) b e used in order

to design a refereed game that w ould pro v e Theorem 1?

Observ e that in the related con text of PCPs v ersus ap-

pro ximation, the relation b et w een the inappro ximabilit y

of max-3SA T and the PCP theorem is bidirectional [1 ].

2 Related w ork

The mo del of refereed games w as inspired b y mo d-

els of in teractiv e pro ofs [11 , 2 , 3 ]. It w as �rst explicitly

in tro duced b y F eige, Shamir and T ennenholtz [9] (us-

ing di�eren t terminology), where an analogy w as giv en

b et w een refereed games and a court of la w. In this anal-

ogy , the referee is the judge, and the pla y ers are t w o dis-

puting la wy ers, eac h trying to con vince the judge that

his clien t is righ t. The judge is computationally limited

(meaning that he do es not ha v e m uc h time to sp end

on the case), whereas the la wy ers are computationally

unlimited (meaning that they had a long time to pre-

pare the case). Priv ate comm unication can b e mo deled

b y the judge in viting one of the sides to his o�ce for

priv ate questioning. (This ma y not b e customary prac-

tice, but our results on round reduction through priv ate

comm unication indicate that this ma y allo w the judge

to unco v er the truth more quic kly). In [9] it w as sho wn

that certain w eak v arian ts of the mo del are as strong

as PSP A CE, whereas v arian ts of the mo del in whic h all

comm unication is public but the coin tosses of the ref-

eree are priv ate do not extend the p o w er of the mo del

b ey ond PSP A CE. The p o w er of R G(priv ate, p oly) w as

left as the main op en problem.

F eige and Shamir [8 ] studied the v ersion of the mo del

in whic h the referee is space b ounded rather than time

b ounded. They sho w that suc h refereed games can sim-

ulate an arbitrary T uring mac hine. This sho ws that

an y recursiv e language is refereeable when the referee

is space b ounded but not time b ounded, indirectly an-

sw ering an op en question in a preliminary v ersion of [21 ].

(This result also follo ws from [7].) They also consider

the case of sim ultaneous time and space b ounds on the

referee, and sho w that up to p olynomial factors in the

time b ounds and n um b er of rounds, space b ounds on

the referee do not further restrict the set of refereeable

games. Hence our result that R G(priv ate,p oly) = EXP-

TIME holds ev en when the referee is limited to constan t

space.

F rom the p oin t of view of the pla y ers, a refereed

game is a game of incomplete information (not seeing

the mo v es of the other pla y er), and of p erfect recall (a

pla y er remem b ers all his lo cal past). In this con text, w e

surv ey some standard results from game theory that are

relev an t to this pap er.

A pur e str ate gy for a pla y er is a function from the

lo cal view of the pla y er to its next mo v e. A mixe d str at-

e gy is a probabilit y distribution o v er pure strategies. A

game is zer o sum if the sum of pa y o�s of b oth pla y ers is

alw a ys zero. That is, they are pla ying against eac h other

with no incen tiv e to co op erate. F or zero sum games, w e

shall assume that the �rst pla y er is trying to maximize

the pa y o�, whereas the second pla y er is trying to mini-

mize it. The rest of the discussion is sp ecialized to zero

sum games. The celebrated minimax theorem of game

theory [20 ] sa ys that there is a certain v alue v suc h that

Pla y er 1 has an optimal mixed strategy that insures an

exp ected pa y o� of at least v regardless of the strategy

pla y ed b y Pla y er 2, and that Pla y er 2 has an optimal

mixed strategy that insures a exp ected pa y o� of at most

v regardless of the strategy pla y ed b y Pla y er 1. A game

ma y b e represen ted in normal form , as a matrix, where

ro ws of the matrix are pure strategies of one pla y er,

columns are pure strategies of the other pla y er, and en-

tries are the pa y o� of Pla y er 1 in case the resp ectiv e

strategies are pla y ed. A game ma y also b e represen ted

in extensive form , as a game tree, where v ertices are p o-

sitions and edges are next mo v e relations. In games of

imp erfect information, some v ertices of the game tree

ma y b e clustered together as an information set , mean-



ing that one of the pla y ers cannot distinguish b et w een

these v ertices (p ositions) based on his lo cal information.

A b ehavior str ate gy sp eci�es for eac h information set in

whic h the pla y er is to mo v e a probabilit y distribution

on the outgoing edges (sp ecifying with what probabilit y

eac h p ossible next mo v e is c hosen). Kuhn [15 ] has sho wn

that for games of p erfect recall, an y mixed strategy can

b e transformed in to a b eha vior strategy that ac hiev es

the same pa y o� against an y other strategy .

Returning to refereeable games, observ e that b y com-

puting the minimax v alue of the game of p erfect recall

G

x

, w e could tell whether x 2 L . Hence the complexit y

of computing the v alue of a game of p erfect recall is an

upp er b ound on the complexit y of languages that are

refereeable.

A standard game theory pro cedure for computing the

v alue of a game is b y using linear programming, when

the game is represen ted in normal form. Despite the

fact that linear programming has p olynomial time al-

gorithms, this do es not giv e an e�cien t algorithm in

our case, b ecause the normal form represen tation of G

x

ma y b e doubly exp onen tial in j x j (ev en for one round

games). Hence w e seek an algorithm that w orks directly

on the game tree (whose size is only exp onen tial in j x j ).

P erhaps the most w ell kno wn algorithm for computing

the v alue of a game tree is the min-max algorithm of

Zermelo [27 ], based on bac kw ard induction. F or games

of p erfect information, this giv es a PSP A CE algorithm.

Ho w ev er, this algorithm do es not apply to games of p er-

fect recall (where in particular, the optimal strategy is

not deterministic).

Koller and Megiddo [13 ] sho w that the v alue of games

of p erfect recall can b e computed in time that is p oly-

nomial in the size of the game tree. Their algorithm

is based on the Ellipsoid algorithm for linear program-

ming with a separation oracle. Hence R G(priv ate, p oly)

� EXPTIME. Koller, Megiddo and v on Stengel [14 ] sim-

plify the linear programming based approac h for decid-

ing the v alue of a game of p erfect recall, and sho w that

all constrain ts can b e written explicitly . The transfor-

mation from game tree to LP can b e done in space pro-

p ortional to the pro duct of the depth and the log of the

branc hing factor of the tree.

F eigen baum, Koller and Shor [10] systematically

study the relation b et w een t yp es of t w o p erson games

(p erfect information, p erfect recall, and imp erfect infor-

mation), and complexit y classes (often ha ving de�nitions

in terms of v arious kinds of in teractiv e pro ofs). They

distinguish b et w een what they call the game theoretic

mo del and the accept reject mo del. Lo osely sp eaking,

the di�erence b et w een the t w o mo dels is whether one

cares ab out the exact probabilit y with whic h pla y er 1

wins, or ab out the appro ximate probabilit y . In partic-

ular, [10 ] sho w that it is EXPTIME-hard to determine

the (exact) v alue of a game of p erfect recall in the game

theoretic mo del (this is somewhat analogous to linear

programming b eing P-complete). They lea v e op en the

question of whether an y language not kno wn to b e in

PSP A CE has a game of p erfect recall in the accept-

reject mo del. This last op en question is equiv alen t to

the question that w e answ er regarding the complexit y of

R G(priv ate, p oly).

The EXPTIME-hardness result of [10 ] in the game

theoretic mo del applies already in the scenario in whic h

all comm unication is one-w a y: the referee nev er sends

an y message. This EXPTIME hardness result for

one-w a y comm unication cannot b e extended to the

accept-reject mo del (the one w e study), unless EXP-

TIME=PSP A CE. In fact, Lipton and Y oung [16 ] sho w

that suc h games ha v e near optimal strategies of small

supp ort, hence appro ximating them can b e done within

the p olynomial hierarc h y . An alternativ e pro of that this

class of games is limited to PSP A CE follo ws from the fact

that they can b e represen ted as exp onen tial size p ositiv e

linear programs, com bined with the NC appro ximation

algorithm of Lub y and Nisan [17] for p ositiv e linear pro-

grams.

There has b een a lot of w ork on mo dels related to ref-

ereed games. W e already men tioned alternation [4], that

c haracterizes the complexit y of games of complete infor-

mation. Reif [21 ] deals with the complexit y of t w o pla y er

games of incomplete information. The question that

he asks is what is the complexit y of deciding whether

Pla y er 1 has a strategy that wins regardless of the strat-

egy of Pla y er 2. Note that in this case the strategy for

Pla y er 1 m ust b e deterministic. F or the case of games

with p olynomially man y alternations, the complexit y re-

mains PSP A CE. But if there is no b ound on the n um-

b er of alternations, then the complexit y increases from

EXPTIME (whic h is what happ ens in the public case),

to double exp onen tial time (in the priv ate case). In a

preliminary v ersion of his pap er, Reif p oses the op en

question of the computational complexit y of the pa y o�

of optimal probabilistic strategies for reasonable games.

The v ersion of this question in whic h the n um b er of al-

ternation is not restricted w as sho wn to b e undecidable

in [8]. The v ersion in whic h the n um b er of alternations

is p olynomial is EXPTIME-complete (upp er b ound fol-

lo ws from [13 ], and lo w er b ound follo ws from [10 ] for

exact computation of the pa y o�, and Theorem 1 for ap-

pro ximating the pa y o� ).

Other w ork on related mo dels includes [5, 6, 12 , 22 ],

and will not b e surv ey ed here b ecause of space limita-

tions.



3 Designing complex games

In the refereed games that w e design, the referee is

randomized and the pla y er that is truthful emplo ys a

deterministic strategy . This situation can b e rev ersed

at the cost of an extra round, if eac h pla y er initially

sends the referee a random string in priv ate, and then

the referee X ORs these strings to get his o wn priv ate

random bits.

W e sk etc h the pro of of Theorem 1, that EXPTIME

� R G(priv ate,p oly).

Pro of: ( Sk etc h ) Let L b e an EXPTIME language

and let M b e a one tap e T uring mac hine that accepts L

in exp onen tial time. On common input x , Pla y er 1 sa ys

x 2 L and Pla y er 2 sa ys x 62 L . One pla y er alw a ys tells

the truth (in our proto col, honest y is the b est p olicy),

and the other pla y er sometimes c heats.

Consider the tableau of the computation of M on x .

W.l.o.g., w e assume that it has 2

n

ro ws, 2

n

columns, and

the �rst ro w has p olynomially man y non blank c haracters

kno wn to b oth pla y ers whic h enco de the input and ini-

tial con�guration of M . Eac h ro w has an active r e gion

around where the read/write head of M is lo cated (the

tap e itself is assumed to also enco de at that lo cation the

state of the �nite con trol of M ). Finally , at the end of

its comptuation, M writes a 1 in the �rst square if x 2 L

and a 0 otherwise. Th us, Pla y er 1 claims that the �rst

c haracter of the last ro w is 1 and Pla y er 2 claims that it

is 0. W e need to c hec k who is correct.

View eac h ro w i of the tableau as a function f

i

:

f 0 ; 1 g

n

! f 0 ; : : : ; q ) where q is a large enough to en-

co de the state of M and the c haracters on the tap e, in-

cluding blank c haracters, whic h w e assume are enco ded

b y a 0. Let p > n

2

b e some large prime. All compu-

tations are done mo dulo p . Let

^

f

i

: [ p ]

n

! [ p ] b e the

m ultilinear extension of f

i

. That is,

^

f

i

( x

1

; : : : ; x

n

) =

P

b

1

;::: ;b

n

2f 0 ; 1 g

n

f ( b

1

; : : : ; b

n

)

Q

n

i =1

s

i

, where s

i

is short-

hand notation for x

i

when b

i

= 1, and for 1 � x

i

when

b

i

= 0.

Observ e that

^

f

1

(corresp onding to the �rst con�gu-

ration) can b e computed in p olynomial time b y the ref-

eree, b ecause on f 0 ; 1 g

n

it has only p olynomially man y

nonzero v alues (b y the con v en tion that blanks are en-

co ded as 0). Similarly , if the activ e region of ro w i of

the tableau is kno wn then

^

f

i +1

�

^

f

i

can b e computed in

p olynomial time, since this di�erence only dep ends on

the activ e region of ro w i .

The proto col is a binary searc h on the ro ws. Clearly ,

the t w o pla y ers agree on the con ten ts of �rst ro w, and

disagree on the last. Using (a clev er) binary searc h, the

referee �nds t w o ro ws i and i + 1 suc h that the pla y ers

agree (or at least app ear to agree) on ro w i (a go o d ro w)

and disagree on ro w i + 1 (a b ad ro w). Then, using the

information a v ailable on ro w i and additional questions,

the referee catc hes the c heater with high probabilit y .

T o implemen t the binary searc h, the referee selects

in priv ate t w o random v alues a; b 2 [ p ]

n

and obtains a

parametric line L

1

= at + b in [ p ]

n

. The referee sends in

priv ate a and b (and hence L

1

) to Pla y er 2. The referee

selects in priv ate a random v alue t

r

for the parameter t

and obtains a random p oin t p

1

= at

r

+ b on line L

1

. The

referee sends p

1

to Pla y er 1 in priv ate.

No w for an y ro w j selected b y the binary searc h (the

name of the ro w can b e announced in public), Pla y er 1

sends in priv ate a v alue y

j

that is claimed to b e

^

f

j

( p

1

),

and Pla y er 2 sends in priv ate a p olynomial P

j

of degree

n that is claimed to represen t

^

f

j

on L

1

. That is, for

ev ery t 2 [ p ], it is in tended that P

j

( t ) =

^

f

j

( L

1

( t )). The

referee c hec ks whether P

j

( t

r

) = y

j

(implying that the

t w o pla y ers agree on

^

f

j

( p

1

)). If they disagree, ro w i is

declared b ad . If they agree, ro w i is declared go o d .

Consider no w a go o d ro w j . The referee kno ws that

^

f

j

( p

1

) = y = P

j

( t

r

), b ecause at least one pla y er is

truthful. F urthermore, the referee ma y assume that

P

j

( t ) =

^

f

j

( L

1

( t )) for all t . This assumption is justi-

�ed, as otherwise P

j

( t ) and

^

f

j

( L

1

( t )) agree on at most

n of the p di�eren t v alues of the parameter t , and as t

r

(and p

1

) is random and unkno wn to Pla y er 2, the prob-

abilit y of

^

f

j

( p

1

) = P

j

( t

r

) holding is at most n=p (but

note the \subtlet y" at the end of the pro of, whic h leads

to a corrected probabilit y of n= ( p � n

2

)), whic h is neg-

ligible for su�cien tly large p . W e shall use the fact that

the referee can no w pic k some random p oin t p

2

6= p

1

on

the line L

1

and compute the v alue of

^

f

j

( p

2

). W e note

that ro w 1 is forced to b e go o d, b ecause the referee can

compute

^

f

1

b y himself.

After doing a binary searc h for n steps, w e are left

with a go o d ro w i and a bad ro w i + 1. (Remark: the

case that ro w 2

n

app ears to b e go o d, and w e do not

ha v e a bad ro w, is handled as in case 1 b elo w.) No w the

referee asks b oth pla y ers for the lo cation and con ten ts

of the activ e region of ro w i . There are t w o p ossibilities.

1) Both players agr e e on the lo c ation and c ontents of

the active r e gion of r ow i . In this case, the referee has

su�cien t information to compute b y himself the func-

tion

^

f

i

�

^

f

i +1

(this di�erence dep ends only on the ac-

tiv e region of ro w i ), and hence compute the di�erence

^

f

i

( p

1

) �

^

f

i +1

( p

1

). Since the pla y ers agree on

^

f

i

( p

1

) and

disagree on

^

f

i +1

( p

1

), one of them will b e caugh t c heat-

ing.

2) The players disagr e e on the lo c ation or c ontents of

the active r e gion of r ow i . Based on this, the referee

no w holds a sp eci�c p oin t (sa y p

3

) in the go o d ro w on

whic h the pla y ers disagree. Let L

2

b e the line that passes

through p

2

(recall that p

2

is on L

1

) and p

3

. The referee

sends some canonical represen tation of L

2

(that do es

not disclose p

2

) to Pla y er 1. Pla y er 1 m ust reply with

a degree n p olynomial that describ es

^

f

i

on this line. If



the p olynomial do es not agree with the v alue claimed

b y Pla y er 1 on p

3

, then Pla y er 1 is exp osed as a c heater

and Pla y er 2 wins. Lik ewise, if the p olynomial do es not

agree with the v alue that the referee deduced from P

i

for

^

f

i

( p

2

), again Pla y er 1 is exp osed as a c heater and

Pla y er 2 wins. But if the p olynomial agrees with the

v alues on b oth p

2

and p

3

, Pla y er 1 wins. The reason is

that this p olynomial ma y b e assumed to correctly rep-

resen t

^

f

i

on the line L

1

b ecause it ga v e the correct v alue

on the random p oin t p

2

unkno wn to Pla y er 1. Hence

Pla y er 2 w as c heating regarding the v alue of p

3

.

The proto col ab o v e requires sending roughly n p oly-

nomials. Its underlying assumption is that an incorrect

lo w degree p olynomial is incorrect on a random p oin t.

A sligh t subtlet y is that a c heating Pla y er 2 ma y send a

p olynomial P

i

that is correct only on n p oin ts, and de-

duce some information on the lo cation of p oin t p

1

b y the

fact that a ro w is declared bad. But this information is

limited when the prime p is su�cien tly large. The error

of the proto col is O ( n

2

=p ). 2

W e no w pro v e one direction of Theorem 2.

Lemma 4 PSP A CE � R G(private,1)

Pro of: ( Sk etc h ) Our pro of mo di�es Shamir's

pro of [25 ] that PSP A CE � IP . T o illustrate ho w this

mo di�cation is done, w e will sho w ho w a standard pro-

to col for # P � IP (as in [18 ]) can b e mo di�ed to

sho w # P � R G(priv ate,1). The principles for pro v-

ing PSP A CE � R G(priv ate,1) are similar, and the only

added complications are those required for pro ving that

PSP A CE � IP .

Consider an arbitrary 3CNF form ula � , and arithme-

tize it b y c hanging logical ands to pro ducts, and a clause

to a m ultilinear p olynomial in its three v ariables, that

has v alue 1 when the clause is satis�ed and 0 otherwise.

Hence � is transformed in to a p olynomial

^

� of degree

at most n in eac h of its v ariables (assuming there w ere

at most n clauses in � ), and under 0/1 assignmen ts to

the v ariables,

^

� ev aluates either to 0 or to 1, dep ending

on whether the assignmen t satis�es � . No w pla y er P

1

claims that for some v alue N

0

,

X

x

1

;::: ;x

n

2f 0 ; 1 g

^

� ( x

1

; : : : ; x

n

) = N

0

;

whereas pla y er P

2

claims otherwise. The referee needs

to decide who is correct.

Preliminaries

R c ho oses at random a su�cien tly large prime p that he

will send to P

1

and P

2

; all computations in the follo wing

argumen t will b e p erformed o v er the �eld F = GF ( p ).

W e use lo w ercase letters to denote comp onen ts of v ec-

tors denoted b y upp ercase letters: if X

i

2 F

j

then

X

i

= ( x

i

1

; : : : ; x

i

j

) (v ector subscripts turn in to comp o-

nen t sup erscripts).

If Z 2 F

i

and a 2 F then Z j a is shorthand for

( z

1

; : : : ; z

i

; a ). W e write X  S to denote the act of

c ho osing X indep enden tly and uniformly from S .

Giv en distinct t

0

; : : : ; t

d

2 F and Y

0

; : : : ; Y

d

2 F

i

,

w e consider the degree- d parametric curv e C ( t ) 2 F [ t ]

i

passing through ( t

0

; Y

0

) ; : : : ; ( t

d

; Y

d

) as the i unique

degree- d p olynomials c

1

( t ) ; : : : ; c

i

( t ) suc h that c

j

( t

i

) =

y

i

j

. W e assume that C ( t ) is represen ted in some compact

canonical form, indep enden t of ho w it is deriv ed.

W e de�ne �

0

; : : : ; �

n

b y

�

i

( x

1

; : : : ; x

i

) =

X

x

i +1

;::: ;x

n

2f 0 ; 1 g

^

phi ( x

1

; : : : ; x

n

) :

Th us, P

1

claims that �

0

= N

0

(viewing N

0

as an elemen t

of GF ( p ); p exceeds the largest p ossible v alue for N

0

).

Note also that �

n

is easy to compute and that

�

i

( Z ) = �

i +1

( Z j 0) + �

i +1

( Z j 1) :

The proto col

The proto col consists of R 's priv ate computations and

random c hoices, R 's messages to P

1

and P

2

, P

1

and P

2

's

messages to R and R 's decision pro cedure.

R 's computations: F or 0 � i � n , R c ho oses

A

i

; B

i

 F

i

and w

i

; y

i

 F . F or 1 � i � n , let

C

i

( t ) 2 F [ t ]

i

b e the unique degree-2 parametric curv e

going through (0 ; A

i � 1

j 0), (1 ; A

i � 1

j 1) and (2 ; B

i

). Let

D

i

( t ) 2 F [ t ]

i

b e the unique degree-1 (linear) parametric

curv e passing through ( w

i

; C

i

( w

i

)) and ( y

i

; A

i

). W e as-

sume that w

i

6= y

i

) and ha v e R (arbitrarily) declare P

1

the winner if this is not the case.

R ! P

1

: p; A

1

; : : : ; A

n

; B

1

; : : : ; B

n

.

R ! P

2

: p; D

1

( t ) ; : : : ; D

n

( t ) (in canonical form).

P

1

! R : F or 1 � i � n , de�ne N

i

2 F and

Q

i

( t ) 2 F [ t ] b y N

i

= �

i

( A

i

) and Q

i

( t ) = �

i

( C

i

( t )).

Note that Q

i

( t ) has degree at most 2 i � n . Note also that

P

1

has enough information to compute C

i

. P

1

sends R

N

1

; : : : ; N

n

; Q

1

( t ) ; : : : ; Q

n

( t ).

P

2

! R : F or 1 � i � n , de�ne T

i

( t ) 2 F [ t ] b y

T

i

( t ) = �

i

( D

i

( t )). Note that T

i

( t ) has degree at most

i � n . P

2

sends R T

1

( t ) ; : : : ; T

n

( t ).

Deciding who wins: R c ho oses r  F . First, P

1

loses immediately if

� F or some i , Q

i

( t ) has degree greater than 2 i � n or

Q

i

(0) + Q

i

(1) 6= N

i � 1

,

� N

n

6= �

n

( A

n

), or

� Q

n

( r ) 6= �

n

( C

n

( r )).

P

2

loses immediately if

� F or some i , T

i

( t ) has degree greater than i � n , or



� T

n

( r ) 6= �

n

( D

n

( r )).

F ailing one of these tests rev eals an \ob vious lie". If no

ob vious lies are detected, then R �nds the largest i suc h

that T

i

( y

i

) = N

i

. If T

i

( w

i

) = Q

i

( w

i

) then R declares P

1

the winner; otherwise, R declares P

2

the winner.

Wh y the proto col w orks

W e sk etc h wh y the ab o v e proto col allo ws the correct

part y to win with high probabilit y . First, b y a straigh t-

forw ard application of the de�nitions it follo ws that if P

i

is correct and pla ys according to the ab o v e rules, then P

i

will nev er mak e an ob vious lie. Second, there are three

general principles R can use to determine who is telling

the truth.

1. If b oth pla y ers ev er explicitly or implicitly agree on

the v alue of �

i

( X ) for an y X then they are b oth

correct.

2. If a pla y er mak es a statemen t ab out the v alues of

�

i

on a curv e, and turns out to b e correct on some

random p oin t on that curv e, one that it could not

predict, then it is safe to assume that the pla y er is

telling the truth ab out all the p oin ts on the curv e.

3. If a pla y er explicitly or implicitly implies some v alue

for �

i

( X ) for some X that disagrees with a \safe

assumption," then it is safe to assume he is lying.

The �rst rule follo ws b ecause the correct pla y er is as-

sumed to tell the truth (this turns out to b e a winning

strategy), and one of the pla y ers is correct. The second

rule follo ws b ecause a pla y er giv es a lo w-degree (com-

pared to p ) p olynomial to sp ecify the v alue of �

i

along a

parametric curv e: either the p olynomial is correct or it

agrees with the correct p olynomial on a negligible frac-

tion of the p oin ts on the curv e. The third rule follo ws

b ecause the correct pla y er should alw a ys tell the truth,

so it nev er h urts to punish lies.

R c hec ks the pla y ers' implicit assertions ab out �

n

on v arious curv es b y c hec king random p oin ts on these

curv es (note that R can compute �

n

b y himself ). Hence,

b oth are obliged to b e correct concerning �

n

, or they will

b e caugh t in an ob vious lie. No w if b oth pla y ers w ere

telling the truth alw a ys, then it w ould alw a ys hold that

T

i

( y

i

) = N

i

= �

i

( A

i

), b y simple algebra. Ho w ev er, they

implicitly disagree on �

0

( A

0

), so (barring ob vious lies)

there m ust b e a largest i suc h that they implicitly agree

on �

i

( A

i

) (i.e. N

i

= T

i

( y

i

)) but implicitly disagree on

�

i � 1

( A

i � 1

). It su�ces then to determine whic h pla y er

is giving the correct v alue for �

i � 1

( A

i � 1

).

W e �rst note that

�

i � 1

( A

i � 1

) = �

i

( A

i � 1

j 0) + �

i

( A

i � 1

j 1)

= �

i

( C

i

(0) + �

i

( C

i

( t ))

If Q

i

( t ) w ere indeed equal to �

i

( C

i

( t )) then

�

i � 1

( A

i � 1

) = Q

i

(0) + Q

i

(1) = N

i � 1

;

or P

1

w ould ha v e b een caugh t in an ob vious lie. Hence, it

remains to judge whether Q

i

( t ) is correctly constructed.

W e next note that b y a straigh tforw ard probabilit y ar-

gumen t it follo ws that,

� P

2

has no information concerning the v alue of y

i

,

and

� P

1

has no information concerning the v alue of w

i

.

Then, since N

i

= T

i

( y

i

) (i.e. they agree) then R can

assume that T

i

= �

i

( D

i

( t )) ev erywhere and in particu-

lar, T

i

( w

i

) = �

i

( D

i

( w

i

)). But since D

i

( w

i

) = C

i

( w

i

),

with high probabilit y T

i

( w

i

) = �

i

( C

i

( w

i

)). If T

i

( w

i

) =

Q

i

( w

i

) then Q

i

( t ) is (with high probabilit y) correct at

a random unkno wn p oin t and hence is indeed correct,

implying that P

1

is correct. Otherwise, P

1

ma y safely

b e assumed to ha v e lied ab out the v alue of Q

i

( t ), and

therefor should lose.

T o extend the ab o v e proto col from # P to PSP A CE,

p erform it on Shamir's in teractiv e pro of for the v alue of

an arithmetized simple QBF [25 ]. In this case w e can

tak e N

0

= 0, and let Pla y er 1 b e the one claiming that

the original QBF is false. Details are omitted from this

preliminary v ersion.

2

4 Upp er b ounds on the complexit y of

refereed games

W e pro v e here the other direction of Theorem 2.

Lemma 5 R G(private, 1) � PSP A CE.

The pro of of Lemma 5 pro ceeds in t w o parts. First,

w e sho w a metho d for successiv ely impro ving the pla y-

ers' strategies. W e sho w that using p olynomially man y

iterations of this metho d will result in one of the pla y ers

ha ving a near-optimal strategy . Next, w e sho w ho w to

implemen t this metho d in PSP A CE.

4.1 A naiv e metho d for ev olving go o d

strategies.

Instead of e�cien tly constructing a strategy S

1

that

b eha v es near optimally against all p ossible opp osing

strategies S

2

, a m uc h easier goal is to construct a strat-

egy S

1

that w orks nearly optimally against the mem-

b ers of a small set f S

2 ; 1

; : : : ; S

2 ;k

g of opp osing strate-

gies. This suggests the follo wing iterativ e pro cedure for

ev olving go o d strategies.



W e denote b y S

i; 1

; S

i; 2

; : : : the sequence of strate-

gies generated for Pla y er i . W e de�ne win ( S

1

; S

2

) to

b e the probabilit y that Pla y er 1 wins when using strat-

egy S

1

against Pla y er 2 using strategy S

2

, win ( S

1

; � ) to

b e min

S

2

win ( S

1

; S

2

) and win ( � ; � ) to b e max

S

1

win ( S

1

; � ).

W e assume that either Pla y er 1 or Pla y er 2 has a strategy

that causes it to win with probabilit y at least : 99 against

an y opp osing strategy . That is, either win ( � ; � ) � : 01

or win ( � ; � ) � : 99. Our goal is to determine whic h case

holds.

W e presen t a naiv e iterativ e sc heme that mak es suc h

a determination, but requires to o man y iterations to b e

useful, then mo dify it to reduce the n um b er of iterations

required. First c ho ose strategy S

1 ; 1

arbitrarily . Then

generate a strategy S

2 ; 1

suc h that win ( S

1 ; 1

; S

2 ; 1

) < : 1,

assuming suc h a strategy exists. F or i = 2 ; 3 ; : : : , gener-

ate strategy S

1 ;i

so that for all j < i , win ( S

1 ;i

; S

2 ;j

) > : 9

and generate S

2 ;i

so that win ( S

1 ;i

; S

2 ;i

) < : 1. W e call

strategies meeting these resp ectiv e conditions go o d . If

no go o d S

1 ;i

exists that meets the ab o v e requiremen ts,

then for all S

1

, win ( S

1

; � ) < : 9, so win ( � ; � ) < : 9 and there-

fore, b y the assumption ab out the game, win ( � ; � ) � : 01.

Similarly , if no go o d S

2 ;i

exists, then win ( � ; � ) � : 99.

The ab o v e approac h has t w o main di�culties. First,

the n um b er of iterations required b efore one side do es

not ha v e a go o d strategy can trivially b e exp onen tial, re-

quiring us to k eep trac k of exp onen tially man y strategies.

Second, it is not clear ho w to e�cien tly (in PSP A CE ) �nd

a strategy that b eats all the curren tly selected opp osing

strategies, or for that matter ho w to ev en represen t a

single suc h strategy with less than exp onen tial space.

4.2 Reducing the n um b er of iterations.

T o reduce the n um b er of iterations required b y the

naiv e pro cedure, w e imp ose a further constrain t on S

1 ;i

.

Let P r

R;S

( q ; a ) denote the probabilit y that R asks q to

P

1

and that P

1

, using strategy S , answ ers with a . W e

de�ne H ( S ) b y

H ( S ) =

X

( q ;a )

� P r

R;S

(( q ; a )) lg P r

R;S

(( q ; a )) :

That is, H ( S ) is the en trop y of the distribution on ( q ; a )

induced b y R and P

1

using strategy S .

W e mo dify our naiv e iterativ e pro cedure b y requir-

ing that S

1 ;i

ha v e essen tially maximal en trop y o v er all

strategies suc h that win ( S

1 ;i

; S

2 ;j

) � : 9 for j < i .

That is, w e require that for all strategies S

0

suc h that

win ( S

0

; S

2 ;j

) � : 9 for j < i , H ( S

0

) � H ( S

1 ;i

) is either neg-

ativ e or o (1). Indeed, w e will later sho w ho w to �nd S

1 ;i

suc h that H ( S

0

) � H ( S

1 ;i

) is negativ e or exp onen tially

small. Informally , w e c ho ose the most random strategy

o v er all the go o d strategies. F or our analysis it do esn't

seem to help us to place an y similar constrain t on S

2 ;i

.

Clearly , H ( S

1 ;i +1

) cannot b e signi�can tly bigger than

H ( S

1 ;i

), or S

1 ;i +1

w ould ha v e b een c hosen instead of

S

1 ;i

in stage i . In fact, H ( S

1 ;i +1

) m ust b e signi�can tly

smaller than H ( S

1 ;i

) as implied b y the follo wing k ey

lemma.

Lemma 6 F or any go o d S

1 ;i +1

, H ( S

1 ;i

) � H ( S

1 ;i +1

) >

: 01 .

Pro of: W e giv e a high-lev el o v erview of the pro of.

The full pro of is giv en in the app endix.

Let D

i

denote the distribution on ( q ; a ) induced b y

R and P

1

using strategy S

1 ;i

. W e w an t to sho w that

H ( D

i +1

) is smaller than H ( D

i

). W e �rst note that S

1 ;i

p erforms p o orly against S

2 ;i

but S

1 ;i +1

p erforms quite

w ell against S

2 ;i

. This implies that D

i

is quite di�eren t

from D

i +1

. No w, consider the h ybrid strategy S that an-

sw ers according to S

1 ;i

with probabilit y

1

2

and according

to S

1 ;i +1

otherwise. The distribution induced b y S and

R is just D = ( D

i

+ D

i +1

) = 2. No w, if D

i +1

has nearly

the same en trop y as D

i

, and they are fairly disjoin t, then

D will ha v e signi�can tly more en trop y that D

i

. But this

yields a con tradiction as follo ws. S meets the same con-

dition as are met b y S

1 ;i

, and therefore S

1 ;i

w ould not

ha v e b een c hosen b ecause it do es not ha v e near-optimal

en trop y . 2

Lemma 6 implies that the mo di�ed pro cess will ter-

minate after p olynomially man y steps. Assuming some

p olynomial b ound on the lengths of q and a there is a

p olynomial upp er b ound u on H ( S

1 ; 1

). This b ound and

Lemma 6 implies that H ( S

1 ;i

) � u � ( i � 1) = 100, and

hence that the pro cess m ust terminate b efore i reac hes

1 + 100 u , since H ( S

1 ;i

) � 0.

4.3 Finding and represen ting go o d strate-

gies.

It remains to sho w ho w to �nd and represen t go o d

S

1 ;i

and S

2 ;i

within PSP A CE . F urthermore, S

1 ;i

m ust

ha v e near-maximal en trop y . T o do this, w e guess a go o d

strategy and test and represen t it using a simple gener-

alization of Sa vitc h's theorem.

F or strategy S , let S ( q ; a ) denote the probabilit y that

S outputs a on question q . Hence a strategy can b e rep-

resen ted as a t w o dimensional table. W e scan this table

ro w b y ro w to obtain a represen tation as an exp onen-

tially long sequence of n um b ers x

1

; : : : ; x

N

, one for eac h

pair ( q ; a ), giving the probabilit y that the pla y er should

answ er a on question q . W e denote b y q ( j ) and a ( j ) the

questions and answ ers referred to b y x

j

. Unfortunately ,

w e don't ha v e enough space to store suc h a sequence.

Ho w ev er, for our purp oses it is su�cien t to p erform the

follo wing tasks.

1. Giv en oracles for S

2 ; 1

; : : : ; S

2 ;i � 1

, and a lo w er b ound

` , determine in PSP A CE if there exists a sequence



x

1

; : : : ; x

N

represen ting a go o d strategy S

1 ;i

suc h

that H ( S

1 ;i

) � ` . (And the analogous problem for

S

2 ;i

, without an y en trop y constrain t).

2. If suc h a sequence exists, compute x

j

for an y j in

PSP A CE , suc h that the sequence so de�ned indeed

has the ab o v e prop ert y .

Note that p erforming the ab o v e t w o tasks allo ws one to

�nd an S

1 ;i

with near-maximal en trop y b y using binary

searc h on ` . F urthermore, it su�ces to compute and

p erform the �rst task for a su�cien tly close appro xima-

tion to H ( S

1 ;i

) (w e use only p olynomially man y bits of

precision in p erforming this computation).

4.3.1 Chec king a witness in PSP A CE .

Using the ab o v e ordering of x

1

; : : : ; x

N

, one can c hec k

all of the conditions this sequence m ust satisfy b y \scan-

ning" the sequence one elemen t at a time. That is, one

can read in x

1

, p erform some computations, then read

in x

2

and p erform more computations, un til one �nally

reads in x

N

and decides whether x

1

; : : : ; x

N

satis�es the

required conditions. Once read, an elemen t ma y not b e

read again.

W e describ e in greater detail the conditions a pur-

p orted strategy m ust meet, and ho w they can b e com-

puted. First, the probabilit y assigned to ( q ; a ) m ust b e

b et w een 0 and 1 and for eac h q , the sum of the proba-

bilities assigned to ( q ; a ) (summing o v er a ) m ust equal

1. As for eac h q , the v ariables x

j

for whic h q = q ( j )

are adjacen t, these condition are simple to c hec k in the

scanning mo del.

Let �

i

( q ) denote the probabilit y that R giv es question

q to P

i

and � ( q

1

; q

2

) denote the probabilit y that R giv es

question q

1

to P

1

and q

2

to P

2

. These function are trivial

to compute in PSP A CE . H ( S

1 ;i

) can b e computed b y

H ( S

1 ;i

) =

X

j

� ( �

1

( q ( j )) x

j

) lg ( �

1

( q ( j )) x

j

) :

More precisely , an exp onen tially close appro ximation to

H ( S

1 ;i

) can so b e computed, since w e use only p olyno-

mially man y bits of precision.

Let � ( q

1

; a

1

; q

2

; a

2

) b e 1 if R w ould a w ard the

game to Pla y er 1 on seeing ( q

1

; a

1

; q

2

; a

2

) and

0 otherwise. Assume that an oracle for strat-

egy S

2 ;j

is a v ailable. Then win ( S

1 ;i

; S

2 ;j

) is

P

q

1

;a

1

;q

2

;a

2

� ( q

1

; q

1

) S

1 ;i

( q

1

; a

1

) S

2 ;j

( q

2

; a

2

) � ( q

1

; a

1

; q

2

; a

2

)

whic h can b e computed using

a single scan of x

1

; : : : ; x

N

b y the equiv alen t form ula

P

k

P

q

2

;a

2

� ( q ( k ) ; q

2

) x

k

S

2 ;j

( q

2

; a

2

) � ( q ( k ) ; a ( k ) ; q

2

; a

2

).

Our in ten tion is to p erform computations with pre-

cision of p olynomially man y bits, as space is lim-

ited. Hence w e shall only obtain appro ximations of

win ( S

1 ;i

; S

2 ;j

) up to exp onen tially small errors, but this

su�ces for our goal of appro ximating the v alue of a

R G ( pr iv ate; 1) game. Note also that there is su�cien t

space to store the in termediate calculations for com-

puting win ( S

1 ;i

; S

2 ;j

) for all j using a single scan of

x

1

; : : : ; x

N

. Here w e need the fact that i is p olynomi-

ally b ounded.

4.3.2 Using Sa vitc h's Theorem.

Since w e can c hec k a witness x

1

; : : : ; x

N

b y making a

single scan, as describ ed ab o v e, w e can view x

1

; : : : ; x

N

as nondeterministic c hoices made b y a nondeterminis-

tic p olynomial-space b ounded T uring Mac hine M . Here

it is crucial that eac h x

i

is scanned exactly once, since

suc h c hoices can't b e recalled. Th us, b y Sa vitc h's theo-

rem, it follo ws that the existence of a go o d x

1

; : : : ; x

N

can b e decided in deterministic p olynomial time. F ur-

thermore, one can in deterministic PSP A CE output the

lexicographically �rst suc h witness. T o do this, w e run

M up un til the p oin t where it mak es the �rst c hoice

( x

1

). Let � b e M 's con�guration at this p oin t. Again

using Sa vitc h's construction w e can determine for an y

b ound ` whether M , in con�guration � , can c ho ose an

x

1

suc h that x

1

� ` (using the lexicographic ordering)

and then go on to accept. By binary searc h, the lexico-

graphically �rst \safe" x

1

can b e c hosen. Then M can

b e run un til it needs to c ho ose x

2

, etc. Note that since

w e are making M 's c hoices for it, it alw a ys has a unique

con�guration � represen table in PSP A CE . Finally , if w e

can en umerate the lexicographically �rst witness in de-

terministic PSP A CE then w e can compute x

i

on input i

just b y going through the en umeration.

It is crucial that in generating a strategy w e treat

the opp osing strategies as oracles. This is b ecause in

Sa vitc h's construction the deterministic T uring mac hine

requires the square of the space used b y the nondeter-

ministic T uring mac hine. If in generating the strategy

S

1 ;i

w e squared the space cost incurred in generating

S

2 ;i � 1

, then w e could only pro ceed for a constan t n um-

b er of iterations. Ho w ev er, b y treating S

2 ;i � 1

as an or-

acle, w e ha v e that the space required to compute S

1 ;i

is b ounded b y the space needed to compute S

2 ;i � 1

plus

some p olynomial in i and the input size. Th us, as long as

the n um b er of iterations is p olynomially b ounded w e can

implemen t the iterativ e pro cess using p olynomial space.
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A Pro of of Lemma 6.

W e treat our distributions D

i

as v ectors where eac h

en try corresp onds to the probabilit y of some pair ( q ; a ).

The L

1

norm of a v ector is j V j =

P

i

j v

i

j . H ( V ) =

P

i

� v

i

lg v

i

.

The follo wing prop osition is a quan titativ e v ersion of

a w ell kno wn inequalit y concerning en tropies.

Prop osition 7 L et U and V b e two arbitr ary nonne g-

ative n -ve ctors, e ach of norm 1. L et � = j U � V j = 2 .

Then:

H (

U + V

2

) �

H ( U ) + H ( V )

2

+ f (�)

wher e f : [0 ; 1] � ! [0 ; 1] satis�es f (0) = 0 , f (1) = 1 ,

and f ( x ) � x

2

= 12 .

Pro of: If � = 0 then U = V = ( U + V ) = 2 and

w e get exact equalit y in the prop osition. If � = 1

then U and V are nonzero on a disjoin t set of co or-

dinates. Hence H (( U + V ) = 2) = H ( U = 2) + H ( V = 2).

But H ( U = 2) = �

P

( u

i

= 2) log u

i

= 2 = � (1 = 2)( � H ( U ) �

P

u

i

) = ( H ( U ) + 1) = 2, and the prop osition follo ws with

equalit y .

F or general v alues of � w e use the the follo wing in-

equalities. F or x > 0, ln(1 + x ) < x , and ln(1 � x ) <

� x � x

2

= 2.

Consider an arbitrary co ordinate i and let u = u

i

and

v = v

i

. Assume w.l.o.g. that v � u and let � = v � u �

0. W e b ound d = h (( u + v ) = 2) � ( h ( u ) + h ( v )) = 2. By

simple manipulations, d = (log e ) d

0

= 2, where d

0

= � ( u +

v ) ln ( u + v ) = 2 + u ln u + v ln v . F urther manipulations

giv e d

0

= � u (ln( u + v ) = 2 � ln u ) � v (ln( u + v ) = 2 � ln v ) =

� u ln (1 + � = 2 u ) � v ln(1 � � = 2 v ). Using the b ounds on

ln(1 + x ) w e obtain d

0

� � u� = 2 u + v � = 2 v + v �

2

= 8 v

2

=

�

2

= 8 v . Hence d � �

2

log e= 16 v � �

2

= 12 v .

Call a co ordinate i go o d if either u

i

=v

i

< 1 � �, or

v

i

=u

i

< 1 � �. F or a go o d co ordinate � = max ( v ; u ) � �,

and d � � � = 12.

Consider no w D = H (( U + V ) = 2) � ( H ( U = 2) +

H ( V = 2)) = 2, and compute this sum co ordinatewise. The

con tribution of eac h co ordinate is nonnegativ e, whereas

the con tribution of go o d co ordinate i is �

i

� = 12. Hence

D � (� = 12)

P

i go o d

�

i

, where the summation is tak en

o v er the go o d co ordinates.

F or a co ordinate i , let m

i

= min( u

i

; v

i

). Observ e that

P

m

i

� 1 � �. It follo ws that summing o v er all co ordi-

nates that are not go o d,

P

�

i

� � = (1 � �)

P

m

i

� �.

Since for all co ordinates,

P

�

i

= 2�, it follo ws that

for the go o d co ordinates

P

i go o d

�

i

� �. Hence D �

�

2

= 12. 2

T o apply Prop osition 7 to relate the en tropies of

D

i

; D

i +1

and D , w e �rst b ound � = j ( D

i

� D

i +1

) = 2 j .

Let D

j

( q ; a ) denote the probabilit y that D

j

assigns to

( q ; a ) and let w ( q ; a ) denote the probabilit y , conditioned

on R asking q of P

1

, that P

1

will win if he answ ers a and

P

2

pla ys according to S

2 ;i

. Then

win ( S

1 ;i

; S

2 ;i

) =

X

( q ;a )

w ( q ; a ) D

i

( q ; a ) and

win ( S

1 ;i +1

; S

2 ;i

) =

X

( q ;a )

w ( q ; a ) D

i +1

( q ; a )

Since win ( S

1 ;i

; S

2 ;i

) � : 1 and win ( S

1 ;i +1

; S

2 ;i

) � : 9, w e

ha v e

j win ( S

1 ;i

; S

2 ;i

) � win ( S

1 ;i +1

; S

2 ;i

) j � : 8 :

Th us,

j

X

( q ;a )

w ( q ; a ) D

i

( q ; a ) �

X

( q ;a )

w ( q ; a ) D

i +1

( q ; a ) j � : 8 :

whic h implies that

X

( q ;a )

w ( q ; a ) j D

i

( q ; a ) � D

i +1

( q ; a ) j � : 8 :

Finally , since w ( q ; a ) � 1 then

X

( q ;a )

j D

i

( q ; a ) � D

i +1

( q ; a ) j � : 8 :

Th us, � � : 4.

A t this p oin t, Prop osition 7 implies that

H ( D ) �

H ( D

i

) + H ( D

i +1

)

2

+ : 4

2

= 12 :

Th us, if H ( D

i +1

) � H ( D

i

) � : 01 then H ( D ) > H ( D

i

) +

: 008. No w, for an y S

2

,

win ( S; S

2

) =

win ( S

1 ;i

; S

2

) + win ( S

1 ;i +1

; S

2

)

2

;

so in particular,

win ( S; S

2 ;j

) � : 9

for j < i , since win ( S

1 ;i

; S

2 ;j

) ; win ( S

1 ;i +1

; S

2 ;j

) � : 9 :

Th us, S meets the constrain ts required of S

1 ;i

y et has

signi�can tly higher en trop y , whic h is a con tradiction.


