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ABSTRACT
W e sho w ho w to determine whether the edit distance b e-

t w een t w o strings is small in sublinear time. Sp eci�cally ,

w e presen t a test whic h, giv en t w o n -c haracter strings A

and B , runs in time o ( n ) and with high probabilit y returns

\ CLOSE " if their edit distance is O ( n

�

), or \ F AR " if their

edit distance is 
( n ), where � is a �xed parameter less than

1. Our algorithm for testing the edit distance w orks b y re-

cursiv ely sub dividing the strings in to smaller substrings and

lo oking for pairs of substrings in A , B with small edit dis-

tance. T o do this, w e query b oth strings at random places

and use a sp ecial tec hnique for \recycling" our samples so

that the o v erall query complexit y , as w ell as the running

time, sta ys lo w. The test runs in time

~

O

�

n

max f

�

2

; 2 � � 1 g

�

for an y �xed � < 1. Th us, our algorithm giv es a trade-o�

b et w een accuracy and e�ciency that is particularly useful

when the input data is v ery long.

W e also sho w a lo w er b ound of 
( n

�= 2

) on the query com-

plexit y of ev ery algorithm that distinguishes pairs of string

with edit distance at most n

�

from those with edit distance

at least n= 6.

Categories and Subject Descriptors
F.2 [ Theory of Computation ]: Analysis of algorithms

and problem complexit y

�
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1. INTRODUCTION
Let A; B b e t w o strings from a �xed size alphab et �. The

e dit distanc e b et w een A and B is de�ned as the minim um

n um b er of c haracter insertions, deletions and substitutions

required to transform A to B , or vice v ersa (it is indeed

a distance, and in particular symmetric). This measure of

string similarit y is widely used in areas suc h as computa-

tional biology , text pro cessing, and w eb searc hing. The edit

distance is a w ell studied measure, and can b e computed

in quadratic time b y a dynamic programming algorithm [4].

The task of computing or appro ximating edit distance sig-

ni�can tly faster has gained a lot of atten tion, esp ecially in

the bioinformatics comm unit y , where the regular quadratic

algorithm is prohibitiv ely slo w.

E�cien t algorithms for the appro ximation task are cru-

cial for t w o reasons: �rst, it is often the case that the strings

b eing compared are quite long (h undreds of millions of c har-

acters in a genomic en vironmen t); second, it can serv e as a

part of an exact algorithm that w orks in sublinear amortized

time in the follo wing manner. A common task in bioinfor-

matics is, giv en man y pairs of strings, to compute the edit

distance only for pairs of close strings. The actual distance

b et w een most pairs of strings is irrelev an t. W eak appro x-

imation algorithms are useful in c heaply eliminating those

pairs, and th us allo wing an exact algorithm to w ork on an

extremely small fraction of the input pairs.

Our results
W e sho w that if one is willing to accept a w eak er qualit y

of appro ximation, one can solv e the edit distance problem

surprisingly quic kly . In fact, w e giv e (to our kno wledge)

the �rst sublinear time algorithm for appro ximating the edit



distance. In particular, w e sho w that one can distinguish

w.h.p. pairs of strings of length n whic h ha v e edit distance

n

�

from those whic h ha v e edit distance 
( n ) in

~

O ( n

�= 2

) time

for � � 2 = 3. F or an y constan t 1 > � > 2 = 3, our running

time is

~

O ( n

2 � � 1

), whic h is still sublinear. A t the core of our

algorithm is a sublinear-time pro cedure whic h constructs a

useful implicit represen tation of all lo cations in A at whic h

there are appro ximate copies of a sp eci�c substring of B ;

this pro cedure ma y b e of indep enden t in terest.

Finally , w e pro v e that ev ery algorithm that distinguishes

pairs of strings with edit distance n

�

from strings with edit

distance at least n= 6 requires 
( n

�= 2

) queries. T o ac hiev e

this, w e sho w the same lo w er b ound for ev ery algorithm that

distinguishes a pair ( A; B ) of random strings from a pair

( A; B ) where A is random and B is a righ t shift of A b y t

p ositions for a random t 2 [ n

�

= 2 ; n

�

] : This implies the lo w er

b ound for the edit distance problem, since t w o random n -bit

strings ha v e edit distance at least n= 6 with high probabilit y .

Related work
The edit distance problem is closely related to the longest

common subsequence (LCS) and sequence alignmen t prob-

lems. Computing the LCS exactly is the same as computing

the edit distance, whereas an analogous statemen t cannot

b e made for appro ximate computations. Masek and P ater-

son [4] giv e an O ( n

2

= log n ) algorithm for exactly comput-

ing the LCS of t w o strings of size n .

1

This nearly quadratic

b ound remains in tact for the general case, with the costly

computations o ccurring when the LCS is of linear length.

There has b een a signi�can t amoun t of related w ork on

the sligh tly di�eren t problem of appro ximate string matc h-

ing, where one w ould lik e to �nd all substrings of the text

string of size n whic h matc h the pattern string of size m with

edit distance at most k (insertions, deletions and substitu-

tions of one c haracter). W e men tion here a small sample of

these w orks. Landau and Vishkin [3] ga v e an O ( nk ) algo-

rithm for this problem. Chang and La wler [1] consider the

case when the text string is random and errors are not to o

frequen t. In this case, they giv e an algorithm whic h runs in

sublinear exp ected time, namely O (( n=m ) k log m ) time for

k < m= log m + O (1). My ers [5] impro v es on their result but

requires linear-time prepro cessing on one of the t w o strings.

The �rst sub quadratic time algorithm for general appro xi-

mate string matc hing w as giv en b y Sahinalp and Vishkin [6],

running in time O ( n � (1 + pol y ( k ) � 1 =m log n )). Cole and Har-

iharan [2] impro v ed the running time to O (( nk

4

=m ) + n + m ).

T o put our w ork in p ersp ectiv e, w e note that when the

t w o strings are assumed to b e close, dynamic programming

restricted to the relev an t fraction of the matrix can b e ap-

plied, sa ving considerable time and space. In our setting

this translates to an immediate O ( n

1+ �

) algorithm. Our al-

gorithm is m uc h more e�cien t, but not surprisingly uses the

idea b ehind this naiv e sa ving as one of its comp onen ts.

Our techniques
Our tec hniques are based on the observ ation that, if t w o

strings ha v e small edit distance, they will ha v e man y almost

iden tical (with small Hamming distance) substrings whose

lo cations in the resp ectiv e strings are similar. W e exploit

this prop ert y b y dividing one of the strings in to blo c ks and

determining whether most of these blo c ks o ccur in similar

1

In fact, the strings can b e of di�eren t length; w e presen t

the equal-length case for simplicit y .

lo cations in the other string. In order to detect substrings

that matc h a blo c k with small Hamming distance, it suf-

�ces to randomly sample b oth the strings. T o reduce our

query (sample) complexit y , w e use a pro cedure that w e call

a \ruler" that collects a sublinear p o ol of samples from b oth

strings, and then builds a structure con taining all matc hing

pairs of the form (lo c ation in A, blo ck in B) . In addition, w e

mak e use of recursion while sub dividing our blo c ks, whic h

allo ws us to further impro v e the complexit y of the algorithm.

Finally , w e \quan tize" the lo cations in the strings output b y

the matc hing pro cess for t w o substrings; that is, w e consider

only discrete \shifts" b et w een the lo cation of a substring in

one string and in the other. This results in man y few er cases

to consider (and, more imp ortan tly , to store) when sp ecify-

ing where a blo c k of one string is lo cated in the other.

Overview of paper
The rest of this pap er is structured as follo ws: Section 2

de�nes the edit distance testing problem. In Section 3 w e

dev elop a sublinear time algorithm for this problem: In Sec-

tions 3.1-3.4, w e describ e our basic tec hniques, in Section 3.5

w e sho w ho w to matc h the blo c ks in one string to substrings

in the other, and in Section 3.6 w e presen t our main algo-

rithm that uses these tec hniques to estimate the edit dis-

tance. In Section 4, w e giv e a lo w er b ound on the query

complexit y for this problem.

2. PRELIMINARIES
The strings w e consider are o v er a constan t size alphab et

�. F or simplicit y and without loss of generalit y , w e assume

a binary alphab et � = f 0 ; 1 g , and the input strings (usually

denoted A; B ) of length n . A [ i ] refers to the i th c haracter

(bit) of string A , and A [ i : : : j ] refers to the substring of A

delimited b y the c haracters (bits) at p ositions i and j .

D ( A; B ), the e dit distanc e b et w een t w o binary strings A

and B , is the minimal n um b er of single bit insertions, dele-

tions, or replacemen ts required to generate B from A , or

vice v ersa.

The edit distance testing problem
W e wish to devise an algorithm to distinguish pairs of n -

bit strings A; B that are close to eac h other from pairs that

are far from eac h other in terms of their edit distance. The

required b eha vior from this algorithm on input A , B , and

parameters �; C , 0 < � < 1 ; C > 1, is as follo ws.

� if D ( A; B ) � n

�

, output CLOSE with probabilit y at

least 2/3.

� if D ( A; B ) > n=C , output F AR with probabilit y at

least 2/3.

The output of the algorithm is unsp eci�ed for n

�

< D ( A; B ) �

n=C . W e treat C as a �xed constan t and do not analyze the

dep endence of our algorithm on C .

3. A TEST FOR EDIT DISTANCE
W e no w describ e a recursiv e algorithm that c hec ks whether

the edit distance b et w een t w o n -bit strings A and B is small

( � n

�

) or large (
( n )). W e arbitrarily designate A to b e

the r efer enc e string , against whic h B is matc hed. On the

highest lev el, our algorithm is based on the standard divide

and conquer paradigm: B is is brok en up in to substrings,



whic h are recursiv ely matc hed against A . The matc hing

for these lo cal patc hes is pieced together to form a matc hing

(alignmen t) for the larger string. Ho w ev er, since it w ould b e

to o exp ensiv e to lo ok at all the subin terv als, w e randomly

sample a small n um b er of them and rely on the statistical

prop erties of these matc hings. W e then analyze the e�ect

of the statistical uncertain ties that arise as a result of the

sampling.

W e start b y discussing the relationship b et w een the edit

distance of t w o strings and the similarit y of their substrings.

3.1 Approximate matchings and coordinated
matchings

A matching of B against A describ es ho w A can b e ob-

tained from B . In particular, it giv es an alignmen t b et w een

the matc hing p ortions of A and B . Consider ho w a subin-

terv al I = B [ s : : : e ] corresp onds to A . W e ma y think of I as

b eing matc hed against a substring A [ s

0

: : : e

0

]; the matc hing

in v olv es a sequence of op erations on A [ s

0

: : : e

0

] that trans-

form it in to I . In general, s 6= s

0

; w e refer to the quan tit y

s

0

� s as the shift of I . The shift is due to external edits re-

quired to matc h the earlier p ortions of A and B . W e refer to

the n um b er of edit op erations needed to transform A [ s

0

; e

0

]

to I as the internal e dit distanc e .

2

Note that there ma y b e

man y p ossible lo w-edit matc hings of I against A .

W e are in terested in matc hings in whic h the in ternal edit

distance is a small fraction of the total n um b er of c haracters

b eing matc hed.

Definition 1. A n interval I = B [ s : : : e ] has a ( t; E ) (ap-

pro ximate) matc hing with r esp e ct to A if for some interval

A [ s

0

: : : e

0

] , s

0

= s + t and D ( A [ s

0

: : : e

0

] ; I ) � E .

If D ( A; B ) is small, it is apparen t that most subin terv als in

B will ha v e an appro ximate matc hing somewhere in A . F ur-

ther, these matc hing subin terv als m ust ha v e similar shifts,

b ecause a c hange in the shift v alue can only arise from an

edit (sp eci�cally , insert or delete) op eration. This leads us

to consider c o or dinate d matchings :

Definition 2. Given a c ol le ction of intervals I = I

1

; : : : ; I

k

;

we say that I has a ( t; � ; E ; D ) co ordinated matc hing with

A if for al l but D of the intervals I

i

2 I , I

i

has a ( t

i

; E )

matching with A , wher e j t � t

i

j � � .

W e can decomp ose an in terv al I of size S in to k disjoin t

con tiguous subin terv als, I

1

; : : : ; I

k

, eac h of size S

0

= S=k

(w e assume that k j S for ease of exp osition). The existence

of a co ordinated matc hing for I

1

; : : : ; I

k

indicates that most

of the in terv als therein are w ell matc hed with similar shifts

in A . Lemma 1 sa ys that if these subin terv als ha v e a co-

ordinated matc hing with suitable parameters then I has an

appro ximate matc hing.

Lemma 1. L et A; I ; I

1

; : : : ; I

k

; S and S

0

b e as ab ove. If

I

1

; : : : ; I

k

have a ( t; � ; �S

0

; � k ) c o or dinate d matching with A ,

then I has a ( t; � S ) appr oximate matching with A , wher e

� =

�

2 �

S

0

+ � + �

�

:

2

This is no longer a distance function. The corresp onding

matc hing of the internal e dit distanc e is also describ ed in

the bioinformatics literature as lo c al alignment .

Pr oof. (Sk etc h) W e construct a matc hing for I b y stitc h-

ing together the matc hings for I

1

; : : : ; I

k

, correcting for gaps,

o v erlaps and unmatc hing subin terv als.

Let I = B [ s : : : e ] and I

i

= B [ s

i

: : : e

i

]. If I

i

has a ( t

i

; � )

appro ximate matc hing, w e denote b y I

0

i

= A [ s

0

i

: : : e

0

i

] the

substring of A that is transformed in to I

i

(c ho osing arbi-

trarily if there are m ultiple matc hes). I

0

i

can b e transformed

in to I

i

using �S

0

edit op erations. If I

i

do es not ha v e a ( t

i

; � )

matc hing (for t

i

2 [ t � � ; t + � ]), w e de�ne t

i

= t and I

0

i

to

b e A [ s

i

+ t : : : e

i

+ t ], i.e., the region obtained b y translating

the in terv al [ s

i

: : : e

i

] b y t . W e can trivially transform I

0

i

to

I

i

using S

0

edit op erations.

W e transform the in terv al A [ s + t : : : e

0

k

] in to I as follo ws.

If s

0

1

= s + t , then w e simply transform I

0

1

in to I

1

using the

same edit op erations as for that matc hing. If s

0

1

< s + t ,

then the s + t � s

0

1

�rst c haracters of I

0

are missing from

A [ s + t : : : e

k

]; w e add these to the b eginning of A [ s + t : : : e

0

k

]

using s + t � s

0

1

insert op erations, and then pro ceed as b efore.

Similarly , if s

0

1

> s + t , w e trim the �rst s

0

1

� s � t c haracters

from A [ s + t : : : e

0

k

] and pro ceed as b efore. W e are left with

the remaining p ortion of A [ s + t : : : e

0

k

] ( A [ e

0

1

+ 1 : : : e

0

k

]),

whic h m ust b e transformed in to the remaining p ortion of I

( B [ e

1

+ 1 : : : e

k

]).

T o complete the transformation, w e transform I

0

i

in to I

i

,

for i = 2 ; : : : ; k , in the same manner, yielding I . A t eac h

stage, w e trim or add to the remaining string so that I

0

i

is a

pre�x, and then p erform the transformation from I

0

i

to I

i

.

It remains to compute the n um b er of edits required b y this

transformation. The n um b er of edits required to transform

I

0

i

to I

i

, for all i for whic h there are is an appro ximate matc h,

is at most �S

0

k . F or at most � k in terv als, I

0

i

and I

i

don't

ha v e a go o d matc h; the trivial transformation costs at most

S

0

� � k = � S

0

k .

W e m ust also accoun t for the j s

0

i

� ( s + t ) j edit op erations

required prior to transforming I

0

1

and the j s

0

i

� ( e

0

i � 1

) + 1 j edit-

ing op erations required to align the remaining string prior

to transforming I

i

, for i > 1. By the de�nition of a co ordi-

nated matc hing, j s

0

i

� ( s + t ) j � � . Since s

0

i

= s

i

+ t

i

w e can

write,

j s

0

i

� ( e

0

i � 1

+ 1) j

= j ( s

i

+ t

i

) � ( s

0

i � 1

+ ( e

0

i � 1

� s

0

i � 1

) + 1) j

= j ( s

i

+ t

i

) � ( s

i � 1

+ t

i � 1

+ ( e

0

i � 1

� s

0

i � 1

) + 1) j

� j t

i

� t

i � 1

j + j ( e

0

i � 1

� s

0

i � 1

+ 1) � ( s

i

� s

i � 1

) j :

It follo ws from the de�nition of a co ordinated matc hing that

j t

i

� t

i � 1

j � 2 � . The latter term is simply the absolute

di�erence b et w een the length of I

i � 1

( s

i

� s

i � 1

) and the

length of j I

0

i � 1

j ( e

0

i � 1

� s

0

i � 1

+ 1). If I

0

i � 1

can b e transformed

in to I

i � 1

using �S

0

edit op erations, this di�erence cannot b e

more than �S

0

, and if no suc h matc hing exists, then I

0

i � 1

will

ha v e the same length as I

i � 1

b y de�nition. Th us, at most

2 � + �S

0

op eration are required p er in terv al, giving at most

2 � k + �S

0

k op erations in all.

Recalling that S = S

0

k , w e ha v e at most

�

2 �

S

0

+ � + �

�

S

edits required, implying the lemma.

2

Lemma 2 sho ws that if a go o d matc hing for an in terv al

exists then there m ust b e a co ordinated matc hing among its

subin terv als.

Lemma 2. L et A; I ; I = I

1

; : : : ; I

k

; S and S

0

b e as ab ove.

L et c > 1 and S > cE . If I has a ( t; E ) matching with A



then I has a ( t; E ; cE =k ; k =c ) c o or dinate d matching with A .

Pr oof. (Sk etc h) Let I = B [ s : : : e ]. W e consider the

matc hing from A [ s + t : : : q ] to I that has edit distance E .

W e for eac h I

i

consider the smallest in terv al I

0

i

of A con tain-

ing all the c haracters that are matc hed to c haracters in I

i

. If

no suc h c haracters exist, w e do not assign I

i

. W e claim that

this corresp ondence induces a ( t; E ; cE =k ; k =c ) co ordinated

matc hing.

First, w e note that the I

0

i

s are disjoin t, since our edit

op erations do not c hange the ordering of the c haracters of

A that are matc hed. The edit op erations that transform

A [ s + t : : : q ] in to I also transform eac h I

0

i

in to I

i

. Eac h

edit op eration a�ects only one ( I

0

i

; I

i

) pair or unassigned

I

i

- either it deletes a c haracter from at most one I

0

i

or it

inserts a c haracter in to exactly one I

i

. Hence, the sum of

edit distances b et w een I

0

i

and I along with the sum of edits

assigned to unassigned I

i

is at most E . If more than k =c had

edit distance greater than cE =k , or w ere unassigned (with

an edit cost of S

0

> cE =k ), this w ould cause the sum to b e

greater than E , a con tradiction.

It remains to sho w that the translation (shift) t

i

b et w een

eac h I

0

i

and I

i

satis�es j t

i

� t j � E . No w, consider what

happ ens if w e edit A [ s + t : : : q ] to obtain I , �rst b y deleting

the unmatc hed c haracters, one b y one, and then inserting

the new c haracters, one b y one. A t eac h step, w e can recom-

pute the matc hings and hence the shifts for eac h ( I

0

i

; I

i

) pair.

Eac h op eration can c hange an y t

i

b y at most 1 eac h w a y .

Ho w ev er, at the end of this pro cess, when A [ s + t : : : q ] = I ,

t

i

= t , so the original v alues of t

i

could not b e more than E

a w a y from t . 2

A sp ecial case of this lemma is the existence of co ordinated

matc hings where the in terv als ha v e no in ternal edit distance

at all.

Lemma 3. L et A; I ; I

1

; : : : ; I

k

; S and S

0

b e as ab ove. If I

has a ( t; E ) matching with A , and k � E , then I

1

; : : : ; I

k

have a ( t; E ; 0 ; E ) c o or dinate d matching with A .

Discussion: W e use Lemmata 1 and 2 in concert to de-

tect go o d matc hings. Supp ose string A and B ha v e a go o d

matc hing. W e break B up in to subin terv als and use Lemma 2

to argue that these in terv als ha v e a go o d co ordinated matc h-

ing. In the next section w e sho w ho w to e�cien tly de-

tect a go o d co ordinated matc hing. Once detected, w e use

Lemma 1 to infer the existence of a go o d matc hing b et w een

A and B . The prop erties of the inferred matc hing will b e

far w eak er than the one that actually exists, but su�cien tly

go o d to distinguish b et w een the t w o cases w e consider. T o

obtain the strongest result, w e apply this tec hnique recur-

siv ely , taking care that the degradation in the guaran tee

do es not gro w to o large.

3.2 Detecting coordinated matchings via sam­
pling

The crux of our algorithm is to appro ximately detect a

co ordinated matc hing with v ery few queries. Giv en a set

of in terv als I = I

1

; : : : ; I

k

, w e wish to determine for whic h

t , I has a ( t; � ; E ; D ) co ordinated matc hing. W e actually

accomplish an appro ximate v ersion of this task: F or all t ,

if I has a ( t; � ; E ; D ) co ordinated matc hing w e with high

probabilit y detect that it has a ( t; � ; E ; D + �k ) co ordinated

matc hing, for an y constan t � > 0.

T o implemen t our detection routine, coord- ma tches , w e

assume for no w that w e ha v e a subroutine, ma tches ( A; I ; E ),

that determines for whic h t , I has a ( t; E ) matc hing with A .

W e will later implemen t ma tches recursiv ely using coord-

ma tches . Our actual subroutines only appro ximate this b e-

ha vior; w e later adapt our tec hnique to accommo date this

appro ximation.

A k ey observ ation is that a randomly selected set of O (log n )

subin terv als will appro ximate the b eha vior of the en tire set.

W e use the follo wing simple consequence of the Cherno�

b ound.

Lemma 4. F or any p ositive � and c , ther e exists d such

that the fol lowing is true. Supp ose that a r andomly chosen

element of a set S has some pr op erty Z with pr ob ability p .

If we uniformly sample (with r eplac ement) d log n elements

fr om S , the fr action p

0

of these samples with pr op erty Z

satis�es p � �= 2 � p

0

� p + �= 2 with pr ob ability 1 � 1 =n

c

.

W e giv e the sampling pro cedure coord- ma tches in Fig-

ure 1. The parameters A; I and � are as in De�nition 2.

The parameters � and c con trol the accuracy and reliabilit y

of the estimate, as analyzed in Lemma 5.

Lemma 5. With pr ob ability 1 � 1 =n

c � 1

over the r andom

c oins of coord- ma tches , the output T of coord- ma tches

( A; I ; � ; E ; D ; �; c ) has the fol lowing two pr op erties:

1. If I has a ( t; � ; E ; D ) c o or dinate d matching then t 2 T .

2. If t 2 T then I has a ( t; � ; E ; D + �k ) c o or dinate d

matching.

Pr oof. F or an y t , if at most D in terv als I

i

do not ha v e a

( t

i

; E ) matc hing where j t

i

� t j � � then b y Lemma 4, with

probabilit y at least 1 � 1 =n

c

at most a D =k + �= 2 fraction of

the I

i

j

s do not ha v e suc h a matc hing, in whic h case t 2 T .

Similarly , if more than D + �k in terv als do not ha v e a ( t

i

; E )-

matc hing with j t

i

� t j � � , then with probabilit y at least

1 � 1 =n

c

at least a ( D =k + � ) � �= 2 fraction of the I

i

j

s do

not ha v e suc h a matc hing, in whic h case t 62 T . Th us, for

b oth t yp es of errors, the probabilit y of making a mistak e is

th us at most 1 =n

c

. Since there are at most n p ossible errors

p ossible (for eac h t the n um b er of non-matc hes can b e either

to o big or to o small, but not b oth), the lemma follo ws from

the union b ound. 2

3.3 Quantizing shifts
Our ma tches and coord- ma tches algorithms ma y con-

ceiv ably giv e an output set T consisting of n elemen ts. While

not a�ecting the query complexit y , this b y itself is more time

than w e wish to tak e. F urther, observ e that for detecting

strings with the edit distance of at most n

�

, w e ma y restrict

the allo w ed shifts to [ � n

�

: : : + n

�

]. Ho w ev er, to ac hiev e

a o ( n

�

) running time, w e m ust further restrict the set of

p ossible outputs. W e do this b y sp ecifying a quan tization

parameter, Q , whic h go v erns the precision of the output.

Definition 3. A Q -quan tization of t is a value t

Q

such

that t

Q

= k Q for some inte ger k and j t � t

Q

j < Q . A set S

Q

is a Q -quantization of a set S if for every t 2 S , t has a Q -

quantization t

Q

2 S

Q

. If an interval has a ( t; E ) -matching

with A , we say that it has a ( t

Q

; E )-quan tized matc hing

with A . We say that a set of intervals, I has a ( t; � ; E ; D )-

quan tized co ordinated matc hing with A if Q j t and for al l but



coord- ma tches ( A; I ; � ; E ; D ; �; c )

1. Let d b e as in Lemma 4 for the giv en � and c , and l = d log n . Cho ose i

1

; : : : ; i

l

uniformly and indep enden tly from [1 : : : k ].

2. F or eac h I

i

j

, compute T

j

= ma tches ( A; I

i

j

; E ).

3. Return T = mer ge ( T

1

; : : : ; T

l

; � ; �), where � = ( D =k + �= 2) l and mer ge is de�ned b elo w.

mer ge ( T

1

; : : : ; T

l

; � ; �)

1. Return the set T , where t 2 T i� T

j

\ [ t � � : : : t + � ] = ; for at most � sets T

j

.

Figure 1: Sampling algorithm for (appro ximately) �nding co ordinated matc hes.

D of the intervals I

i

2 I , I

i

has a ( t

i

; E ) -quantize d match-

ing with A , wher e j t � t

i

j � � . We denote by t [ Q ] the unique

value k Q satisfying � Q= 2 < t � k Q � Q= 2 , and by S [ Q ] the

minimal set c ontaining t [ Q ] for every t 2 S .

Th us, if t = Qk , it has a single quan tization, Qk , and if

Q ( k � 1) < t < Qk then t has t w o quan tizations, Q ( k � 1)

and Qk . When w e explicitly quan tize a v alue t , w e c ho ose

its closest quan tization, t [ Q ]. Ho w ev er, at times rounding

errors ma y cause us to instead obtain the other p ossible

quan tization.

The k ey observ ation to mak e is that co ordinated matc h-

ings already allo w for some \wiggle ro om," in the shifts al-

lo w ed for the in terv als. Adding mo derate amoun ts of quan ti-

zation do esn't c hange this wiggle ro om signi�can tly . Prop o-

sition 1 quan ti�es this relationship; its pro of follo ws imme-

diately from the fact that t [ Q ] di�ers from t b y at most Q= 2

and an y quan tization t

Q

di�ers from t b y at most Q .

Pr oposition 1. If interval I has a ( t; � ; E ; D ) c o or di-

nate d matching with r esp e ct to A then it has a ( t [ Q ] ; � +

Q= 2 ; E ; D ) quantize d c o or dinate d matching with A . If I has

a ( t; � ; E ; D ) quantize d c o or dinate d matching with A then it

has a ( t; � + Q; E ; D ) c o or dinate d matching with A .

In tuitiv ely , if w e don't mak e the quan tization factor to o

large then w e can mak e qualitativ ely the same inferences

using quan tized shifts as w e can using unquan tized shifts.

3.4 Recursively using coordinated matches
Our coord- ma tches algorithm mak es calls to ma tches ,

whic h has to �nd go o d matc hes for individual in terv als; w e

no w describ e ho w the ma tches pro cedure is implemen ted.

Using Lemma 1, w e can detect a go o d matc h for an in terv al I

b y breaking I in to subin terv als, detecting go o d co ordinated

matc hings for these in terv als, and inferring the existence

of go o d matc hes for I . That is, w e call coord- ma tches

using a suitable decomp osition of I and using suitable error

tolerances. While running coord- ma tches , w e mak e calls

to ma tches on a subset of these subin terv als, whic h are

appro ximated via a call to coord- ma tches on a suitable

decomp osition of these subin terv als, and so on. This pro cess

yields a m ulti-stage algorithm in whic h matc hes found in a

giv en stage are used to generate matc hes in the earlier stage.

A t eac h stage, w e matc h smaller in terv als, and require that

the matc hes ha v e smaller in ternal edit distances. Ev en tually ,

w e seek ( t; E ) matc hes in whic h E < 1 (hence, E migh t as

w ell b e 0). But note that if an in terv al I has a ( t; 0) matc hing

with resp ect to A , then A m ust con tain in terv al I unc hanged

except for a translation or shift b y t p ositions. In this case,

w e compute the set of allo w able t v alues directly , using the

algorithm shifts describ ed b elo w; this forms the �nal stage

of the recursion. W e no w turn to the description of this

algorithm.

3.5 Finding approximate block shifts using the
ruler procedure

This subsection describ es an algorithm to e�cien tly �nd

substrings in A that appro ximately matc h a blo c k (in terv al)

in B . This pro cedure is at the core of our edit distance

testing algorithm.

The appro ximate matc hing problem is as follo ws (for sim-

plicit y , w e will drop the term 'appro ximate'). Giv en a blo c k

I = B [ s : : : e ] of length b = e � s + 1 in B ; and a constan t c

2

>

1, �nd all indices s

0

suc h that A [ s

0

: : : ( s

0

+ b � 1)] matches I ,

in the sense that the t w o substrings ha v e Hamming-distance

at most b=c

2

. Note that, if D ( A; B ) < n

�

, it is enough to

consider s

0

2 [ s � n

�

; s + n

�

].

Th us, w e no w need to solv e the follo wing. Giv en a string

I of length b , and a string A

0

= A [( s � n

�

) : : : ( s + n

�

+

b � 1)], w e w an t to �nd all shifts t of I within A

0

, suc h that

A

0

[ t + 1 : : : t + b ] matc hes I . That is, w e w an t to �nd all

length b substrings of A

0

with Hamming distance at most

b=c

2

from I . Naiv ely , w e can randomly sample O (log n )

indices i to determine (with high probabilit y) if the substring

A

0

[( t + 1) : : : ( t + b )] matc hes I , for a giv en t , and try all 2 n

�

p ossible shifts t . This requires 
( n

�

) queries to A . Belo w

w e reduce the n um b er of queries b y a \ruler" pro cedure.

Supp ose w e w ould lik e to compare pairs of c haracters

A

0

[ i ] ; I [ j ] suc h that some pairs A

0

[ i ] ; I [ j ] are c hec k ed for

ev ery i � j from 0 to u = 2 n

�

. Here is ho w to ac hiev e

this with

p

u queries to eac h string, pro vided that b >>

p

u : In A

0

, c haracter p ositions divisible b y

p

u are queried:

A

0

[

p

u ] ; A

0

[2

p

u ] ; : : : ; A

0

[ u ]. In I ,

p

u consecutiv e p ositions

are queried: I [1 : : :

p

u ]. In tuitiv ely , queries to A

0

act as

\cen timeter" marks on the ruler, and queries to I act as

\millimeter" marks. F or ev ery t = 0 ; 1 ; : : : ; u , there is a

pair of queried p ositions A

0

[ i ] ; I [ j ] with i � j = t . Let

cen = b t=

p

u c and mil = t mo d

p

u . Then A [cen �

p

u ] and

B [

p

u � mil] are queried p ositions exactly distance t apart.

W e can extend this idea to test whether the en tire blo c k

matc hes with shift l , using the random sampling idea men-

tioned earlier: Pic k l = �(log n ) n um b ers m

1

; m

2

; : : : ; m

l

randomly from the range [0 ; b �

p

u ]. F or eac h tic k mark

on the ruler, construct a �ngerprint b y querying at l o�sets

instead of just 1; for example, in A

0

, the �ngerprin t of the

cen timeter mark

p

u is the sequence of l bits

( A

0

[

p

u + m

1

] ; A

0

[

p

u + m

2

] ; : : : ; A

0

[

p

u + m

l

]) :

No w, w e can detect with high probabilit y whether the blo c k

matc hes with shift t b y comparing the �ngerprin ts of c en



and mil as de�ned ab o v e.

Up to this p oin t w e ha v e assumed b >>

p

u . W e use

the same idea when b �

p

u ; the only di�erence is that

w e need to mak e the ruler asymmetric. In this case, w e

can ha v e only O ( b ) millimeter tic k marks, and so w e need


( u=b ) cen timeter tic k marks. Th us, in general w e can �nd

all matc hing shifts l b y using O (max f

p

u; u=b g log n ) queries.

E�cien t implemen tation of the ruler

W e no w describ e a data structure that allo ws us to e�-

cien tly execute the ruler pro cedure. Recall that w e w an t to

detect when a tic k mark i in A

0

has the same �ngerprin t as

a tic k mark j in I . T o do this, w e main tain a binary searc h

tree, with a leaf corresp onding to eac h �ngerprin t f encoun-

tered th us far. (In practice, a hash tree ma y b e b etter, but

it do es not c hange the asymptotic p erformance.) Eac h leaf

con tains p oin ters to t w o link ed lists: the A -list con tains in-

dices i (in A

0

) that resulted in �ngerprin t f , and the B -list

con tains indices j (in I ) that yielded f . It tak es O (log n )

time p er tic k mark, and th us O (max f

p

u; u=b g log n ) time

o v erall, to build up this data structure.

When all tic k marks ha v e b een pro cessed, the data struc-

ture con tains an implicit represen tation of all shifts t suc h

that I matc hes A

0

[ t + 1 : : : t + b ], in the follo wing sense: for

eac h �ngerprin t f , ev ery com bination of an index i from

f 's A -list and j from f 's B -list describ e a matc hing shift

t = j � i . Ho w ev er, it is still p oten tially exp ensiv e to go

from this to an explicit list of all matc hing t v alues. The

problem is simply that there ma y b e 
( u ) suc h v alues.

If w e need to kno w eac h individual t v alue precisely , there

is no w a y to a v oid this problem. T o get around this, the

algorithm describ ed in Section 3.6 only uses quantize d shift

v alues, i.e. , v alues of t rounded to m ultiples of some in te-

ger Q . Rep orting distinct m ultiples of Q for whic h some

t matc hed, reduces the w orst-case size of the output list

to 
( u=Q ). It is easy to tak e adv an tage of this reduction

with our data-structure: �rst replace the B -list b y its Q= 4-

quan tization, B [ Q= 4], and similarly replace A b y A [ Q= 4]

(eliminating duplicates in eac h list). W e compute all v alues

j

0

� i

0

for i

0

2 A [ Q= 4] and j

0

2 B [ Q= 4], and output the set of

Q -quan tized v alues, t

0

= ( j

0

� i

0

)[ Q ], eliminating duplicates.

W e observ e that the resulting rounding errors do not gro w

to o large, and hence that for an y t that w ould ha v e b een

output in the unquan tized case, a Q -quan tization of t is

output b y the ab o v e algorithm. Let t = j � i , i

0

= i [ Q= 4],

j

0

= j [ Q= 4] and t

0

= ( j

0

� i

0

)[ Q ]. W e ha v e j i

0

� i j � Q= 8 and

j j

0

� j j � Q= 8, implying that j ( j

0

� i

0

) � ( j � i ) j � Q= 4. W e

also ha v e that j ( j

0

� i

0

)[ Q ] � ( j

0

� i

0

) j � Q= 2, from whic h it

follo ws that

j t

0

� t j = j ( j

0

� i

0

)[ Q ] � ( j � i ) j � 3 Q= 4 < Q:

Th us, t

0

is a Q quan tization of t .

The �nal algorithm is sho wn in Figure 2. The follo wing

theorem summarizes the p erformance of this algorithm:

Theorem 1. Pr o c e dur e shifts �nds al l quantize d shifts

t of interval I in A

0

, with high pr ob ability. It runs in time

O (max f

p

u; u=b; u=Q g log n ) , wher e u = j A

0

j � b .

Pr oof. If t is a shift corresp onding to an exact matc h,

then the preceding discussion of the ruler sho ws that the

corresp onding quan tized shift v alue will b e found. If t is a

shift corresp onding to a Hamming distance of greater than

2 b=c

2

, then at least b=c

2

of the Hamming errors m ust o ccur

after the �rst g c haracters of I . Hence, an y one m

i

will �nd

a mismatc h with probabilit y at least 1 =c

2

. Setting d = 2,

the probabilit y of the �ngerprin ts matc hing for t is then at

most

1

n

2

. There are less than n p ossible shift v alues, and

so the probabilit y of �nding any incorrect shift t is at most

1

n

. Higher v alues of d can b e used to obtain error b ounds

of at most

1

n

c

for an y constan t c , hence the high probabilit y

result. The running time b ound follo ws b y taking the sum

of the time to construct the implicit represen tation of all

shifts, and the time to pro duce the output. 2

3.6 The edit distance testing algorithm
W e no w ha v e all the to ols w e need to build our algorithm

for testing edit distance. The algorithm is sho wn in Figure 3.

The top-lev el pro cedure is a routine decide that tak es as in-

put the t w o strings A and B , and the parameter � . decide

calls ma tches to searc h for a matc h of B in A with edit dis-

tance at most n

�

; if suc h a matc h is found, CLOSE is output,

otherwise F AR is output. ma tches is a recursiv e pro cedure,

recursing through the pro cedure coord- ma tches . The re-

cursion terminates when the required in ternal edit distance

in eac h blo c k is less than 1; in this case, ma tches uses shifts

to directly �nd the matc hes.

Depth of recursion:
A t eac h lev el of the recursiv e decomp osition, the size of

the in terv al input to ma tches go es do wn b y a factor of


( n

� � 1

). Th us for an y constan t � < 1, there is a constan t

n um b er r of lev els of recursion required to reac h a state in

whic h the in terv als ha v e size O ( n

1 � �

); at this p oin t, E < 1

and hence shifts will b e called, terminating the recursion.

W e assign a height to eac h in v o cation of pro cedure ma tches

as follo ws: the �nal in v o cation that calls shifts has heigh t

0, the lev el ab o v e that has heigh t 1, and so on till w e get

that the heigh t of the top-lev el in v o cation of ma tches is

r . W e also de�ne the heigh t of an in v o cation of coord-

ma tches to b e the heigh t of the ma tches pro cedure that

in v ok ed it.

Correctness of the algorithm
W e need to sho w that with a suitable c hoice of constan ts c

1

and � (p erhaps dep enden t on � ), pro cedure decide correctly

solv es the edit distance testing problem. W e �rst pro v e that

if D ( A; B ) � n

�

, the algorithm outputs CLOSE .

Lemma 6. If D ( A; B ) � n

�

, the algorithm outputs CLOSE

with high pr ob ability, for any p ar ameter values � < 1 and

c

1

> 1 .

Pr oof. (Sk etc h) Note that it is su�cien t to pro v e that

if there is a (quan tized) ( t; E ) matc hing of B with resp ect

to A , the top-lev el in v o cation of ma tches will �nd it, with

high probabilit y . W e pro v e this statemen t b y induction on

the heigh t h of the in v o cation of ma tches . F or h = 0, this is

true b ecause of the correctness of the shifts pro cedure. As-

suming it is true for heigh t ( h � 1), w e sho w that it is true for

heigh t h as w ell: Let ma tches ( A; I ; E ) b e a heigh t h in v o ca-

tion, and supp ose that I has a ( t; E ) matc hing with resp ect

to A . Then, b y Lemma 2, there exists a co ordinated matc h-

ing with the parameters sp eci�ed in Step (2c) of ma tches .

Then, using a v arian t of Lemma 4, w e see that most of the

sampled in terv als ha v e some matc h with translation t

i

close

to t . No w, consider the recursiv e calls to ma tches made b y

coord- ma tches . By the inductiv e assumption, they will



shifts ( A

0

; I ; Q; c

2

)

/* Find al l shifts of I in A

0

with Hamming distanc e < 2 j I j =c

2

, quantize d in multiples of Q */

1. Let b = j I j , u = j A

0

j � b , and g = min f b=c

2

;

p

u g .

2. Let l = d � log n= ( � log (1 � 1 =c

2

)), for some constan t d > 2. Cho ose in tegers m

1

; m

2

; : : : ; m

l

indep enden tly and uniformly

at random in [0 ; b � g ].

3. Initialize the �ngerprin t searc h tree.

4. F or i = g ; 2 g ; : : : ; u do

{ Compute �ngerprin t f ( i ) = ( A

0

[ i + m

1

] ; : : : ; A

0

[ i + m

l

]).

{ Lo cate f ( i ) in the searc h tree, creating a new leaf if necessary .

{ Add i to the A -list for f ( i ).

5. F or j = 1 ; 2 ; : : : ; g do

{ Compute �ngerprin t f ( j ) = ( I [ j + m

1

] ; : : : ; I [ j + m

l

]).

{ Lo cate f ( j ) in the searc h tree, creating a new leaf if necessary .

{ Add j to the B -list for f ( j ).

6. Quantizing : F or eac h �ngerprin t f , scan the B -list for f and round eac h j v alue to the nearest m ultiple of Q= 4, deleting

rep eated v alues; also scan the A -list for f and round eac h i v alue to the nearest m ultiple of Q= 4, deleting rep eated v alues.

7. F or eac h �ngerprin t f , eac h (rounded) i

0

in f 's A [ Q= 4] list, and eac h (rounded) j

0

in f 's B [ Q= 4] list, output t = ( i

0

� j

0

)[ Q ]

(that is, ( i

0

� j

0

) rounded to the nearest m ultiple of Q ).

Figure 2: \Ruler" pro cedure for �nding appro ximate blo c k shifts.

decide ( A; B ; �; C )

0. Cho ose su�cien tly small � , and su�cien tly large c

1

(for the giv en � and C ).

1. Let quan tization parameter Q = � � min f n

1 � �

; n

�= 2

g .

2. Set T = ma tches ( A; B ; n

�

).

3. If T is nonempt y , then output CLOSE , else output F AR .

ma tches ( A; I ; E )

1. If E < 1, use shifts to compute T .

2. If E � 1,

2a. Set k = min f �n

1 � �

; 2 c

1

E g .

2b. Decomp ose I in to a set I of con tiguous disjoin t in terv als of size j I j =k .

2c. Compute T = coord- ma tches ( A; I ; E ; c

1

E =k ; k =c

1

).

3. Return T .

Figure 3: The Edit Distance T esting Algorithm



rep ort these matc hes t

i

with high probabilit y . No w, using

Lemma 5, w e kno w that they will �nd these translations

t

i

, and hence coord- ma tches will rep ort t among its out-

put T . Hence, the translation t is the output of the lev el h

ma tches , with high probabilit y . 2

It remains to sho w that the algorithm outputs F AR with

high probabilit y when D ( A; B ) > n=C , for an appropriate

c hoice of constan ts.

Lemma 7. Ther e exist values for the c onstants � and c

1

(dep endent only on � and C ), such that if the algorithm out-

puts CLOSE (with high pr ob ability), then D ( A; B ) < n=C .

Pr oof. (Sk etc h, of Lemma 7) First, as the quan tization

is at most � times the size of the smallest in terv al size in

the recursion, it alters the constan ts but not the qualitativ e

matc hing results (see Prop osition 1). Second, as long as the

underlying shifts algorithm and in terv al sampling pro ce-

dures tak e su�cien tly man y samples ( O (log n )), the e�ects

of their imprecision can b e reduced to � amoun ts as w ell.

F or the rest of the discussion, w e ignore these issues.

The other p oten tial source of error is in inferring the ex-

istence of a matc hing from a co ordinated matc hing, at eac h

lev el of the recursion. W e use Lemma 1 to b ound this error;

this in v olv es a careful analysis of the � factors that arise at

eac h lev el of the recursion.

W e consider the v alues of S

0

, � , E , and ( D =k ) in eac h

in v o cation of coord- ma tches . Let � = � � n

1 � �

. In eac h of

the �rst r � 2 lev els, ma tches sub divides the in terv al in to

� in terv als. A t heigh t r (the top lev el), w e ha v e

S

0

=

n

�

; � = n

�

; E = n

�

�

c

1

�

; ( D =k ) =

1

c

1

No w, let us write �

h

for the factor � in Lemma 1, corre-

sp onding to the v alues of S

0

; � ; E ; and ( D =k ) at heigh t h .

W e ha v e

�

r

=

2 n

�

�

n

+ � +

1

c

1

= 3 � +

1

c

1

Pro ceeding in this manner, w e �nd at lev el 2,

S

0

=

n

�

r � 1

; � = n

�

� (

c

1

�

)

r � 2

; E = n

�

� (

c

1

�

)

r � 1

; ( D =k ) =

1

c

1

�

2

=

2 n

�

c

r � 2

1

�

n

+ � +

1

c

1

= 2 c

r � 2

1

� � + � +

1

c

1

A t this lev el, w e m ust ha v e 2 c

1

E < � , or else the recursion

w ould not terminate at lev el r . Hence, the pattern c hanges

here; Ho w ev er, observing that � reduces b y a factor of �=c

1

and S

0

reduces b y a factor 2 c

1

E < � , � =S

0

can increase b y

at most another factor of c

1

, and so w e ha v e

�

1

� 2 c

r � 1

1

� � + � +

1

c

1

Note that as r is �xed (b y � ), w e can pic k v alues of c

1

and

� to ac hiev e �

1

as small as w e wish: w e �rst select a suitable

v alue of c

1

, and then select � based on the c hosen c

1

. In

particular, w e can pic k v alues suc h that �

1

<

1

r C

. F urther,

observ e that �

r

; : : : ; �

2

< �

1

.

No w, supp ose algorithm decide outputs CLOSE . This

means that at eac h lev el of the recursion, w e ha v e a co ordi-

nated matc hing. Consider an instance of coord- ma tches

at heigh t 1, and apply Lemma 1. This sa ys that the corre-

sp onding in terv al at heigh t 2 has a matc hing with additional

edit distance at most �

1

times the length of the in terv al.

Adding up the edits o v er all in terv als in a lev el, and o v er all

lev els of recursion, w e see that the total edit distance of A

from B is less than �

1

n:r <

n

C

. 2

Com bining Lemma 6 and 7, w e get the follo wing theorem:

Theorem 2. F or any �xe d � < 1 , we c an cho ose c on-

stants � and c

1

such that pr o c e dur e decide solves the e dit

distanc e testing pr oblem with high pr ob ability.

3.7 Running time analysis
In this section, w e pro vide the running time analysis of our

algorithms. The analysis is based on three cases, dep ending

on the v alue of � .

Case (i): � < 1 = 2

In this case, there will only b e one lev el of recursion. A t

the top lev el, B will b e brok en in to in terv als of size O ( n

�

);

the exp ected n um b er of edits p er in terv al is less than 1, and

so in the next lev el the shifts pro cedure will b e used to �nd

the matc hes of these in terv als. Th us, there are d log n calls

to shifts ; for the sp eci�ed Q , eac h call tak es O ( n

�= 2

log n )

time. In addition, there is one call to qmer ge , whic h tak es

O ( n

�= 2

log n ) time, th us giving us a total running time of

O ( n

�= 2

log

2

n ).

Case (ii): 1 = 2 < � < 2 = 3

When 1 = 2 < � < 2 = 3, there will b e t w o lev els of recursion.

A t the top lev el, w e break B in to in terv als of size c

1

n

�

. In

the second lev el, eac h selected in terv al is further brok en in to

subin terv als of size n

�= 2

. Finally , w e �nd matc hes for these

subin terv als using shifts . Th us, there are O ( l og

2

n ) calls

to shifts ; again, eac h call tak es O ( n

�= 2

log n ) time. There

are also O (log n ) calls to qmer ge . All together, the running

time is O ( n

�= 2

log

3

n ).

Case (iii): � > 2 = 3

W e no w consider the general case, when there are r > 2

lev els of recursion. W e note that there t w o sources of degra-

dation in this recursiv e algorithm. First, w e incur a time

and query o v erhead of (log n )

r + O (1)

, b ecause of the random

sampling at eac h lev el of recursion. The second, more sig-

ni�can t degradation comes from the shifts pro cedure at

the �nal stage of the recursion. Eac h in v o cation of shifts

has to �nd all (quan tized) shifts in the range [ � n

�

: : : n

�

]

of a blo c k of size O ( n

1 � �

). Ho w ev er, for � > 2 = 3, w e ha v e

n

1 � �

<

p

n

�

, and so the ruler used in the shifts pro cedure

has to b e asymmetric. As a result, the running time of eac h

in v o cation is O ( n

2 � � 1

log n ). Th us, the edit distance testing

algorithm has an o v erall running time of

~

O

�

n

2 � � 1

�

.

4. A QUERY COMPLEXITY LOWER BOUND
FOR THE EDIT DISTANCE PROBLEM

This section pro v es the follo wing lo w er b ound for the edit

distance problem de�ned in Section 2:

Theorem 3. A ny pr ob abilistic algorithm for the e dit dis-

tanc e pr oblem r e quir es 
( n

�= 2

) queries.

In fact, w e sho w a 
( n

�= 2

) lo w er b ound for the p ossibly

easier problem of distinguishing a pair ( A; B ) of random



strings from a pair ( A; B ) where A is random and B is a righ t

shift of A b y t p ositions for a random t 2 [ n

�

= 2 ; n

�

]. Since

t w o random strings ha v e a linear edit distance, Theorem 3

follo ws.

Lemma 8. With pr ob ability at le ast 1 � o (1) , two r andom

n -bit strings have e dit distanc e � n= 6 .

Pr oof. It is enough to sho w that for a �xed n -bit string

X , the fraction of strings within edit distance n= 6 of X is

o (1). A string that is at most d a w a y from X , is obtained b y

c ho osing d lo cations, and for eac h of the lo cations, pic king

one for the deletion, replacemen t, insertion of a new bit, or

no-edit op eration. Th us, the n um b er of strings within edit

distance d from X is at most

�

n

d

�

� 5

d

. Substituting d = n= 6

and using the fact that

�

n

� n

�

� 2

H

2

( � ) n

where H

2

( p ) is the

binary en trop y function � p log p � (1 � p ) log (1 � p ), w e get

that the n um b er of strings obtained from X with at most

n= 6 edit op erations is at most

 

n

n= 6

!

5

n= 6

� 2

( H

2

(1 = 6)+1 = 2) n

= o (2

n

) :

2

W e de�ne t w o distributions F and C on pairs of strings.

Let F b e a distribution on pairs of random n -bit strings. Let

C b e a distribution on pairs of n -bit strings ( A; B ) where A

is random and B is a righ t shift of A b y t p ositions for a

random t 2 [ n

�

= 2 ; n

�

] : By Lemma 8, with high probabilit y ,

F pro duces a pair of strings with edit distance at least n= 6

while C is o v er pairs of strings with edit distance at most

n

�

. The follo wing lemma togrther with Lemma 8 and Y ao's

minmax principle pro v es Theorem 3.

Lemma 9. L et q < n

�= 2

. Then for every q -query deter-

ministic algorithm A ,

�

�

�

Pr

x  F

[ A ( x ) = 1] � Pr

x  C

[ A ( x ) = 1]

�

�

�

�

1

2

:

Pr oof. Consider the ev en t R in whic h among the queries

of A a shift of t b et w een the t w o strings is rev ealed, namely

A queried a lo cation i in A and i + t in B . Notice that when

ev en t R do es not happ en, all the bits A sees are random and

so it cannot p ossibly distinguish b et w een the distributions

C and F . Therefore

�

�

�

Pr

x  F

[ A ( x ) = 1] � Pr

x  C

[ A ( x ) = 1]

�

�

�

� Pr[ R ] :

Similarly , as long as a shift of t w as not rev ealed b y A , the

bits it sees are random; when suc h a shift is rev ealed, ev en t

R o ccurs. This means that the probabilit y of R is unaltered

when w e depriv e A of its adaptiv e b eha viour. W e therefore

assume that A simply queries q lo cations (in either strings)

at once. Suc h a selction rev eals at most ( q = 2)

2

shifts and

no w, since t is randomly c hosen among n

�

= 2 v alues, w e ha v e

that

Pr[ R ] �

( q = 2)

2

n

�

= 2

� 1 = 2 :

2
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